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ABSTRACT

Most studies of the dynamics of fluids with weak density gradients use the Boussinesq
approximation, which neglects density variations in the inertial terms of the equation
of motion. The significance of this approximation is investigated here. As & general
matter, it appears that care is called for in the use of the approximation if quantities
other than the non-dimensional density difference are small. Also, the existence of
certain phenomena of interest and importance may depend on the small terms neg-
lected by the Boussinesq approximation. This is shown by an investigation of solitary

waves in a stratified fluid system.

1. Introduction

Most studies of fluids with density gradients
use the Boussinesq approximation (BOUSSINESQ,
1903), which neglects density variations in the
inertial terms of the equations of motion. The
usual argument is that the density difference
Ag occurs in the acceleration terms as

A\ av
(1_ é)dt’ M

where g is the mean density, and, therefore, if
Ag/g <1 the acceleration term may be simpli-
fied to dv/dt. But (the argument continues),
the term gAp/¢ in the vertical equation of mo-
tion should not be neglected because g is large.*
Below, we show that this argument may lead to
inconsistencies if there are other, small non-
dimensional quantities besides Ag/g. In addi-
tion, we will see that the existence of phenom-
ena of interest and importance may depend on
the small terms neglected by the Boussinesq ap-
proximation.

2. Small amplitude, long wave-length, in-
ternal, gravity waves in a liquid with
weak density gradient

Consider an ideal liquid with a weak density
gradient in a channel of height 2. The bottom,

y'=0 and top y’=h, are rigid planes, the fluid
extends to infinity in the horizontal z’-direc-
tion, and the motion is two-dimensional.® We
choose a basic density gradient,

o(y) =g, (1 -by"). (2)

Then, if & is the displacement of a particle
above its equilibrium height, and if y’ is the
streamfunction, the equations may be put in
the form,

(1-by +b8) [y o e+ ¥y yr e + W Wz e
+ 'P:,/‘y’v') "I’;’ ('l’:,r‘z'::’ +'I’;l'y'z')]
+ b8y [Wer v — Wy Yar o+ Yo Vv ']
—b(1-8y) [¥y v — ¥y ¥y
+ 9 Yy y ]+ gboy =0, (3)
(84~ 1) 9z~ py: 8+ 8y = 0. (4)
In addition to (3) and (4), there are the initial

conditions and the homogeneous boundary con-

! This research was supported by the Office of
Naval Research under Project NR 082-104, Con-
tract N-onr-4010(01), and by the U.S. Weather
Bureau under Grant WBG-21.

2 More involved arguments have been given by
SPIEGEL & VERONIS (1960).

8 From now on we use primed symbols for dimen-
sional quantities and unprimed symbols for non-
dimensional quantities.
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ditions that &' and y;. vanish at the top and
bottom of the channel. We assume that initial
conditions are given in terms of variables,

’

]

) (6)

>

k]

x
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|

i.e., the characteristic horizontal wave-length is
A, the characteristic vertical length is the depth
of the channel, and the amplitude of the dis-
turbance is of the order of a. We suppose that
the initial conditions do not introduce any
characteristic velocity. (As a special case, the
fluid may be initially at rest with a disturbance
field of the order of a).

We now non-dimensionalize according to the
following scheme:

v r*t'V;i_’:t
elh’ng ’ €
and
x’ ‘ & a 'S
—=2, =y, —=60, -=a bh=f, S =9.
ATT AT 4T e by

(8)

The unknown constants, ¢,, ¢,, are to be deter-
mined by the assumptions: (1) that the disturb-
ance has a long wave length, i.e.,

7] < 7}
o' oyt

to the first approximation; (2) that the ampli-
tude of the disturbance is small, so that the
non-linear terms in the differential equations
are small; and (3) that the density gradient is
small. These mean that the first approxima-
tions to Eqs. (3) and (4) are

Yy e +gboz =0,
8t =z = 0.
Using Eq. (6), we find that g <1 and ¢ =a.

Our non-dimensional quantities are now those
in Eq. (6) and

s Yo Vab
—I— =y, ylrVgb=t. 1)
ah’ ng :

Equations (3) and (4) become
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(1= By + B0} [wyye + YWrzt + oz (Wyuy + P¥zry) — o9y
X (yyz + Y¥ras)] + Oz + afydz [z — avpy Yre + a2y ]
= B(1 = o) [ye — ayy Yyz + ¥z 93y 1= 0, (8)

0r— yz (1 —ady) — oy, 6= 0. (9)

Obviously, according to our assumptions, the
boundary and initial conditions also involve
only the quantities in Eqgs. (6) and (7). The
solution may therefore be expanded in terms of
small paramsters, «, 8, y so that

V= Yooo + W00 + F¥o10 + YPoor + o« Yo+ -ors (10)
8= Bpg0 + XB190 + Bozo + ¥0o0r + & Osoq+ -+ (11)

We see now that if we retain only the first
approximation, to obtain

as_'po‘"'._F%:O

3 »
oy ot ox
Y (12)
20000 _ MWano -0
ot ox

we are assuming that «, g, y are all small com-
pared to one. But it is clear that retaining
additional terms in (10) and (11), involving «
and y, while at the same time neglecting some
or all of the terms involving g, in other words,
making the Boussinesq approximation, is fraught
with danger. For example, if the amplitude «
of the disturbance is about 0.10, and if the non-
dimensional density difference 8 is also about
0.10, it is inconsistent to look for non-linear
effects by retaining terms y,,, ¥s0 .., While
neglecting the equally important terms y,,,,
Yosos - -+ - Further, if the non-linear effects of
terms 49, Y400 -+ - Provide, as is common, a ten-
dency for an initial disturbance to steepen and
break, it is entirely possible that the ., Yoo, -« -
terms could exactly counteract this tendency and
permit a steadily progressing disturbance." Fi-
nally, in some cases, a solution may not be fully
determined if the g-terms in (10) and (11) are
neglected. In the next section we illustrate these
possibilities by a specific example.

3. Internal solitary waves

Let us now investigate the special case of a
steady disturbance in a stratified fluid, propa-

1 Similar comments may be made about the hy-
drostatic approximation in the theory of water
waves (Long, 1964 b).
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gating at a constant, non-dimensional speed c.
We may use Egs. (8) and (9) or, more conven-
iently, notice that the primitive equations in a
coordinate system moving with the disturbance
may be integrated once (Loxa, 1953) to yield

1d1Ingc’ 08’
Ve - - %% [(Va')" -2 ]
2 dy, oy

g do

‘o dy,

& =0. (13)

In the derivation of (13) it was assumed that
the disturbance vanishes at x=oc0 or x= —oo.
The quantity ¢ is now the uniform horizontal
velocity in the undisturbed region; y; is the
height, in the undisturbed region, of the fixed
streamline through the point (', y').

The mathematics is a bit simpler if we direct
attention to flow with an exponential basic
density gradient,

o=g,¢ """ (14)

In terms of the quantities in (6), Eq. (13) be-
comes

6 &0 g (e8\®
Sty at el
oy ox 2 oy,

+ (E’—)z 22 45— 0 (15)
¥ \ox o o
bk’
where 6 = 962 . (16)

Let us now assume various expressions for y in
terms of «, # and search for solutions of (15) in

the form,
O =0y +@dyg+ POy +otfly +.on s (17)
o = 0% + aoi + fom + oo+ .. (18)
(A) y=8.
The first approximation is
7 6;" + Gy Gge = 0. (19)

Since §,, must vanish at the top and bottom
of the channel, the solution is

Oy = f(z) sin nmy, (20)

t2))

2 2 2
Op=nn 7,

where f(z) is arbitrary. A second approxima-
tion is

2 2
90 8 0, 80

:l + n2n2601= —0%1 600 - —’é :“ + a—;o

= —(f" + 00 f) sin nay + naf cos nay (22)
with solution
cos n
0oy = f, 8in ny + f, cos nay + Y €98 hmy
2 nx
voapn b

x (f +001f)+5 Yy sm nny, (23)

where f, and f, are arbitrary. But f,=0, since
d,, must vanish at y=0. Then the condition
that §,, =0 at y=1 yields

Fr+alif=0. (24)

This has no solution for f that vanishes at either
Z=00 Or x= —oco. There is no steady-state dis-
turbance for y=§ that vanishes at infinity.

(B) y=e.
Again the first approximation is
do = f 8in nmy, (25)
Ooy=n" " (26)

and a second approximation is

2
0 600 2

2

8" 856 T

Tz — 019000
x

? + nz .712 610 = -
= —sin nay (f"+ Gfof) . (27)

A solution satisfying 6,,=0 at y=0 is

Y Co8 nmy

810 = ¢, (2) sin nay + (f'+of). (28)

2nn
The requirement that §,,=0 at y=1 yields

f”+ U?of=0.
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Again there is no steady-state disturbance for
y=a that vanishes at infinity.
€) y=af
We again have
840 =1 8in nzy, (30)
0= . (31)

The differential equation for §,, is the same as
Eq. (27), except that the first term on the right
is missing. Therefore,

o3 fy cos nmy

610~ 9, () sin nny + 2 nm (32)
Since d,,=0 at y=1, we see that
0%=0, &,,=g, sin nxmy. (33)
The equation for &, is
a;—;:—‘ + nl7’ = — GO+ a:“
= — gg, | 8in namy + naf cos nmwy. (34)

The solution satisfying J,,=0 at y=0 is

Gy fy cos nmy  f

dg,= 1, 8in nay + Py += 39 sin nny.

(35)
Since 8,,=0 at y=1, we seo that
2 . f o
g =0, 6, =f,sin nmy + 2 y sin nry.  (36)
Finally, the equation for 4,, is
"6 o' 86, 6
;l+n’n’6u=‘— :o__( oo) 4 Lo
oy ox 2\ &y oy

— 01 84 = — (f"+ &1 f) 8in nay + nng,

X o8 nay — ~ f’ n* (1 +cos 2 nmy)

(37)
so that

8, =1, 8in nmy

2 7 2
+ cos8
n f__ cos nmy + (f"+onf)y nry
(] 2nn
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. 2 ]
BAL.L S ,+{_2c082,.,,y. (38)
Since §,,=0at y=1,
2 4
1
[(-1"- I}f+(2 r (f*+6 H=0. (39)

If n is even, the first term vanishes completely,
and the remaining differential equation has no
solution vanishing at = co. For odd n, however,
we get

] 2 ]
f”+qu+§mtf =0, n=13,... (40)
with solution
90’21 x .,
f= —msech' 3 %ous n=1,3,... (41)

vanishing at |x|-=oo if o}, is negative. Notice
that if we regard « in (6) as the non-dimensio-
nal maximum amplitude of the disturbance,
then

90’11

=1 n=13,.... (42)

4 nr

To the present order then,

’ ’ ’

x
W « sech® 37 (nnaf)t sin nx %, n=1,3,...,

(43)
: s 2 4nn
ag=nn ——g—aﬁ, n=13,.... (44)
(D) y=o .
As in (C), we have
G =170 8=/ sin nmy, (45)
03=0, &,=g, sin nny, (48)
3 . f .
on=0, &,=1f, sin nay+ é}; sin nmy, (47)

In addition, the solution for §,, in (38) and (39)
is applicable here if we omit the terms in-
volving f”. Equation (39) then reveals that
f=0 if n is odd, and that o}, =0 is n if even.
Hence
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g,y sin nany

U?l = 0’ P)

4, =f; sin nay +

.
+ T (2 cos nay —3+cos 2 nay)

n=2,4,.... (48)
Continuing, we obtain
030=0, 8p=g, 8in nwy n=2,4,... (49)
and
X 8°8y 86
8600 3610 2 ’ .
——— ——= —(oaf+["’) sin n
PP (o f+17) Y
o, n'al
gy N €08 Ny — =
X (1+cos 2nay). (50)
The solution satisfying 8,,=0 at y=0 is
. fg ¥ cO8 Ny
Oy, = fs 8in nay + 33 cos nay + R y—
x (7 + o f) + B2Y gin nmy — 19,
2 2
+f—Z' cos 2nny n=2,4,....
(61)

Applying the condition that 4,,=0 at y=1,
we geot

" +as f=0. (52)

There is no steady-state disturbance for y=«"g
that vanishes at infinity.

(E) y=aof".
As in (D) we have

Ga=n"a", 84,=f sin nay, (53)
650=0, 6,,=g, sin nuy, (54)
o0n=0, &, =g, sin nay, (55)
on=0, 8y, =, sin nmy + g y sin nay, (56)

99\ .. £
=0, &,= (f, + ‘7) sin nny + T

x (2 cos nxmy — 3+ cos 2 nay). (57)

As in (D) the derivation of (57) yields the
requirement that n be even. Also

86y,

80,
7'0?2 + ""27’2602= ~ 002 Bpp +
oy

2 .
= —0p2 f sin nay + f, na cos nay

+§jsin mzy+§fmzy cos nny n=2,4,...

(58)
80 that
8ps =1, 8in nay — —— y cos n.
oz = [ Y 4 nn Yy Y
f fnn
+ g —— Y OB nAy + —
Go2 2 nn yc Y 9
1 ¥ /
(s yoonmmy s 2 in ) +
xysin nay n=2,4,.... (59)
The condition at y =1 yields
f=405f (60)
so that
s _1 . hoo
%2 = 1 8p; =14 sin nay + 3Y sin noy
/o
+ 8 Yy sin nny. (61)
Finally,
2 2
0 04 80y 80y 80
s ARt A, = - —p - 21
oy ex" By oy oy
— 03819 — 63 0g = — (F/ + 032 f) s8in nay

— fnn cos nmy (fl nx cos nay + 2 sin nay
/
+§ nny cos nay | + f, na cos nmy

+ 911 sin nzwy + % Ny o8 nmy

2 2

— = nx sin nmy — P nz sin 2 nay. (62)
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Fie. 1. Solitary wave in a stratified fluid. «=0.33, §=0.10.
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Fra. 2. Solitary wave in a stratified fluid. «=0.17, §=10.10.

The solution is

2
g . naf’) y cos nmy
N YA
+ 27 ! cos nny + y sin »n;
— gl 7
2 "\ynY T i nn Y
5 2
+%ysinnny+%sin2nny—%
l 2 ’nl 2
+Ej,‘lcos2mty—f7y—an
Yy .
X [~3n’ 2 cos 2 nay + PR sin 2nny]

1

+ fg 8in nay + 3 f, cos nay. (63)

The condition at y=1 yields

naf’
P+ f- rle 0. (64)

This has a solution
9 o3, x .

f= o sech’ 5 4o (65)

vanishing at |x| = o0, if o}, i8 negative, Thus
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9 2
Ty (686)
nr

and, therefore, to the present order,

6’ ’ .
W - a sech’ g—};(nnaﬁ’)*sinnn%—
n=2,4,..., (67)
@=n'a +l i af’ (68)
4 9

Notice that if we seek other solutions by
putting y=o B, af’, etc., all subsequent cases
will lead to Eq. (64) with the f’-term missing.
It follows immediately that f =0, and that there
are no other solutions of the kind we are look-
ing for.

The solutions of (43) and (87) represent dis-
turbances with maximum amplitude at =0,
dying off monotonically and symmetrically on
both sides. The speeds of propagation are de-
termined by (44) and (68) respectively. They
are internal solitary disturbances® similar to
those discussed by KrULEGAN (1953), Lowa
(1956, 1964 a) and PETERS & STOKER (1959).

1 Dr. Brooke Benjamin has made a very general,
elegant investigation of internal solitary waves. His
study is not yet published.
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Two examples, corresponding to n=1 and n=2,
are shown in Figs. 1 and 2. Since § is always
positive, we see from (43) and (67) that a> 0.
The wave in the lowest portion of the channel
is one of elevation if n is odd, and one of de-
pression if » is even. We recognize that if closed
streamlines appear in the fluid, we have a local
gituation in which density increases with height.
An estimate of the amplitude of the maximum
stable wave, therefore, is

1
Xmax =~ - (69)
nn

The waves are an example of some of the
earlier remarks of this paper. Neither exists if
the term involving B is neglected' in Eq. (15),
i.e., if the Boussinesq approximation is made.
Notice too that in some of the cases considered
above, in which there is no solitary wave, it
may be possible, nevertheless, to find solutions
for an infinite train of finite-amplitude, internal
waves.

! This was noticed independently by Dr. Benja-
min in a private communication to the author.

REFERENCES

BoussingsQ, J., 1903, Théorie Analytique de la Cha-
leur, 2. Gauthier Villars, Paris.

KEULEGAN, G. H., 1953, Characteristics of internal
solitary waves. J. of Res. Nat. Bur. Standards, 51,
p- 133.

Loxg, R. R., 1953, Some aspects of the flow of
stratified fluids. I. A theoretical investigation.
Tellus, 5, pp- 42-57.

Long, R. R., 1958, Solitary waves in one- and two-
fluid systems. Tellus 8, p. 460.

Loxg, R. R, 1964 a, Solitary waves in the wester-
lies. J. Atmos. Sciences, 21, pp. 197-200.

Loxg, R. R., 1864 b, A theory of small-amplitude,
long waves. Technical Report No. 19 (WBG Series),
Johns Hopkins University.

PeTERS, A. 8., and STOKER, J. J., 1959, Solitary
waves in liquids having non-constant density.
Comm. Pure App. Math., 13, p. 116.

SrieceEL, E. A., and VERONIS, G., 1960, On the
Boussinesq approximation for a compressible
fluid. Astrophysical Journal, 131, p. 442.

Tellus XVII (1965), 1



