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ABSTRACT

Finite-amplitude, one-dimensional, isothermal flow of a perfect gas is considered. When
the flow is organized initially as a “linear’ sound wave, it is equivalent to the solution
of an ‘“‘advection equation”. The flow that evolves in this way from an initial state is
analyzed by means of a Fourier series in space, with time-dependent coefficients. These
coefficients can be determined exactly when the initial velocity is a pure sinusoid. The
result is such that the Fourier series in space is a Kapteyn series in time. The series is
valid up to the time of shock formation. Throughout this interval the lowest harmonics
inferred from severely truncated spectral equations are in good agreement with the
exact solution. However, the spectral representation becomes very inefficient as the

discontinuous state is approached.

1. Introduction

Numerical integration of the hydrodynamic
equations in the spectral domain has been car-
ried out in numerous investigations. Exact solu-
tions of severely truncated spectral equations
often can be obtained, but the errors of spectral
truncation are difficult to assess. The purpose of
the present note is to make a contribution to
this problem and to give a result of intrinsic
mathematical interest, namely an exact solution
of the complete system of nonlinear spectral
equations in a special case. This solution is
closed, analytic and time-dependent.

2. One-dimensional isothermal flow

The momentum and mass equations for one-
dimensional isothermal flow of a perfect gas are,

respectively
0 14 oo
—tu—Ju=—c—
ot ox, ox

(2.10a)

! Presented at the International Symposium on
Numerical Weather Forecasting, Oslo, March 1963.

2 This investigation was supported through funds
provided by the National Science Foundation (Grant
NSF-GP-471, Technical Report 16, March 1964). It
was completed at the National Center for Atmo-
spheric Research, Boulder, Colorado, where the
author was in residence during 1963-64.
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(—+u~a)o'= —ca—u (2.1d)
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Here o =cln (p/g,), where ¢ =(RT)? is the sound
speed ( =constant) and g, is a standard density

( =constant). If the second egquation is multi-
plied by +1 and added to the first, the result is

[—a+<u+)3 (wta)=0 2.2)

po +e P utog)=0. .

The general solution of (2.2) is
u+o=FfHx—(u+e)) (2.3a)
u — o =g(x —(u —c)t), (2.3b)

where f and g are functions that may be re-
garded as fixed by initial conditions:

.f(x) =u(z, 0) +o(z, 0)
g(x) =u(=,0) —o(x,0)

(2.4)

We shall assume that u(z,0) and o(x,0) can be
assigned arbitrarily.

As a special case, consider a disturbance
organized initially as a ‘linear’” sound wave
moving along +z with speed +c¢. Then
ao(z, 0} =u(z, 0), so (2.4) makes f(z) = 2u{x,0) and
g(x) =0. Hence o(z,t) =u(x,t) from (2.3b), and
(2.3a) gives
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u=F(x —(u +e¢)), (2.5)
where F(z) =u(z,0). The particular integral (2.5)
was obtained first by Poisson in 1808. The dis-
tortion implied by (2.5) is the subject of a
famous paper by Stokes in 1848 ‘“On a difficulty
in the theory of sound”.

3. Advection equation

In the flow under consideration the sound
speed ¢ is uniform and constant. If the nonlinear
terms on the left in (2.1) were absent, (2.5)
would be u =F(x —ct); thus, the disturbance
u(x,t) =a(x,t) would be stationary in a reference
frame moving with speed c¢. The distortion
produced by nonlinear effects therefore is best
examined relative to this frame. If z —~ct is
replaced by «, equations (2.1a) and (2.1D)
become identical to

0 4
—tu—ju=90,
ot or,

since o =u. The general solution of (3.1) is

(3.1)

u =F(x —ut), (3.2)
as is evident also from (2.5). We shall carry out
all further discussion of our problem on the
basis of (3.1) and (3.2).

It is clear from (3.1) that du/dt=0 along
characteristic curves dx/dt =u in the x, t-plane.
Therefore, the characteristics are straight lines,
and the motion corresponds to that of “simple
waves’’ (COURANT and FRIEDRICHS, 1948). More-
over, (3.1) has only one family of characteristics,
so the motion is analogous to that of the
“kinematic waves” discussed by LIGHTHILL and
Witaam (1955). It should be noted that in the
factor u +c¢ on the right side of (2.5), the term «
expresses kinematical effects upon the wave,
whereas ¢ expresses dynamical effects. The
latter can be eliminated, formally, as in (3.2),
because ¢ is uniform in the special problem
being considered.

A discussion of (3.1) would not be complete
without reference to the equation

@ 2 o'u
—tu—Ju=9y—;,
ot o ox

the simplest hydrodynamical-type equation that
contains the mechanism of counteraction be-

(3.3)
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tween diffusion and nonlinear convection.
BateEmax (1915) pointed out that (3.3) has the
exact solution

u=c—Uth[U(z —ct)/2],

where ¢ is an arbitrary, uniform translation
speed and U an arbitrary, uniform velocity scale,
This gives a smooth “shock” of width »/U pro-
pagating along z with speed c¢. CorE (1951)
noted that (3.3) is invariant under the trans-
formation @ —ct >3t —>¢; 4 —c —>u; hence, without
loss of generality we can write ¢ =0 in the pre-
ceding solution:

u = — Uth(Uz/2). (3.4)

This is a steady solution of (3.3), in which dissi-
pation in the shock is exactly balanced by con-
vection of kinetic energy from infinity (CoLE,
1951).

The following remark is pertinent in connee-
tion with (3.4). Let u = —Uthkx be an initial
condition for (3.1), so that the solution of (3.1) is

u = ~Uthk(x —ut),

in accordance with (3.2). This is an unsteady
solution, in which the shock width (initially of
order k1) steadily decreases until a discontinuity
is formed. On the other hand, if we regard
u = —Uthkx as an initial condition for (3.3),
rather than for (3.1), then there is a limiting
steady state—given uniquely by (3.4)-—which
is independent of k. The preceding statement,
which is plausible intuitively, was proved for-
mally by CorLe (1951) (in the case k—oo).

The most remarkable aspect of (3.3) is the
existence of a general, exact solution. This solu-
tion was discovered independently by Horr
(1950) and CorLE (1951), and will be given at
the end of the next section. LieeTHILL (1958)
has discussed the matter further, and in parti-
cular has shown exactly the circumstances under
which (3.3) is a valid approximation for sound
waves of finite amplitude.

Another work which bears a close relation to
the present one is the well-known investigation
of mathematical models of turbulent flow by
Buraers (1939, 1948), who studied equations
similar to (3.3). Statistical properties of this
equation have been examined by BURGERS
(1952), ReIp (1957), and Ocura (1957).

It is evident that (3.1) is a special case of
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F1c. 1. Left panel: profiles of u as a function of x for
selected ¢. Broken line in triple-valued region shows
single-valued composite function u* represented by
Fourier series (5.6). Right panel: z,¢-diagram
showing characteristics =0 and u= t+1. Heavy
curve with cusp at £ = 1 is envelope of characteristics.

(3.3). The significance of equation (3.1) in the
present investigation is simply that the non-
linear term wdu/dx contains the most rudimen-
tary form of the mechanism whereby the spec-
trum of motion is modified through inertial
exchange between spectral components of dif-
ferent scales. From the point of view of numeri-
cal integration, this equation has been studied
by PraTzman (1954), OBUKHOV (1957), BENTON
(1958), and by PHirLips (1960}, who suggested
the name “advection equation’’.

4. Sinusoidal solution

The special case u(z,0) = —Usinkz will be
considered throught the sequel. The general
solution (3.2) therefore gives

u = — Usink(x —ut).

We adopt the constants U and k-! as units of
velocity and length; thus

u = - sin (¥ —ut), (4.1)

on the understanding that u, x, t now correspond
to what previously were u/U, kx, kUL.
The right panel of Fig. 1 is an z, ¢-diagram

GEORGE W. PLATZMAN

which shows a few typical characteristics of
(4.1). Also shown (by heavy lines) is the envelope
of the “‘cusp region”, inside which the solution
is triple valued (three characteristics through
each point). The left panel of Fig. 1 shows the
x, u-configuration of the solution at selected
times.

Since each value of u is propagated along z=
with speed w, it follows that the wave crest
(u > 0) is propagated toward z-positive and the
trough (u<0) toward x-negative. Moreover, f
|ety| > |%], then u, is propagated more rapidly
than u,, so the slope S = du/ox of the wave pro-
file becomes steeper where S is negative ini-
tially, and flatter where § is positive initially.
This process may be examined quantitatively by
computation of the change of slope along a
characteristic:

s aS a8 R
—=—tu—= -8
dt ot ax

by (3.1.). Integration yields

S=(t+8:1 71, (4.2)
where 8, is the initial value of S. This equation
shows that for each value of # where S, <0, the
slope becomes increasingly negative until at a
eritical time t,= -5, ! it becomes infinite, after
which it is positive and declines to zero (ulti-
mately as ¢~1). The minimum value of ¢z, occurs
for uw =0 at z = 0, since there —S, ' =secx hasits
minimum value =1, as is easily seen from (4.1).
Tt follows that the cusp in the 2, ¢-plane is at the
point x =0, t =1.

For ¢ >1 the solution (4.1) is triple-valued in
an expanding zone between the two points
where the slope is infinite—one forward-moving
and one backward-moving. To obtain the coor-
dinates of these points, write (4.1) parametri-
cally:

(4.3a)

(4.3b)

u = —sing
z =0 —tsinf.
From this we find S = (£ — sec8)~* for the slope
at any point. Hence, where the slope is infinite,
z =0 — tand.

t = secf, (4.4)

which gives the envelope of characteristics
(shown by the two heavy curves in the right
panel of Fig. 1). On the envelope, u =(1 -0},

Tellus XVI (1964), 4
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Fig. 2. Solutions (4.8) of (3.3) at =1 and ¢ =2, for
Reynolds number R =1 (broken curves) and E =100
(solid curves). Dotted curve shows initial condition.

8o the points where S is infinite gradually
approach the crest and trough of the wave, and
the regions where S <0 are squeezed into an
z-interval that approaches zero {(at a rate
~t-1), Thus, sharp corners are formed at crest
and trough as the wave flattens out.

Further mathematical detals of the solution
in the cusp region can be ascertained without
difficulty in principle. However, these details
have no significance in the solution of a phy-
sical problem, since at ¢ =1, shock eonditions
must be imposed which render the solution
single-valued subsequently. In this connection
it i8 illuminating to refer to the exact solution
of (3.3) which was discovered by Hopr (1950)
and CorLE (1951), because the diffusion term in
this equation ensures a smooth transition at the
shock. If ¢(x,?) is a solution of the linear diffu-
sion equation

5 a_ﬁ’ (4.5)

EaR
x|
D

r

then an exact solution of the nonlinear equa-
tion (3.3) is

u(x, t) = — (4.6)

By v
o |~
Q)’Q)
8 1%

Here R =U/vk is a Reynolds number for the
macro-scales U and k~! in terms of which x and
t are rendered dimensionless. The initial condi-
tion u(x,0) = —sinz corresponds to ¢(r,0) = exp
(—3Rcosz), in accordance with (4.6), so the
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problem posed by (4.5) is that of the conductive
redistribution of heat in a bar with insulated
ends, the initial temperature distribution being
&(x,0). This has the solution

é (=, 1) =§ao+§an cos nx (4.7)
n-1

a,=(-)"I,(3R) exp (-n’t/R),

where I, is the exponentially increasing Bessel
function of the second kind. Substitution in
(4.6) gives

e
2R™' 3 na, sin nx
n=1
u@,t)y=——5— (4.8)

ta,+ Z a, COS nx
n=1

which (in slightly modified notation) is a result
given explicitly by CoLe (1951).

Fig. 2 shows the solution (4.8) at t =1 and 2,
for Reynolds numbers R =1 (broken lines) and
R =100 (solid lines).! The dotted line shows the
initial condition uw = —sinz. For low Reynolds
number the diffusion term in (3.3) dominates,
and the result is very nearly a pure-harmonic
decay of the initial disturbance. This is expres-
sed in (4.8) by rapid convergence of the series,
through operation of the exponential factor in
a,. No shock is formed. On the other hand, for
high Reynolds number the convection term in
(3.3) dominates initially, and produces a shock.
This is expressed in (4.8) by very slow conver-
gence of the series—in other words, by spectral
cascade of a significant amount of energy. In
the shock zone (of width ~ R-!) there is ap-
proximate balance between convection and dif-
fusion. Outside this zone the solution coincides
very nearly with that of the inviscid equation
(3.1). In fact, after shock formation (¢ >1) the
solution of (3.3) can be approximated closely
by (3.4) in the shock zone, and (4.1) elsewhere.

5. Fourier spectrum

The solution (4.1) keeps u =0 at all points
where z is an integral multiple of n. Therefore,
prior to the time of shock formation (t<1), this
solution has a well-defined Fourier sine-series
representation

1 The curves in Fig. 2 were not obtained from the
analytic solution (4.8). It is simplier to compute
¢(x,t) by direct numerical integration of (4.5), and
then u(x,t) from (4.6) by numerical differentiation

of ¢.
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Fic. 3. Fourier coefficients u,(t) evaluated from (5.5). Left panel: n = 1(1)6; right panel: n = 7(1)10(5)30(10)
40. (Note that ordinate scales of left and right panels differ by a factor of 10).

e
—u(x, t)= 2 uy () sin nx, (5.1)
n-1
the transform of which is
1 +7
Uy (t) = — —f u{(x, t) sin nxdz. (5.2)
) -n

(Note that u, is defined as the spectrum of
minus u.) It is remarkable, and one of the main
points of this note, that in spite of the implicit
nature of the solution (4.1), the preceding inte-
gral for u,(t) can be evaluated explicitly.

By partial integration

1 T=n
Uy () = — 7;] cos nxdu, (5.3)
T=—-m

and after substitution of the parametric equa-
tions (4.3),

2 E 4
Uy (8) = 'n_nf cos n (60—t sin 0) cos 0dO. (5.4)

0

Bessel’s integral for J, (2) is

1{” .
JIn(2) = —J cos (nf—~z sin 6)d6.
T

0

If this is inserted on the right side of the re-
currence formula

Tn(2) = i iy (@) +Tny (2)],

the result is a modified form of Bessel’s integral:

n
Jp(2) = fﬂf cos (nf -z sin 6) cos 6df.

0

Comparison with (5.4) leads at once to

U (t) = 2T p(nt) [0t (5.5)
Equation (5.5) is a simple, closed formula for
the Fourier coefficients of —wu(x,t).

In view of (5.5) the Fourier expansion (5.1) is
explicitly

o
u=—2> (nt) ' J, (nt) sin nzx. (5.6)
n=1

Regarded as a series of Bessel functions, this is
a Kapteyn series, the distinctive feature of
which is presence of the order n as a factor in
the argument of J,,. It is a curious fact that (5.6)
is completely equivalent to Bessel’s solution of
Kepler’s problem concerning the anomalies of a
planetary orbit—the problem which led Bessel
to define the functions that now bear his name
(see WarsonN, 1944, § 17.2). The parameters of
Kepler’s problem and their formal relations to
those of (4.3) are the “mean anomaly” M =z,
the “‘eccentric anomaly” E =0, and the orbital
eccentricity =¢, in terms of which (4.3b) is
M = E —esinE. Kepler’'s problem is inversion
of the latter relation: to express E explicitly in
terms of M. Writing this as E =M +¢sin E and
introducing (5.6) for sin £ ( = —u by (4.3a)), we
find

Tellus XVI (1964), 4
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‘e H

F1¢. 4. Schematic profile of u as a function of x for
t>1. Broken curve: original, triple-valued u; solid
curve: single-valued composite u* represented by
series (5.6).

o0
E=M+2 Zn'lJn (ne) sin nM,
n=1

which is Bessel’s solution of Kepler’s problem.

Fourier coefficients u,(t) were computed from
(5.5) for 0 <t <3. The left panel of Fig. 3 shows
results for n» =1(1)6, the right panel (on an ex-
panded scale) for n =7(1)10(5)30(10)40. All
u,(t) are zero initially with exception of u,(0) = 1.
As t increases from zero, u,(t) gradually declines
as energy cascades through the spectrum. Fig. 3
exhibits this process in a striking manner. In
each harmonic the energy increases monotoni-
cally throughout the “physical’” range 0 <t<1
and reaches a maximum very soon after ¢ =1.
(If t, denotes the time of incidence of this first
maximumm, then 7, —1+ in the limit n — oc.) After
the first maximum u,(t) is oscillatory and decays
to zero (as £h ultimately).

When ¢ >1 the function u(x,?) determined by
(4.1) is multiple-valued, as shown in Fig. 1.
However, the series (5.6) is convergent and
single-valued for all t. The meaning of this series
therefore must be reconsidered for ¢>1. It is
possible to sum (5.6) as a Kapteyn series in the
manner described by Warson (1944, § 17.7),
but a simpler route is to examine the integral
(5.3) from which «,(t) was obtained. In order to
make the transition from (5.2) to (5.3), it is
necessary to regard (5.2) as a line integral, as
indicated by arrows in Fig. 4. Now, on the
interval of the x-axis in which u is triple-valued,
dx is positive along BCD and FGH, but nega-
tive along DEF. Therefore, the effect of trans-
formation from (5.2) to (5.3) is such that on this
interval « has the composite value u* =u’ —u” +
+u’”’, where v’ =u on BCD, »” =« on DEF,
and %" =u on FGH. This composite value
is indicated by the solid curve BEH in Fig. 4

Tellus XVT (1964), 4
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(and by the broken curves in the left panel
of Fig. 1).

The series (5.6) for ¢ >1 therefore represents
the single-valued function indicated by the
solid curve ABEHI in Fig. 4. Since the com-
posite function «* in the interval BEH does not
satisfy the basic differential equation (3.1), the
preceding analysis must not be construed as
having any physical meaning.

At t =1, the limit of the “‘physical” range of
validity of (5.5), the spectral distribution of u,
for large n may be found from the asymptotic
formula (WaTson, 1944, § 8.2)

Ta(n)~T (3)/(48)"" 2. (5.7)

According to (5.5), the corresponding %, ~nth,
The energy spectrum at ¢ =1 therefore has the
distribution n~-"", This shows an attenuation
stronger than that for statistical equilibrium
(n~"") by a factor n-1.

The rate of transfer of energy across the spec-
trum at wave number n is

d n
en=— — > [we ()]

dt k=1 (5.8)
Therefore, for large n we have
de d
Tae =~ ()]
With (5.5) for u, (t), this gives at t=1:
degjdnas — 807 T (n) [Jn (n)—n" T, ()], (5.9)

According to Warson (1944, § 8.2), for large n,
Jn(n)~3"T(§) /24 and.

Hence, in view of (5.7), the first term in the
bracket of (5.9) dominates the second, and we
have

deyjdn~ —(8/V 3)n-1,

with the aid of T(})T'(§) =27/V'3. Integration
with respect to n yields

&, ~(8/l/3) -1, (5.10)
The dependence of ¢, upon n exhibits the degree
to which the spectrum is nonstationary. The
result given in (5.10) was confirmed by direct
numerical evaluation from (5.8), using (5.5) for
u,(¢). This gave ne, =1.364 at n =45 and 1.371
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at n =49, which shows ne, to be approximately
independent of n. The numerical value of the
factor in (5.10) is 1.470.

6. Invariants

After multiplication by mu™ ", equation (3.1)
may be written

but (4.1) keeps u =0 at x = —z and at x =0, so
integration with respect to x gives

s [
—f umdx =0,
at)

for any m > —1. Since the integral in (6.1) is
invariant, it may be evaluated at ¢ =0, where
u = —ginz. Therefore, after integration with

respect to Z,
I m+2
_ 2

0
M,=n% — f udr =1,
T (W_ij-—ﬁ) -

(6.1)

(6.2)

2

where I' denotes the gamma-function.

Equation (6.2) gives a class of (normalized)
integral invariants of the original differential
equation (3.1). Two in particular are of interest
here: namely,

0
Mlzéf udr=1 (6.3a)
-7
2,
M,=- udr=1. (6.3b)
) -n

The first of these is proportional to the integra-
ted momentum (over a half wave length), the
second to the kinetic energy.

Spectral forms of (6.3) are obtained by sub-
stituting the series (5.6) into the integrals:
JIp(nt)n’t=1

o0
M,=2 > (6.4a)
=1,3,

n=135 ...

M,=4 >
»2,

n=1

Jp(nt)/mt]*=1. (6.4b)

3.

The identity (6.4a) is a special case of a Kapteyn
geries known as Meissel’s expansion (WATSON,
1944, § 17.23), while (6.4b) is a special case of

GEORGE W. PLATZMAN

what WaTsoN (1944, §17.6) refers to as a
Kapteyn series of the second kind. (The whole
of the foregoing analysis can be regarded as a
devious but elementary proof of these identi-
ties.)

It was noted previously that when ¢ >1 the
series (5.6) represents the composite function
u* illustrated by the solid curve in Fig. 4. In
the interval BEH this function does not satisfy
the basic differential equation (3.1). Terefore,
when ¢ >1 the identities (6.4) are no longer valid
and the series have no physical significance.
Nevertheless, it is worth recording that M, for
t >1 can be evaluated in an elementary manner,
as follows.

With reference to Fig. 4,

0
MTE%J‘ u*dx:&(f +f )udw
—n ABC EFG

=¢([ux]ﬁ+[ux]§)—%( f + f )xdu.
ABC EFG

The integrated parts are zero because u =0 at 4
and x =0 at O, £ and G. In zdu we substitute
x =0 +ut and w = —sinf, from (4.3); then

M’f:;(f +f )(eeosede_mdu).
ABC EFG

After performing the indicated quadratures, we
can write the result in the following parametric
form:!

M,* =cos¢ + i siné
t=¢/sing,

where ¢ =u (= —0, =0;)-

The points D and F eventually will move out
of the interval and this interval
will be invaded then by forward- and backward-
moving lobes from intervals —3nz<x< —n and
n<z<3n, respectively (since u is periodic in 2
with period 27). When this happens, the result
in (6.5) is no longer valid. The limit of validity
of (6.5) therefore is the time at which D and F
reach n and -, respectively. This time is
found by writing x = +=x in (4.4); the result is
t =4.60.

(6.5)

—n<x<mn,

1 This result also can be obtained by summing
the series in (6.4a) as a Kapteyn series (WaTsonw,
1944, § 17.7). However, the method used above is
simplier.

Tellus XVI (1964), 4
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Fic. 5. Linear and quadratic integral invariants.

Solid curve: M, =1 for 0<t<1 and M, =M7 from

(6.5) for ¢ = 1. Dots show values of M,computed from

24 terms of the series in (6.4). Broken line shows M,
computed in the same manner.

ﬁt

It follows that the Kapteyn series M, in
(6.4a) is equal to the MY of (6.5) for 1 <t <4.60.
The solid curve in Fig. 5 shows M, in the range
0 <t <2, computed from M, =1 for 0 <t <1 and
from MY for 1 <t <2. The dots show results of
direect numerical computation of M; and M,
from 24 terms of the series in (6.4).

7. Spectral dynamics

The Fourier coefficients u,(t) satisfy an infi-
nite system of quasilinear, ordinary differential
equations, obtained by taking the Fourier trans-
form of the original equation (3.1) after sub-
stituting expansion (5.1). The result can be
written

2 du n-t *®
ST oD Wty — D UnUpige (T.1)
n dt k=1 k=1

The first few equations in this set are

2du
—i—dt‘ = = (UglUy UG + Uy + )
2d
o - e )
L (7.2)
2 du,
g—d: = Uy — (Ugly + Uty + )
2 du
2 Ti;‘ = gty + s — (U + Uglh ).
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It is remarkable that the exact, time-dependent
solution of the infinite system of spectral-
dynamic equations (7.1) is given by the closed
formula (5.5).1

If the integrals defined in (6.3) are computed
directly from the expansion (5.1), then

M, - § n 7 u, () =1 (1.3q)
n=1,35 ...

M= S [wor-1  (13b)
n=123,...

By inspection of (7.2) it is easy to verify that
the sums in (7.3) are, in fact, invariant. More-
over, since initially u, =1 and all other u, =0,
it is also clear that each sum has the value
unity. Indeed, in view of (5.5), equations (7.3)
are merely a restatement of (6.4).

The assertion that (5.5) gives the solution of
(7.1) certainly is valid in the interval 0 <¢<1.
For t>1 the coefficients (5.5) represent the
“composite’ function u* (Fig. 4), as shown
previously. It is not evident a priori what func-
tion is represented by the solution of (7.1) for
t>1; however, it is easy to show that this
function cannot be #*. This follows from the
fact that (7.3a, b) are valid inferences from (7.1)
for all t. In other words, the function represented
by the solution of (7.1} has the property M, =M,
=1 for all £. On the other hand, the function «*
represented by (5.5) is such that M;<1 and
M,<1 for t>1 (Fig. 5). It follows that (5.5)
gives the solution of (7.1) only in the interval
0<t<l.

Truncated spectral equations have been used
in numerous investigations of nonlinear fluid
mechanics. Tt is therefore of interest to compare
our exact solution (5.5) of the complete spectral
equations with solutions of tuncated equations.
If only one component is retained, (7.2) reduces
to du,/dt =0 and we get u,(?) =1. If two com-
ponents are retained, (7.2) reduces to

du,/dt = — juu,
duy/dt = yu;.

The exact solution of these equations for initial
conditions %, =1, u, =0 is

1 Burgers’ spectral equations have quadratic
terms identical to those of (7.1), and admit certain
exact steady-state solutions (BURGERS, 1948).
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Fia. 6. Solid curves: exact u,(¢) in the ‘‘physical”

interval 0 <¢<1 from (5.5). Dots: first and second
spectral approximations.

u, =sech §¢

uy =th 1.
(Thus, the initial configuration % = —sinx is
converted to « = —sin2x in the hmit {—>o0.)

The solid curves in Fig. 6 show the exact
coefficients

u, =2J,(t)/t
ug, =2J,(2t)/2¢
uy =2J,4(3t)/3¢t

in the ‘‘physical” interval 0 <t <1. The dots
show first and second spectral approximations.
The preceding analysis gives both approxima-
tions for u, and the first for ;. The second
approximation for #, and the two approxima-
tions for u, were obtained by direct numerical
integration of three- and four-component trun-
cations of (7.2).

Agreement between exact u,, ug, u; and the
corresponding second spectral approximations

GEORGE W. PLATZMAN
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Frc. 7. Profiles of u as a function of z at ¢ =1. Exact
profile is shown by heavy, solid curve. The other
curves show spectral approximations obtained by
numerical integration of truncated spectral equa-
tions with 3, 4 and 24 terms.

is remarkable. However, at shock time ¢ =1 the
function w(x, t) represented by only three har-
monics is very poor, and there is only slight
improvement by addition of the next harmonic,
as shown in Fig. 7. Even 24 terms do not suffice
to give a smooth representation of the exact so-
lution at ¢t =1. These circumstances are not sur-
prising from the standpoint of harmonic analysis,
since at £=1 the function wu(x,t) has infinite
slope at z =0.
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