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ABSTRACT

A fluid in which the dynamic and thermodynamic coefficients (u, «, %, ¢, etc.) vary
vertically may become unstable when it is heated uniformly from above, assuming that
the basic stratification is gravitationally stable and that the thermal expansion coef-
ficient is positive. This “‘anti-convection” is studied in the special case of a fluid com-
posed by two semi-infinite layers, each of which has constant coefficients. In the theory
the Boussinesq approximation is used for each layer separately, and the interface is
assumed to be plane. These assumptions seem justified in the present problem.

Instability is favoured when the thermal expansion coefficient and the conductivity
are large in one of the layers and small in the other layer. A necessary condition for
instability is that the ratio u,a cp/usxscp, is larger than 9 (or smaller than 1/9),
where u is the dynamic viscosity, a the thermal expansion coefficient, and c, the
specific heat per unit mass. When this condition is fulfilled instability will occur for
sufficiently large values of the ratio »,/x, (small values, respectively), where x is the
thermometric conductivity.

The convection cells are confined to a region next to the interface. Small cells have
comparable width and height, while larger cells are flattened in proportion to the 1/6
power of the Rayleigh number. Because of counteracting non-linear effects the con-
vective motion cannot grow very large, the vertical velocities can at most be of order
»{D, where D is the scale of the cell. It is suggested that cells with Rayleigh num-
bers of order unity dominate the picture in finite amplitude situations.

The driving energy comes from a region next to the boundary in the fluid layer
having the larger thermal expansion and conductivity. Any motion started in the other
layer creates thermal perturbations that are conducted into this region inducing a
reversed circulation. When the thermal expansion coefficient is large this reversed
circulation becomes strong. Through the frictional coupling it can directly amplify the
primary motion and an instability develops.

It should be possible to observe the instability in a laboratory experiment. A mercury-
water system seems suitable for this purpose. The theoretical analysis shows that
instability occurs when heating is applied at temperatures below 18°C.

Geophysical and astrophysical applications seem possible. As example, the instability
may appear at the interface between the atmosphere and the sea. An air-water system
is stable under laboratory conditions, but in nature the existing eddy friction and
conduction change the conditions considerably, and such as to favour the occurrence
of the instability.

1. Introduction

Convection in a fluid heated uniformly from
below, the so-called Bénard convection, has

1 Contribution No. 166 from the International
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2 Contribution No. 1503 from the Woods Hole
Oceanographic Institution.
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been investigated quite thoroughly in the past
(see, as example, CHANDRASEKHAR (1961)). As
is well known the convection can occur only
at sufficiently large values of the Rayleigh
number Ra =(gxfd4)/(xv), where g is the ac-
celeration of gravity, § the adverse temperature
gradient, d the depth of the fluid layer, and x,
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F1a. 1. Coordinates.

x, and v are the coefficients of thermometric
conductivity, thermal expansion and kinematic
viseosity, respectively. The critical Rayleigh
number can be determined by a direct stability
analysis, it can also be obtained from an equa-
tion expressing the balance between the release
of potential energy and the viscous dissipation.
The expression for the potential energy release
is positive-definite and negative-definite for
positive and negative Rayleigh numbers,
respectively. In the second case, that cor-
responds to heating from above, stability is
thus proved.

One may now ask whether a similar result
holds for a more general fluid, in which the coef-
ficients such as », «, and v vary in the vertical
direction. At present a study is made of the
simplest kind of such fluids, a two-layer
fluid in which each layer has uniform coef-
ficients. The fluid is assumed to be unbounded.
It will be demonstrated theoretically in Sec-
tionsg IT-1II that such a fluid, subjected to a
uniform heating from above, may become un-
stable for a certain range of parameter values.
It should be noted that the present theory as-
sumes a gravitationally stable basic stratifica-
tion and a positive coefficient of thermal ex-
pansion. (When this coefficient is negative,
such as is the case for water in the range 0-4°C,
heating from above may, of course, create a
convection. This problem is not essentially
different from the ordinary Bénard case.)

Although stability has never been proved for
fluids with vertically non-uniform coefficients
subjected to a heating from above, it has often
been argued that instability could be ruled out
by general physical arguments. In special,
reference has been given to “the lack of a
potential energy source”. When it now is
claimed that instability occurs, a discussion of
the physics of the instability process is thus
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called for, to clear up points such as the above
one. This has been attempted in Section IV,

The predicted ‘‘anti-convection” has not
yet been verified experimentally, but prepara-
tions for a laboratory experiment using a
mercury-water system are going on. Some
remarks on the experimental problem are
given in Section V. The possible application
to some geophysical and astrophysical situations
is also mentioned.

2. Stability analysis: derivation of the
characteristic equation in the
marginal case

A. DEFINITIONS AND BASIC APPROXIMATIONS

Let z, y, z be rectangular coordinates with
the positive z-direction upward (Fig. 1). The
undisturbed interface is at z =0. In the lower
layer the fluid is characterized by the constant
coefficients g,, %, «, and », in the upper layer
by the constant coefficients g:,, »', o, and v'.
There is applied a uniform heat flux from
z = oo; the temperature gradients in the two
layers corresponding to this heat flux are
denoted by g and §’, respectively. At the inter-
face continuity is required in velocity, normal
and tangential stresses, and normal heat flux.

Two basic approximations are introduced:

(i) the Boussinesq approximation is applied

within each layer, and

(ii) the interface is required to be horizontal.

The first approximation requires that the
convection cells have a diameter that is small
compared to the basic scale-height of the fluid
(SPIEGEL & VERONIS (1960)). This is fulfilled
under normal laboratory conditions but may
not be valid in geophysical and astrophysical
situations.

The second approximation requires some
discussion. Obviously it cannot be applied
when the layers are gravitationally unstable
(00 >p,), but we will exclude such cases any-
way. In the case where the layers are stably
stratified (Q(’) <o) there will still be deformations
of the interface, to balance the pressure effects
of the motion. The corresponding geometric
distortion of the velocity field is not critical
(it is a second order effect), but one has to
reckon with the energy required for the defor-
mation. If this energy is comparable to, say,

Tellus XVI (1964), 3



CONVECTIVE INSTABILITY IN A TWO-LAYER FLUID

the kinetic energy of the cell motion the
stability problem may certainly be affected by
the approximation. We consider here only a
special case to get support for the approximation.
Assume that the densities of the two layers as
well as their difference can be described by the
amplitude p,, that all velocities can be described
by an amplitude U, and that all scales can be
described by a wave-length D. The pressure
variations Ap along the interface will be of
order pwU|D, from equating the orders of
the pressure term and friction term in the
equations of motion. These pressure variations
call for compensating elevations Ak of the
interface, that are of order Ap/gg,. The energy
needed to build up these elevations are of
order Ap Ah ~ (Ap)?/go, ~0,v2U%/gD?, counted
per unit horizontal area. On the other hand,
the kinetic energy of the cell motion is of order
0o DU?, per unit horizontal area. The ratio of
these two energies is »%/gD?. This is normally a
very small number. As example, for 1 cm cells
in water »?/gD? is of order 10-7. The picture is
not, found to change essentially if one makes a
more precise estimate, using the results that
come out of the later theory. The interface
deformations could become appreciable for
extremely small cells, but these are anyway
stable, as shown in Section III. Large deforma-

tions could also occur if the two layers have -

almost the same density, and this case has to
be treated with more care. In the practical
applications that are considered the approxima-
tion seems to be well justified.

The existence of surface tension is not critical
in the present problem, as far as can be judged.
In fact, its main effect is only to keep the in-
terface horizontal. This is in contrast with the
gravitationally unstable case (g(l, >0,), Where
surface tension decidedly influences the stability
criterion,

B. BASIC EQUATIONS

Under the Boussinesq approximation the
equations describing small deviations from the
basic state in velocity «, v, w, pressure p, and
temperature T' are

ou 1o
S R (1)
ot Q0 0%
ov 1o
g LS @)
ot Qo 0Y
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e 2P gaT W (3)
ot 0o 92

ou av w

—t—-+—=0 (4
& o0y oz

oT

p + Bw=xV'T (6)

In our problem we define 8= +dT,/dz, op-
posite to the definition in the ordinary Rayleigh
problem (to avoid working with negative Ray-
leigh numbers). Since the heating is applied from
above § > 0.

The above equations apply to the lower
layer as they stand; for the upper layer the
same equations apply with , », w, p, and T
replaced by u’, v’, w’, p’, and T, respectively.
The parameters g,, «, x», and » should further
be replaced by the values 93, a’y »' and v,
respectively.

The boundary conditions are, under the as-
sumption of a horizontal interface,

u=u, v'=v, w=w=0 (6 a—d)
0w ou v @ (7a-b)
= —u, -, a—
K oz 'uaz # oz ”az
T =T (8)
o1’ ol
K’ = K— (9)
o2 oz

all of which are to be applied at z=0. The
conditions (6a-d) express the continuity in
velocity and the condition that the interface
remains horizontal. The conditions (7a-b) ex-
press the continuity in tangential stress; x and
u’ are the coefficients of dynamic viscosity.
The condition (8) expresses the continuity in
temperature, and the condition (9), finally,
the continuity in normal heat flux; K and K’
are the coefficients of thermal conductivity.
Note the relations

B=gov, W =gV (10 a-b)
K=g,¢p%, K’=g;c;x’ (11 a—b)
K'f'=Kg (12)

where c, is the specific heat per unit mass and
at constant pressure,



352

C. EQUATION FOR THE VERTICAL VELOCITY

We put

u = U(z)
v =V(2)
w=Wi(z) FZHhyvimt (134 )
p =P(z)
T=0(z)

and similarly for u’, v’, w’, p’, and T’ (with the
same k,, k,, and r). We will only consider the
case of marginal stability, thus we put r=0.
One can prove that the principle of exchange of
stability is indeed applicable in the present
problem, but the proof is not reproduced here.
(If one only wants to give an example of in-
stability the question is not critical, anyway.)

The equations for U, V, W, P, and ® become

d ik
v(—z—kz)U=1—1P (14)
dz Qo
d: ik
v(j*kz)V=l—yP (15)
dz Qo
d’ 1dP
— | W= 18
v(dZ’ ) o dz 9% (19
(K =ki+k2)
daw
i, Uik, V+— =0 amn
dz
dz
2
x(d—z,—k)@—ﬁW=o. (18)

As in the ordinary Rayleigh problem one
derives the equation for W

d’ 3
{(7—18) —g“—ﬂk’}W=0 (19)
dz v
and for the upper layer similarly
d2 3 rQr
{(,2 - kz) ~ g“,ﬂ,} W’ =0. (20)
dz x'v
One has use later of the equations
d2 2 kZ
dz v
dz 2 ,kz
(——2 - k“) w-2"g (21ab)
dz v

(from equations (14-17)).
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The boundary conditions are, in terms of W
and W’

W=W=0 (22 a-b)
aw’ dw 03
dz  dz (23)

(from U’=U, V’=7V, and the continuity equa-
tion)

a'w
dz*

AW
M Az M

, dz 2 dz
v — - Bl W= 4 — -
a’\dz a \dz

(from ®’ =0, and (21 a-b))

(24)

2
k’) W (25)

= (26)

’

Kv(d " AW Kv(d’ " aw
dz a \dZ’ dz

Further it is required that all perturbations
should decay to zero both at z=-oo and
Z=+o0.

We introduce a new vertical coordinate

L=kz (27)
and the Rayleigh numbers
Ra-9%  Ra - 9F 94
xvks w'v'ket

In the definition of these numbers the inverse
wave.number k' takes the place of the layer
depth, and g stands for the direct temperature
gradient dT,/dz.
We further introduce the parameters
&= 'Li, &y = lg’ 83=I£ 4 1. (29 a-c)
u va Kyvo

The completely stated mathematical problem
is then described by the set of equations

(12—1)3—11 W=0
az e
(i) =
Zi-1) -Ra't W =0
ag

Tellus X VT (1964), 3
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daw’ d
W=W =0, w =l/ (32 a—c)
d;  d¢
&Iw W
eljigr‘= a (33)
at z=0
dz 2 d2 2
8’(d_c”_ 1) W= (54_2_ 1) w (34)
12_1 AW’ d’_l AW 35
“\az a  \ag? dz’ (35)

It is required that W0 when {— — oo, and
that W’—0 when - + co.

It is of interest to write down the expres-
sion for the rate of release of potential energy
in the present system. This is, per unit hori-
zontal area,

0 o
e,= ggoaf Twdz + gg(’, oz'f T'w'dz (36)
% 0

where the bar means a horizontal average.
There is no phase factor between w and T,
hence we find Tw= QW costk,vcostk,y—OW.
Expressing W and W’ in terms of ® and &’
using equation (18) the expression for e, be-

comes
[ 2
d
e} (—(;) - k’@) dz
—® dz

1 goqox
ep= ; ——
B

1

+ _—

¢ 8 Jo

Integrating partially, remembering that the

perturbations should decay at large distances
from the interface, one finds

1 0 2
ep= — 190, ax ‘i@ + Kot dz
4 B ~wi\d2
_1@:’_{1’ " (C_l_g 2+ e dz
4 0 dz
d@ 1 f s , d@/
o) ()
dzf, 4 f§ dz [,
(37)

where the subscript 0 denotes the value at the
interface. This expression contains two inte-
grals that are negative-definite and two bound-
ary terms. Making use of the boundary condi-
tions @g= Oy f 1 dO’'|dz= g 'dOdz, the two
boundary terms can be combined into the form

e [ (L0

e k"‘@’)dz.

. 1goyox
4 B
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F1a. 2. Location of the A-roots.

! s’ 7 d
- m) @0(_@) (38)
Qo XX dz /,

In a fluid with uniform coefficients throughout
this term vanishes, and the situation must be
stable, but in the more general case considered
here the term can contribute positively, and
eventually dominate. This may occur when
(g(; o'x%’)[(gyax) <1, and ©, and (d@/dz), are po-
sitively correlated, or when (goa'x’)/(g, o) > 1,
and @, and (d®/dz), are negatively correlated.
The form suggests that the ratios a’jx and x’/x
are the key parameters in the stability problem,
and this is verified later.

bound. __ 1 ggoa” (
€p = e
4 B

D. THE CHARACTERISTIC EQUATION

We put
W=0e", W =0t (38 a-b)
and find (A? -1)>=Ra, (4’* —1)® =Ra’(40a-b)

The roots 4; are six, of which three, say, 1,, 1,,
and 13, have positive real parts, the other three
roots are —1;, —4,, and —1, (Fig. 2).

For W we use the roots 4,, 4,, and 4, for W’
the roots —/1;, —l;, and —Z;; this will secure
that the perturbations decay at large distances
from the interface. Since two roots are complex
we expect a series of cells away from the inter-
face, but the rapid decay should make all
except the first one unimportant. For small
Rayleigh numbers the width to depth ratio of
the cells should be close to one, for large
Rayleigh numbers it becomes Ra'®, thus the
cells are flattened.

Putting

W=0C,e" 10, 1 0 e
(41 a—b)

Wi =0re A p Oe M 4 08

the boundary conditions (32-35) yield the fol-
lowing characteristic equation, valid for margi-
nal stability,
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f(Ra, Ra’, ¢,, &, &;) =
1 1 1 0 0 0
0 0 0 1 1 1
_ A 2 Ay A s A o w
PH P¥ P — e Ay Y P ¥
=17 (-1 #B-1)' -6@-1)" -5 -1)" —&@ 1)
B0, (B0, (B-1% el -1)h g G- 1A & (A1)

The equation is seen to be real. Developing the
determinant one arrives, after some computing
work, to the equation

Leyey + Me,e, + Neyey, +Pey +Qey + Reg =0 (43)

where L, M, N, P, Q and R are functions of 4,
and l; , i.e. of Ra and Ra’. The expressions are

L{Ra, Ra’) = 3 Ra'® Ra/*".
ARy = 2) (s + I As+ I, 2y)
+ (A= A) Ty As+ s+ Iy A1)}
M(Ra,Ra’)=i3)/3 Ra?® Ra’
A —A) T A 4y)
(A=A T A, — A}

(44 a—c)

N(Ra, Ra’) = - 3Ra**Ra’

A+ Ty A+ I, A,) (A + Aa+ A3)

1 V3 1 i3
where I2=——+?K—, 3=~~—%l/—
2 2 2 2
further P(Ra,Ra’) =L(Ra’,Ra)
@(Ra,Ra’y = M(Ra’,Ra) (45a-c)

E(Ra,Ra’) = N(Ra’,Ra)

L is always positive, M and N always nega-
tive (for Ra, Ra’ >0). The magnitudes increase
monotonically with Ra and Ra/.

In the limiting case of small Ra and Ra’ the
expressions (44a—c) reduce to

L <% RaRa”*
M- -¥RaRa’ (46 a—c)

N = -Y RaRa'.

In the other limiting case of large Ra and Ra’
one finds
L =3 Ra'?Ra™*

M= - 12 Ra’® Ra’™* (47 a—c)

N =-9RaRa/'.

As in the general case, P, @, and R are found
from (45a—c).

For given Rayleigh numbers, i.e. for given
values of the coefficients L, - — R, equation (43)
represents a second order surface in the ¢, -
g, —&5-space (Fig. 3).

The characteristic equation f(Ra, Ra’, ¢, &,, €5)
=0 is invariant under the transformation
Ra=Ra’, ¢—¢ ', corresponding to an inter-
change of all primed and unprimed quantities.
The stability properties are thus unchanged
when the two layers are interchanged. However,
a complete physical interchange of all properties
cannot be made. An originally stable stratifica-
tion (Qf, <0,) becomes unstable after the inter-
change, and the theory does not apply in the
second case. Nevertheless, the transformation
RazRa’, ¢;—&; * gives us new physically possible
cases. This is because the ratio pg/g, does not
enter as a single parameter but only in com-

F1a. 3. Geometric representation of equation (43).
The unstable region is shaded.

B
* Errata: — A and —g should be deleted.

Tellus XVI (1964), 3



CONVECTIVE INSTABILITY IN A TWO-LAYER FLUID

bination with other parameters. It is possible
to vary g,’,/go without changing the parameters
Ra, Ra’ and the ¢;:s, if the ratios u’/u, «'/«, and
#’|x are adjusted properly. Thus new gravita-
tionally stable cases are included among the
transformed cases.

3. The critical equation, with a discussion

The Rayleigh numbers Ra and Ra’ contain
the wave-number k. This is a free parameter in
our problem, since no walls are assumed. If we
let & vary from zero to infinity, Ra and Ra’
will vary from infinity to zero, with a fixed
ratio

fgm o T = === (48)

£, is thus one more characteristic parameter
of the problem. For given values of the para-
meters g, £, &, and ¢, we may have stability
for all k-values, or we may have instability
for at least some k-value. The surface dividing
these two regions in the &, —&, —&; —&,-space
represent the critical equation. It marks the
parameter values for which instability first
sets in.

Consider now the second order surface repre-
sented in Fig. 3. If Ra and Ra’ are given
positive increments ARa and ARa’, the dis-
placed surface will enclose the original surface
without intersection, in the positive octant of
interest, thus adding a new region of instability.
The proof of this, that hangs on the exact form
of the functions L(Ra,Ra’), M(Ra,Ra’), and
N(Ra,Ra’), is not reproduced here. It follows
from this result that, for given values of ¢, &,
€5, and g, instability for one wave-number
implies instability for all smaller wave-numbers.
The largest scales will become unstable first.

The critical equation marking the first onset
of instability can accordingly be derived from
the characteristic equation (43) by letting Ra
and Ra’ tend to infinity with their ratio (g,)
fixed. Using the expressions derived for L,
— — R in the limit of large Rayleigh numbers
the critical equation becomest

1 A more direct derivation of equation (49) can
be given by making Ra, Ra’—co in (42). One finds
that A,—Ral/®, 1,—J,Ra'5 2,—J;Ra*® where J, =
3 +i)/8/2, J,=}—i)/3/2. After dividing down the
R-factors and introducing ¢, = Ra’/Ra, the deter-
minant is easily reduced to give equation (49).

Tellus X VI (1964), 3
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_ 12 16
G(Eys €y €45 EQ) =6y 858, — de, £58,

—3e,6,+ 5,8, —de,e, 0 3e,=0.  (49)
When g >0 one is in the unstable region, when
¢ <0 in the stable region (in rewriting (49) in
the following we will retain the sign unchanged
to preserve this property).

It may be remarked that for sufficiently
small values of Ra and Ra’, i.e. for sufficiently
large k-values, the situation is always stable.
In this case (43) reduces to
(50)

— 8 Eg— & Eg—Ey—E53=0

and the left hand side is always negative.

Returning to the critical equation (49), we
rewrite this in terms of four new parameters
that are better separated, physically:

(51 a-d)

it}

i~

[~
XX,

These may, in turn, be called the friction ratio,
the expansion ratio, the heat ratio, and the
conductivity ratio. One has

F CHF E
6=F, e5=—, & = T;

E

(52 a-d)

and the critical equation can be written in the
form

C,E,F,H)y=E rH 1/2—3H o
g(”a): E E

_4E F_H 5/60213_4 EE 1/6.0113
E E

(FH)”Z
+|=] -8F=0. (53)

E

If (53) is considered as a critical equation
for C one sees that critical values do exist
when FE/H >9 or FE/H <1/9, as this makes
the first and the last term positive, respec-
tively. In the first case instability occurs for all
C-valueslarger than a certain critical value,inthe
second case for all C-values smaller than a certain
critical value. These critical values depend, of
course, on E, F, and H. The most effective
way to produce instability is to make £ and C
both very large or very small. Regarding the
friction ratio F and the heat ratio H these
should not be made extreme, as this is seen to
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F1c. 4. Profiles of W and ©. The release of potential
energy is proportional to W®, and to the thermal
expansion coefficient.

stabilize the fluid. Their optimum values depend,
of course, on the values chosen for C and E in
each case.

4. Physical nature of the instability

To get an understanding of the mechanism
that produces the instability it is helpful to
look at a simplified case. Assume a vertical
velocity of the form

=Aze"*?

=Aze 7?

w = W(z)

. ei(krz+ kyu)
w' = W'(2)

} ClgTHky vy

(54a-b)

This gives the W-profile shown in Fig. 4. At
the interface we have continuity in the velocity
and also in the stress, provided the dynamic
friction coefficients are the same in both layers.
The temperature perturbations created by this
field of motion are found from equation (18):

¢, 2
xl—=—k |O=BAze"

dz
(55 a—b)
d’ _
Xl (_z _ k2) @/:ﬂlAze~yz
dz
with the boundary conditions
0'=0
1de’ 1de [ at 2=0 (56 a—b)
F e pa
The solution is of the form
O=(a+bz)e"*+ce*?
(57 a~b)

O =(a’ +bz)e Ve *?

Determining the coefficients by use of (55) and

PIERRE WELANDER

(56) and evaluating the temperature perturba-
tion at the interface one finds

1 1

A4 x o
@z»o=a+c=mz'(l‘+l—)'. (58)

I

This is positive if »” >, negative if » <x’. Thus
the temperature perturbations near the inter-
face have the sign determined by the adveetion
in the layer of smallest conductivity. The result-
ing temperature field is sketched in Fig. 4, in
the case where the lower layer has the larger
conductivity. The total field of the streamlines
and isotherms is shown in Fig. 5, in the case of
twodimensional motion. In the lower fluid one
finds aregion next to the interface where Wand ®
are positively correlated, i.e. warm fluid rises and
cold fluid sinks. Potential energy is thus released.
If the coefficient of thermal expansion is made
large enough in the lower layer one may obtain
sufficient energy to make up for the potential
energy needed to drive the cells in the upper
layer as well as for the dissipation in the two
layers.

One can consider the amplification of the
motion in a sequence about as follows: Start
from the conductive basic state plus a small
superimposed cellular motion in the upper
layer. This motion will produce a slight warming
in regions of downward motion, cooling in
regions of upward motion. The effects are con-
ducted across the boundary into the lower
layer. The horizontal temperature variations
thus created in the lower layer must start a
reversed circulation there. If the thermal expan-
sion coefficient is large this motion will become
strong. Through the frictional coupling at the
interface it amplifies the original cellular motion
in the upper layer, and an amplifying cycle is
closed.

The idea that a combination of a large thermal
expansion and a large conductivity in the same
layer will favour an instability is in accordance
with the result of the formal stability analysis.
It can also be verified that this situation is one
making the boundary term (38) in the expres-
sion for the potential energy release positive.

It seems that the ‘‘anti-convection” will be
limited by finite amplitude effects much more
strongly that the ordinary Bénard convection.
In the Bénard convection there is a positive

Tellus X VI (1964), 3
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Fi1c. 5. Streamlines and isotherms in the simplified model.

release of potential energy in the main part of
the fluid even at very strong motions. In our
case a positive release can be stopped and re-
versed everywhere if the counteracting advec-
tive effects in the lower layer become too strong.
The maximum vertical velocities to be expected
should come out by balancing the second order
advective term w(87/oz) and the conductive
term x(92T/0z?), this velocity is of order »/D,
where D is the wave-length. For 1 cm cells the
value is around 1.5-10-®* cm per second in
water, 6-10-2 cm per second for mercury.

For large cells the limiting velocities become,
of course, very small and these cells, although
they become first unstable in the linear ap-
proximation, may never be observed in prac-
tice. Small cells, with Rayleigh numbers much
less than one, have been found to be stable.
In an actual convection under supercritical
conditions it may well be that the picture is
dominated by cells having Rayleigh numbers
of order one. These will probably also have the
strongest growth rate.

5. Laboratory experiments. Application to
geophysical and astrophysical sitnations

One may feel astonished that the ‘‘anti-
convection” has not been discovered experi-
mentally. The reason must be, firstly, that the
phenomenon occurs only in fluid systems of a
very special composition, and, secondly, that
the convective motions, when they ocecur, are
quite weak. However, in a properly designed
experiment there should be possible to demon-
strate the effect.
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Of the fluid systems that may be considered
a mercury-water combination seems most
suitable to work with. Mercury has a relatively
large mass expansion and good conduectivity.
The mass expansion of water can be made as
small as is required by working close to 4°C, its
conductivity is further poor compared to that
of mercury. Gas-fluid combinations have been
considered, but these are less suitable, at least
at normal temperatures and pressures (generally
the parameter FE/H is small, the parameter C
large).

For the mercury-water system the para-
meters F, E, H, and C have been computed in
the interval 5°C-30°C, their variation with
temperature can be judged from Fig. 6. In
the same figure is drawn the curve for g*, the
left hand side of the critical equation (53). The
zero value of ¢*, marking the temperature below
which instability will occur when a heat flux is
applied, is found to lie around 18°C. Thus,
unless one wants to work with very super-
critical situations it is not necessary to go very
close to the 4°-limit.

In the present experiment the determination
of the transition is more difficult than in the
ordinary Bénard convection. The heat flux
plotted against the applied temperature dif-
ference gives little information. With the
boundaries far removed the heat flux should
be completely independent of the presence of a
convection, and in practice one cannot cer-
tainly expect any sharp bend in the curve. The
cell motion and the temperature variations near
the interface can, of course, be detected using
the different optical techniques that have been
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F16. 6. Variation of the parameters F, E, H, and C.
and of the function ¢g* with the temperature for a
water-mercury system. The system is unstable
when g* > 0.

developed in connection with convection experi-
ments, and this will also be attempted in the
first experiments that are planned. Ordinary
tracers cannot be used to visualize the motion,
since any small contamination of the water or
the mercury seems to create an almost rigid
surface film that prevents the momentum ex-
change between the layers. In fact, one of the
main difficulties of the experiment is the ex-
treme cleanness required.

One may consider some applications of the
“anti-convection’” to geophysical and astro-
physical situations. One should look for condi-
tions where the heat flux is applied in the direc-
tion of the gravity force and where strong
variations in thermal expansion and conduc-
tivity are expected. In planetary atmospheres
such conditions may certainly be found. There
exists also the possibility that critical condi-
tions can be reached in stars, which during
certain stages in their development are expected
to be heated from an outer zone (private com-
munication by E. Spiegel). The treatment of all
such cases is, however, complicated by the pre-
sence of radiative and turbulent effects. Although
the present theory is not strictly applicable in
these cases it may perhaps serve as a rough
first approximation if the coefficients of
viscosity and conductivity are replaced by ap-
propriately computed effective values. In some
cases at least the introduction of a turbulence
seems to bring the conditions closer to criticality.
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As example, an air-water system is characterized
by the following parameter values (at 20°C):

F=0.00180, E=0.0214, H = 0.000290,

EF
C-145, — = 0.133,
H

This system is definitely stable, according to
equation (53). If one turns to a turbulent
air-water system representing, say, the condi-
tions at the interface of the atmosphere and a
lake or the sea, F and C will change drastically.
The eddy -coefficient for vertical friction is
generally in the range 100-1000 g em~'s-! in
the lower atmosphere; for the surface layer of
a lake or the sea somewhat lower values, in the
range 10-100 g em~!s~?, are common. Assuming
that the mechanism of turbulent exchange is
the same for momentum and heat, the eddy
conductivity should be of the order of the eddy
viscosity divided by the density. Computing
the friction ratio F and conductivity ratio C
one finds that they may well take on values of
the order 10 and 10,000 respectively. With
these values one finds ¢* >0 and an instability
may be expected. In the case of large scale
convection in the atmosphere-ocean system one
may further have to include rotation effects.
A preliminary study of this problem has given
the surpriging result that a strong rotation makes
the system more unstable. The instability further
occurs in the form of low-frequency oscillations
(overstability). This oscillatory behaviour is
explained by a reversal of the frictional coupling
in the strongly rotating case. A detailed discus-
sion of this case will appear in a second paper.
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