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ABSTRACT 

The steady-state non-linear equations of motion and heat transport for a conditionally 
unstable stagnant air maw between two plane horizontal boundaries are solved as a 
power series of a parameter of instability for the region of vertically upward motion 
of a disturbance symmetric about a vertical axis. For such a disturbance, which is 
known from previous studies to have the dimension of a typical cumulus cloud, it is 
shown that the magnitudes of the different velocity components in the state of maxi- 
mum development will depend on the aasumed values of the kinematic coefficient of 
eddy viscosity and the Prandtl number. Examples are given with some assumed values 
of these parameters in which the first term of the power series is calculated. The cal- 
culated values of the maximum vertical velocity seem to be of the same order of 
magnitude aa in a typical cumulus cloud of moderate intensity. I t  is also seen that the 
disturbance will develop a component of the tangential velocity independent of height, 
which will be of the second order. 

1. Introduction 
The question of initiation of thermal convec- 

tion in the atmosphere has been considered by 
HAQUE (1952), KUO (1961a), LILLY (1960) and 
SYONO (1953). These investigations have exa- 
mined the problem of initiation of convection 
in a conditionally unstable air mass under dif- 
ferent types of initial and boundary conditions. 
One of the results which follow from their 
works is that in a conditionally unstable stag- 
nant air mass in which there is no variation of 
temperature and humidity in the horizontal 
direction, convection will start in the form of 
cells having the dimension of a cumulus cloud. 
Another result is that at  the initiation of con- 
vection, the regions of updraft will be inter- 
spersed with regions of downdraft, and the 
regions of downdraft will be much larger in 
area than the regions of updraft. 

The above investigations only give us the 
mechanisms which lead to the initiation of 
convection and the distribution of the various 
parameters of convection when their amplitude 
is infinitesimal. Since these analyses are carried 
out on the basis of linearised equations in which 
the effects of all non-linear interactions are 
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ignored, they cannot give us any information 
about the parameters of convection when they 
assume finite amplitudes aa they must when 
the process starts and develops. On the other 
hand, the problem of finite amplitude steady 
thermal convection in a liquid heated from 
below has been considered by MALEUS and 
VERONIS (1958), Kuo and PLATZMANN (1960) 
and Kuo (1961b). These investigations have at-  
tempted to derive the parameters of finite 
amplitude convection by expanding these para- 
meters as Fourier series of the appropriate di- 
mension and by assuming that the amplitude 
of each of the Fourier components can be ex- 
panded aa a power series of a function of the 
excess of steady state instability over marginal 
instability. For instability which is only slightly 
in excess of the marginal instability, the first 
few terms of the power series give us a good ap- 
proximation of the finite amplitude parameters 
of convection. It therefore suggests itself that 
the methods of finite amplitude convection may 
be applied to atmospheric convection. This is 
particularly so because in the atmosphere the 
development will in general be gradual and if 
the maximum instability does not depart ap- 
preciably from the marginal instability, then 
the evaluation of only a few terms of the 
expansion will give us useful results. The 
atmospheric convection problem is however 
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more complicated because of the presence of 
moisture and eddy turbulence and the dif- 
ficulty in choosing suitable boundary conditions. 
Moreover, any convection in the atmosphere 
will be essentially unsteady, but it can be seen 
that the state of maximum development will 
be quasi-steady and the solution of steady-state 
equations will give us an insight into the state 
of maximum development. In what follows we 
choose the simple case of development of con- 
vection as an axi-symmetric cell about the 
vertical axis in a conditionally unstable stagnant 
air mass. This corresponds roughly to the 
development of an isolated cumulus cloud. 

2. Equations of convection 

taken as 
The equation of motion in the vector form is 

dV 1 
- + 2 w x v =  - - V P + g + v V 2 V  (1) 
dt  e 

where V is the velocity, w is the earth’s angular 
velocity, P is the pressure, e is the density, g is 
the earth’s gravity and Y is the kinematic coef- 
ficient of eddy diffusion for momentum. Follow- 
ing HAQUE (1952), we introduce the quantity 8 
by the equation 

1 

7 
S = -  log P-log @ 

and call it the entropy. When air can be regarded 
as dry, i.e. when there is no release of the latent 
heat of condensation, S will be a constant for 
dry-adiabatic motion if y is the ratio of the 
specific heats. For wet-adiabatic motion as 
well, S will be a constant if y is regarded as a 
variable. But the range of variation of y for the 
various wet-bulb potential temperatures en- 
countered in the atmosphere will be small, and 
for our purposes we shall regard y as a constant 
for wet-adiabatic motion as well. The important 
thing to remember is that the values of y will be 
different according as whether the motion is dry 
or saturated. 

The equation for the variation of S may then 
be written as 

dS 
dt 
- =xv2s (3) 

where x is the coefficient for the eddy diffusion 
of S. We also neglect the effect of compres- 

sibility in the equation of continuity and write 
it in the form 

v.v = o  (4) 

W-e now assume that the air mass was initially 
at  rest with entropy uniform in the horizontal 
direction. Owing to gradual increase of entropy 
downwards, the air mass ultimately became 
unstable and initial convection developed ac- 
cording to the linearised theory (KUO, 1961a). 
I f  the process of gain of entropy at the bottom 
and loss of entropy at the top still continues, 
equilibrium will be reached a t  a certain stage 
and st,eady convection will prevail. We shall 
assume that at this state, the entropy difference 
between the top and the bottom is not ap- 
preciably greater than in the state of marginal 
stability. If we assume that the instability which 
develops is symmetrical about the vertical axis, 
and the radial, tangential and vertical compo- 
nents of velocity are v,, v; and w,, and S = S o  + 
B z  +s, where So is the prescribed entropy at 
the bottom, B = (8, -S,)/h, where S,  is the pre- 
scribed entropy at  the top and h is the total 
height, then the equations of motion, variation 
of entropy and continuity, namely (l), (3) and 
(4), in the steady state can be put in the forms: 

av; BV; V,V; 

ar az r 
v, -- i- v, - + ~ + fv, = .( v2 - 5.) v; (6) 

as 
ar 

vr- + .(I3 f E) = xv2s 

av, 1 a 
- + - - (rvr) = 0 
az r ar 

From (9), we introduce the stream function Y*, 
where 

We can visualize a situation in which the entropy 
at  the bottom is So and the entropy a t  the top 
is S,, and the atmosphere is at  rest. This statre 
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of rest will, of course, be unstable and the varia- 
tion of entropy with height will be linear. Let 
Po and P o  denote the pressure and density in 
this state, and let P =Po  + p  and e =e0 +e‘, so 
that p and Q‘ give us the departures of pressure 
and density in the state of steady convection 
from the unstable state of rest. With these as- 
sumptions, we easily get from (2) 

and 

1 

Y 
So + Bz = - log Po - log Po (11 )  

P e‘ 
YPO e o  

s = - - - .  

The hydrostatic relation gives us 

Now we have 

neglecting the second order term 

substituting from (12) 

using (13) 

Since in the atmosphere, B has a smaller order 
of magnitude than (l/eo)(aeo/az), we write 

Substituting (14) in (7) ,  we get 

~ ~ - + v , - = g s - ~ ( ~ )  av, av, +vV2v,. (15) 

az e o  iir az 

Neglecting the variation of density in the 
horizontal direction we can write ( 5 )  in the form: 

vr-+vz ---- 
ar az r 

(16) 

We can eleminate p/eo between (15) and (16), 
and then by introducing (lo),  we get 

Introducing Y, (6) and (8) take the forms: 

1aYav; 1aYav; f a r  1 aY 
r az ar T ar az r az r2 az 

- + - ~~ - --v- 
0 

We want to find solutions for Y, v; and s 
which satisfy (17), (18), (19) and the necessary 
boundary conditions. 

3. The boundary conditions and the nature 
of the solutions 

In  the atmosphere it is difficult to adopt 
suitable boundary conditions for the region of 
convection, and even when some boundary 
conditions have been chosen, it is difficult to 
find solutions which will satisfy all the boundary 
conditions and the differential equations. In  
the case of the linearised equations, the simplest 
assumption is to assume that the region is 
bounded by two rigid horizontal boundaries, 
one at  the top and the other a t  the bottom. For 
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such boundary conditions, complete solutions 
for non-viscous and adiabatic equations have 
been found by HAQUE (1952). When eddy dif- 
fusion of momentum and heat are taken into 
account, solutions of the linearised equations 
can be found, which are very similar in form to 
the non-viscous solutions, and which satisfy 
the differential equations, but they do not 
satisfy the additional boundary conditions (the 
non-slip conditions) which must be satisfied a t  
rigid boundaries for viscous flows. These solu- 
tions cannot thus be regarded as complete solu- 
tions of the linearized viscous differential equa- 
tions and the rigid boundary conditions, but 
since the additional viscous boundary condi- 
tions only affect the nature of the solutions in 
the immediate neighborhood of the boundaries 
and does not materially alter the nature of the 
solutions away from the boundaries, we may 
take these solutions aa approximate solutions 
which give us the broad features of the motion 
in regions not very close to the boundaries. As 
a matter of fact, these solutions satisfy the 
boundary conditions appropriate to a free 
surface at  the bottom and at the top, and in 
accepting these solutions we are actually as- 
suming that the rigid surfaces a t  the top and 
the bottom can be replaced by free surfaces. 
Such an assumption will be quite valid in our 
case, specially in view of the difficulty in for- 
mulating appropriate boundary conditions for 
the atmosphere, aa long as we remember that 
the solutions will not be appropriate in the 
neighborhood of a possible lower rigid boundary 
where the non-slip condition will materially 
affect the nature of the solutions. For the non- 
linear viscous and adiabatic equations (17), (18) 
and (19) too, we shall adopt the same boundary 
conditions at  the bottom and a t  the top, and 
the same restriction on the nature of the solu- 
tions will hold. This is done particularly be- 
cause we can find approximate solutions of the 
non-linear equations under these boundary 
conditions and because the solutions will give 
us a reasonably valid description of the motion 
in all regions except the immediate neighbor- 
hood of a possible lower rigid boundary. 

4. The method of solution of the equations 
of convection 

We now assume that equations (17), (18) and 
(19) admit of solutions of the forms: 

where Ymk, Cpmk, and Smk are independent of 
the space coordinates r and z ,  h is the height,, 
and the nk’s are real numbers whose values will 
be given later on. 

If we now substitute (20), (21) and (22) in 
(17),  (18), (19), differentiate the equation result- 
ing from (19) with respect to T and then equate 
the coefficients of sin (mnz/h)Jl(nkr) and 
cos (rnnz/h)Jl(nkr) for the different combina- 
tions of the values of m and k, we shall get two 
types of terms in the resulting equations. One 
set of terms will be linear in the Y ’ s ,  Cp’s and 
8’s and the other will be quadratic in the Y s ,  
0’s  and the 8 ’s .  We may say that the latter set 
of terms arises out of the non-linearity of the 
equations (17), (18),  and (19) and represents 
interactions between the different components 
of the harmonics of (20), (21) and (22). If we 
now put the linear terms on the left-hand side 
and the interaction terms on the right-hand 
side, the resulting sets of equations take the 
following forms: 

where the B’s represent the interactions of 
Y’s with themselves, C’s represent the inter- 
actions of Cp’s with themselves, D’s represent 
the interaction of Cp’s with the Y ’ s ,  and E’s 
represent the interaction of Y ” s  with 5”s. If we 
eliminate Snlk and Cpmk from (23) with the help 
of (24) and (25),  we get 
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The above equation shows that whcn we con- 
sider the problem of initiation of convection 
and ignore the non-linear interaction terms on 
the right-hand side, the marginal value of B for 
the growth of cells having the characteristic 
values m and k is given by 

(27) shows that the value of B is numerically a 
minimum when m = 1, and corresponding to 
this value of m, the value of n, which gives the 
numerically minimum value of B is given by 
n, = (1/1/2)n/h. In the atmosphere, (frnnlh)' is of 
a much smaller order of magnitude than the 
other term in (27), and in calculating the value 
of n, which gives the minimum numerical value 
of B, the term ( f m ~ / h ) ~  has been neglected. 
Since in the atmosphere convection will initiate 
from the state of marginal instability which be- 
comes numerically a minimum for m = 1 and 
n, == ( l / v 2 )  (n/h), we shall take these values of m 
and n, as the first harmonic of the convection 
cells, i.e., we shall assume that n, = (1  12) (nlh). 
Let a be the radial length such that nla is the 
first zero of the Bessel function of the first 
order; then we shall choose n,, na, ... in such a 
way that n,a, nga ... are the second, third, ... 
zeros of Bessel's function of the first order. 

The marginal value of B for which initiation 
of convection takes place will be denoted by B,, 
and its value from what has been discussed 
above is given by 

We now assume that B - B, is numerically a 
small quantity compared with either B or B,, 
and put 

Following the method of Kuo (1961b), we 
now assume that Ye, Q,,, and S,, can be ex- 
pressed in power series in terms of the powers 
of Q, such that 

with similar expressions for Om, and S,,, where 
Ymk,r is independent of q,  and r is called the 
order of magnitude of \r,k(q). For TI,, all, and 
S,,, we shall take r = 1; the order of magnitude 
of Y&, ad, and S,, for other values of m and 
k will be greater than 1,  as they arise by non- 
linear interaction from the B's, C's, etc. 

In  theory, we substitute the expansions (30) 
in the equations (23), (24), (25) and equate the 
coefficients of the different powers of q to find 
the values Ymkl etc., for different values of m, 
k ,  1. In practice, suppose we are interested in 
calculating Ymk's etc., up to t,he 28th power of 
q. In  this case, putting 

I =  -?Bg (31) 
x 

we have q= (y), 

. 
Instead of the above infinite series, we put 

I = I .  + Ios(q2 + q4 + ... + $ 8 )  (32) 

(33) which gives &s = q. 10  

In theory we shall regard IOs as a constant, 
and in calculations its value will be given by 
(33). This is the process adopted by KIJO (1961 b ) .  

5. Calculation of B,,, C m k ,  Dmk, and Em, 
If we substitute (20), (21) and (22) in (17),  

(18), and (19), and differentiate with respect to  
r the equation resulting from (19), we find that 
the non-linear terms involve products of the 
trigonometric functions and products of Bessel's 
function of the form ( l / r ) J l ( n , r ) ,  J , (n jr )  and 
J,(nlr) J l (n j r ) .  To evaluate Btnk, Cmk, D,, and 
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Emk, i t  is necessary to express these products 
of Bessel's functions as a Fourier series in terms 
of J l (n l r ) ,  J l ( n z r ) ,  J l (n3r ) ,  ... in the interval 
( 0 ,  a) .  Let us assume that 

Do 1 
- J i ( n i r ) J 1 ( n j T )  = 2 Y i j k J i ( n k r )  (34) 

k = l  

where it can be easily seen that 

where ii is the ith zero of J , ( c ) .  
The values of y i jk  and aijk ,  calculated on a 

desk calculator, for several values of the suf- 
fixes, are given in Appendix A. No degree of 
accuracy is claimed for these coefficients, but 
they are accurate enough for the calculations 
that we make later. 

The values of Bmk, Cmk, Dmk, and EInk, for 
m = 1, 2, 3, 4 and k = 1 are given in Appendix B 
in the form of infinite series. The values of 
these quantities for k + l ,  can also be written 
down easily from the corresponding expression 
for k = 1 ,  simply by subsjituting yijk and aijk 

for y i j l  and d i , ,  respectively. 

6. Calculation of the spectral functions 

Let us put 

Equation (26) then takes the form 

Making substitution from (32) in (39), we get 

Expanding y m k ,  Bmk, etc. in powers of 17, and 
equating the coefficients of qr+" from both 
sides, we have 

I t  

(Amk - A o )  y m k .  r + 2 ~  = &S 2 y m k .  r 1 2 p  
P O  

where Bmk,r,zl etc. are the coefficients of ?Ir  I", 

when B ,  etc. are expanded in ascending powers 
ofq. If we n o w p u t m = k = l , r = l , j = O , i n ( 4 1 ) ,  
we get 

(L - 4) y ' l l ,  = 0 (42) 

as B,, etc., being interaction terms, are neces- 
sarily of an order higher than unity. Since 
y l l l + o ,  (42) gives 

a result which we have already deduced in (28). 
Now, putting m - k =  1,  r = =  1 and j = p  in (41), 
we get 

Putting p -  1 in the above, we get 
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Equation (45) enables us to determine Y.,,,; but 
before we are able to do so, it  is necessary to 
calculate B,,, etc. from Appendix B. 

If we put m = l ,  r = l ,  i = O ,  k+l in (41), we 
get 

(&k - 10) y l k l  = 0. (48) 

Since A1k+Ao for k+1, we get from (48) that 

T , k 1 =  0 (k+ 1 ) .  (47) 

From equation (B. 1 )  we can easily see that 

In  deducing the above expressions for C,,,, 
D,,, and E,,,, we have made use of the following 
relations: 

( 5 5 )  

Using (47), (48) reduces to 

I n  exactly the same way, using equations 
(B. 5), (B. lo), and (B. 14), we get 

{ ( n ~ + ~ n ~ ) ~ , j 1 + $ n , n , ~ , j l - 2 n l y j l l  

Tellus XVI (1964), 2 

which can be obtained from equations (24), (25), 
(B.2), (B.H), (B.ll), and (B.15). 

If we put m=2 ,  r=O, i = 1  in (41) and make 
the necessary substitutions, we get 

where a = v/x, is the Prandtl number. From (24) 
and (B.9), putting n = 0 we get 

If we now make substitutions in (45) and 
cancel the non-zero factor Y*,,,, we get the fol- 
lowing relation: 
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TABLE 1.  

-t ;n1njajll - 2n,yj l l }  = 0. (63) 

The above relation gives us the value of 
Y,,, in terms of other known quantities. We 
have adopted the general method adopted in 
Kuo (1961b) to deduce (63) and the same 
method can be used to deduce Yl12, Ya12, etc. 
But since the expressions for these quantities 
will necessarily be more complicated, and their 
contribution to 'Iy will be small for small 7, we 
shall only calculate Ylll .  

7. Examples and comments 

From the t,heory of initiation of convective 
disturbances in the atmosphere (Kuo, 1961 a) ,  
we know that convection will start when the 
value of A, is given by (43). The horizontal 
scale of the disturbance is given by nl and we 
choose the value of n, which minimizes A,. Since 
the effect of the term in (43) containing the 

AO( "C) 

1 19.78 
2 2.46 
3 0.73 
4 0.31 
8 0.16 

Coriolis parameter will be small, A, will be a 
minimum when 

We shall assume this value of n, in calculating 
Ylll from (63). Since n la  =3.832, the first zero 
of Bessel's function of order 1, (64) shows that 
we shall have 

a = 1.7256 h. (64a) 

We, t,herefore, see from (63) that the value of 
Ylll will depend on h, the height of the con- 
vective layer, and the parameters v and u. 

We have few guides for the choice of a value 
of v appropriate to a convective air mass. The 
choice of a constant value is by itself an ap- 
proximation. The value of Y will probably in- 
crease with h, but the choice of a constant value 
will give us a good approximation when the 
range of variation of h is small. We know, how- 
ever, from JORDAN (1958) and Kuo (1961n) 
that the observed instability in a tropical air 
mass corresponds to the decrease of potent.ia1 
wet-bulb temperature by only a few degrees 
Centigrade, and the height of the unstable mass 
is of the order of a few kilometers. With values 
of h and A, of these orders of magnitude the 
value Y = 10' cm2 sec-l seems to work out rather 
well in (43), and has been taken for our illustra- 
tions. This is also the value of v adopted by 
Kuo (1961a). For this value of v and u == 1, 
Table 1 gives the values of the differences in 
potential wet-bulb temperatures between the 
top and bottom of a column of saturated air 
mass of height h, which will lead to the initiation 
of convective motion according to equation (43). 
For values of u other than 1, the corresponding 
values of A0 will be found by multiplying the 
values in Table 1 by the reciprocal of u. 

We have even less guidance for the choice of 
u, the Prandtl number appropriate to a con- 
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vective air mass, than in the choice of v, the 
kinematic coefficient of eddy viscosity. The 
value u = 1 is usually chosen, as in Kuo (1961 a), 
which assumes that the kinematic coefficients of 
eddy transport of momentum and of heat and 
moisture for neutralizing the gradient in 
potential wet-bulb temperature are equal. But 
since in the atmosphere we find rather con- 
siderable gradients in momentum, but only 
small variations in the potential wet-bulb 
temperature of a saturated air mass, it is quite 
possible that an appropriate value of u for an 
unstable air mass will be rather less than 1. 
We give below three examples, in the first two 
of which we take u = 1 and in the third, we take 
u =0.1. 

Example 1. h = 2  km, u = l ,  v = x = 1 0 7  cm* 
sec-l. From (43) we get A, = -Bog =4.11 x 
This corresponds to an initial potential wet-bulb 
temperature difference of 2 5 ° C  to start con- 
vection. Substituting in (63) and reducing, we 

4.07 x 10BAos- 14.93 x 10-'*Y~ll = 0. 
get 

Since we are retaining only one term in the 
expansion (30), we put B = 1 in (32). That gives 
A,, = A o / (  1 - q s )  and reduces the above equation 
to * 

Ylll = 1.06 x 10' (t - 1) 

Example 2. h = 1.5 km, u = 1, v = x  = lo7 cmr 
sec-l. From (43) we get A, = -Bog = 1.29 x lo-'. 
This corresponds to an initial potential wet- 
bulb temperature difference of 5.8"C to start 
convection. Following the same procedure as in 
Example 1, we get 

* 
Y,,, = 1.06 x 10' (t - 1) 

Example 3. h = 5  km, u=0.1 ,  v=107 cmp 
sec-l, x = 108 cmp sec-l. From (43), we get A, = 

- uB,g = 1.06 x which corresponds to a 
potential wet-bulb temperature difference of 
1.6"C to start convection. Following the proce- 
dure of Example 1, we get 

* 
Y,,, = 2.16 x 10' (i - 1) . 

In  order to make the results of the examples 
more comprehensible, let us calculate the values 
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TABLE 2. V'aluea of (vJmaX in km hr-1 for dif- 
ferent values of ((]./A,) - 1) for the three examples. 

Values of A/A0 - 1 

0.1 0.2 0.3 0.4 0.5 

Example 1 13.59 19.12 23.36 26.76 30.16 
Example 2 18.09 25.43 31.09 35.61 40.13 
Example 3 11.06 15.55 19.01 21.77 24.54 

of the maximum vertical velocities arising out 
of Stoke's stream functions deduced in the 
examples. From (10) we can calculate the 
maximum value of v2 if  Y is known. Applying 
to the examples, we find that 

(vz),,=l.18x10s - - 1  inExample 1 (i0 I* 
* 

= 1.57 x los(:- 1) in Example 2 

= 9.6 x lo2(:- l)* in Example 3. 

The values of (vJmaX for different values of 
((A/&,) - 1) for the three examples are given in 
Table 2. 

We can also calculate from (10) the maximum 
value of vr that will occur. However, it can be 
easily seen that I ( u ~ ) , ~  I /(vJmaX = 0.82. The 
maximum v, will occur in the center of the 
region of the updraft and the maximum v, will 
occur near the outer boundary of this region, 
but their magnitudes will be of the same order. 

The value of v; can be calculated from (21) 
and (53). However, if we compare with 
(vz)max, we find that the ratio of (v;),, to 
(vJmax in the three examples are respectively, 
0.01, 0.006 and 0.07. The Coriolis parameter, 
therefore, does not play an effective part in an 
isolated convection cell of this type and does 
not give rise to any appreciable cross-radial 
velocity. It may be noted that the Coriolis 
parameter does not materially affect the value 
of Y,,, as given by (62); the terms containing 
the Coriolis parameter are of a much smaller 
order of magnitude than other terms. 

It may be noted that v;, the tangential 
component of velocity, will have a component 
which is independent of height. This is evident 
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from (24), where by putting m = 0, we find that 
will have a non-zero value. However, the 

order of &, will be 2 ,  and since we are interested 
only in quantities of the first order, this has 
not been calculated. 

We have so far examined the question of 
development of convection cells in a condi- 
tionally unstable stagnant air mass. The method 
can be applied for any arbitrary difference in 
the potential wet-bulb temperature between the 
top and the bottom of the convective layer, but 
since we have calculated only the first order 
terms mainly because of the complexity in the 
calculation of the higher order terms, the results 
are applicable only when the actual difference 
between the potential wet-bulb temperatures 
of the top and the bottom of the convective 
layer does not exceed appreciably the cor- 
responding marginal difference which is neces- 
sary for starting convection. It would seem that 
this would be the case for isolated convective 
clouds of moderate intensity. The results ob- 

tained from the examples are, of course, 
dependent on the values chosen for v and n, 
but the values in Table 2 show that the values 
chosen for v and u in the examples are perha,ps 
not altogether unreasonable. It may be men- 
tioned that the value chosen for u has appreci- 
able effect on equation (43), i.e. it affects tho 
conditions which will init,iate the process of 
convection, but i t  has very little effect on 
equation (63), i.e., it  does not appreciably affect 
the values of the variables of state and motion 
in the fully developed state of convection. 

It should be noted that our observations apply 
only to the region where upward motion takes 
place, i.e., from r = O  to the value of r whose 
approximate value is given by Jo(n,r )  = 0. 
Beyond this value of r ,  there will be downward 
motion and although the series expansions (34) 
and (35) have been made between r = O  and 
r =a, the physical results are only applicable in 
the region of upward motion. 
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Appendix A 

Values of y i jku  

11 
12 
22 
13 - 
14 
23 
24 
33 
34 
44 

1.0148 
0.3021 
0.5813 
0.0175 
0.0063 - 
0.2010 
0.0150 
0.4175 
0.1448 
0.3194 

0.5441 
1.0728 
0.8159 
0.3620 

- 0.0271 
0.7475 
0.2463 
0.6227 
0.5545 
0.4892 

0.0456 
0.5229 - 
1.0797 
1.0861 
0.3766 
0.8994 
0.8010 
0.9161 
0.7403 
0.7413 

0.0214 

0.4630 
0.4922 
1.0860 0.4905 
1.0470 0.4496 
0.9237 0.9909 0.5438 
0.9677 1.1738 0.4334 
0.9690 0.9873 0.9994 0.4278 
0.8524 1.0199 1.0025 0.9990 0.4603 

- 0.0512 

- ~~ 

Tellus XVI (1964), 2 



FINITE AMPLITUDE CONVECTION 157 

Values of a i j k  

k 

ij 1 2 3 4 5 6 7 8 

11 0.1763 
12 0.2436 

22 0.0461 
13 0.0050 
31 -0.0062 
14 0.0005 
41 0.001 1 
23 0.1448 
32 0.1204 
24 0.0346 
42 -0.0045 
33 0.0204 
34 0.1030 
43 -0.0904 
44 0.0124 

21 -0.1805 

0.4388 0.0129 
0.2567 0.4150 
0.0831 0.3759 
0.0779 0.1609 
0.2873 0.2731 

- 0.2169 0.0532 
0.0036 0.3028 

- 0.0082 - 0.2351 
0.1114 0.1131 

- 0.0082 0.0495 
0.1805 0.1340 

- 0.1518 - 0.0265 
0.0343 0.0612 
0.0708 0.0655 

- 0.0183 0.0146 
0.0205 0.0339 

0.0016 
0.0068 
0.1178 
0.3407 
0.3958 
0.3504 
0.2782 
0.0422 
0.1751 
0.1337 
0.1235 
0.0386 
0.0856 
0.0793 
0.0443 
0.0440 

0.0172 
0.0107 
0.3895 
0.3383 
0.3236 
0.3115 
0.1783 
0.1195 
0.1461 
0.2004 
0.0738 
0.0610 

0.0148 
0.0116 
0.0131 
0.0116 
0.3128 0.0168 
0.2970 0.0147 
0.291 1 0.0114 
0.1502 0.2823 
0.1324 0.2761 
0.0865 0.1400 0.2723 

Appendix B 
Values of Bmk, Cmk, Dmk and Ed 

a k k  = (mn/h)'i- 

Tellus XVI (1964), 2 
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(B.12) 

(B.13) 

(B.14) 

(B. 18) 

(B.1G) 

(B. 17) 


