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ABSTRACT

The steady state equations governing the ‘‘forced” (in the sense of Kvo, 1956) mean
meridional circulation in the presence of a circular vortex are presented, and it is
shown that a constraining relation must exist between the sources of heat and mo-
mentum (eddy convergences, diabatic heating, and friction) and the parameters of
the zonal mean state (zonal vertical wind shear, meridional temperature gradient,
absolute vorticity, and static stability).

In the case of general heat and momentum foreing, solutions for vertical motion
@ are obtained explicitly. These solutions involve integrals along the characteristics
of the equations, which are isolines of potential temperature and absolute angular
momentum.

In the special case of no heat or momentum forcing present, it is shown that a
necessary but not sufficient condition for the existence of a ‘“‘free” mean meridional
circulation is that f =2 Ri (called resonance, after Kvo 1956) where Z is the absolute
vorticity and Ri is the Richardson number. Equivalently, the characteristics of angular
momentum and potential temperature must coincide. It is shown by means of the
characteristics that the existence of a region in which the absolute vorticity, measured
on an isobaric surface, is negative, may be a sufficient condition. The necessary condi-
tion implies that the static stability is also negative in such a region. The conclusion
that such free circulations in the atmosphere cannot exist in the mean state agrees
with Kuo, but the criterion is somewhat different.

In the general forcing case, a possible constraining relationship is derived, and its
usefulness considered. Simpler formulae are presented which hold along lines on which
one of the components of the meridional circulation vanishes. By considering also
the ratio of the components of the meridional circulation along lines on which either
the momentum or the heat source functions vanish, a consistency picture between
the positioning of the mean meridional cells and the sources and sinks of momentum
and heat is developed. In particular, it is shown that lines of vanishing heat or mo-
mentum source cannot, in general, be in phase. Such lines must cross at the ‘‘center”
of each cell (where both components of the circulation are zero). The lines of zero
momentum source must slope generally upward toward the equator, in general agree-
ment with observation. For the constraints to be consistent with the observed counter-
gradient transport of heat in the lower stratosphere, the lowest layer of cells must
extend into the lower stratosphere. Equatorward counter-gradient transport of heat
in the troposphere in very low and very high latitudes is also suggested.

The implications for observational and numerical model studies of the general
circulation are briefly discussed.

1. Introduction

In diagnostic studies of the general circula-
tion, it is usually very useful to assume that the
atmosphere possesses a long term steady state
flow pattern. All partial derivatives with
respect to time in the time averaged equations
of motion may then be put equal to zero. In
such a case, we can speak of the mean flow
patterns as being ‘“forced” by the eddy con-

vergences of heat and momentum, plus all
other heat and momentum sources, such as
radiation, condensation, and friction. Further,
the mean flow patterns can be broken into
symmetric and asymmetric parts—the zonally
averaged flow and the deviation from it. The
symmetric flow is then considered to be forced
by the zonally averaged part of the momentum
and heat sources, while the asymmetric mean
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ON THE MEAN MERIDIONAL CIRCULATION

flow is foreed by the asymmetric momentum
and heat sources. The question of the sym-
metrie circulation has been treated theoretically
principally by ELiassex (1952), and Kuo (1956).
The asymmetric circulation has been treated
primarily by CHARNEY & EL1asSEN (1949) and
SMAGORINSKY (1953), and more recently by
SarTzmMaN (1961, 1962, 1963). This paper will be
concerned only with the symmetric flow.

Eliassen considered the problem of the types
of mean meridional eirculation which could
arise in the presence of a symmetric balanced
vortex due to point sources of momentum
and heat. Kuo showed that for the earth’s
atmosphere, the mean meridional circulations
that do arise must be forced by the sources of
heat and momentum. That is, the resonance
condition for a free mean meridional circulation
can never be reached. This paper will show that
for the steady state case, Kuo’s proof is not
strietly correct, if friction and heat conduction
are also considered as forcing terms. In addition,
several diagnostic conditions between the heat
and momentum sources and the parameters of
the mean state (such as vertical wind shear,
meridional temperature gradient, ete.) will be
derived. Finally, a picture of the consistency
conditions required between the mean meri-
dional motion and the heat and momentum
sources will be put forth.

2. Symbols

The following, in most cases conventional,
symbols will be used. Other, less conventional
ones will be defined as they appear in the text.

p = pressure, in mb
¢ =latitude (from 0° to +90°)
A=longitude
u=zonal wind (positive toward east)
v =meridional wind (positive toward north)
w =dpjdt
Q = angular velocity of the earth
f=Coriolis parameter =2 () sin ¢
g = acceleration of gravity
a ~radius of the earth
x = frictional force/unit mass
Z=f-(a cos $)"'(8/6¢) (@] cos ¢ = mean zonal
vorticity = dynamic stability
o = density
T = temperature
0 = potential temperature
C, =specific heat of air at constant pressure
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T = statie stability = — T (3/ep)in©
@ -~ geopotential
— 1
T

( Y=( )-( )=deviation from time average

_if%
[ N=3. 0(

( Y*=( )-{( )l=deviation from zonal average

ty

f ( )d&=time average
ty

ydA=rzonal average

3. The equations

A complete derivation of the time averaged
equations will not be given. The reader is refer-
red to SALTZMAN (1961) for details. When time
and zonal averages are applied, the steady state
zonal equation of motion, the continuity equa-
tion, and the thermodynamic equation, written
in spherical coordinates assuming hydrostatic
equilibrium, become, respectively,

ou

w—— Zv=0Q, (1)
op
a d
(acos¢)_l—vcos¢+£):0, (2)
op op
aT
v — —Teo-=H. (3)
aod

Here the [( )] operator has been dropped from
u, v, w, T, for simplicity. G represents all the
momentum sources, and H all the heat sources.
That is,

G- — (a cos® ¢)"‘a% ([w'v']+ [@*v*]) cos® ¢

_i([u—ﬁh [a*0*]) +[¥]
and
zégl ~ (a cos ¢>‘15% (["T"] + [v* T*]) cos ¢

»

8 — R S
= = (@ T+ [ T+ (0 T+ [w*T*)),
op Cop
where y is the frictional force per unit mass,
and @ the diabatic heating, including thermal
conduction and frictional heating. A positive
G or H thus means a source of momentum or
heat.
It is immediately evident from equations (1)
to (3) that if we consider only the mean meri.
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dional circulation, represented by v and w, as
the dependent variable, there must exist a
constraining relationship between the eddies
and the parameters of the mean state so that
all three equations may hold simultaneously. If
the zonal wind is assumed to be in approximate
geostrophic balance, i.e.

(, o )aﬁ=_R€T "
+a n¢ap padd )

then we have a complete set of equations, and
we may solve for v, w and the constraints.

It is instructive to consider all the equations
for one component of the meridional circulation,
say o, possible from (1) to (3). There are three,
though of course only two are independent.
They are

0
o % Lw-M, (5)
op o¢
& 17
el + Ju-K, 6)
op o0
T
(é«ai‘-azr)w:aZH+?-TG, (7
o op P
r 1 du
where r=—3 8= ——, (8)
aT al op
Pl
N
L, J = (cos ¢) 6—4: (r, 8) cos ¢, 9)

M, K = (cos ¢)*‘a—i(H, ~@)cos . (10)

r and g, then, are the slopes of the characteristic
curves of (5) and (6) respectively. It is simple
to show, then, that (5) has isotherms of potential
temperature as characteristics, while those of
(6) are isolines of absolute angular momentum.
With the slopes as given above, a latitude wall
has a slope of zero, and an isobar has a slope of
+ oo. It is evident from (5) to (7) that if we
know & and H, it is easiest to find @ from (7),
and find v via continuity. If we know only G
(or H), we may find o from (6) (or 5) and solve
for H (or G) from (7). To solve for w, we may
write

d Ej
—=—+rs 3
dp ép o
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where d/dp is the derivative with respect to p
taken along the characteristic. Then the solu-
tions to (5) and (6) are (easily found by variation
of parameters),

W = w, exp ( - fL, Jdp’) + exp ( - fL, Jdp’)
x fM, K exp (fL, Jdp”) dp’. (11)

Generally speaking, we can measure more of ¢
more easily than we can H. In addition, in (6)
the characteristics can be said to start at the
“top”’ of the atmosphere, so that in the solution
of (6) we may set @, = 0. Also, the characteristics
of (6) are very nearly lines of constant latitude.
Therefore, it is desirable to use the solution of
(6) for w. In that case, we have,

P P P
w =exp ( - f Jdp')f exp ( f Jdp”) Kdp’.
0 0 J o

(12)

Actual calculations of the mean meridional
circulation in the southern hemisphere using
the above formula and the heat sources inferred
by it from (7) will be presented in a later paper.
We will not, unfortunately, be able to infer the
various parts of H.

Finally, to find the constraints on the mean
state parameters, we may substitute for o from
(7) into (6) or (5). This will be done in section 3.

4. The case of no momentum or heat sources

Let us consider first the idealized case when
there are no sources of heat or momentum in
the system (G =0, H =0). Under what condi-
tions is & meridional circulation possible? From
(7), and solving (1) and (3) for v, we have

(?Taﬁ - aZl") w,v=0. (13)
a¢ op
Obviously, then, a necessary condition for the
existence of this ‘“‘free’” meridional circulation
is that

(14)

Or in terms of a Richardson number, assuming

the thermal wind relation (4) holds (and
neglecting the (du/a)tan¢ term), we have
f=2Z Ri. (15)
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\ V' f
g0 r<e frro

i

Fie. 1. Schematic drawing of characteristic curves
(lines with arrows). Arrows indicate possible direc-
tion of integration. A free meridional circulation
could occur within shaded area.
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Equation (14) implies r =8, and (5) and (6) be-
come identical. Therefore & necessary condition
for the existence of a mean meridional circula-
tion in the absence of any heat or momentum
sources is that the potential temperature iso-
therms coincide in some region with the angular
momentum isolines. That this is not sufficient
can be seen from (5) or (6). They both say that

o ()

or that wexp(f Jdp) is conserved along a
characteristic. Now from (15) it is evident that
when Z >0 we must have I' >0, and when
Z <0 we must have I' <0. Then for the case
Z >0 everywhere {implying I' >0 everywhere),
the integral | Jdp is everywhere bounded, and
we can fill the meridional cross-section with
characteristics which reach the top of the
atmosphere (p =0). Since we must require that
w =0 at p =0, o =0 everywhere, and therefore
there is no meridional circulation. If, however,
Z <0 in some region (implying I' <0 in that
region), we can show that some characteristics
never reach the line p =0, and therefore, since
=0 is the only line along which we may
definitely say w =0, we cannot guarantee the
non-existence of a mean meridional circulation.
Fig. 1 shows an example of such a case. Strictly
speaking, of course, our equations do not apply
to the case of I'" <0, since then the hydrostatic
assumption is no longer valid. (The same objec-
tion applies to Kuo's equations.)

Now, Kuo’s criterion for the existence of a
free mean meridional circulation was

Ri<!
V/

(16)

17

! Here we mean resonance in the general sense
of an infinite response of the meridional circulation
to any forcing, which would occur if Ri=f/Z.
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if we consider friction and thermal conduction
as forcing terms. But from (15) it is evident that
only the equality sign can hold. In this case,
Kuo would obtain a parabolic rather than a
hyperbolic equation for the meridional stream
function and with & closed region such as the
meridional cross section, the problem would be
overdetermined. It is evident, then, that the
actual conditions for the existence of a free
mean meridional circulation are Ri=f/Z, and
Z <0 over some finite region (implying I' <0 in
that region), where Z is measured on an isobaric
surface. It is clear that such free mean meri-
dional circulations cannot in fact exist, since
even if at some time during the period of averag-
ing I' <0 and Z <0 in some region, the atmos-
phere would have responded to the convective
and dynamic instabilities with motion at least
until ' >0 and Z >0 again. In the mean state,
then, with or without momentum and heat
sources, the atmosphere can never reach ‘‘reso-
nance”,! given by Ri =f/Z, over a finite region.

5. Momentum and heat sources present

The constraining relationship between the
momentum and heat sources and the para-
meters of the mean state may be found most
easily by substituting for @ from (7) into (6).
Rewriting (7) in terms of the Richardson
number, we have

= Ri F 18
" Ri-1"" 1
H
where F=~+—G
T aZr

Letting # = Ri/(Ri~ 1), substitution into (6) gives
ﬁ—ﬂF+8iﬂF+ﬂFJ—K (19)
ep o

the solution of which is

“ Jdp’)

Y

+ exp ( - dep’)fK exp (dep”) dp’. (20)

BF = (BF), exp ( -
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Now, except when du/dp is very large (just
above the jet stream) or when Z is very small
(very close to the equator), the factors exp( +
_fJ dp) ~ 1. (In any case, these factors in the
second term on the right of {20) tend to cancel.)
We then have

H G _gioRi_l(H0+ q, )

I' aZr RiRi,—-1\T, aZ,r,

LBl PKd’ 21)
Ri ), o

In this case, it is most convenient to begin the
integration at the ground. Very near the
tropopause, (21) simplifies still further, since
Ri/(Ri —1)—1 as Ri—oc(r— ~o0). In that case

H, Ri, (H e} Py
=t o <—°+ o )+f Kdp, (22)
Pt Rlo -1 Fo aZoro P,

where the subscript ¢ refers to the tropopause
level.

Equation (21) is probably most useful if
knowing all the relevant parameters at the
ground, and knowing the momentum sources
and the parameters of the mean state elsewhere,
we wish to infer the heat sources. An analogous
formula would be derived from (7) and (5) for
inferring the momentum sources, though to use
numerically it would require more work, due to
the less simple paths of the potential tempera-
ture characteristics.

Equation (21) gives the constraints in the
general case, but much simpler formulae may
be derived for particular regions in the atmos-
phere. Near a line along which v = 0, eliminating
o from (1) and (3) gives

g™~ _re. (23)
cp

This formula would hold between mean meri-
dional cells, and along an approximately hori-
zontal line through their centers (defined as the
point where w =v=0). Equation (23} then
implies that along such lines, in the troposphere,
there must be sources of both momentum and
heat, or sinks of both. In the stratosphere
(except near the polar night jet), there must be
either a momentum source and a heat sink, or
a momentum sink and a heat source.
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Near a line along which o =0, (7) yields the
relation

17T
HZ- —--— @&
add

(24)
This formula would then hold along approxi-
mately vertical lines through the center of the
mean meridional cells, and along a horizontal
line between different layers of cells, if more
than one layer exists. It is evident, then, that
also along w =0 lines in the troposphere there
must be sources of both heat and momentum,
or sinks of both, and in the stratosphere, either
a heat sink and a momentum source, or a heat
source and a momentum sink. Equations (23)
and (24) then together say that in any region
bounded by » =0 and o =0 lines, there must
either be line of zero heat source and a line of
zero momentum source, or no such zero lines.!

It is also evident from (23) and (24) that H =0
and G =0 lines may cross only where v =0 and
o =0. The only possible points in the interior
of the cross-section are at the centers of meri-
dional cells, and at the stagnation points be-
tween layers of cells, if more than one layer
exists.

It is possible to find more exactly the relative
positions of the meridional cells and the heat
and momentum sources by considering the ratio
of v to w along lines where G or H vanish. Along
a line on which H =0

4),.--

Along a line G -0,

v
v —s
w/c .0

the ratio of the ratios is given by

(£)H0= ZRi
(..
wW/G-a

1 The above conclusion must be modified slightly
if the line of maximum wind and the line of vanish-
ing meridional temperature gradient do not coincide,
as is probable equatorward of the mid-latitude jet.
Since 9T/o¢=0 at a lower pressure than where
ou/dp =0, the conclusion still holds in the tropo-
sphere.

? Strictly speaking, we are talking here of a

(25)

(26)

(2). (27
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Fic. 2. Idealized configuration of mean meridional
cells, momentum and heat source zero lines.

Equation (27) then implies that, in general, the
H =0 and G =0 lines are not parallel, including
where they cross, as resonance would be
achieved if they were. Now in the troposphere,
7 <& < 0in general. Therefore, in the troposphere,
G =0 and H =0 lines must be confined to regions
of downward and equatorward, or upward and
poleward motion. In addition, since r <s, the
H =0 lines must make a smaller angle with «w =0
lines than do the G =0 lines. If the w =0 lines
are approximately vertical, then the H =0 lines
will be much more closely vertical than will the
@G =0 lines.

In the stratosphere, r >s >0 in general, and
therefore, H =0 and G =0 lines must be con-
fined to regions of downward and poleward, or
upward and equatorward motion. Here again,
if the w =0 lines are nearly vertical, then the
H =0 lines will be much more nearly vertical
than the G =0 lines.

Both G =0 and H =0 lines must cross from
the troposphere to the stratosphere. (25)
implies that H =0 lines will cross only where
w =0, v+0, since > — oo at the tropopause. In
the case of a single layer of cells, the H =0 lines
would therefore cross the tropopause above the
middle of each cell. (26) implies that ¢ =0 cros-
ses where v =0, w<0, which must be between
cells.1

Since there is very good evidence for a maxi-
mum of momentum transport poleward around
30° (ef. BucH (1954), WIDGER, (1949), STARR

mean Richardson number along an isobar between
the two lines, which, for adjacent H and @ lines,
will not greatly alter the result. The relation holds
exactly where the H =0 and G =0 lines cross.

1 Here we have assumed that both du/ép and
2T |o¢ change sign at the tropopause. If the mean
state is considered for the winter season only, the
configuration would be altered somewhat by the
presence of the polar night jet as éu/ép would
change sign much higher up.
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and WHITE (1954)), and a maximum of heat
transport northward between 40° and 50° (cf.
Prixoro, 1960) we can show from (1) and (3)
that the circulation must be thermally indirect.
Similarly, if there exist maxima of equatorward
transport of heat and momentum at some low
and some high latitude (the evidence for the low
latitude maxima is quite strong, for the high lati-
tude maxima, not so strong), there we must have
direct circulation in these regions. Thus the
existence of the often claimed ‘“three cell”
meridional circulation pattern, entirely within
a single hemisphere, requires three H =0 and
three G' =0 lines, the middle one representing
maximum poleward transport, the other two
representing essentially maximum equatorward
transport.

For the simple stratosphere considerd
(6T /64 > 0 everywhere), the lowest layer of cells
must extend into the lower stratosphere to be
consistent with the observed poleward counter-
gradient transport of heat in that region.
Otherwise the constraints would regquire that
there be a maximum of heat transport pole-
ward at low levels, and a maximum of heat
transport equatorward at high levels, in middle
latitudes (contrary to observations).

To obtain a clearer picture of the above
results, let us assume for simplicity that each
cell has a latitudinal extent of 30°. Then the
constraining relations derived above give rise to
the orientation of meridional cells, G =0 and
H =0 lines seen in Fig. 2. Fig. 2 was drawn as-
suming the centers of the cells to be midway
between the edges. This probably gives rise to
too great an equatorward slant to the G =0
lines. This can be lessened by placing the
centers to the equatorward side of each cell.

6. Comparison with observations

At the present time, the state of our observa-
tional knowledge of the mean meridional cross-
section is really not good enough to verify
independently the positions of the mean meri-
dional cells relative to the lines of zero mo-
mentum and heat sources. That is, we do not
know the shape of mean meridional cells ac-
curately enough from direct measurements.
Obviously a mean meridional ecirculation ob-
tained indirectly by inference from equations
(1) to (3) from the momentum and heat sources
(to the degree that we can measure them ac-
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curately) will give rise to a picture not unlike
Fig. 2. What observational information is
available (cf. BucH, 1954) indicates that at
least the transient eddy convergence part of G
gives the proper slope for middle latitude G =0
line. As for the heat sources, data of PErxoro
(1960) for the eddy transports of heat show ap-
proximately the right latitude for the H =0 line
in middle latitudes, but the slope is in doubt.
There is also some evidence for a maximum of
equatorward heat transport (another H =0 line)
in the tropics. Peixoto’s data show rather little
evidence for the existence of a maximum of
equatorward transport in the polar regions.
The existence of a high latitude direct cell may
therefore be somewhat more in doubt, though
data of SAvLTzMAN & FLEISHER (1960) do indi-
cate its presence, at least for the winter season.
In the southern hemisphere, recent calculations
(OBasi, 1963; GiLmaN, 1963) show a very
pronounced polar direct cell, for which there is
a ¢ =0 line. The position of the H =0 line is not
known as yet, as the heat transports have not
been calculated.

It is to be noted that figure 2 implies, to the
degree that the horizontal convergences are
dominant in determining the zero lines of H,
there will be a counter-gradient transport of
heat in the troposphere in the tropics and near
the poles. That this does occur, at least in the
tropics, has recently been pointed out by STARR
and WALLACE (1964).

What is really needed is an analysis of the
better data available now for a much longer
time period, say for 5 years. Such a study is
under way at M.I.T. in conjunction with the
Travelers Research Center, Inc. When the
statistics of this study are compiled, the above
consistency requirements obtained theoretically
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can be compared with the numerical results.
The degree to which the lines of zero heat and
momentum sources superimposed on the di-
rectly measured mean meridional circulation
agree with Fig. 2 will be an indication of the
accuracy of the numerical results, and the
validity of the steady state assumption. It is
evident that the consistency conditions can
also be applied to statistics derived from multi-
level general circulation models.

In conclusion, it should be noted that over
the last fifteen years, there has been con-
siderable argument over the relative roles of the
mean meridional circulation and the horizontal
eddies in the momentum and heat budgets. It
should be evident from the results of this paper
that for a differentially heated rotating atmos-
phere with turbulent exchange processes pre-
sent, the two mechanisms are inseparable. Both
are required for consistency. The size, shape and
number of the meridional cells is determined by
the positions of the lines dividing momentum
and heat source regions from sink regions.
Conversely, if the mean meridional cellular
circulations were known very well (which they
are not), the source and sink regions of mo-
mentum and of heat could be inferred with
confidence.
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