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ABSTRACT

A method has been devised by which atmospheric diffusion can be studied over a few
kilometres range with rather good precision at only moderate expense. The method
which is based on smoke puff photography is especially well suited for thermally stable
conditions. It is possible to study the effect of both the low frequency part and the
high frequency part of the Lagrangian spectrum of turbulence on the diffusion. More
than 100 complete experiments have been performed at two places in Sweden at three
different levels of release.

The vertical standard deviation of matter is found to be a function of the following
stability parameter: (96/0z)/u}, where 80/0z is the local vertical gradient of potential

temperature, and u; is ‘“‘the free wind”, that is the wind just above the friction layer.
A comprehensive formula, or rather a system of formulae, for the variation of the
vertical standard deviation (sampling time about one hour) with distance from the
source, stability and height above the ground of the point of release, has been developed.
The formulae are believed to have a very general application, the only site parameter
being necessary to know is the roughness length, z,. The formulae have been successfully
tested against results from various tracer experiments described in the literature.

The variance of the horizontal distribution of matter for one hour sampling time is
found to be the sum of two parts: one which is independent of stability and one which
is dependent on stability in much the same way as is the vertical variance.

The distribution of matter from a ground level release is described by new formulae.
The result is in good agreement with experimental and theoretical evidence in the

literature.

Introduction

In Studsvik and Agesta, both places situated
less than 100 kilometres from Stockholm, Swe-
den built its first two atomic energy establish-
ments of appreciable size during the fifties and
early sixties. As these projects are to a great
extent of an investigative character, an exten-
sive program for studying atmospheric disper-
sion and ‘‘dispersion climatology’ at the two
places was adopted also.

The program adopted was realized in coopera-
tion between AB Atomenergi and the Swedish
Meteorological and Hydrological Institute during
the years 1960-1963. The investigation was
defrayed by AB Atomenergi.

At both Studsvik and Agesta continuous
measurements of wind and temperature were
performed on a mast, 120 m high and besides
at several minor stations up to some kilometres
distance from the main stations.

An extensive program for investigating the
atmospheric dispersion experimentally, especi-
ally for stable stratification, was planned and
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performed. It is the result of these investiga-
tions that is now presented.

The report is divided into five separate parts.
In part I the experimental method used is
presented. Further an account of the experi-
mental results is given with special emphasis
on the influence of stability.

In part IT the experimental results found are
analysed further in the light of existing theories
to give a general formula for dispersion from
an elevated source as a function of stability
and of source height above the ground. _

In part III a general formula for ground
level release is proposed. The formula is tested
thoroughly against experimental data from
this investigation and from investigations to be
found in the literature. v

In part IV is described how the dispersion
pattern is modified by the presence of a topo-
graphical discontinuity at one of the two ex-
perimental sites, Studsvik.

In part V the effect of wind direction shear
on the diffusion is discussed theoretically.
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Part I. A new photographic method for investigating atmospheric diffusion over
a few kilometres range

1. Description of the method

The most direct way of studying atmospheric
diffusion consists in releasing some suitable
tracer which is then collected at several points
in the surroundings of the source. To yield
sufficiently detailed information the sampling
net-work must be rather dense—the ‘‘Project
Prairie Grass” (Barap & Haveen, 1958) and
the “Green Glow Diffusion Program’ (BARAD &
Fuquay, 1962) illustrate this point clearly.
This renders it very expensive to make syste-
matic investigations with tracer techniques,
such systematic investigations being necessary
when studying the influence of thermal stability,
height above the ground etc. upon atmospheric
diffusion.

From what is said above, it is easily under-
stood that many indirect methods for studying
atmospheric diffusion have been developed.
These usually consist in taking photographs
of continuously emitted smoke or of smoke
puffs. RoBErTs (1923) seems to have been the
first to try this way. He put forward an ‘‘opacity
theory” according to which one can “see’”
a dark smoke cloud against a brighter back-
ground provided there is an integrated particle
density in the line of sight greater than some
threshold value. This is the starting point of
all subsequent studies of this type. ROBERTS
further assumed constant eddy diffusivity, an
assumption which is generally not acceptable.
RoBeERTS' successors, for instance SuTTON
(1932), FrexkIieL & KaTz (1956) and KELLOGG
(1956), rejected this assumption but introduced
other specified assumptions concerning the
eddy diffusivity. In 1957 GIFFORD (1957) showed
that from smoke puff photographs it is possible
to evaluate how the particle standard deviation
relative to the puff centre varies with time
without making any other assumptions about
the diffusion than that the particles are normally
distributed within the cloud. As will be discus-
sed later, this assumption is very well supported
by observations.

In most studies instantaneous smoke puffs
have been used. This means that the diffusion
can only be studied over a very limited time
—rmostly less than one minute—simply because
the smoke disappears so rapidly. In the investi-

gation now to be presented it has been possible
to extend the time over which the cloud can
be effectively observed to more than an hour
in extreme stable conditions and to about ten
minutes in neutral conditions. This is accomp-
lished by a combination of two means: firstly
the cloud is generated by continuous emission
over a finite time interval, 30 seconds in dura-
tion, secondly the cloud is viewed from the very
point of release in the direction of travel, so that
the smoke particles released over 30 seconds
superimpose to produce high integrated con-
centrations in the line of sight. The cloud is
produced by a Swedish army smoke generator
and consists of oil drops, fairly uniform in
diameter: 0.6 u. A 30 seconds-cloud is estimated
to contain about 10 drops. When the cloud
is viewed from behind as here, it is possible to
study simultaneously the diffusion in the verti-
cal (z-direction) and in the horizontal crosswind
direction (y-direction). In previous studies the
puffs seem always to have been viewed in a
direction perpendicular to the line of travel so
that either the z-diffusion or the y-diffusion
could be studied but not both at a time.

Before going into details concerning the
evaluation of the smoke puff photographs, we
will inquire how to interpret the results broadly.
In two outstanding papers, BATCHELOR (1949)
and (1952) has elucidated the outstanding dif-
ference of diffusion in a fixed coordinate system
and diffusion relative to a system the origin of
which is fixed to the centre of gravity of a mov-
ing cloud. In the fixed system type diffusion
(BATCHELOR, 1949) all wave numbers of the
turbulent motion are effective in dispersing the
cloud near the source. With increasing distance
from the souree the high-frequency osciallations
gradually loose importance, so that eventually
only the very low wave numbers contribute
to further dispersion. In relative diffusion
(BATCHELOR, 1952) on the other hand, those
eddies which are less than the dimensions of
the cloud, are dominant in dispersing it. But as
the dispersion goes on the cloud grows so
that lower and lower wave numbers are brought
into action. In this way relative diffusion be-
comes an accelerating process in the earlier
stages. This is especially evident in the case of
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an instantaneously generated cloud. When the
dimensions of the cloud are less than the upper
wavelength limit of the inertial subrange but
greater than the microscale of turbulence,
vie™ %, (v being the kinematic viscosity and & the
energy dissipation) then the standard deviation
of the particles relative to the cloud centre in-
crease with time as ¢}, This contrasts to fixed
system type diffusion where the standard devi-
ation never grows faster than ¢ (in quasi-homo-
geneous turbulence of which we speak all the
time). GIFFORD’s (1957) reexamination of the
smoke puff experiments of KELLOGG and of
FrRENKIEL & KAtz clearly shows the existence
of the t!-region for atmospheric diffusion.
We now turn to the smoke experiments of our
present study. If we fix a coordinate system
to a moving puff, and evaluate the spread of
smoke in this system, we clearly have to do
with relative diffusion. But already from the
beginning the cloud which has been generated
over 30 seconds has the length 30-a, where @
is the mean wind speed at the level of release.
This means that all eddies with wavelengths
less than about 30-4@ are effective in diffusing
the cloud relative to its moving centre. As
time goes on the cloud will of course grow,
but it will take a fairly long time before it has
been, say doubled in length and this is especi-
ally pronounced when the diffusion is slow, that
is in inversion conditions. In this way the rela-
tive diffusion will be governed by a rather
large part of the spectrum, the low wave number
limit of which will be displaced only slowly
towards lower numbers. Because the isotropic
limit in the atmospheric surface layer is at
wavelengths comparable to the height above
ground (see for instance BATCHELOR, 1950, and
PriesTLEY, 1959), which is in most cases less
than 30-@, the tilaw will probably not be
applicable for experiments of the type discussed
here in the surface layer. Instead we can await
the diffusion to proceed more like the fixed
system type, but with reduced variance. To
have the real fixed system type diffusion, we
must also take into account the displacement
of the puff-centres relative to the fixed co-
ordinate system. The motion of the centres will
to some extent be influenced by wave-numbers
which are effective in the relative diffusion,
but most of the motion is produced by lower
wave numbers. Now a continuous emission of
30-seconds-puffs is equivalent to a continuous
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source, and then the variance of the particle
distribution at a fixed distance from the
source is equal to the sum of the variance of the
particle distribution relative to the puff centre
and the variance of the distribution of centres,
or in obvious mathematical notation:

o’ =0t + 0. (L)

This relation is true independently of the dis-
tance from the source. At moderate distances
a; and o; can be said broadly to represent the
effect of the low wave number part of the
spectrum and the high wave number part
respectively.

To effectively sample o7 the spread of several
puff-centres must be taken into account.
Usually one experiment consists of 4-6 puffs:
puff no. 2 being released when puff no. 1 is
not longer to be seen and so on. One full
experiment will take about one hour which
time can thus be regarded as the sampling time
of the experiment. This time will be enough to
sample even the lowest wave numbers which
play any role of importance in the vertical
diffusion, at least in thermally stable and near
neutral conditions, which for other reasons
are those conditions for which the method
described here is most likely to give good
results. But 4-6 values are not enough to get
reliable results for the variance. Because of
this, we combine the results from several ex-
periments which have been carried out at
similar conditions.

Unlike the spectrum of the vertical motion,
the spectrum of the horizontal motion is
extremly wide—according to OBUKHOV (1962)
the scale extends from about 1 ¢m to 2500 km.
This means that a great part of the total
spectrum of the horizontal motion is not
sampled in one hour. The very low wave num-
bers which have thus been filtered out show
up in the veering of the entire one hour plume
from hour to hour. We can combine results
from several different experiments by com-
puting the variance relative to a central axis
made common for the different experiments.
In this way the effective sampling time is not
increased by using results from several experi-
ments (made at similar conditions). Several
investigations of horizontal turbulence spectra
have shown (see for instance PANOFSKY &
DELAND, 1959) that there is a marked minimum
or even gap round frequency 1 hour-1. These
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investigations refer to Eulerian time spectra,
but the “‘gap’ seems to be so wide that we
can say with confidence that diffusion experi-
ments carried out over one hour will sample all
the ‘“‘micrometeorological” part of the spectrum
and very little of the ‘“‘synoptic” part. To
investigate the influence on diffusion of the
“gynoptic’’ part deserves a special technique.

Evaluation of the diffusion relative to the
moving puff centre

CrRAMER, RECORD and VAUGHAN (1958) have
carefully examined results from tracer experi-
ments made at O’Neill and Round Hill with
sampling times varying from 30 seconds to 10
minutes. They conclude that the distribution of
matter across wind does not significantly deviate
from the normal error law for any of the
sampling times. If this result is extended to
three dimensions, the equation for the distribu-
tion of matter in an instantaneously emitted
puff is:

Q x2 y2 22
X=-——————— exp [— (-—2+7—._,+ vg)]
2V2n3/20‘1 00, 26; 20y 20;
(2)

where @ is total amount of matter in the puff
and o,, g, and o, are the standard deviations
of matter in three perpendicular directions
(x along the mean wind, z vertically, origin in
puff centre) at a given time after release.

If we integrate equation (2) over all x, we
have:

__ @ _Y _*z
R ———— [ 207 203]‘ ®)

2

Now look at a puff which has been emitted
during 30 seconds. At a given instant after
release of the puff as a whole the particles in the
foremost part of it are more widely scattered
than those which are closer to the source.
Imagine all the particles projected by the lines
of sight from the observing point ( =the source)
on a plane perpendicular to x and situated
exactly at the midpoint of the puff. In the
earlier stages the particle standard deviation
grows linearly with z. This means that the
particles projected in the way described will
be distributed exactly in the way described
by equation (3), with ¢, and o, being relevant
to the midpoint of the puff and to the sampling
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time 30 seconds. When the puff is more remote
the diffusion increases slower than proportional
to x. This means that distributions with some-
what different standard deviations are super-
posed at the plain in the midpoint of the puff.
The resulting distribution is not exactly
Gaussian in this case, but the divergence can
hardly be of any practical importance.

Suppose now that a contour representing
constant integrated concentration, G, can be
identified, following the puff continuously
from the time of release (or at least from 30
gseconds after the puff centre has left the
gource) to the time of disappearance. This
contour will be an ellipse with continuously
changing axes a =a(t) and b =b(t). The equa-
tions for @ and b are (from eq. (3)):

2
a
PR
2n0y - 0, 207y

b2
qd, = Q - exp [ - ‘,:|
2noy, 0, 20

G, and @ are constants, but o, and ¢, grow
monotonically with ¢t. This means that a and b
grow from zero to a maximum and then decline
to zero. We make use of this fact to determine
g, and o, from measurements of a and b. We
differentiate eqs. (4a) and (4b) logarithmically
with respect to ¢, make use of the fact that,
from eqgs. (4a) and (4b)

(48)

(4¢b)

- (5)

b o,

and find, combining the equations, that for the
point where da/dt = 0:

db (a’ a 2a
A5 -1)==5 - = (6)

do, \oy oy Oy

If dbjdt is zero simultaneously with da/dt, then
because dbjdo,=dbjdt - dt/do,:

Oyo = = (7)

where a, means the value that a attains in the
point where da/dt =0, and o,, is the value of
o, at the same point. When now a and o, are
known for one point, the constant G,/@ can
be determined from eq. (4a). It is then possible
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to determine ¢, and o, for all points where a
and b are known with the aid of eqs. (4a)
and (4b).

If db/dt is not zero at the same time as da/dt,
we can proceed in the following way. Suppose
o, locally to be of the form ¢, = Bt?. Then
de,/dt =pae,t—* and

db db dt db ¢
do,

== . (8)
dt do, dtp-o,

As a first approximation o, is not very far from
b/l/2 (cf. eq. (5) and (7)), and p = 0.8. From this
and eq. (8):

db db 2t

~ . (8 b)

do, dt b
Because db/dt and b can be measured, db/do, is
known by first approximation and ¢, can be
obtained by solving eq. (6). The value thus
obtained can be used in eq. (5) to give a better
approximation of ¢,. This value can then be
put into eq. (8) to produce a better value for
db/de, and so on. After a few iterations a
stable value for o, (and then also for ¢,) has
been obtained. Then the constant (/@ can be
obtained from eq. (4a) which as in the special
case described first is the starting point for
computing g, and o, for all ¢ for which a and b
are known.

The pre-requisite for the described method
to be applicable is that we can safely identify
the integrated concentration line, &, The
exact meaning of ROBERTS’ ‘‘opacity theory”
(cf. p. 205) is that providing the background
against which the puffs are viewed is uniformly
illuminated during the whole experiment, then
a certain threshold value of the integrated con-
centration is interpreted as the contour of the
cloud. Taking this for true, a and b can be ob-
tained by the following method, which has
been used in the present investigation. The
weakness of the assumptions will be discussed
on page 209.

As already described (p. 205) the puffs are
photographed from a point very close to the
point of release (in practice the photo-point
is often situated a few metres below the point
of release, so that a small correction for parallax
will be necessary as long as the puff is close to
the source). The first exposure of the puff isin
most cases taken 60 seconds after the mid-point
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F1c. 1. Typical example showing the quantities a and
b as measured from an experiment performed at the
87 m level in Studsvik. Cf. the text.—Moderate in-
versional conditions. Date and time of experiment:
9.9.1960 0511-0617.

of the puff has left the source. The subsequent
exposures are taken with intervals 15 sec, 30
sec or 60 sec according to whether the diffusion
is fast or slow. As 24x36 mm film with 386
exposures is used, an interval is chosen so that
there will be either 18 or 36 exposures of one
puff. For cases with fast diffusion an objective
with focal length 50 mm is used. In most in-
versional cases an objective with focal length
135 mm or more is used.

The negatives are projected suitably magni-
fied on to white paper. An operator fills in with
a pencil what in his opinion is the contour of
the puff. He also delineates the horizon and
some characteristic feature in the background
—the same feature in all the pictures of one
experiment because this feature and the horizon
provide the necessities for fixing the absolute
system of reference needed for the computation

——
L 6y./02,
b (metres)

L b

fratras)
1 " T Y

A1 Laag
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Fia. 2. Typical example showing the horizontal cross
wind and vertical standard deviation of particles
relative to the moving puff centre as computed from
puff photographs. Same experiment as in Fig. 1.
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of the spread of the puff centres that is for the
determination of o, and o,,.

To be able to compute a and b from the
measurements of the vertical and horizontal
dimensions of the oval that constitute the puff,
it is necessary to know the distance from the
camera to the puff when the exposure was taken.
This is accomplished by postulating that the
distance, x

T =ut (9)

where 4 is the mean wind speed at the point of
release over the time the puff is discernible.
This postulate will be discussed later.

For each distance means are taken of the
values obtained for ¢ and for b from the dif-
ferent puffs of the experiment in question. Fig.
1 shows a typical example of the results ob-
tained for one certain experiment. The cor-
responding ¢,’s and ¢,’s, calculated with the
aid of eqs. (4a) and (4b), are displayed on a
log-scale against log x in Fig. 2.

Critical examination of the method

As described earlier, the total variance of the
particle distribution in the fixed system at a
certain distance from the source is the sum of
the variance of particle distribution relative to
the moving puff centre, o7 and the variance of
the distribution of centres, o2 (eq. (1)). We will
now examine the sources of error in the deter-
mination of ¢, and o,.

To begin with g, this quantity is simply
determined as

=Tto

y

e

(10)

o, =
n

where y; is the departure of the sth puff centre
from the mean value of y (taken to be zero).
We will postpone the discussion of what un-
certainty will arise as the result of too few
puffs being used, that is of using a finite n in
eq. (10). Apart from occasional errors, as those
resulting from difficulties in finding the correct
position of the centre of gravity in some cases,
the main source of error is probably the use of
the mean wind, % in the determination of the
distance x between source and puff centre (see
eq. (9)), and so in the computation of y;. But
the centres travel in approximately straight
pines from the source over fairly long distances
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(of the order of a kilometre). This means that
a centre which is really at the point (x; y) is
wrongly interpreted from the picture as being
at (kx; ky). But if the centre moves approxi-
mately in a straight line from the source, it will
at another moment really be at (kx; ky), so that
approximately the correct trajectory in the
(x; y)-plane is obtained in spite of the incorrect
@-value.

At greater distances from the source the
particles move in widely different directions.
A given error, A@ in the determination of the
appropriate mean wind % in eq. (9), will then
produce positive errors for some particles and
negative for others. But the net effect of these
errors will not be zero in the general case. The
quantity |§| is proportional to ¢, the factor of

proportionality being Vn/2 in the Gaussian case.
But at great distances from the source o, and
hence |§| is proportional to Va (see p. 221).
From a simple figure it is seen that the error in
lﬂ is (131/2) (Aw/a) and then the error in o,

A _o.Au
%=y a

At a typical wind speed of 5 m/sec the error
Au will probably seldom exceed 0.5 m/s so that
normally the percentage error in ¢, will be less
than about five percent. This conclusion is con-
firmed by the results from the investigations at
the level 87 m in Studsvik. As is shown in detail
in part IV the puffs released from the level 87 m
in landward directions, have mean trajectories
that very closely follow the topography in the
vertical. The correlation between trajectory and
relevant topography profiles could not have been
so high if the error in the determination of the
coordinates of the centres due to the error in
@ had been of importance, or especially if the
measured wind value at the point of release
had been significantly and systematically dif-
ferent from the trajectory mean in eq. (9).

We will now discuss the possible sources of
error to the determination of ¢, the standard
deviation of the particles relative to the moving
centre.

1. Departure from the assumed Gaussian
distribution of matter within the puff. Syste-
matic departures are not very likely to occur,
but because there are turbulent wavelengths
comparable to the size of the puff, these will
introduce distortions of the puffs. This is very
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pronounced in thermally unstable conditions,
but becomes less important as stability in-
creases. In inversion conditions the puffs are
mostly very regular ovals (apart from the regular
distortion introduced by wind direction shear,
cf. next section). The small remaining irregulari-
ties are smoothed out by computing a and b
as means from four to six puffs which constitute
one experiment. This is at least true for inversio-
nal and near neutral conditions.

2. Reduced visibility, non-uniform back
ground, considerable change of the illumina-
tion, or other conditions which invalidates
the “‘opacity theory’”. Experiments which are
clearly subject to such conditions are rejected,
and among the accepted experiments remaining
interference of effects of this type will be
sporadic and of little importance.

3. The possible invalidity of the ‘‘opacity
theory” as such. This problem can suitably be
expressed as two questions. Firstly, will a line
of constant integrated concentration be re-
produced as a line of constant blackness on the
film (provided the illumination does not change
during the experiment)? Secondly, is what the
operator takes as the ‘“boundaries” of the puff
on the different pictures identical with a line
of constant blackness?

The first question will with confidence be
answered: yes, at least in the outer parts of the
puff (the dense parts of the puff may be self-
screening). The statement is very likely to be
true not only for black clouds against a brighter
background, as in ROBERTS’ original treatment,
but also for bright clouds against a darker
background. This can be shown in an elemen-
tary but somewhat lengthy way with the aid of
well known optics (see HoGsTROM, 1959).

The other question can not be answered so
promptly. Most authors who have used smoke
puffs for diffusion studies assume the answer
to be yes. FRENKIEL & KaTz (1956) do so too,
but remark that ‘“‘studies of contour perception
seem to show that the value of the second deriva-
tive of the luminous intensity is particularly
significant in the contour formation’. At least
near the source, where the distribution curve is
very peaked, the results will differ little if the
puff contour is taken as a line of constant inte-
grated concentration or as a line of constant
second derivative in integrated concentration.
A good illustration to the applicability of the
procedure accepted here is given by GIFFORD
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(1957) who suceessfully verified the existence
of a t}-region in relative diffusion of instantan-
eously generated clouds with the aid of the
results from the smoke puff experiments of
KerLLoce and of FrEnkIEL & KarTz.

At greater distances from the source there
may be introduced a systematic error in the
determination of g,, if the remark of FRENKIEL &
Karz is correct. But this error, if existing, will
probably introduce rather small errors in the
determination of the total standard deviation,
o, because ¢, is then often greater than o,
(ef. eq. (1)). The results to be presented in this
paper strongly justify the adopted method.

2. Presentation of the experimental results.
Description of the stability dependence
of the particle standard deviation

The method described in sec. 1 has been
used in a rather extensive investigation at two
places in Sweden: Agesta, just outside Stock-
holm, and Studsvik, situated about 100 km
SSW of Stockholm. The topography of the two
places is rather similar in character: there are
stony hills covered with mostly coniferous
trees, and in between rather small areas of
arable and pasture land and also minor lakes.
The height differences between the hills and the
valleys are mostly a few decametres and seldom
more than 50 metres. There is however one
important topographical difference between the
places: Agesta is situated well inside an appreci-
able area of the described character while
Studsvik, located just at the shore of the
Baltic, can be said to be situated at the border
of such an area. Although there is a shielding
chain of islands outside Studsvik, the influence
of the topographical discontinuity on the dif-
fusion pattern is remarkable, as will be seen
from the analysis.

The experiments were carried out during the
years 1960-1963. As the main interest lay in the
inversional conditions, most experiments were
performed near sunrise, or just as early as
illumination conditions allowed. Here is a
short summary of the experiments:

1. Studsvik, release from the top of the 87 m
high chimney of the reactor R2, situated 200
metres from the shore, 18 m above sea level;
the puffs photographed from a platform at the
chimney, 15 m below the top (a correction for



212

parallax being applied in the evaluation);
number of experiments 72, which means nearly
300 puffs in all.

2. Studsvik, release from the level 24 metres
above ground on the meteorological mast,
situated 500 metres northwest of the R2 chim-
ney at a small hill, 35 metres above sea level;
the puffs photographed from the proper point
of release; number of experiments 18, including
64 separate puffs.

3. Agesta, release from a tube 50 metres high,
erected at the hill in which the Agesta reactor
is accommodated; the puffs photographed from
a 30 m high mast in close connection to the
smoke tube; number of experiments 21, in-
cluding 70 puffs.

As mentioned above, there are pronounced
local effects to be noticed in the Studsvik
material which is not be seen in the material
from Agesta. Tt would then seem natural to
analyse the last mentioned, more ‘‘ideal”
madterial, first. But on the other hand, the ex-
periments from the 87 m level in Studsvik are
so much more numerous than those from the
other levels that it seems most convenient to
analyse the material from this level first.

a. STUDSVIK, 87 M LEVEL
The diffusion relative to the moving cenire

Fig. 2 shows (on a logarithmical scale) oy,
and o, for one single experiment. The sample
is very typical of most experiments: the puffs
could be followed a few kilometres (in this case
five kilometres), o, is greater than o, both
o, and o, grow linearly with x to begin with,

o, then gradually approaches const. Vz while
o, rather soon attains a state of ‘“‘slower than
Fickian diffusion’, that is o, =Cz™ with n less
than 0.5. In other experiments one can see
how o, approaches the asymptotic state

const. Vz a little farther away from the source.
In some experiments the peculiar ‘knee’ in the
(log o,; log x)-curve is not at all to be seen.
It is thought that the knee is mainly a sampling
offect caused by the puff being bounded in
extension.

When comparing the results from different
experiments one is immediately struck by the
very pronounced effect of thermal stratifica-
tion on both ¢, and o;. To find the most
convenient stability parameter the quantity
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1og (0y,* 02,) for x =2000 m is displayed against
the following combinations:

104 ‘3(,’ 015, bf/ (aii - 19, é@/ﬁ‘z .
gaz’ g oz oz ’ g oz 7
20 o0
mlog[— / afn] and ll)log [~ / uf]
oz oz

where 86/dz =local vertical gradient of potential
temperature, derived from measurements of the
temperature at 30 m and 122 m level in the
meteorological mast.

ot1/dz =local vertical wind gradient, derived
from measurements of the mean wind at 36 m,
72 m and 122 m on the mast.

;3 =mean wind at 72 m level on the mast.
3, =mean wind at 122 m level on the mast.

u, =‘‘the free wind”, that is the wind just
above the friction layer. u, was obtained in the
following way. For routine purpose an interpola-
tion series of hourly u,-values was constructed
from the mean wind in the layer round 500 m
taken from the regular rawindsonde data for
00z and 12z for Bromma (situated about 100
km NNE of Studsvik) during all 1960, 1961 and
most of 1962. The values used in this investiga-
tion was taken directly from this interpolation
series.

In the diagrams thus constructed curves of
best fit were drawn by eye. Then the correlation
of the points to the curves was computed. The
correlation showed to be appreciable for all the
parameters used. '°log 26/9z and

w22
oz oz

have the lowest values, round 0.85. The best corre-
lation, 0.95 was obtained with A = "log [(26/8z)/u}]
(see Fig. 3). This is especially remarkable when
taking into account the great uncertainty in the
determination of u,. In part II there is given
strong theoretical evidence for the use of the
combination (80/0z)/u? as a local stability para-
meter. Thus, we will use this parameter exclu-
sively in the following treatment.

In Fig. 4 0., that is the vertical standard
deviation of the particles within a puff relative

to its moving centre, for x = 1000 m is displayed
on a logarithmic scale against

[
“log [10‘3—/«;}].
az

Tellus XVI (1964), 2
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"log (0y, Oz

b1}
2 1og 10°82/2
s [ S A S |
20 3o

o 1o

Fi1c. 3. Measurements of (gy,02,) for 2 = 2000 m at the
87 m level in Studsvik displayed against the stability
parameter / =0log [10%(86/éz)/u}]. The curve is drawn

by eye to give best fit. Correlation =0.95.

The curve drawn is
3 27
1+2.2-107%

[/}
8= (8_/“%) - 10°.
0z

The analytic form (11) is remarkable as it is
identical with that predicted in part II for
the total standard deviation, o, (but with other

(11)

Gz,

(12)

where

Gz,
Mean of 18 values from
near neutral caseso

L 1 1
0 [ 20 39

Fic. 4. Measurements of oz for £ =1000 m at the
87 m level in Studsvik displayed against the stability
parameter A =1%log [10%(20/2z) /u}] =W]og s. The curve

drawn is gz, =27/(1 +2.2-10-2-8).
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L L 1
a To 20

Fia. 5. Measurements of gy, at 2 =1000 m for the
87 m level in Studsvik displayed against A =
Wlog[ 10%(96/0z)/u7].

constants). Diagrams like Fig. 4 have also been
constructed for several other distances up to
x =4000 m. These all show the same high cor-
relation (about 0.95) to the curve

0'3,((13, 0)

oul® ) = o0 10

(11b)

where o,(x, 0) is the value of g, at the distance
x for neutral conditions.

In Fig. 5 oy, for x =1000 m is shown in exactly
the same representation as o, in Fig. 4. The
figures are similar in all respects. oy, shows the -
same high correlation to s at other distances.

The dispersion of the centres of the puffs

Horizontal diffusion. As discussed in sec. 1
(p. 207) it is necessary to put together in groups
several experiments carried out in similar
conditions. The stability parameter, s, was
used as a basis of division. The experiments
were assigned to one of eight classes as comes
out of Table 1, column 1.

The quantity yi where y, is the departure
of the ith puff centre from the mean value of y,
was computed for each of the c¢. 25 puffs of
every group for the distances shown in the

table. Then
V S
oy, = | =
n

was computed. The quantity s has a chi-square

(13)
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TABLE 1. Determination of o, :Vz_y'f/n for the cenires of the puffs. The expected uncertainty
compuled with eq. (14). The values given in the table are not corrected for wind direction shear.

250 m 500 m 1000 m 1500 m® 2000 m?* 2500 m® 3000 m* 4000 m® 5000 m?
2 2 2 2 2 2 2 2 2
n " 7 T n 7n k(3 n 7
neutral 3517+2 37 33+5 37 74110 29 82115 23 114+16 16 137+20 — — —
A=0.30-1.0 24181+2 29 44+t5 29 85+10 25 110+ 15
A=1.08-1.86 2013+2 20 19+5 19 38*+10 21 105+16 8 217140 — —
22 57X15 18 114+ 20
A=1.38-1.65 2216+2 22 32+5 22 59+10
24 75+15
A=167-1.84 2415+t2 24 29+t5 24 5010 24 94116 19 123120 13 164140 — —
18 114 +13
A=1.88-2.00 2817+2 28 32+t5 28 58110 21 130116
26 92+15 18 155+20 12 201+40 14 29050 7 399+10
A=2.03-2.18 2016+2 20 32+5 20 71+10 17 141t 16 :
2=219-2.48 211712 21 32+5 19 45310 22 85%15 14 92115 17 141720 13 187140

¢ The stability grouping given in column 1 is quite correct only for 250 m, 500 m and 1000 m; for the
other distances the figures have been displaced vertically in the table to indicate the true A-limits. n is

number of puffs in the group in question.

distribution. The uncertainty of ¢, has been
derived as

Gy,

Ven

e=*+ (14)

3

and inserted in Table 1.

As is clearly seen from Tab. 1 there is no
significant dependence of o, on stability. Mean
values have been computed for each distance,
and the values have been plotted as rings in
Fig. 6. Estimated errors computed with the
aid of eq. (14) are indicated as vertical lines.
The result reveals, that there are other effects
in action than pure turbulent diffusion because,
for the fixed type diffusion under consideration,

500

200

5000 1000G m

Fia. 6. Horizontal dispersion of the puff centres. The
rings indicate the values derived directly from eq.
(13). The squares are the values obtained when the
effect of the wind direction shear is taken into ac-
count. 87 m level in Studsvik.

there is no reason to expect accelerated diffusion.
We will now take into consideration the effect
of the wind direction shear, studied in part V
of this paper.

The parameter we want to derive is (g,
being as above the observed standard deviation
of the puff centres):

/e
ov=V o}, - v} (1a)
where yz is the horizontal variance introduced
by the wind direction shear. It is to be computed
from eq. (114) (p. 248):

2 2 2
-y oax)x
s‘_‘)—'-

(114)
2+ 1)

In this equation y is the turning of the wind in
radians per metre. a is a constant {cf. p. 248)
which can be assigned the value 0.65. Statistics
of y has been gathered over seven months in
Studsvik and in Agesta. The values of o
measured on the meteorological mast in Studs-
vik, 450 metres from the line of topographical
discontinuity ( =the shore), cannot be expected
to be representative for very large areas. It is
very reasonable to believe that y soon after
the passage of the shore attains about the same
values as in Agesta. The mean measured direc-
tion shear for the layer 36-122 metres is 12°,

Tellus XVI (1964), 2
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viz. ¥ =2.4-10"%n-1.. The corresponding o,’s
for the different distances are taken from Table
2, p. 215. In inversion conditions y is con-
siderably greater than in near neutral condi-
tions, but ¢, is correspondingly smaller, so

that, to the first approximation, ¥; is independ-
ent of stability. This leads to the very interesting
conclusion, that the horizontal turbulent diffusion
that affects the centres of the puffs is independent
of stability (that is oy, is independent of stability)
in striking contrast to what is the case of the
diffusion relative to the centres (that is gy,). This
can be interpreted qualitatively in the following
way.

The influence of stability is primarily on the
vertical component of turbulence only. But
the fluctuating pressure forces strive to equalize
the energy of the different eddy components
(sec BaTcHELOR, 1959). This is done quite
effectively for the higher wave numbers, and
complete isotropy results in the Kolmogoroff
region. But the equalizing effect strongly
declines with decreasing wave numbers. This is
felt already in the anisotropy observed for
ay,. For those wave numbers effective in the
dispersion of the centres no appreciable effect
is present at all.

We now return to the quantitative treatment,
and put in the relevant parameters in eq.
(114) and eq. (la). The computed o,’s are
plotted as squares in Fig. 6. The result is just
what one would expect from the theory (cf.
BATCHELOR, 1949): oy .~z for small = and

~Va for great z. It is sometimes argued (see
PasqQuiLL, 1962b) that the asymptotic state

o~Vz should never be reached in the atmos-
phere for horizontal diffusion, because of the
enormous range of the horizontal eddy spectrum.
But when taking into account the experimental
fact (cf. p. 207) that this spectrum has a very
pronounced minimum for periods of the order
of an hour, it seems very natural that this
state is really attained for sampling times of
about one hour.

With the aid of eq. (1) the total ¢, for 1 hour
sampling can be computed, when knowing
oy, and oy

2 2 2
Oy =0y, + Oy,

(1b)

Because ¢y, varies with stability there will
also be a slight variation in o, with stability.
In Fig. 7 the curves for neutral conditions,
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Fra. 7. Total horizontal dispersion parameter, g,
for 1 hour sampling time. 87 m level in Studsvik.

for A=1logs=1.5 (cf. eq. (12) p. 213) and
for 4 > 3.0 has been drawn together with a very
uncertain curve for slightly superadiabatic
conditions (based only on 15 puffs).

Vertical diffusion. The horizontal diffusion
showed no significant variation with wind direc-
tion nor did the vertical diffusion relative
to the centres of the puffs. The vertical diffu-
sion of the puff centres however, varies markedly
with wind direction at Studsvik. The details
of this behaviour of the puffs are treated at
length in part IV of this paper. Suffice it here
to say, that conditions are quite different when
the wind blows towards the land and from the
land, and further that in the land-ward case the
mean trajectories of the puffs are streamlines
at constant height =87 m above the underlying
ground. The land-ward case will be exclusively
treated below.

Synthesis of the o,-results for the land-ward case
for the 87 m level in Studsvik

From the curves for o;,, that is for the vertical
diffusion relative to the moving centre (Fig. 4
and corresponding curves for other distances)
and the curves for ¢, (Fig. 8) values have
been extracted for several distances—see Tab.
2, where o, has been inserted in the first line
for every distance and o in the second line.
The total standard deviation, o, has been com-
puted with the aid of eq. (1) and the result has
been inserted in the third line for every distance.
The o,-values have been plotted against x in
a log-log-representation (Fig. 9) and curves
have been drawn through the points.

We will now try to find an analytical expres-
sion for o, as a function of x and of s. The fol-
lowing simple analytical form will be tested:
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s S L L
00 500 1000 2000

Fre. 8. 87 m level in Studsvik. gz for the landward
cases (wind from 350°, 360°, 010° ... 170° 180°).
Each point in the diagram has been computed from

the formula Gz, = Vz z?/n where n is the number of
puffs (usually about 20).

Legend A 122.0, 0 1.0<A<2.0, 0A<1.0.

0,=0,, (%) ——1--— [ + b(:c)] (15)

1+b(x) | 1+as
where o.,(x) is the value for o, at = for neutral
stability.

Table 2 gives measured o, for three different
stabilities for every distance. We form with the
aid of eq. (15) the following guantity to be
determined for each distance

k=oz,—022=(s,—sl)(l+aﬂss)' (16)
0z, — 0z, (8;—8,)(1+as,)

1 3

The i-values in Tab. 2 correspond to the fol-
lowing s-values (for the definition of s, see eq.
(12)):

8, =2.0
8, =31.5
8, =178.

Oy 'metres)
10 )
£

N

X (metres)

P L
100 1000 16300

Fi1g. 9. Studsvik 87 m level. Total vertical standard
deviation, 0, (sampling time abt. 1 hour) for land-
ward winds. See also table 2 and the text.

TABLE 2. Studsvik 87 m level (landward cases).
Vertical standard deviation (metres). The values
in the first line for each of the distances are o,,,
taken from diagrams like Fig. 4. The values in
the second line are a,, taken from the curves
drawn in Fig. 8. The values in the third line are

) F)
o, = Vﬂ'z, + 0%

2\ A 0.3 1.5 2.25
3.3 2.6 0.9
100 6.2 5.2 4.5
7.0 5.8 4.6
8.0 6.0 2.0
250 12.7 9.4 8.0
15.0 11.2 8.2
14.5 11.0 3.2
500 20.0 12.8 10.0
24.7 16.9 10.5
25.0 17.1 4.2
1000 29.0 17.8 11.2
38.3 24.7 12.0
39.5 25.0 6.8
2000 42.0 25.0 14.4
57.6 35.4 15.9
47.5 32.0 8.1
3000 51.0 30.0 18.1
69.5 44.0 19.8
54.5 37.5 9.5
4000 59.5 35.2 21.0
80.5 51.0 23.0
58.0 43.0 10.7
5000 67.0 40.0 23.7
88.0 59.0 26.0
Table 2 and eq. (16) give:
z(m) k
100 0.50
250 0.56
500 0.55
1000 0.52
2000 0.53
3000 0.52
4000 0.52

Average value of &k =0.527

Thus the quantity & does not vary signi-
ficantly with x. Then the quantity a of eq. (15)
is also a constant. Putting k =0.527, eq. (16)
gives

a=2.7-10"2

With the aid of eq. (15) and the o,-values
given in Tab. 2, ¢, and b can be computed for
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each of the distances listed in Tab. 2. The fol-
lowing is obtained:

x Ozg b
100 7.18 1.32
250 15.4 0.75
500 25.5 0.40

1000 40.1 0.183
2000 60.2 0.120
3000 72.4 0.146
4000 84.0 0.146

The values thus obtained for b(x) suggest the
form:
b=be * + b, (17)
From a plot of *log (b, —b), b, being the
b-values of the table above, against ’log « for
some different values of b, it is seen that the
form (17) is fit excellently:

b=1.8¢ +*17% 4 0.15. (17 a)

The analytical form of o,,(x), that is of the
vertical standard deviation at neutral stability,
will be discussed in detail in part IV of this

paper.

b. STUDSVIK, 24 M LEVEL

As mentioned earlier (p. 212) 18 experiments
were performed from the 24 m level in Studsvik.
The o.,’s and 0y,’s, that is the standard devia-
tion relative to the moving puff centre, show
the same high correlation to the stability-para-
meter s as for the 87 m level. The curves for
the 24 m-level are also of the 1/(1 + as) form (cf.
p. 213 and Fig. 4 and 5).

Ten of the eighteen experiments were ‘‘land-
ward cases”. The mean trajectories of these
puffs showed the same pronounced tendency to
be streamlines parallel to the underlying topo-
graphy, as did the land-ward puffs for the higher
level. The 10 land-ward experiments consisted of
38 puffs in all. This number is too small for
giving significant results for o;(s), that is for
the standard deviation of the puff centres, if
the puffs be divided among several different
stability groups. As there was only one experi-
ment, with two puffs, carried out in near
neutral conditions, this experiment was rejected
and the other taken all together. The mean A
(for the definition of A, see eq. (12)) for these
remaining nine experiments was 1.95. The
computed o0,’s for this group are plotted in
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Fie. 10. Studsvik, 24 m level. 0z, computed from
the trajectories of 36 puffs released at stable strati-
fication. Average A for the experiments is 1.95. The
straight linelabelled“Gelman’’ is the asymptotic state

limzs0G,/z =V %? and is obtained from turbulence
measurements; ¥ is the azimuth of the particle
trajectories when they leave the source.

Fig. 10, with estimated errors (cf.eq. (14), p. 214).
As seen from Fig. 10, the 24 m puffs could not
be followed for such long distances as the 87 m
puffs could; most 24 m puffs disappeared at
about 1 km from the source.

Close to the source the particles move in
straight lines. This means that

lim % - V2 (18)

>0 T

where y is the angle that the trajectories make
with the z-axis, provided the field of turbulence
is sufficiently homogeneous. Then an angle
measuring device can be used to study the
behaviour of o, for small z, and then used as a
check to the entirely independent puff measure-
ments. For this purpose a very light-weight
bivane, type Gelman was installed in Studsvik.
According to the manufacturers “at wind speeds
of 6 miles/hour or above, all wind direction
fluctuations up to 3 CPS are accurately re-
corded”.

An electronic device of the type described by
JonEs & Pasquinr (1959) was constructed to
simplify the evaluation of the Vﬁi =g,/2-
statistics. Two sampling times were used:
7 =30 sec and 7 =1000 sec, which were thought
broadly to correspond to the sampling times
for ¢, and o, respectively. The electronic
device was calibrated by running the original



218

[

0 i 2 3

Fre. 11. Studsvik 24 m level. log(V9?-100) ob-
tained from turbulence measurements. Sampling
time 30 seconds. ¥ is the azimuth of the particle
trajectories when they leave the source.

signal, y parallel to the filtered signal for some
time and then computing V%? directly.

For the shorter sampling time (v =30 sec)
hourly averages for a two month material were
divided into stability groups (c. 30 values in
each group) and means were computed. The
result is displayed in Fig. 11. A best fit curve
is easily drawn. This curve appeared to agree
almost exactly with the best fit curve of a
logarithmic representation of the quantity
Iolog (100-4,,/x) against '°log x; 0., being taken
from the puff measurements.

The same procedure as that described above

)

A Plogs
o I ) L
] 1 2 3

Fie. 12. Studsvik 24 m level. 1°log(V1p2- 100) ob-
tained from turbulence measurements. Sampling
time 10° seconds. ¥ is the azimuth of the particle
trajectories when they leave the source.
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Fic. 13. Studsvik. 24 m level. g, for 1 =1.95. The
line labelled “Gelman’ is the asymptotic state

=
limz—o(o,/z) =I/y12 and is obtained from turbulence
measurements. y is the azimuth of the particle tra-
jectories when they leave the source.

for the turbulence measurements for v =30 sec
was also performed for 7 =10* sec. The com-
puted values have been plotted in the same
kind of diagram as the values for the shorter
sampling time, see Fig. 12. The scatter of the
points is somewhat greater than in Fig. 11,
but it is still easy to draw a curve of best fit by
hand.
From Fig. 11 and 12 the quantity

Vg: W:—-w"wz:xo (19)
can be derived. If the field of turbulence is
sufficiently homogeneous the quantity (19)
should equal o,/x for small x. From the curves

O tmetres)

200

Getman, %

S0

X (metres)

1 L L \ 1
i 100 200 500 000

Fic. 14. Studsvik. 24 m level, neutral stability. The
rings represent gz as taken from plots of %log a2,
against A for different x. The line labelled “Gelman”’,
cf. Fig. 13. The triangles represent total 6zs. The
points are derived with the aid of eqs. (15), (20) and
(21) from o,-values for 1=1.95 taken from Fig. 13.
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in Fig. 11 and 12 values are taken for 4 =1.95
and inserted in eq. (19). The result is then
displayed as a line in Fig. 10.

®log oz = “log ( E . x)

This line is seen to be a most probable asymptote
to the curve (‘’log o.,; '"log ).

o, has been derived for 1 =1.95 from the puff
measurements and the formula o, =Vd§, +ol,
and values taken from best fit lines of o, for
different distances and from Fig. 10 for o,
The result is plotted in Fig. 13. The correspond-
ing “‘Gelman-asymptote’’ from Fig. 12 is drawn
and is seen to fit excellently.

It is now supposed that the “Gelman-result”
Vw_’ is equal to o,/x not only for 4 =1.95 but for
the whole range of 1. The points in Fig. 12
suggest eq. (35) to be applicable also for the
level 24 m. Several combinations of the para-
meters ¢ and b, (where b, is the value of b at
small x) are possible. The curve drawn in Fig.
13 is

1
o,(8) 1+1.17-10°-s
Cza 1.2

+ 0.2

(20)

It is not possible to determine the function
b =b(x) with great precision from the evidence
presented. The value of b at great z, b, can,
however, not be very much different from zero.
Supposing for instance b, =5, =0.2 givesa o, at
x =1000 m, which is less than the measured
o.,-value at that distance. It seems reasonable
to propose the following form (cf. eq. (17a)
p. 217):

b=0.2¢" 3107, (21)

Egs. (15), (20) and (21) then make it possible
to derive values for o.(x), when o,{z,s;) is
known (s, =89, corresponding to 4 =1.95); The
result is plotted as triangles in Fig. 14, but
the discussion of the function o, =0,(x) is
postponed (see p. 243).

The horizontal diffusion for the level 24 m
has also been examined. The gy,-values exhibit
the same strong stability dependence as does
ay, for the level 87 m. When the y?-values for
the 38 puffs are examined there is no significant
variation with stability to be noticed (such a
variation is very clear for 22, but the estimated
errors for the values are so great, when the puffs
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Fig. 15. Agesta. 50 m level. gz, computed from the
trajectories of the puff centres. Legend: s: slightly
superadiabatic (10 puffs), 2: near neutral (14 puffs),
A: £ =1.55 (33 puffs), O: Z=2.40 (13 puffs). Con-
cerning the curves drawn for the neutral and the
superadiabatic cases, see the text.

are combined in small groups, that there is
little chance to find a relation like eq. {20) this
way). To sum up, the horizontal diffusion for
the 24 m-level behaves qualitatively speaking
exactly in the same way as it does for the 87
me-level.

c. AcEsTa, 50 M-LEVEL

The 6,,-values for the 21 experiments in
Agesta show the same high correlation to a
curve 1/(1 +«s) as do the corresponding points
for the two Studsvik levels.

The mean trajectories at Agesta show no
significant tendency to follow the topography.
They are simply horizontal lines. It is possible
that this is not true for a special case, namely
for the combination of near neutral stability
and westerly to north-westerly winds, that is for
winds perpendicular to a rather marked valley
straight west of the release point. As a matter
of fact all 4 neutral case experiments from 50 m
were carried out with winds from that sector.
When computing o, for these four experiments,
that is the standard deviation of the puff cen-
tres relative to a supposed horizontal mean
trajectory, this means too great values up
to a few hundred metres from the source. This
is clearly seen from Fig. 15. The crosses are
the points computed from the 14 neutral
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TaBre 3. Agesta, 50 m level. Vertical standard
deviation. The first line for each distance gives
gz, which are taken from best fit curves in
(Mlogos,; Clogs)-representations. The second line
for each distance gives o, taken from the curves
of Fig. 15. The third line gives the total standard
deviation, o,.

A —oo 1.55 2.40
2.3 1.2 0.25
50 4.5 2.5 0.79
5.0 2.0 0.83
4.6 2.4 0.63
100 7.0 4.6 1.35
8.3 5.2 1.49
7.4 3.6 0.71
150 9.6 6.0 1.88
12.2 7.0 2.00
11.7 5.8 1.50
250 13.5 8.6 2.87
17.8 10.4 3.24
23.7 10.8 2.00
500 21.0 13.5 5.00
31.6 17.3 5.40
27.5 12.3 2.70
750 27.0 17.2 5.90
38.5 21.0 6.48
33.5 14.4 3.35
1000 32.0 20.4 7.1
46.2 25.0 7.9
24.0 45
2000 9.8
11.0
5.9
3000 11.2
13.0
6.4
4000 13.2
14.7

puffs. The ¢’s arc points derived from 10 puffs
released in slightly unstable conditions. The
triangles represent a group of 33 puffs with
mean A =1.55. The circles represent a group
of 13 puffs, released in very stable conditions,
mean A =2.40. There is not much choice when
drawing the lines of best fit for the last men-
tioned two groups. The line for neutral stability
is drawn very tentatively.

As done for the two levels in Studsvik, values
for o: are drawn from curves of best fit
((**log a,,; A)-representation; cf. Fig. 4). The values
for o, are taken from the curvesin Fig. 15. Then
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Fic. 16. Agesta, 50 m level, “Normalized” g,-values.
Crosses are the values for neutral stability taken from
Tab. 3. Squares are the values for A = 1.55 multiplied
by the constant factor 1.755. Circles are the values
for A=2.4 multiplied by 5.85.

g, is computed from the formula o, =V0:;’, +0l,.
The result is given in Tab. 3.

We will now compare the results from the
three stability groups displayed in Tab. 3.
We then multiply all the ¢, -values for 1 =1.55
with the constant factor 1.75 and all the o,-
values for A =2.4 with the constant 5.85. The
points so obtained are plotted in a log-log
representation in Fig. 16. As is clearly seen from
the figure, the three points for a given distance
fall very close to each other. This means in
mathematical language that

Uz(xv 3):0'2.1(‘”) f(s) (22)

The relations (0,)1-1.55 = 024/1.75 and (6,)1 0.4 =
02,/5.85 suggest the following relation (cf. eq.
(22)):

1

)= Te-10% s

(23)

The experiments available from Agesta are of
course not enough to prove strictly that the
relations (22) and (23) are the correct descrip-
tion of the real conditions. Especially the very
few experiments performed at neutral conditions
may introduce some doubt (cf. Fig. 15). But
the experiments from Studsvik, the 87 m-level
as well as the 24 m-level, give a stability func-
tion for o,, eq. (15), which is clearly closely
related to eq. (23). In fact the Studsvik-equation
(15) differs only from the Agesta-equation (eq.
(22) and (23)) in the presence of the function
b =b(x). In part IV of this paper it is shown
that this latter function is produced by the topo-
graphical discontinuity in Studsvik.
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ATMOSPHERIC DIFFUSION

221

Part I1. A general formula for dispersion from an elevated source as a function
of stability and of source height above the ground

In this part it will be shown how the experi-
mental results from Studsvik and Agesta pre-
sented in part I of this paper, can be used to
test a general formula that describes how the
vertical standard deviation of matter varies
with stability and with source height above
ground. First we will discuss how the vertical
standard deviation at neutral stability, o,
varies with the distance from the source.

The form for ¢., and the Lagrangian corre-
lation as given by the Studsvik- and Age-

sta experiments

We begin with the Studsvik-material, 87 m
level, because this material is much more exten-
sive (ef. p. 211) than the Agesta-material.

On p. 217 computed o,,-values for the 87 m
level in Studsvik are listed. These values are
only slightly greater than the o,values for
2 =0.3 which are plotted in Fig. 9. The curve
for neutral stability thus follows very closely
the curve for 1 =0.3 in Fig. 9. The slope of this
curve is seen to vary monotonically from about
1.0 for small 2 to 0.5 for great x. This suggests
that the field of turbulence at near neutral sta-
bility might be at least approximately homo-
geneous, so that Taylor’s formula can be used
(Tavror, 1921):

t
a§=2u')2f (t-§) Ry (£)dE (24)

where %' —w” and Ry(£) is the Lagrangian cor-
relation of the vertical velocity component.

We suppose R (&) to be of the very simple
form

Ry—e @l e %7, (25)
Eq. (24) and (25) then give:
Wel o ar
0ra= 2= V2(e % +a,z—1). (26)
@y
For small = this formula gives:
lim 22 = 22 (27)
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and for great x:

. —
. Czg We 2
Iim —== —) —.

" a,

28
From eq. {27) and (28) we have
AN x
a= (=) - 2(5) . (29)
T/ a0 Cz/ 2500

Fig. 9 gives  a,-6.6-10"°

w,
—£=17.9-107"
ua

0z, has been computed from eq. (26) with the
parameters given above. The result is displayed
here (column two) together with the correspond-
ing values computed directly from Tab. 2 and
eq. (15) (first column):

x Oz 0z, (fr. eq. (26))
100 7.18 7.15
250 15.4 15.5
500 25.5 25.8
1000 40.1 40.1
2000 60.2 59.5
4000 84.0 85.0

The extremely good agreement may of course
to some extent be fortuitous, because the first
column values are derived from the o,-values
in Tab. 2 which in turn are all derived from best
fit curves drawn by hand (cf. Fig. 4 and Fig. 8).
But there seems to be no reason to doubt the
main result, namely the usefulness of eq.
(26), at least as a working formula.

For Agesta (50 m level) we found good reasons
to set forth the following formula (cf. p. 220):

0,(,8) = 02,(x) - f(8)- (22)
In Fig. 16 the quantity o,(z,s)/f(s) has been
plotted from the experimental results (in the
way described on p. 220) for three different
stabilities. The curve drawn which is seen to fit
the experimental data very closely is

100 . .
z0=0.11 i—2V2(e“1'2'“’ T11.2-10 % 1)

(30)
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Thus the Agesta-data also strongly support the
analytical form, eq. (26).

PasQuiLL (1962b) has shown, that the func-
tion o, =0,(t) is not very sensitive as to the
exact form of Ry, if only the “Lagrangian scale
of turbulence’’,

i = f Ry (&)ds

0

and w are known (see his Chapter 3.5). As
pointed out above the basis for the acceptance
of the exact analytical form (26) is not very
firm. Hence, especially when taking into ac-
count PAsqQuILL’s abovementioned remarks,
it is by no means proved that the Lagrangian
correlation function has the exact form,

Ry—e" %7, (25)
But as actual measurements of R; are in fact
almost missing, it may be of some interest to
discuss the result in more detail.

INnoue (1952) has presented theoretical evi-
dence in favour of the form (25). He presents
the Lagrangian correlation in the following
form:

B (&) =exp (- £/7,) (31)

where £ represents time as before. 7, is defined
by INOUE as “‘the life time of the largest eddies’’.
For vertical diffusion the following relation is
claimed by INOUE to be true:

z . Vﬁ
To~—, Where w="w" as before
w

and z is height above ground. But, as shown by
many authors (PaNorsky & McCormick, 1960;
Monin, 1962; MunN, 1961; PasquiLn, 1962¢,
ete.),

W,/ = const.

at a given height above ground. We can then
write (31): '

RLzexp(_u_)aax) =g %7
z

Uq

(31a)

which is formally identical with eq. (25). But
we can go a step further. As shown by BATCHE-
LOR (1949)

(32)
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where K, is the coefficient of eddy exchange of
matter. For the cosfficient of eddy exchange of
momentum we have for neutral stability in the
surface layer:

law, =K, (33)
(cf. for instance LETTAU, 1952), I, being the
mixing length for neutral stability, and W,
having the same meaning as above.

Kpa
K,

We write = Ny, (34)

and have, from eq. (26), (32), (33) and (34):

*y
. Wq Uy
N.vawula =22 T
U a4
that i (2) g (35)
hat 18 aAu\%) = ———————. B 13
0 Ayl N,

Observing that I, ~z in the surface layer we
note the complete agreement with INOUE’s
result, eq. (31a). There is one point in INOUE’s
treatment that deserves some further discus-
sion.

Firstly the form R; =e ™% can be shown
(cf. BATCHELOR, 1959) to be inconsistent for
very small & where the relation d R /dx =0 must
hold. INOUE meets this objection by pointing
out that in his derivation of the Lagrangian
spectral function which, by means of a Fourier
integral transform leads to eq. (31) he does
not consider the KoLMOGOROFF dissipation
range of the very high frequencies. But because
this range is restricted to eddies the dimen-
sions of which is measured in millimetres or
centimetres the asymptotic form (25) is surely
applicable already a few metres from the
source.

The general equation for the 87 m level in
Studsvik and the 50 m level in Agesta
Combining eq. (15) and (26) we have the
following equation for the 87 m level in Studs-
vik:
b, 1 V2 “ raqu-1)[ 1
oy = oL V2 2 DL )
g a, 1+ b(x) 1+as
(36)
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For small z we have

YR | 1
imZ =Y || (37)
z0x  Wgl+by|1+as
Especially for =0
lim 2 = ¢, (27)

=0 T Uq

For the 50 m level in Agesta eqgs. (62) (63) and
(41) combine to (with a =1.9-10-2):

el — e 1
0= 2 Voe T ragz—1)-——. (38)
g a, l+as

A very interesting conclusion can be drawn
from eq. (38) namely that the Lagrangian
correlation coefficient is independent of stability
according to the Agesta-experiments. This has
also been suggested by INoUE (1958) who claims
that the quantity ar,, where 7, is “‘the life time
of an eddy”, is independent of stability. Eq.
(31) then gives:

R,_=exp(— )=exp(—aox),

const

where const. =1/e, and is independent of
stability. This leads us to inquire whether eq.
(38) may have a very general application. If
this is the case, we wish to investigate how the
different parameters introduced vary with
height above the ground and with topographical
characteristics.

Detailed analysis of the parameters intro-
duced in the Agesta-equation for o,

a. THE STABILITY PARAMETER

At first we inquire whether there is any
theoretical support for the stability parameter
introduced (=s, see eq. (12)), and if so, if
there is any theoretical evidence for the
stability factor to be of the form 1/(1 + as).

Several authors, see for instance INOUE
(1958), have tried to express the influence of
stability with the aid of equations of the type:

const
g= —— "
1+ const S

Tellus XVI (1964), 2

223

where S is some stability parameter like
(0 , —0:)/4* But there seems to be no more than
on e rigorous theoretical treatment of the pro-
ble m, namely in a paper by LETTAU (1952). AS
the paper appears to be more or less overlooked,
app licable parts of LETTAU’s derivations will be
cited here. For esse of reference, LErTAU’S
orig inal notations will be used here.

¢; means the instantaneous value at time ¢
of the quantity q.

g=q means the area mean of the quantity g.
q¢' =g¢:— g, instantaneous deviation of ¢ from
its mean.

. o9
at’

The vertical acceleration exhibited by a cer-
tain particle at time ¢ can be written:

D, Du,\  {Duwy
et SN hoted ) RN hanfiat.
Dt D), \bDt],

where (Dw,/Dt), is the pure mechanical accel-
eration.

For the potential temperature, § of the par-
ticle we have:

(39)

Db _Do_Dj

== . (40)
Dt Dt Dt

If we have a source of potential heat, Sy ¢,
we get:

See DO, . - - s
= = Ot w 0 =0+ w0+ 6 +w§.
ec, Dt
(41)
But
p§ - _
Dy G twe
(42)
Dy . .,
e 8wl
s0 that eq. (41} and {(42) give
Dy See - -
— === —§ —w0. 43
Dt g, 0 —wo (43)
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We observe that g is an area mean, so that
6" =2/ét can be different from zero.

We now multiply eq. (39) by § and eq. (43)
by w;, add and take mean over several particles:

D(wté) . {Dw, « [ Dw, So.¢
=0 ) te\——) Tw— —
Dt Dt ), Dt ), 0,

w5 —wip (44)

The quantity w,§ is proportional to the local
eddy flux of heat. Even if there is a strong va-
riation of this quantity with height in non-neu-
tral conditions in the atmosphere’s first hecto-
metre, there seems to be no reason for the
quantity D(w,8)/Dt to be different from zero
in quasi-stationary conditions. Because further
Sp,: and 6 have no reason to be correlated to
wy, eq. (44) simplifies to

O:Q Bﬂt +é(% ——;U—:t!-
o\Dt), o\ Dt),

We write for the instantaneous buoyancy ac-
celeration

(45)

D .
P const, 2 (46)
Dt j, T,
- 5 (Dwy e
giving 6 () _ const, * g-—g—— (46 a)
o\ D/, T,0

(T,, is mean temperature of the layer in ques-
tion; g is the acceleration of gravity).

We now define a mixing length, I, which
according to LETTAU (p. 62 in his paper) is
supposed to be independent of the transported
property, q.

_olgir(V,w)

q

1= (47)

o(g) being the standard deviation of ¢, »(V, w)
being the correlation coefficient for the hori-
zontal wind component ¥ and the vertical
component w.

Eq. (47) then gives with g =9:

= R w 1
9 =0(0) = I:;("V w)] . (48)

Eqgs. (45), (46 a) and (48) then give

ULF HOGSTROM

w N ¢ 1 {Dw, )
! ei\Dt/),

where 1})2=;§ as before.
In the limit when §'=0

const gl§’

o, )

LETTAU then assumes that the quantity

él Dw!

0'l\ Dt ],
is independent of stability, so that eq. (49)
transforms into

=ty T (49 a)

1_0'_2 we const glg’
l L, rz(V, w)T,,

LETTAU now introduces the assumption

W W, .
—=— §0
T (50)
Eq. (49 a) and (50) give
.
) = 51
e (51)
with
—gla0’ const
_ Tgte® co (52)

- Tmu./é 7'2(V, w)
LETTAU further assumes that

const = — (8, w) - r(V, w) = — Ngr*(V, w).

(53)

But as will be seen later, this assumption is
not in accordance with observations.

LerTaU has also introduced the following re-
lation

W= V5.0Calca (54)

V, . being ‘“the geostrophic wind speed at
ground level”, C, being “‘the geostrophic drag
coefficient for neutral stability”, defined as

3
Cy= (E) /Vg.o
2

o= Valta, $0 that 7,jo = Vo, =cows LETTAU

(55)
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(1959) has also studied how the quantity C,
varies with the ‘“‘Surface Rossby Number” de-
fined as

Roy=Vyg,o/(2," 1)

where z, is the usual roughness length and f-
2w sin ¢, the Coriolis parameter. The variation
of C, with Ro, is rather slow: when Ro, varies
from 10" to 10° for instance, C, changes from
0.030 to about 0.042 according to LETTAU’s
Fig. 3 (in his 1959 paper). For a given location,
z, and f are constants, so that the only varia-
tion in €, is due to the variation in V, ,. Tak-
ing into account eq. (54) we can write eq. (52)
in the following way:

2
_gNelac, oz

TG v,

-4 (56)

where
const

AV, w) Ny’

But our stability parameter, s, is defined by

eq. (12)):
a0 [
8= (;z/uf) -10°,

Now u, (p. 212) is for practical purposes to be
considered identical with V, ,. LETTAU’s (1959)
introduction that “the geostrophic wind as-
sumes in the atmospheric boundary layer the
role of the ambient speed in wind tunnel ex-
periments, or of the maximum speed (as in the
centre of a pipe) in duct flow”, seems even to be
in favour of changing his ¥, , into ;. In situa-
tions with curved isobars, for instance, %, Seems
to be much more analogue to the “‘ambient
speed in wind tunnel experiments’”. In cases
with pronounced ‘‘low level jet” (see BLACKADAR
(1957) for an exhaustive treatment) it is not
quite clear which is really the relevant wind
to be used in eq. (53). Egs. (51), (56) and (12)
give

(12)

.
Wy

.
w =

57
1+ecs (57)

where ¢ varies only slowly with u,.

In a special study, presented as an appendix
to this part, it is examined how the variance of
the o,-values observed for the 87 m-level in
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Studsvik behave when g, is regarded as a func-
tion of & (see eq. (56)) and of s (thus regarding
C, as a constant). The result of this study is
that the variance introduced by letting C, be
constant is about one order of magnitude
smaller than the total observed variance. It is
also shown that the expected error in the deter-
mination of u, (cf. eq. (12)) accounts for most
of the variance observed.

We now wish to examine the relation between
LeTTAU’S theoretical expression (57) and our
equation for o, =0,(s) for Agesta. For small x
the o,-equation for Agesta has the following
form (cf. eq. (38)):

Wy, 1 '%t 1

— =, 58
i, 1+as “G, 1+as (58)

where @; is the wind speed at stability s and
free wind w, to which free wind %, also refers.
But from Tavror’s formula, eq. (24) (p. 221)
and LETTAU’S expression, eq. (57):

»

. Wy

g, =wt = t. (59)
l+cs
From eqs. (58) and (59) we have then:
| Wo t
w,—t = s
g 1+as 1l+cs
W, l+as
or = = . (60)
Uy l+cs

The quantity ¢ for the 50 m level in Agesta
has been computed in the following way:

Oz, 0z, and o, were computed from the original
data for fixed t-values. The data was treated in
exactly the analogue manner as for the fixed
z-value case (p. 219), which means that o, for
three stability categories was taken from best
fit curves in (log o.; log s)-representations for
fixed ¢-values, and o, from a (log o, log ¢)-re-
presentation. The ¢,’s computed with the values
thus derived and eq. (1) are displayed in Fig.
17 in a (log o,; log t)-representation. For small ¢
eq. (59) can be used in the form

— Oza (t)

(L .
2(1) 1-+cs

(59 a)

At a constant time ¢, ¢, is not a function of
stability alone but of the free wind, u, too,
because (for small x):
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[ Ogtmetras)

F1c. 17. Agesta, 50 m level. 0, as a function of time.
The values are derived in an exactly analogue man-
ner as when presented as functions of z.

const
=——u-t
1+cs

An ideal test of the analytical form 1/(1 + as)
would then require experiments which were
carried out at different stability conditions but
with & common free wind. But the experiments
that were used for the construction of Fig. 17
represented a fairly wide range of u,. This of
course introduced an enhanced scatter of the
points in the (log o, —log s)-diagrams. But as
the material showed no correlation between u,
and s, the orientation of the “point cloud” can
not have been systematically changed. Fig. 17
and eq. (59a) give

c=3.0-10-2

o . ; : .
0

B n 15 20 Uy

F1c. 18. Agesta. The quotient @,,2./u, as a function
of the free wind, u, (taken from Bromma, cf. p. 212).
@139 is hourly mean wind at 122 m level in Agesta
for near neutral stability.
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b. NUMERICAL CHECKING OF LETTAU’S FORMULA

From eqs. (56), (12) and (57) we have

(81)

Having now determined ¢ we can check this
formula numerically if we can determine the
parameters constituting the right member of it.
Eq. (54) can be written

W —
o=~ Ve, (62)
Ur
The puff experiments gave (cf. p. 221):
2o _om,
q(50)
which with eq. (62) gives:
a(50) g(122), —
o 0.11 200 Z(122), - (63)
W(122) Uy

The intrusion of %,(122) is because there is
an anemommeter at 122 m, so that the quotient
u,(122)/u; can be easily derived for a great
number of cases. This has been done, and the
points obtained have been plotted against u,in
Fig. 18. There is a great scatter of the points
in the diagram as expected, remembering the
crude method for determining u,. The scatter
decreases rapidly with increasing u, as would
also be expected, the error in u, being probably
almost independent of u, itself. Group means
have been derived and a curve of best fit has been
drawn in Fig. 18.

The centre of gravity of the scatter diagram,
Fig. 20, is situated at approximately

. (122
w(122) oo,
Us
Uy = 10ms™*

To get further in our analysis, we must know
14{50)/%,(122). Because we also need I, in eq.
(61), we must make a full analysis of the
neutral wind profile in Agesta.

During a period of about a month (mainly
April 1963) six anemometers were installed on
the Agesta-mast to get a reasonably detailed
wind profile. The anemometers were three of the
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Lambrecht type (26 m, 72 m and 122 m) and
three of the Beckman & Whitley type (5 m,
15 m and 36 m). The anemometers were cali-
brated in the following way, before they were
installed. All the six anemometers were placed
at the same level, about 1 metre above the snow
covered ice of Tviren, a few hundred metres
outside Studsvik. They were then run parallel
for 76 hours. Hourly means were taken for the
calibration, because hourly means were used
for the wind profile.

It was clear from the routine wind profiles
from Agesta (122 m, 72 m and 36 m) that
special wind profiles were obtained for winds
from the sector 250°-290° (that is for winds
perpendicular to the valley, mentioned before).
For the other wind directions reasonably uni-
form wind profiles were obtained for near neu-
tral conditions. Thus winds from the sector
250°-290° were excluded for the detailed study.
In all ¢. 50 hours were left for the analysis.
The mean winds derived from these 50 hours
were plotted against logz in Fig. 19. The
points lie all fairly close to a straight line. We
use the following well known model for the
profile:

; d
a(z) = %logzi (64)

(]

li=k(z+2y+d) (65)
cf. for example LETTAU (1952).
From Fig. 19 we derive:

—d=12,=0.59 metres

_—V“— = 0.091.
%(50)

But

Va
=
wa

(cf. p. 224).

According to PasqQuiLr (1962 ¢) the most
probable value for ¢, is 0.75. This means that
the wind profile gives:

Wa

14(50)

=0.12

in excellent agreement with the result obtained
entirely independently with the puff method
(cf. p. 226).
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Fic. 19. Neutral wind profile for Agesta. The line
of best fit drawn satisfies %/, =4.31 1%log (2/0.59).

The wind profile can be written:

2z
g — 4.31 1, ’log — .

66
0.59 (66)

From this eq. ,(122)/%,(50) is computed to
be 1.20. Then C, can be determined from eq.
(63):

C,=6.4-10"Vc,=5.5-107%,

if as before ¢, =0.75. This C,-value can be
compared with the value obtained from LeT-
TAU’s (1958) Fig. 3. With u, =10 m/s, f =10-*
and z, =0.6 m one obtains C, =6.0-10-% in good
agreement with our own result.

We can now examine eq. (61) for the Agesta
50 m-level in some detail (cf. eq. (57)). The
following constants are known:

¢ =3.0-10*MKS {from the puff measure-
ments)

g =9.81 ms?

T, =285°K (a reasonable mean)

!, =20 m (from eq. (96) and d = ~2z,)

¢, =0.75 (see above)

C, =5.5-10*MKS (see above).

This gives with eq. (61):

Ny-A4 =0.9.
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Because Ny is believed not to be very different
from 1.0 the above result would seem to support
Lerravu’s last assumption, eq. (53) which
implies A =1.0. But as will be seen later (p. 229)
this can not be true for other levels.

The parameter Np,.

From the measurements we get (cf. Fig. 16
and eq. (30))

@y =1.2-10-%
Eq. (35),
W,

L 35
7 Gala Ny (5)

From the measurements

&

f=0.11; I, = 20 m.

a

I

Eq. (35) and the numerical constants give
Ny, =0.5. We repeat the definition of Np,: Np, =
Kp,/Km,. Because K, is, for strictly homo-
geneous turbulence, equal to K, (the coefficient
of eddy exchange for any passive contaminant,
as water vapour) it is to be expected that
Np, =1.0; K;, being probably equal to Ky, (the
coefficient of eddy exchange of momentum).

PasqQuiLL (1963) has shown how ‘‘the coeffi-
cient of eddy diffusivity” can be determined
from a measurement of the variance of the
vertical velocity at a fixed point:

2K = BT[0% )0, 7

In this expression the vertical energy, oy, is
averaged over the time 7' =T/f8, where g is a
constant. The right member of the expression
attains a constant value when T is sufficiently
great. PasQuiLL finds that during neutral
conditions the value of K determined from the
above relation is in accordance with the value
of K, determined from the wind profile.

In this case Np,=1.0. But PasqQuIiLL’s
turbulence measurements are carried out over
flat agricultural countryside. From PasqQuiLL’s
equation above we see that it is the energy of the
low frequencies of the vertical energy spectrum
that give the highest contribution to the result,
because the high frequencies are smoothed out
by the averaging process. But over rough and
undulatory country of the Agesta- and Studsvik-
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type (observe that z, is about ten times greater
at these two places than over flat grass covered
countryside) a great part of the low frequency
turbulence is probably of a wave type which in
many respects has different properties than the
“ordinary kind of turbulence”. Thus it is not
impossible to imagine a kind of “wave turbu-
lence” which is more effective in transporting
momentum than passive contaminants and so
giving an Np, which is considerably less than
unity.

As shown later (p. 229) the a,-values of
Studsvik, both 87 m level and 24 m level lie
very close to the a,-curve for Agesta, described
by eq. (35) and with Np, =0.5. Further it is
shown in part III of this paper how the Agesta-
results can be used to form a theory for ground
level release, and it 18 also shown that the
results derived in this way and with Ny, =0.5
give a picture which is in very good accordance
with known theoretical and experimental evi-
dence. In part III it is also demonstrated how-
ever, that ground level experiments described
in the literature carried out over flat country
(29 < 0.1 metre) very strongly support the use of
Ny, =1.0.

To sum up, the parameter Ny, is probably
dependent on the roughness of the site, being
equal to unity for flat country (z, <0.1 metre),
diminishing to at least 0.5 for very rough
country (Np, =0.5 for Agesta and Studsvik
where z, = 0.6 m).

c¢. THE VARIATION WITH HEIGHT ABOVE GROUND
OF THE VARIOUS PARAMETERS PRESENTED

The o,-equation for the 50 m-level in Agesta

given on p. 223 has the form:
o - @’l Ve %%+ agr— 1)*1—. (38)

g Ay 1+as

With the aid of the results already obtainzd
it is possible to derive the z-variation of at
least some of the various parameters in eq.
(38) up to say z =75 or 100 m with reasonable
accuracy. But this is not equivalent to saying
that the z-variation of ¢, is known within that
same layer. Eq. (38) implies that the field
of turbulence can be treated as approximately
homogeneous. But the closer the point of release
comes to the ground the less accurate becomes
this assumption. It is not possible & priori to
say what is the lowest level of applicability of
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eq. (38), but as the very rapid change of the
turbulent variables with height is confined to
say z <10 m, eq. (38) is thought to give reason-
able accurate results for at least 2 >20 m. But
if we know the parameters of eq. (38) for the
whole range 0 <z <100 m, we can say that the
a,’s thus derived for any z are applicable for a
hypothetical field of homogenous turbulence,
characterized by the appropriate set of para-
meters. In part III, we will show how the
o,’s derived in this way can be used to deter-
mine realistic values for the standard deviation
of vertical diffusion for release from any level
in the surface layer, also from ground level.

There are four separate parameters in eq.
(38) to be determined: w,, @,, a, and a.

The wind measurements at Agesta showed
that eq. (66) is applicable for the whole range
0 <z <120 m. From this equation we have
immediately the relevant parameter combina-
tion &)a/ﬁa :d)a/aa(z). We note also that eq. (66)
implies that w, is invariant with z over the
whole range.

Eq. (35) gives the formula for a,:

gl 1

Ay T?Nﬁ’
ua a Pa

(35)

w,/#, is known from eq. (66), I, =0.4 z and
Ny, =0.5. a, has been computed for the range
1 m =z <100 m, and the result has been plotted
in a log-log-diagram, Fig. 20. a, is seen to vary
over three orders of magnitude for the range
considered. The signification of this is best seen
by studying the behaviour of the Lagrangian
correlation function, R;=e ®° at different
heights above ground level. This function at-
tains the value {5 about 500 metres from the
source when z =100 m, but it attains the same
value already 0.5 metres from the source when
z=1m.

The parameter a is closely connected with the
parameter ¢ of the LETTAU theory (cf. p. 225):

Ca

N .
e~220p % 4075 4 (61)
T,
s l+as
L (60)

G, l+cs

LeTTAU (1952) assumes A to be invariant
with height and equal to unity (cf. p. 228).
Then ¢ ~22. Because further the wind profile
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Fig. 20. The parameter a, as a function of height
above ground. The full circle is the point derived
from the puff measurements in Agesta (50 m). The
open circles are values which have been derived with
the aid of eq. (35) and data for the 50 m level in
Agesta. The squares are the values obtained from
the puff measurements at Studsvik (24 m and 87 m).

is linear at very great stability and logarithmic
at neutral, @ =a(z) can be determined from
egs. (61) and (60) and the given a- and c-values
for the 50 m-level. It then comes out that a
varies even faster than z? with height. This
means a very insignificant stability variation
of o, for ground level relcases. The values
derived under these assumptions are in marked
contrast with even the crudest estimations from
continuous smoke releases at ground level, per-

00| height above 4
ground {metres}

a-107

[ L
5

Fic. 21. The stability parameter a as a function of
height. The squares are the points derived from the
puff experiments in Studsvik (24 m and 87 m).
The full circle is the corresponding value for Agesta.
Concerning the open circles and the hatched curve,
see the text.



230

formed at Agesta. These show that there is a
very pronounced stability dependence of o,.
The o,-data from the Prairie Grass experiments
also show a marked stability dependence (cf.
p. 235) which is in no way accounted for when
A is supposed a constant in eq. (61).

In Fig. 21 the experimentally obtained values
for @ from both the Studsvik and the Agesta
experiments have been plotted. An interpola-
tion curve for the two Studsvik values is seen
to go almost straight through the Agesta point.
The curve is further extrapolated to ¢ =0 for
z=0, because the turbulence is probably
entirely of mechanical origin very close to the
ground. It seems very reasonable to assume
that the full line curve drawn in Fig, 21 is a good
approximation for both Agesta and Studsvik.
The hatched curve in Fig. 21 is obtained in the
way just described when A is assumed unity.
Many continuous smoke releases at ground level
both in Studsvik and in Agesta, show that the
stability dependence of o, cannot be widely
different at the two places (the smoke could be
followed from the air up to distances of the
order of 10 kilometres).

The general case. Comparison with experi-
ments described in the literature

We will now introduce a few hypotheses of
proposed general application. The only condi-
tions to be fulfilled are:

the topography of the site is homogeneous
for an appreciable distance both up-wind and
down-wind;

the general meteorological conditions are
stationary or only slowly changing.

The hypotheses are as follows:

1. For neutrally or stably stratified air the
vertical standard deviation of matter for
sampling time of the order of an hour is ex-
pressed by the formula

I [ —
0x@, 2, 8) = ==V 2 " L g,z 1)-
uaa’o

1
l+as
(38)

The formula is immediately applicable for
release from elevated sources at height z.

U,
2. - = 4.31"log
Wy z,

z+d+2z, (68)
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Because this is simply the neutral wind
profile, the region of validity is restricted to
say the lowest 150 metres.

w1

3. a, = —
0~ B
ualal\’ﬂa

(35)

with I, =0.4 (z +d +2,).
Np, is probably unity over reasonably flat
country (z, <0.1 metre, say); over rougher
country Np, is probably smaller (Np, =0.5 in
Agesta, where z, =0.6 m), cf. p. 228.

4. The stability parameter

0
8= (a—/uﬁ)-lo“. (12)
oz
5. The quantity a:
36-10""
a=as(z)731-_ (70)

In this equation a,{z) is the a-function ob-
tained experimentally at Studsvik and Agesta.
The curve is represented graphically in Fig. 21.

The quantity C, can be extracted from
Lerravu’s (1959) Fig. 3 or from his formulae:

C,=0.104/[log (0, R,,) — 2.24]

Ry,= Vg /(24" 1)

where V, , is the geostrophic wind at ground
level and f the Coriolis parameter.

The correctness of the hypothesis introduced
can only be judged from comparison with ex-
periments.

We begin with the neutral case.

The equation to test is

-

w1,/ ————
a,(x,2) = _—a—VZ(e"a"I+aox—— 1).
g a,

(38)

To determine the parameters (u')a/da)(z) and
a,, we need only know the roughness length,
z, of the site, since w,/#, is determined from
the neutral wind profile

4 z+z,+d
<% = 4.31 log —"—, (68)
Wy 2z,

where we suppose von Karman’s constant,
k =0.4 and V,jw, =0.75 (cf. p. 227); and
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w1 (35)
% e NP

with I, =0.4(z +z;). Ny, is supposed to be unity.

What we need now is a set of experiments
carried out at some height above ground at
near neutral stability with accurately deter-
mined o,(x) and with 2z, known. These require-
ments are met in the experiments of Hay &
Pasquiryt (1957). They released Lycopodium
spores at a height of 500 ft, each experiment
having a duration of about 30 minutes. The
spores were sampled on about 20 adhesive
cylinders, mounted at different heights on a
balloon cable, 100, 300 and 500 metres from the
source.

The roughness length, z, of the site is not
explicitly given. But we know that the experi-
ments were carried out at flat but somewhat
rough countryside at Cardington. Then z, can
probably not be much different from about
5 cm (cf. e.g. Surron 1953). If we choose
z, =5 cm eqgs. (68) and (35) give a, =1.1-10-3,
Then, as seen from eq. (38) o,(x) deviates
from the linear form by less than about 8 % up
to =500 m. This is in accordance with the
result of Havy & PasqQuiLL who did not find any
significant deviation from the linear form. The
mean angular standard deviation of the experi-
ments was 3.86°. Eq. (38) with 2, =5 em gives
this result almost exactly. Thus even if we do
not know the exact z,-value the experiments of
Hay & PASQUILL must be considered to support
eq. (26).

There are not many experiments to be found
in the hterature which can serve the purpose of
testing the hypotheses for the general case,
when 8 >0. There are however some results re-
ported by Hirst & Simpson (1958) which refer
to five releases of fluorescent pigment 185 ft
above ground in stable conditions.

The proper time of sampling is not given in
the paper of HirLsT et al., but the authors
claim that ‘“there was no appreciable vertical
meandering of the visible smoke plume” so we
suppose that the vertical sampling is “‘complete”
in the sense used in this paper. The temperature
difference between the 300- and 100-ft level
is given for each experiment as well as the
average wind speed at the 200-ft level. The
experimental site is characterized as ‘‘nearly
flat terrain which was uniformly covered by
sagebrush’.
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Fic. 22. 0,-values obtained by HiisT & SimMPson
(1958) for a release from a point 185 ft above ground
level. Distance from the source 2500 ft. The curve
drawn is o, =40/(1 + 9-10-2-5). Concerning the com-
putation of s, see the text.

Because the “‘free wind”, u, is not directly
given for the experiments, we can only make
a rather rough comparison with our theory.
The stability conditions do not vary much
between the experiments, so we can write

u,=m‘t

where « is a constant and @ the wind at 200 ft.
We can then compute the stability parameter
8 for each experiment (eq. (12)) except for a
constant factor «~2. A=1'"logs is then deter-
mined except for an additive constant. o, for the
distance 2500 ft from the source has been plotted
on a log-scale against 1 in Fig. 22. The curve
drawn in the figure has been derived in the fol-
lowing way.

Supposing z, for the experimental site to be
about 5 cm, o, has been derived with the
ald of eqgs. (38) (with s=0), (68) and (35)
(with Np, =1.0). The value obtained for = =
750 m ( = 2500 ft) is

62z, = 40 metres.

Fig. 21 and eq. (67) give with C,=3-10" %
a=9-107% so that with the aid of eq. (38)

B 40
1+9-107% 4

273
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The experimental points fit this equation well
if the constant « referred to above is made
equal to 1.5. This value seems rather probable,
and we conclude that the experiments of
HirLsT ef al. support the hypotheses 1, 5 and 6.
Especially strong is the evidence for the form

Oz,
Uz = T
1+as

that is for the hypotheses 1, because the relative
configuration of the points in Fig. 22 is in-
dependent of the value of .

To conclude, the evidence presented is in
favour of the correctness of the hypotheses 1-5,
which in all constitute a complete system for
the determination of the vertical standard
deviation of matter released from a point
source at a given height above ground in
specified stability conditions (not unstable
stratification), given the local temperature
gradient and ‘‘the free wind” and once for all
the roughness length of the site. The o¢,’s ob-
tained with the formulas correspond to a
sampling time of about one hour.

Next we will discuss the probable limits of
validity for the equations and the degree to
which they are sensitive to errors in z, etc.

The level of release must certainly not be
below say 10 or 20 metres above the ground,
because of the rapid change of the turbulent
characteristics with height in the layers next to
the ground. The case of ground level release
will be treated in part III of this paper. The
upper limit of release height is not so easily
determined. The neutral wind profile for
Agesta (Fig. 19) indicates that the region may
reach far beyond the 100 m level. Probably
we will get a reasonably good estimation of
g, for a release at 200 metres above ground,
providing the temperature profile does not
change too much with height.

The thickness of the layer of approximately
constant vertical temperature gradient has also
a determinative effect on the maximum distance
of applicability of the equations. A certain
value for the thickness of this layer gives
however a very wide range of maximum distan-
ces of applicability according to whether the
vertical spread is slow or fast. Roughly the
equations can be considered applicable as long
as o, is smaller than the thickness of the layer
of approximately constant vertical temperature
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gradient. In the special case when there is an
inversion present at some height above ground
and the layer below the inversion is charac-
terised by a neutral or superadiabatic tem-
perature gradient, the concentration becomes
invariant with height at distances where the
computed o, is greater than the thickness of the
“layer of good mixing”. This case will be
treated in some detail in part V of this paper
(p. 245). _

As seen from eqs. (38) and (68) 0., (logz/zy) !
for small distances. Egs. (28) and (35) show that
at great distances o, (logzfz,) Y. If we wish
to determine o, with an error less than 10 %
of its value at short distances and 5 % at long
distances then z, must not be overestimated or
underestimated by more than a factor 3.7
times its real value when 2,=10-* m, 3.0
times when 2z,=10"° m, 2.3 times when
2, =10-* m, 1.9 times when z,=10"" m and
1.5 times its real value when z,=1 m. If we
tolerate an 25 % error at short distance and
10 % at long distance, the factor of tolerance
for the estimation of z, is respectively 25, 15,
9, 5 and 2,5 for the respective z,-values quoted
above.

An error in the estimation of Np, has no
effect at all at small distances, but increases

with . At great distance az,,ocVNp,,. If for
instance the correct value of N, is 0.5 but is
estimated to be 1.0 the error in the deter-
mination of ¢, is none at all close to the source
but grows to +40 % at great distance.

The stability parameter a is dependent of the
roughness parameter z, as seen from eq. (70).
Because the stability parameter s varies over
at least a range from 0 to 10® an error of say a
factor 1.5 in the estimation of a is of minor
importance in most cases. The quantity a rises
by this factor for instance when z, changes
from 0.6 metres to 0.2 metres or from 0.2
metres to about 0.06 metres or from 0.06
metres to about 0.003 metres.

For the horizontal standard deviation the
present. investigation has given no such com-
prehensive set of formulae as for ¢,. It is how-
ever clear that the horizontal variance can be
divided into two parts, one which is independent
of stability and another which is dependent of
stability in much the same way as is the
vertical variance (see part I, p. 214). We write
the total horizontal variance
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oy =a5 + o'f,:, (69)
with 0%, being the stability independent part
of the variance. Because this part is dominated
by the low frequency oscillations, the Lagran-
gian correlation will decline rather slowly, and
we will have with reasonable accuracy up to at
least one or two kilometres distance:

Vi

_ 50 sec
Oy, = - s

uw

(70)

where v g I8 the horizontal crosswind compo-
nent averaged over 30 seconds and taken from
records of a fast moving wind vane at the site.

For the stability dependent part in eq. (69)
we have

(D)

where k is probably never greater than about
2.0 or less than 1.0. Because the isotropic limit is
approximately proportional to the height above
ground (see for instance PRIESTLEY, 1959), the
constant of proportionality, & in eq. (71) is
probably continuously decreasing with height,
eventually reaching the limiting value 1.0 at
the top of the surface layer. When considering
horizontal diffusion, the effect of the vertical
wind direction shear must also be taken into
account (cf. the discussion on pp. 213-215).

To determine the field of concentration for
release from an elevated source when the func-
tions ¢, =0,(x) and ¢, =a,(x) are known, the
following well known formula will be used
which supposes nearly homogeneous turbu-
lence, Gaussian distribution of matter and no
absorption of matter on the ground (cf. for
instance PAsqQuUILL, 1962b):

*Qexp(—y2/2a§){ [ (z~h)2]
rx=—"T—"""-—""4Sexp| —

276y, 0,%(h) 2075

+ oxp [ 3 (z+ h)z]}
2452 )

(72)

Appendix

We will examine what will be the probable
error in the determination of a quantity which
is supposed to be a function of & (see eq. (56))
when the substitution £ =c¢s is introduced,
¢ being as above supposed to be constant. In
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Fig. 4 observations of o, for the 87 m level
in Studsvik are plotted on a !%log-scale against
1log ¢ =A. A curve of best fit is drawn. We in-
troduce the following symbols: 7 =1%log g,

7,, =measured z-value.

5, =theoretical n-value, that is the 7-value for
a given A-value, taken from the curve drawn.
7 =mean of all 7,,-values.
From Fig. 4 we get:

(m—nd® G0
-7 -7)

(Nm — 7it)2

0.1. (73)

We now suppose that 7 is in fact a function
of &=cs=(B/Ca)s (cf. eq. (56)). The observed
scatter of the points in Fig. 4 is then the result
of:

1. errors in the determination of &

2. errors in the determination of a,,.

We have:

2 o ? 1 2 3
S = ——"t— % (74)
(3n) (a(“’log ‘S)) (6 "log &)"+ (0ny)

with

(6™log &)= (3" log 8)* + (6 "log C2)’
with

(75)

(6 "log s)° = 4(8 log u,)* + (6 *log 6')’.  (76)

From LETTAU’s (1959) Fig. 3 we have taken
C,-values for u,ranging from 3 m/s to 17 m/s,
taking C,=5-10"2 for u,=10 m/s (cf. p. 227).
The C,.’s are listed below together with the
number of experiments carried out at the dif-
ferent 1w -values.

Numbers of

Uy log C2 +3 experiments
3 0.59 2
4 0.54 4
5 0.52 10
6 0.48 9
ki 0.46 8
8 0.45 11
9 0.45 5

10 0.44 6

11 0.43 0

12 0.42 1

13 0.41 2

14 0.40 0

15 0.39 0

16 0.38 0

17 0.37 1
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From this table it can be computed that
(Blog C2)F=2-10"%

This gives together with Fig. 4 and eqs. (74)
and (75)

ot -

on ? 10 2.2 -3
- 0 log Cg) ~107".
a‘olog 5) (6 "log Ca)

But Fig. 4 and eq. (73) give
6n)’~0.1(n—7)*~10""

Thus the variance introduced by letting C, be
constant s about one order of ‘magnitude smaller
than the total observed variance.

In eq. (76) the last term on the right is
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small compared with the term 4(3‘°log u,)2 S0
that

- 5 2
(0 log 8)' ~ 4(—“—’ : 0.434) .

Uys

The error du, is probably 1 or 2 m/s for u,=10
m/s, so that

(6" log s)*~2-107%,

Eqgs. (85) and (86) then give

so that the error in u; accounts for most of the
variance observed.

2 z
3 1012g 5) (¢ mlog 8)2: 10_29

Part 111. General formulae for ground level release

a. Determination of the vertical standard
deviation

In the layers next to the ground the field of
turbulence is extremely non-homogeneous.
Then we cannot use the ordinary TAYLOR
formula, eq. (24) for the determination of the
vertical standard deviation, o, But we can
write down an equation which is formally
identical with TavLor’s formula but with a
much more general application:

o'g(:c)=2f dx’f ?(x’)-?(x“)dx". (17)
0 o U u

In the case to be considered here, w?/4? is a
function of the height above ground, z. The
mean under the integral sign is taken over a
great number of individual particle paths,
some of which may traverse rather deep layers
of air.

Suppose now that the particles have a
GaussiaN distribution in the vertical at distance
x, (the discussion to follow is in no way sensi-
tive as to the exact form of the distribution)
and a standard deviation o,(z,). Then half the
particles at x;, are below the level z =0.70,(z,)
and 90 % below 2z =1.650,(z,). Because all the
particles started at z =0, almost all the particles
paths up to the distance x, are confined to the
layers below, say z =1.50,(x,).

But with the aid of eq. (38) for Agesta we
can compute o,(z,) for any height z, assuming a
hypothetical field of homogeneous turbulence,
characterized by the appropriate set of para-
meters (da/aa)(z), a,(z) and a(z) (cf. p. 230).
Suppose that o,, derived in this way for x =z,
is continuously increasing with height (cf. the
example from Agesta to be discussed below).
We denote the hypothetical o, derived in the
way just described by on(z,2,) and the real
standard deviation by o,(x,).

It is evident that o} for the level z =1.50,(x,)
must be greater than o,(x;) because the real
standard deviation o,(x,) is the integrated
result of turbulent processes in the layer below

z(m) Oy (m) z(m) Op(m)
1 10.1 18 23.2
2 13.2 20 23.9
4 14.9 22 24.6
6 16.5 24 25.4
8 17.9 26 26.0

10 19.2 28 26.7

12 20.3 30 27.2

14 21.3 40 29.8

16 22.3

z=1.50,(x,) as discussed above. As a working
hypothesis we now assume that o,(z,) can be
obtained from a computation of o,(2,%,) in the
way that o,(x,) is supposed to equal the ,(z)-

value for which holds the identity
0.7 op(2,) =2,. (78)
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Thus the example from Agesta (the table) gives
with eq. (78) g, =0, =22.0 metres.

Now our hypotheses for the determination of
g, for ground level release are as follows:

If the topography of the site is homogeneous
for an appreciable distance both up-wind and
down-wind, and if the general meteorological
conditions are stationary or only slowly chang-
ing, then the vertical standard deviation of
matter released from a continuous point source
at ground level is determined from the formulae

0.7 on(z,) zzl} 9)

On(2,) = 0:(%)

The function oy = op(z) is determined from the
following set of formulae (cf. p. 230):

bl 1
on= V2 T am- 1)  (38)
By ay l+as
i +d+2
Ya 431 "10g 210150 (68)
Wy Zy
w, 1
a = = (35)
Gglq Np,
l,— 0.4(z+ 2, + d). (80)

N,, is supposed to be unity over fairly flat
country (say 2z,<0.1 metre); over rougher
country Np, is probably smaller (Np, =0.5 in
Agesta where z, =0.6 m), (cf. p. 228).

For the determination of s and a, see p. 230.

We now turn to examine some ground level
releases, presented in the literature. We begin
with Surron’s Cardington experiments of 1931
(cf. PAsQuILL, 1962b, p. 150). These experiments
give 0,=11.1 m as a mean for several near
neutral experiments for « =229 m.

With z,=5 cm and Np, =1.0 egs. (78), (38),
(68), (35) and (80) give:

z(m) 0.70, (m) z(m) 0.70, (m)
4.0 7 7.8
2 5.0 8 8.0
3 5.8 9 8.4
4 6.4 10 8.5
b 7.0 15 9.6
6 7.3

Applying eq. (79) gives 0,=11.4 m, in good
agreement with the measurements. If N, is
supposed to have the same value as in Studsvik
Tellus XVI (1964), 2
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F1e. 23. Comparison between data obtained experi-
mentally from the ‘“Project Prairie Grass” for =
100 m: the circles, and theoretically with the aid of
oqs. (38), (79), (68), (35), (12) and (67): the curve.

and Agesta, that is 0.5, g, is computed to equal
5.0 metres instead.

In the “Project Prairie Grass” vertical
sampling was performed at =100 m at dif-
ferent levels in 6 masts (see BARAD & HAUGEN,
1958; CRAMER, RECORD & VAUGHAN, 1958; and
BArAD & HAUGEN, 1959). At O’Neill z, =0.9 em.
The mean g, for near neutral cases is 4.5 metres.
Supposing Ny, =1.0 as before, the egs. (35),
(68), (38) and (79) give exactly that result.
Supposing again Ny, =0.5 gives oz, = 1.8 metres.

We can thus say that our hypotheses above
are very well supported by the experiments
described in the literature for the near neutral
cases.

Experiments performed at stable conditions
and with all data necessary for examining our
hypotheses seem only to be available in the
Prairie Grass experiments.

BaraDp & HAUGEN (1959) have computed o,
for =100 m for those Prairie Grass data ‘‘with
Gaussian arcwise concentration distribution”.
From Barap & HAuGEN (1958) u, and o6/oz
(cf. eq. 12) can be obtained for each of the ex-
periments. u, has been supposed equal to
the wind at the 500 m level. For the computa-
tion of 80/9z measurements of the temperature
at 16 m and 0.5 m above ground have been used.
In Fig. 23 *“log o, is plotted against i =1¢log s.
The curve drawn has been obtained with the
aid of eqgs. (38), (79), (68), (35), (12) and (67),
the only parameter given being z,=0.9 em.
There is some scatter of the points round the
curve, but on the whole the measured data
fit the theoretical curve quite well.
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b. The field of concentration due to a ground
level release

We assume the following form for the field
of concentration with continuous ground level
point release:

Q y 2
== exp [——2———2], (81)
2Val 0,0y Tlyq 20y 20

where I is a function of x, and is obtained from
the equation of continuity:

e ( y’)d f”’a(z) Q
exp| - — —
-0 P 2‘73 Y o g 2Vn
. expl — z2/2a§]dz
0,0, 1

Q==

fwﬂ(z) 1 2o 2
I= ————exp[-2/20;]dz. (82)

o T )20,

g 18 the mean wind at the 36 m level which
was chosen here because it is an anemometer
level in Agesta, but of course any suitable
reference level could be used. The eq. (81) pre-
sumes that the distribution of matter is Gaus-
sian both in the horizontal and the vertical.
The exact form of the vertical distribution is
not known with certainty, but as pointed out
by PasquiLL (1962b), his page 189, the concen-
tration profile up to at least z =20, is rather
insignificantly changed, when the exponent s in

s
INCTNYTEAYN
~exp | ~{=——) |-
x~exp r(s)) \a,
attains values from 1.0 to 2.5.

g, has been computed for Agesta for the
neutral case with the aid of eqs. (35), (68), (38)
and (79). The result is presented in Table 4.
To determine the quantity I =I(x), the wind
profile must be known. For the neutral case,
this is given by eq. (66). The integration of eq.
(82) is then performed numerically for the dif-
ferent distances (see Table 4).

The way to compute o, is rather tentative.
We write

o) = 0?,. + a?,,. (69)
Here o}, is the stability independent part of the
variance. This is supposed to be invariant with
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TaBLE 4. Computed diffusion parameters for
ground level release at neutral conditions at Agesta.

z(m) g, (m) a,(m) I
10 3.9 1.9 0.179
25 6.7 3.1 0.261
50 10.5 4.7 0.340

100 18.2 7.6 0.431
250 36.0 13.0 0.555
500 65.7 22.0 0.668

1000 116 37.8 0.790

1500 157 52.1 0.856

2000 199 66.5 0.910

4000 335 117 1.026

height, because it is mainly due to the low
frequency oscillations which come out as a
turning of the ‘“mean wind” over deep layers.
&y, is then taken to be equal to the stability
independent part of o} at z =50 m, that is to
3. The stability dependent part of the horizon-
tal variance is taken as four times the vertical
variance, that is o,, =20,. This crude assump-
tion is supported by the ‘‘Prairie Grass’ in-
vestigations among others (see Barap & Havu-
GEN, 1958). Table 4 gives an account of the
a,’s.

The quantity ((Z/Q)aw)g;g has been com-
puted with the aid of Table 4 and eq. (81) and
has been plotted in Fig. 24 against x on a
log—log-representation (curve labelled ‘‘neu-
tral’’). All the points (except perhaps that for
=10 m) lie closely on a straight line. The
slope of this line is 1.75. But this is exactly the
result obtained experimentally by many authors
(e.g. SurrToN, 1932; CraMER, RECORD & VaAU-
GHAN, 1958). SuTTON drew the conclusion from
his result that

Ay=0~ —
Y28 2mn0y0.4,

Ve

Gy =

where n =0.25 and C, and C, are some con-
stants and @, is the mean wind at some speci-
fied level. But this is equivalent to putting
I equal to a constant. From Table 4 is seen

Tellus XVI (1964), 2
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Fic. 24. Computed values for axial relative concen-
tration, ({x/Q] uaa)y o for ground-level release at
=0

Agesta for neutral stablhty and forA =2.0and 4 = 3.0,

that I varies by a factor of 6 from x =10m to
z = 4000 m.

The explanation of SuTTON’s contradictory
results is that he in fact measured the variation
of y with x and not explicitly the variation of
¢, and o, with z.

The concentration field from an infinite cross
wind line source at ground level is obtained by
integrating eq. (81) with respect to y from
—oo to + oo. The result is that

1
~—=, 83
X1 ol (83)

Relevant values have been taken from Table
4 and the result has been plotted on a (log (o, * I);
logz)-scale, Fig. 25. The points computed lie on
a straight line, the slope of which is 1.0. This
means that

Xi~—.
x

(84)

This result has been predicted theoretically
by Mo~iNn (1959) and obtained experimentally
by Kazanskir & MoNiN (1957). The same value
can also be inferred from the Prairie Grass
data (cf. PasquiLL, 1962b, p. 154).
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F1c. 25. The quantity (10 o,-I) as a function of
distance, x for ground level release at neutral
stability in Agesta. Because the concentration, X
from an infinite crosswind line source at ground
level is proportional to (o,-I)"!, the figure shows
that x,« 1/z.

It is evident that the results obtained for
neutral stability in Agesta are in excellent agree-
ment with experiments.

We will now determine the variation of x
with distance for some stable cases for Agesta.
For simplicity we neglect the variation of
#0/0z with height. For the Agesta case this
cannot introduce very serious errors, because
according to long series of observations the
inversion temperature profile is known not
to deviate very much from the linear form in
most cases. :

With a =a(z) taken from the full line curve
in Fig. 21, o,(x) has been computed with the
aid of eqs. (35), (68), (38) (see p. 230) and (79)
for the stabilities s =100 and s = 1000. The result
is displayed in Table 5.

The table also gives the corresponding values
for ¢, and for I. o, has been derived in the way
described on p. 236. The quantity I has been
computed with the aid of eq. (82). The quantity
#(z) /@5 for 8 =102 and & = 10®* which is necessary
to know for the evaluation of eq. (82} has heen
derived from 250 three level wind profiles
(levels: 36 m, 72 m and 122 m).

The quantity ((X/Q)ﬁse)g=g’ has been com-

puted with the aid of eq. (81) and Table 5. The
result is plotted against x in the same figure
as the neutral case (Fig. 24). As seen from the
figure, the points lie on straight lines. The
slope of the line for 1 =2.0 (that is s =10%) is
1.57 and for the more stable case 1=3.0 the
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TaBLE 5. Computed diffusion parameters for
ground level release at Agesta for i=2.0 and

A=3.0.
x o, I o Ylog(o,0,1)
A=20
10 3.6 0.103 1.7 0.799 -1
25 5.9 0.145 2.7 0.363
50 9.1 0.188 3.6 0.813
100 14.7 0.235 5.4 1.272
250 30.7 0.321 8.9 1.942
500 55.0 0.390 12.6 2.432
1000 94.5 0.471 17.7 2.896
1500 126 0.525 21.6 3.155
2000 156 0.572 24.7 3.343
4000 250 0.691 34.0 3.770
A=3.0
10 2.88 0.043 1.35 0.224-1
25 4.50 0.057 1.90 0.688—1
50 6.85 0.070 2.35 0.052
100 11.6 0.090 2.90 0.482
250 26.3 0.126 4.05 1.128
500 50.0 0.145 5.20 1.577
1000 88 0.177 6.50 2.007
1500 119 0.200 7.45 2.250
2000 148 0.215 8.15 2.414
4000 240 0.262 10.25 2,810

slope is 1.40. It is worth noting that a recent
theoretical investigation (GiFrorp, 1962) indi-
cates that the slope will be 1.3 for the extremely
stable case.

The o,-values presented in Table 5 are in
good qualitative agreement with observations
of the continuous smoke releases in Agesta
referred to above.

To conclude, the Agesta-results as well as

ULF HOGSTROM

results from experiments described in the
literature are all in clear evidence for the system
of formulae for ground level release, presented
in this paper, that is for eq. (79)—to be used
with eqs. (38), (68), (35) and (80) and for the
egs. (81) and (82).

In the layers next to the ground the vertical
temperature gradient is often changing rapidly
with height. This means strictly that when
determining oy =0ox(2z) the local gradient at
height z must be taken into consideration. In
most conditions however it is probably enough
to use a mean vertical temperature gradient
for a layer of the same order of magnitude as
the relevant o,. The above said is true within
reasonable limits only when the gradient is
changing continuously with height. When there
is an inversion above a neutral layer and at a
height comparable to or less than the computed
o,, this value will probably be wrong (cf. p. 250).

On p. 232 was discussed to what extent o,
for non-ground releases is sensitive to errors in
the estimation of z,. It was found that there is a
far reaching tolerance. Thus if z, is overestimated
or underestimated by a factor 5 this would
give an error to o less than about 25 % if z,
ig less than about 0.1 metre. Also the stability
parameter a is rather insensitive to errors in
zy. The tolerance for errors in z, for ground
level releases is considerably smaller. If for
example z, =0.9-10-2m 6, =4.5 m for x =100 m.
Multiplying 2z, by a factor 5 (2, =4.5-10"2 m)
gives 0., =2.6 metres, a change by 75 %. The
o,-values for ground level release is also very
sensitive to wrong Np,-values (cf. p. 228). In
the example quoted above for z,=0.9-10-2 m
Np, =1.0. Changing Nj, to 0.5 gives 0., =1.8 m,
a decrease thus by 150 %.

Part IV. Examination of the influence of a topographical
discontinuity on diffusion

a. Description of the experimental results

In the preceding two parts of this paper it has
been shown how the puff experiments from
Agesta formed the basis of a very general de-
scription of atmospheric diffusion. The experi-
ments from Studsvik have also been quoted
now and then. The reason why these experi-
ments could not be taken into full account in the
treatment of the general case is that there are

local effects present at Studsvik which distort
the picture.

Because however the Studsvik-material is so
extensive (72 full experiments from the 87 m
level and 18 experiments from the 24 m level),
it offers an extremely good opportunity to
study in a quantitative way how the ‘‘ideal”
equations, presented in part II are changed
when the condition of homogeneous topography
is violated in a rather well defined manner.

Tellus XVI (1964), 2
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Fra. 26. Map of the Studsvik area. The chimney from which the 87 m level experiments were performed is

situated at the centre of the concentric circles.

We begin with an examination of the mean
trajectories of the puffs released from 87 m.

When studying the trajectories of the dif-
ferent puffs, one sees that the puffs travelling
in landward directions have a behaviour quite
different from those travelling in seaward
directions. The “landward sector of winds’ is
sharply defined as winds from 350°, 360°,
010° 180° (see Fig. 26). A rather crude
examination of the puffs belonging to this
category revealed that they had a distinet
tendency to follow the topography. To carry
out a quantitative analysis of this feature
cross sections were constructed from the topo-
graphical map (cf. Fig. 26) for every 10°-sector.
Then from the trajectories and the cross sec-
tions the actual height of the puff centre above
the ground was computed for several distances.
The puffs were grouped into three stability
categories, means were derived and the fol-
lowing result obtained:

Tellus XVI (1964), 2

x(m) 250 500 1000 1500 2000 2500 3000 4000

A<1.0 87 91 8 82 — — — —
1.0<A<2.0 8 88 8 8 8 89 — —
A>2.0 88 83 84 89 89 93 86 83

Each value has been obtained from about 30
different trajectory values. It is clear from the
table above that the mean height of the puffs
above actual ground is 87 m which is equal to
the height of the chimney above ground. To be
sure that the mean trajectories really are
streamlines at constant height above ground
correlations were derived in the following way:

('Ii n)

where 7, is the actual height above ground of
the ¢th puff at a certain distance; 1—; =87 m;
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F16. 27. Vertical section showing the mean puff
trajectories for seaward wind (from 190°-340°).
Each point in the figure is computed as the average
position of the centre of gravity of some thirty puffs
from different experiments. Legend: A 43>2.0,
O 1.0<4<2.0, O A<1.0. 87 m level in Studsvik.

z; is the height above sea level of the terrain
point over which the 7th puff is situated at that
very moment; z is the mean height above sea
level of all the terrain points z;. The following
result was obtained for the three stability groups:

A<1.0 R =0.87
1.0<4<2.0 R =0.98
2220 R =0.95.

It is thus shown with good significance that
the mean trajectories are streamlines at con-
stant height = 87 m above the underlying ground
for landward trajectories. When computing
0;, this fact must be taken into account.

The seaward trajectories behave in a rather
strange manner. The experiments have been
divided into three stability groups and mean
trajectories have been derived for each group.
The result is displayed in Fig. 27. Every point
is the mean of about 30 values. As seen from
the Fig. 27 the near neutral and slightly un-

T T T T
50 | Oz (metres} B

Fig. 28. 87 m level in Studsvik. oz for the seaward
cases (wind from 190°-340°). Each point in the
diagram has been computed from the formula

=
oz =V sz/n where n is the number of puffs (usually
about 20). Legend: A A122.0, O 1.0<1<2.0,
© A< 1.0, x superlapse.

ULF HOGSTROM

stable puffs descend to about 60 metres above
the sea; the slightly stable puffs have an
almost horizontal mean trajectory at about
100 metres above the sea; the most stable
puffs describe & wavy meotion with decreasing
amplitude and come to rest about 120 metres
above the sea.

For each of the trajectories the quantity
(z —z,)* has been computed, z; being the vertical
coordinate for the relevant mean trajectory at
the relevant distance. Then o, is computed with
the aid of the formula:

- V S z)
Oz =
n

for several distances and for the three ‘“land-
ward’’ stability groups and the three ‘‘seaward”
stability groups.

The result for the landward experiments is
shown in Fig. 8 p. 216. Estimated errors are
computed with eq. (14), p. 214 and also showed
in the figure. Most probable curves are sketched
by hand. As seen from the figure, o, is signi-
ficantly stability dependent.

Fig. 28 shows the corresponding result for the
seaward experiments. Also here g, is clearly
stability dependent, but in & much more com-
plicated manner than for the landward case.
In Fig. 28 the curves cross, so that at distances
of the order of a few kilometres, the most stable
cases show up with the greatest o.-values.
The 24 m puffs exhibit the same general
character in their mean trajectories as do the
87 m puffs.

In part I was described how vertical turbu-
lence (p. 217) was recorded by a light weight
vane and subsequently analysed by an elec-
tronic device to give turbulence intensities
directly. It was also demonstrated how the
results could be related to the puff measure-
ments from the 24 m level. The equation to be
used is

timZ = Vy:12

0 T

(18)

where o, is the standard deviation of matter as
given by the puff measurements and v is the
angle recorded by the “Gelman instrument’
(cf. p. 217).

For 87 m the result obtained was at first
sight rather puzzling. Fig. 29 shows that the

Tellus XV (1964), 2
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Fre. 29. Studsvik. 87 m. The quantity (/@) 100
for sampling time 30 secs. The rings have been ob-
tained from asymptotes to the curves log oz,
against %log z (cf. Fig. 2) for each of the puff ex-
periments. The triangles have been obtained from
turbulence measurements; sampling time in this case
also being 30 seconds. Each triangle represents a
mean over one hour (cf. the text).

agreement between ‘“Gelman-results’ and ‘‘puff-
results” for g; (sampling time t =30 sec) is
good. For the longer sampling time the agree-
ment was very bad. For near neutral stability
“the Gelman-values” were scattered around the
value obtained by the puff method, but for
stable stratification ‘“‘the Gelman-values’’ were
systematically smaller than those obtained from
eq. (37) (and hence from the puffs). This
result suggests that there is a system of quasi-
stationary waves present at Studsvik. A
streamline pattern like that sketched in Fig. 30
would roughly explain the observed feature: an
instrument at a fixed point at A would measure
a vertical motion of small amplitude, whereas
a particle that follows the trajectory through
A would exhibit a much greater amplitude.

b. Analysis of the parameters of the Studs-
vik-equation for ¢, (landward case)
The o,-equation for the 87 m level in Studsvik,

eq. (36), differs from the Agesta-equation, eq.
(38), by the presence of the function b(x):

=g,_ll_/2(e" +aox—1)[ 1 +b(x)]
i, a, 1-+b(x) 1

O

(36)
b(x) = b, e %" + bes. (17

‘We suspect that the function b =b(x) is due to the
presence of some system of quasi stationary
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Fie. 30. A proposed model for a field of quasi
stationary waves at Studsvik. A particle which
describes the indicated trajectory through A4 ex-
hibits a much greater amplitude than is indicated
by a vertical angle measuring instrument which is
fixed at A. The corresponding effect is much less
pronounced at lower levels (point B).

waves. To begin with we will introduce a
modification in eq. (45) of the LETTAU-theory
(cf. p. 224):

0 (Dw, p Dw, 6 Dw, —
=== + == +=|=) = u}
o\Dt ), e\Dt), o\Dt),

(45 a)

by supposing

(85)

where w; is independent of the stability para-
meter. Introducing a new variable w,, by the
following defining equation (first two terms of
eq. (45 a))

é Dwt é Dwt g eg
—|—=} + == =wi= 86
0’(Dt)a 0'(Dt ,wimwn o (86)
) w, 1
and supposing — =, (50)
(N la
. g
we have w, = ——— (87)
l+ec,s
- t gl 67
with c,8 const 9fa (52 a)

T TV, w)il,

Introducing a constant d’, eqs. (45 a), (85),
(86) and (87) give

* 9 2
.z Wy 1 2
= — +d
Yoiia [(1+cls) ]’

(88)
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Fic. 31. The neutral wind profile in Studsvik varies
systematically with wind direction.

which reduces to eq. (57), when d’ 0. Suppose
further

const= — Nor* (V,w)- (1+d*) -4 (89)
and eq. (52 a) gives with eq. (12):

No o Ca .5
=004
T, *Ci

which formula is identical with eq. (61) for
Agesta.
Equations (37) and (88) give

- ‘ . (90)

The parameters ¢ and d can be determined from
the puff experiments with the aid of egs. (88)
and (89), using the measurements for small
distance, in which case the standard deviation
is proportional to w as well as to time—cf. the
corresponding derivation for the Agesta-case,
p. 225. The analysis gave the following result
(which will be used in subsection e):

¢=2-10"" ¢=1.43-10"2
87 m: . 24 m: ]
d*=0.39 d=5.6-10""°

c. Examination of some basic turbulence
parameters in Studsvik

As for Agesta we have computed ,(122)/u,
for some hundred cases with landward winds
in near neutral conditions in Studsvik. The
diagram has the same over all appearance as
the corresponding diagram for Agesta, and

ULF HOGSTROM
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Fic. 32. Neutral wind profiles for Agesta (circles)
and Studsvik (squares) referred to the same free
wind. Below 36 m the Studsvik profile is very un-
certain and three possible curves have been drawn
tentatively (cf. the text).

about the same scatter of the points. For u,~10
m/s,
@,(122)

Ur

0.85.

For the determination of wind profiles only
three anemometers were available. These,
which were all of the Lambrecht type, were
installed at the levels 122 m, 72 m and 36 m
above the ground as mentioned before. The
anemometers were calibrated in the way
described on p. 227 and besides this in a wind
tunnel. According to the calibrations the rela-
tive errors of two anemometers are not likely to
exceed 0.1 m/s.

The quotient (@7, —%s6)/(%y22 — Uss) Was found
to be significantly constant from one profile
to another. The quantity @,s/,,, on the other
hand was found to vary systematically with
the wind direction. As seen from fig. 31
(@36/@192), rises from 0.40 for ¢ =360° to a
maximum 0.77 for ¢ =75° and then decreases
again to 0.40 for ¢ =190°. From the map of
Studsvik, Fig. 26, it is seen that ¢ =75°
corresponds to winds perpendicular to the
coastal line.

Of course, the three anemometers at 36, 72
and 122 m are not sufficient to give a detailed
picture of the neutral wind profile in Studsvik,

Tellus XVI (1964), 2
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especially not for the lowest decametres. Such
a detailed wind profile would however be
of very limited use, since the observed change
of (f@g6/Th120)g with wind direction implies
clearly that the wind profile is strongly de-
pendent of the distance the wind has travelled
over land. Mean winds for the three levels have
been computed from all the data used in the
construction of Fig. 31. The values have been
plotted in Fig. 32 and a few curves have been
drawn through the points. In the figure, the
Agesta neutral wind profile has also been
inserted. The scale is such that the curves cor-
respond to the same u;. As we need the quantity
(fg7/T2y)q» tWO extreme curves have been drawn
in Fig. 32: the dotted curve which is not far
from the straight line through the origin and
the measured value at 36 m, and a curve which
is identical with the Agesta curve up to 36 m
and then continuous into the hatched-dotted line.
‘We want to compute the following quantity

/u.}a“ aau aasv %51/ a
From the puff measurements we have for
the level 87 m:

For the 24 m level we have from Fig. 12

(p. 218):
(ﬁ) 123
Wy / 24

and from the wind profiles in Fig. 32

@
1.95> (ﬁ) > 1.65.
Uss/ a

w
0.63> ~

Wag,

2T}

Then

> 0.53,

which means that the intensity of the vertical
turbulence component at neutral stability in-
creases by about a factor two from 24 m to
87 m at Studsvik, in contrast to what is the
case at an ideal site.
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d. Detailed analysis of the g.-equation of
Studsvik

It has been pointed out earlier that the topo-
graphic features of Agesta and Studsvik are
much alike (apart from the presence of the
coastal line in Studsvik). But then it is very
probable that the turbulence parameters
change continuously with x (considering only
landward winds as before) in such a way that
a turbulent state is gradually attained which
is not very different from that at Agesta. We
will first derive an expression for the particle
variance for the non-homogeneous case, cor-
responding to TAYLOR’s expression, eq. (24).

de 2% _ syt
g zd z(t)w(t).

Taking means and changing the variable ¢ into z:

a2t z
-~ = 2z(x)—(x) f ( (r))( (x') )dx’,
dx

L))
(ze)

For the homogeneous case eq. (91) reduces to
TAYLOR’s expression, eq. (24).

For the 87 mlevel in Studsvik we have,
according to the measurements:

dx”’.

(91)

From Fig. 32 we have further

Gawrs _ g 4
Uaso g
so that we have
Dos1s _ 1.0.
Waso4
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From what is said above it seems probable that
that Studsvik wind profile gradually approaches
the Agesta profile with increasing . And this
means also that %, becomes constant with height
up to at least 100 m. This would mean a
decrease of the wind above 36 m and probably
an increase in lower layers, but it would also
mean & very great increase of w, in the lower
layers, because as seen from the discussion in
the last sub-section, w, at 24 m is only about
one half of what it is at 87 m.

We can now give an equation for o, at 24 m
which we had postponed obtaining (see p. 219).
The turbulence measurements (Fig. 12) give

(Wolty)se =8.2-10-2,

For small x we have from eq. (91):

.
. Oz Wq

lim — = §— .
T50 X Ug) 2=0

For great x the measurements (see Fig. 14)
give

(92)

. Czq
lim — = 0.90.
T->00 x

But for great x the field of turbulence be-
comes approximately homogenous, and because,

for increasing x the conditions near the source is
of gradually decreasing importance, eq. (28) is

applicable
lim 7% _ e .VE_
o0 l/ x aa o0 ao

As stated above

(28)

. .
Wa,, 0.5 wq,,.

But for the 87 m level the observations indi-
cate that (w,/4,) does not vary with z. As
W%, is supposed to decrease about 15 % with x,
zb,,_, must also decrease to the same extent.
Fig. 32 indicates also that #@,, probably increa-
ses somewhat. In fact a good fit is obtained for

all z if

(3'1“) - ("ﬁ) -(1.37—0.37 ¢ 171077 (93)
Uq/ 24 Ug/ z-0

and a,=3.0-107>

The equation for the 24 m level is then from
eqs. (36) and (93):

ULF HOGSTROM

100

o, = (1_‘4“) +(1.37—-0.37 - g~ 1351078y
=0 3

YUa

Voe P10 3-10 % — 1) - f(s) (94)

with (from egs. (36), (20) and (21))

U(l+1.17-107%8) + 0.2~ 52077
11 0.2 W57

f(8) = - (95)

The function (93) must not be taken too
literally as being the exact function for the
variation of (w,/@,) with x. The main thing here
is that we have found an equation for ¢,, eq.
(94) that for small x equals eq. (92) and for great
x equals eq. (28) with the numerical values
observed and which reasonably well fits inter-
mediate . We will assume that for practical
use the following formula is applicable for the
lowest 100 metres in Studsvik

0z = (?J) ([Blz)+ (1~ B(z))e*‘--"-"‘“’"”]l .
Ua/ z=0 a,

-V__—*——‘?‘f'*“"””"”.[#l +b(x)] (96)
as

1+ b(x) 1+
with
y 0 w
(1?—“) B~ (~) - 0-85(7“ <z>) ,
Ug/ z=0 Uy ) >0 Ug Agesta

97

the correction factor 0.85 being inserted in
order to make eq. (38) for the 87 m level coincide
with eq. (96) for that level. This means that
w,,, decreases by some 20 % at the same time
as @, does so, making (w,/i,)s; invariable with
z, as discussed above.

We will now discuss the z-variation of the
separate parameters in eq. (96).

For a,, the values computed from the puff
measurements for 24 m and 87 m coincide almost
exactly with the values derived theoretically from
eq. (35) for the corresponding levels at Agesta—
see Fig. 20 where the Studsvik points have been
inserted as squares. It seems reasonable that
the Agesta a,-curve (eq. (35) and Fig. 20) can
be used for all levels at Studsvik.

For the quantity a =a(z) the two values ob-
tained from the puff measurements at 24 m and
87 m in Studsvik have been plotted in Fig. 21.
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Fig. 33. (w,/#,) (z) for Studsvik (the circles) and for
Agesta (the triangles), cf. the text.

The corresponding value for Agesta has also
been inserted. As seen from the figure, this
latter point is situated on the interpolation
curve for the two Studsvik-values. The result
was discussed in more detail in part II.

As discussed earlier, g, ~0.5 w,,, but we do
not know anything further about the function
w, =w,(z). The only thing we can do is to
draw some interpolation curve. What we want
is a rather rough estimation of (w,/i,)(z).
Fig. 33 displays a probable curve derived from
Fig. 32 and an estimated curve for w,. According
to egs. (96) and (97) w,/@, will soon attain
0.85 (u')a/ﬁa)“e,m. The latter curve has also
been drawn in Fig. 33.

The function b=b(z) can only be obtained
from an interpolation curve through the points
for 87 m and 24 m.

e. Theoretical examination of the local ef-
fects at Studsvik

When the air meets the coastal line, it is
forced upwards at the same time as friction in-
creases. By this process waves are excited.
The amplitudes of these waves must be a maxi-
mum near the coastal line. They will then
gradually die out with increasing distance from
the source.

In the derivation that led to the w-equation
for Studsvik, we introduced the assumption,
that the vertical turbulent energy at Studsvik
by landward winds, contains a part that is
independent of stability:
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(98)

LY 5 (5
1+d o'\ Dt ),
(see egs. (85) and (88)).

Suppose that the waves have sinusoidal form
and that the instantaneous values of potential
temperature and wind velocity 8, and V, are
conserved during the motion. Then a particle
describes the following path:

z=C sin wt, (99)

giving w= 17; = Cw cos wt (100)
D

and FQ: = — Co’ sin of. (101)

The mean temperature gradient is supposed
to be constant =§’. The local temperature de-

viation, § ecaused by the wave, is then:
§=—20"=—CO sin wt. (102)

We observe that the wave does not give any
contribution to »(V, w) and #(8, w), (cf. the dis-
cussion on p. 224) thus giving no contribu-
tion to the term

?9 Duw,
o'\ Dt J,

For instance, from eqs. (100) and (102):

Y]
=r<V,w)'r(e,w)-b%A. (468)

27

7(6, w) = const (é—zv) = constf sin ¢ cos pdp=0.

0

But, from eqs. (98), (101) and (102):

2 s Dw) '’ % e 'C*
wi=—|—1) = sin” wtdt = — .
0\Dt /], 2=xn -2

0

w
(103)
Introducing the wave number, %, we have
®="Ux
w O wid’
d % = = . 104
an We 2 1+d° (104)

Knowing the Lagrangian correlation func-
tion, R; =¢~ ™ we can use the Fourier integral
transformation to get the spectral function

o0

G(x)=nxF (%)= 2xf e %" cos xxdx = 5
0 Qo+ x

2a,%
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Tt is seen from this function that the maximum
energy of the spectrum is attained at

x =y =6.6-10"3m™1,

the value for the 87 m level being inserted. We
suppose now that the wave energy has its
maximum at about the same wave number as
the spectrum as a whole. Inserting relevant
numerical constants for the 87 m level in eq.
(104) then gives:

Crox~9 m,

a result which does not seem unreasonable.

From the equation of motion we have for the
vertical component, supposing stationary con-
ditions:

E o(uw) e{vw) ow'
dt ox oy oz

(105)

At Studsvik the first two terms of the right
member are very much less than the last term.
Supposing near neutral conditions, we have:

—f = (106)

In Agesta and at great distance from the
source in Studsvik
0wy

oz

Eq. (101) gives for a certain wave:

dwa 2 . 2
—— = —Cw sin wt= —wz,,

- (107)

where z, means that the horizontal axis of the
wave is situated a distance z, from the fixed
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point of observation. But from reasons of con-
tinuity the wave amplitude, C must increase
with height, see Fig. 30. This means that a
point at a fixed height z, above ground is subject
to waves of predominantly negative z,. We
suppose that for the 87 m level

- - Omax
.
3

This and eq. (107) then gives

d—ﬁ; _ Cmaxw2
dt 3

Taking eqgs. (103) and (104) into considera-
tion the above equation gives:

dw\ = wid 2w
dt Je1 Crax(1+d5)3750°

From a plot of the measured wy-values ab
87 m and at 24 m we can evaluate 2wz /oz for
z=87 m, and we find

1 [fow? 1
— > |— >
30" \az /s 60

which shows that our supposed wave model is
consistent with the turbulence characteristics
recorded.

A phenomenon which is perhaps identical
with our waves has been reported by HALLAN-
GER et cons. (1962). They performed tracer
experiments at 5 km distance from a rather
stiff shore and found significant evidence for
the existence of a ‘‘helix-shaped wave’ of wave
length 4000 yards. With % =6.3-1072 our wave
system will have a wave length of about
1000 metres.

Part V. The effect of wind direction shear on the diffusion

An idealized puff contour will have the shape
of an ellipse with horizontal and vertical main
axes. But in practice the puff is nearly always
deformed in the way shown in Fig. 34, that is,
its upper parts are turned to the right, and its
lower parts to the left. This effect is caused by
the systematic turning of the wind with height.
This turning will translate the different hori-
zontal slices relative to each other without

causing appreciable enhanced dilution unless
the mixing is fairly vigorous (cf. below). As a
consequence of this, the quantity 2b (see eq.
(4b) p. 208) is equal to the maximum vertical
extent of the puff and 2a is the horizontal width
of the puff mid-way between its vertical extremi-
ties.

When computing o, from the trajectories of
the puff centres, the mean wind direction shear
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interferes in & more complicated manner.
Suppose in & hypothetical case that there is a
vertical eddy diffusion and a mean wind
direction shear but no eddy diffusion in the
horizontal. Then the puff centres at a given
distance from the source will all be situated on
a rather thin, tilted slice. But if all these
centres are projected on the (x;y)-plane—as they
are in fact when o, is evaluated from a puff
experiment (cf. p. 208)—then there will be a
certain distribution of centres with standard
deviation s, Return now to a real case where
there is simultaneously present an horizontal
eddy diffusion which at the distance in question
causes a standard deviation of the particles,
d,. The total observed variance of the distribu-
tion of centres in the y-direction at that distance
is then:
8ot = Op + 82 (108)
We will search for a mathematical expression
for s, assuming quasi-homogeneous turbulence.
Denote by dy,dt the instantaneous speed in
the y-direction that a certain particle attains
as a result of the systematic turning of the wind
with height. Suppose this turning to be constant
with height in the layer in question and be
equal to yp radians per metre. If the particle
referred to is at the height z above the level of
release at a certain moment,

dys dx dys ¢
Ys _ 0T s _ ~ iz,
dt dr de | LBVEETE

if we assume that the particles in question have
attained the mean motion of the level z. But
dytidt = 2y dy,/dt, so that taking the mean over
several particles

dt (t) = 2ayy(t)z(t)

!l
But ys(tl):a'/’f z(tg)dt giving
[}
(t) 2 yz(t) f z(t,)dt,
_ ¢ ‘)
ys =2’y f 2(t,) f 2(t,)dt,dt,.
o [
ty
But 2(t,) = f wit,) dt,,
0
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F1a. 34. The wind direction shear introduces a distor-
tion of the puff contour, but the quantities @ and b
are easily measured if only the exact orientation of
the puff relative to the horizon is known.

where w is the vertical velocity of the particle.

t t, ty ty
yi(t) = 2%yt f dt,f dt4f dt, f wt,) - w(t,)di,.
Q 9 4] [

(109)

We now introduce the Lagrangian correlation,
Rp(§):

w(t,) - w(t,)
w*

Rp(&) = (110)

with £=t,-t,. Eq. (109) becomes with eq. (110):

[P %
e —2w’u2w’f di, f dt f dtf R, (&)dE.

(111)

Now, according to the well known formula by
TaviLor {1921):

(112)

We can now solve the integral over § in eq. (111):

vt (R <5)ds=f'_t'2’ =@<>—
0 t, r ¢, dg

_daz

d 4)7

where 7=t,—1,.
¢ t-t -t,
! “hdg? daa
dt, = — —dv d
f i), ft‘ = g

= —[Ug(ta“tl)—ag(t4)] 1 dt (tl)

Then the integral over ?,:
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The integral over ¢,:

¢, 0 ¢,
f gt,) dt, = —f o3(r)dr + f ai(t,)dt, —
0 -, 0

tft'dgg (t,)dt t "’(i )
pa— —_— E 6 »
1 0 dt‘ 4 4 1¥2\"1

the first two integrals cancelling out. Eq. (111)
then becomes:

. t T
yi- w’a’f t, uﬁ(tl)dtl = 'sz x, ag(xl)dxl.
[} 0
(113)

Thus y; can be evaluated when knowing o, = 0,(t)
or o,=a,(x). A fairly good approximation is
attained when assuming o,=Cz*. Then, from
eq. (113):

2 2 2

_ya @)z (114)
2+ 1)
At least in fully developed homogenecus turbu-
lence o can never be less than 0.5 or greater
than 1.0 (cf. for instance BATCHELOR, 1949).
This means that the denominator in eq. (114)
is never less than 3.0 or greater than 4.0.

We note that the only assumption that is
made in the derivation of eq. (113) (besides
that the turbulence is quasi-homogeneous) is
that the particles which originate at z =0 have
attained the mean motion of that level, z where
they are at a certain moment. The correctness
of this assumption can only be judged from
comparison with measurements—see part I,
p. 214 for further discussion.

The variance s can be looked upon as being
made up of two different parts. One is that being
produced by the tilting of the axis of the cloud,
the other is due to the enhanced horizontal
spread of particles relative to that tilted axis.
We will now search for an explicit expression
for the last mentioned variance.

Now look at a certain group of particles
which have that quality in common that they
all pass through the line {x,; z,), or more strictly
through the parallelepiped (x, +dx,; 2, +dz,) at
one moment in their travel from the point source
at (0; 0; 0). If these particles had all traversed
exactly the same path in the (z; z)-plane, they
would of course all have crowded very close to
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F1c. 35. Schematic diagram showing the paths of
two different particles that travel from the source
to the point xg; 2,. z, is the mean vertical coordinate
of many such particles at the distance x; from the
source. It is supposed that (see the text):

2y[z3 =[xy

the point (z,; y.; 2,) where y, is completely
determined from the relation

y,=12|pf .z(x)dx. (115)

0

But it is inherent in the statement that the
vertical motion is turbulent that there is an
infinite number of different paths leading from
the source to (xy; 2;)—see Fig. 35. Then the co-
ordinate y,, eq. (115) must be correspondingly
spread out. We will now search for an analytical
expression for the variance of the distribution
of y,, Ya, cf. Fig. 35. Assuming Gaussian distribu-
tion the cross wind integrated concentration is:

2
z
szexp[——]. (116)
V27wza 20

This means that the number of particles in the
parallelepiped (z, +dx,; z,+dz,) is proportional
to:

@ z

2
= ——=————eX]p ]dz dx,. (117)
l/2naz (x,) % [ 207, e

X2
Suppose that the particle group that constitutes
dy, has a Gaussian distribution with standard
deviation, o; =0, (r) and a mean 2z, =z,(z).
or(x) clearly rises from zero at the origin to a
maximum and then declines to zero at x,. The
contribution from this group to the total (cross
wind integrated) concentration at (z,; 2) is then

dy, d"-’—exp[— (z_z‘)]. (118)

V27z or{z) % 207

But the total concentration y, at (x,; 2) is made
up of contributions from all particles at the
plain & =z, (properly speaking all particles in a
slice of unit thickness). Then:
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+oo
Zl(xv z) = f 9

-0 210, (@) 0w

% | (z-z)
. =+ 15| de,. 119
e"p[ (2a§. 2aL(x?))] w019
But this can also be written:
z!
2{®,2) = =———exp [ -— ] . {120)
V2:wz(xl)u 207,

It is very reasonable to suppose that the mean
path of the particles that constitute dy, is the
straight line between the source and (x,; z,).
That means

2%

. (121
F A N

From this, eq. (119) and eq. (120) we have for
the point (z;; 0):

Q e @
Vgtﬂz,ﬂ f_oc 2n0,, " oL 0

2
! T, z (z,)
cexp| —\—=— +—= /| |- )dz.

x

From this follows, supposing o, at x, to be in-
dependent of z,:

Ty 2
ACAELACARE ACAL (;) . (122)

The same derivation that led to eq. (113) for the
total “shear variance”, y? can be used to derive
an expression for the variance relative to the
tilted axis, y“,}, the only difference being that
o, will be replaced by ¢, so that:

xr wzog F
y‘fg(x) = 'l’zf x, Ug(xl)dxl - zz:f zidw,
0 x 0
= yyzaf';(x) -zt

= Ys 4 (123)

If the particles travel in straight lines, y% is of
course zero. But if they do 80, « in eq. (114) is
equal to 1.0 and the denominator is 4, and
we see that eq. (123) gives the right answer in
this case. At a great distance from the source «
is equal to 0.5 and
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F1a. 36. The vertical wind direction shear causes the
cloud axis to be tilted an angle ¢ =yz/2, where
y is the turning of the wind in radians per metre.
Proximity to ground and height inversion causes
modifications of the simple picture. The arrows
indicate schematically the paths of reflected particles.

"2
Ys (124)
4

In the case of little or no shear the equation
of concentration for dispersion from a point
source well removed from the ground is (as-
suming as before quasi-homogeneous turbulence
and Gaussian distribution):

= 9 exp| —-— — y (125)
X 9,0, 207 203
But if there is a mean wind direction shear y

radians/m, the axis of the cloud will be tilted
an angle ¢ = @(x)}—see Fig. 36.

y?—y’f: yo.x _yx

tpgp= ——2% =T 27
A A, 25, 2

(126)
when eq. (123) has been applied.
We now introduce the substitution

, ywzx
y=y-ztgp=y - Y

and oy = chf, +yh

where o, is the standard deviation, due to ho-
rizontal turbulent motions only. Eq. (125) is
now modified:

The presence of the ground complicates the
picture. Those particles reflected by the ground
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will be deflected towards the left in Fig. 36
as long as they are below the level of release. If
the vertical mixing is halted at a certain level
by an inversion, the particles ‘“‘reflected” at
the inversion will be transported to the right
by the mean wind shear, as schematically
illustrated in Fig. 36.

This means that when the mixing of the par-
ticles released is complete in the layer between
the ground and the inversion, the axis of the
cloud will no longer be tilted but displaced to the
right if the centre of gravity of the cloud is
situated lower than half way the distance
between the ground and the inversion, and to
the left in the contrary case. The horizontal
spread of the cloud is of course highly enhanced
by the process described.

PasquiLL (1962a) renders an account of some
long distance (100 miles) tracer experiments at
fairly good mixing conditions and with an
inversion present at several hundred metres
above ground. At some distance from the source
the concentration was nearly constant with
height. In spite of pronounced mean wind
direction shear there was no significant tilting
of the cloud axis, only a pronounced shift of
the axis towards the right, in agreement with
the result of the above discussion.

It is of great practical interest to find a
concentration formule for the type of situation
just described. It is proposed that the following
formula be used (z <H):

ULF HOGSTROM

%y, 2) = —exp [ - y:z] (127)

VonaH l/y2 2y

where H is the height above the ground to the
inversion and (from eq. (114)):

—3 ;
Yy =0yty

where ¢} is the variance produced by pure
turbulent diffusion.
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