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The influence of the Coriolis force variability 
(Rossby effect or p-effect) on the atmospheric 
processes is discussed. In the first part the adap- 
tation process is investigated. In  the second 
part the explicit form of the solution of the 
prognostic equation with a linear term p(aH/ax) 
on the left-hand side is estimated. It is shown 
that, in comparison with the conventional 
method, the method described allows the time 
step to be increased slightly. Finally, some addi- 
tional results and conclusions are given. 

1. Interaction between the pressure and 
wind fields 

Investigations of the interaction between the 
pressure and wind fields in the atmosphere have 
shown that the adaptation time (i.e. the time of 
the mutal adaptation of these fields so that 
balance between Coriolis force and pressure 
gradient would be established) is of several 
hours (OBUKHOV, 1949; KIBELJ, 1955; MONIN, 
1958). This result was obtained on the assump- 
tion that the Coriolis parameter is constant. By 
accounting for the Variability of the Coriolis 
force-Rossby effect one can make the adapta- 
tion mechanism more clear (DOBRIBHMAN & 
NOZADZE, 1958). The numerical forecast sche- 
mes of the geopotential field under the quasi- 
solenoidal approximation deal with qussi-adap- 
ted fields. Therefore, before going to the prog- 

nostic scheme with detailed accounting of the 
Coriolis force variability the problem of the 
adaptation of wind and pressure field is descri- 
bed. 

The linearized system of hydrodynamic equa- 
tion is given in the conventional form: 

a v  aH 
at aY 
- 1. 

I lu 4- - = 0 ;  

where t-time, u, v-components of wind velo- 
city towards axes X, Y respectively, (X-to the 
East, Y-to the North); 1-Coriolis parameter, 
H-geopotentional, c-parameter with speed 
dimension and equal to 100-120 m/sec, 5-di- 
mensionless pressure. 

If 1 is constant, then the stationary solution 
of (1.1) will be the geostrophic wind: 

But if Z =Z(y) = l o  +By, where ,9 is the Rossby 
parameter, then the stationary solution will be 
the zonal geostrophic wind: 
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The more accurate solution of the problem on 
the spherical Earth gives the same result, for 
example the stationary solution of the system 
in the barotropic case 

1 aH ave 
at  r,, a8 

2ov,. cos 8 + - - = 0 ;  _ _  

1 avl 1 aH 
sin 8 a8 sin 8 a2 c i  at 

vg sin 8 + __- - + - - = 0 l a  _- - 

is the zonal geostrophic wind: 

1 aHfl9\ 

Here va, vg are components of the wind velocity 
for the axes of the spherical coordinates system; 
r,-mean radius of the Earth, w-angular velo- 
city of the Earth rotation, c *  has the same 
meaning as c, but differs quantitatively. 

In order to make a more careful analysis of 
the adaptation process let us eliminate the func- 
tions u and H from the system (1 .1 ) .  Then the 
equation for v will be es follows; 

which is to be solved under 
tions 

t = O  v=v'o'(x,y,5); 

a' v 
- = d2) (2, y, 5 )  = c - 
at' 

the initial condi- 

+ - c 2 -  a a ( 1- aH(o'+ 8' do') (1.3) 
85 a5 PX 

-__ 
Such waves are studied in detail in DIKIJ (1981). 
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5 - 1  ( $ + l ' )  v - 0 :  

5 - 0  [ l + X v - t O ,  o <  x < 4, 
where el % 0.10- 0.12 and index (0) designates 
the values a t  the initial moment. 

It is easily seen that the solution of the equa- 
tion (1.2) is of a two-dimensional wave type' 

. The wave phase velocities are de- c~ e f ( p r + v ~ - u t )  

termined from the cubic equation 

' 2 2  e = p  + v .  

For a wavelength less than 10,000 km ol * - o,, 
practically this result coincides with one, ob- 
tained without taking the Rossby effect into 
acount. But 

is due to this effect. From Fig. 1 it is seen that 
the wave phase velocity of the third type in- 
creases when the wave length increases, but 

[ ul.* [ decreases under the same conditions. 
To obtain the general solution it is convenient 

to use the operational calculus. For the Laplace- 
Carson transformation we obtain the nonhomo- 
geneous equation 

(1.4) 
where the symbols 'plr are evident. 

- 9  

Fro. 1. 
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Finally, we divide the atmosphere into 2 n 
layers (5, = C h  = O ;  ( a n + l  = 1) and replace the 
differential operator with a finite difference one 
(see NEMCHINOV, 1959). Then, for each level 
under index k we obtain the equation 

where 

Now we canonize the system (NEMCHINOV, 1961) 
using the boundary conditions. Then for the 
eigenfunction (number j )  which is a linear com- 
bination of all f ik ,  we obtain the following equa- 
tion:' 

where A; are eigenvalue numbers of the follow- 

Here as depends only on the method of dividing 
the atmosphere into layers. In  a particular case 
for a two-level model at 300 mb and 700 mb 
with boundary conditions taken a t  1000 mb 
and 150 mb we obtain a: ~0.964;  a: =4.2. It 
should be mentioned that in the case of a ba- 
rotropic atmosphere a; = 1. 

Since for the original equation (1.2) (this 
equation is of a hyperbolic type) c is proportional 
to the velocity of the wave front, we obtain the 
following result: the wave front velocity is pro- 
portional to cia, for eigenfunction of number j .  

The regular solution for f ? T + m  of the 
equation (1.6) is 

where 

r-V(x-x')'+(y-y')2; e = a r c t g  y -  -,, Y'. @,2' 

2 - x  

is the Hankel function. 

The operational calculus facilitates the study 
of the behaviour of the Green function since a 
large value t corresponds to a small value 1 p 1 
and vice versa. 

( a )  At the very beginning of the ada.ptation 
process, when 1 p I > I, i.e. t < 1 / l  GS 2 - 3 hours, 
the Hankel function may be replaced by 

McDonald functions, and e ( -  c0sB)'2p by 1. The 
originals to pmK,  (rpa,/c) for (m = O . l ) ,  (DITKIN, 
1951), are expressed as 

The influence function here is still axisym- 
metrical since e(-BT 'OS '" % 1, and HY'*) may be 
replaced by 

The corresponding originals will 

m = 0 lot x1 (t,) dt,; 

be 

These formulae were derived by OBUKHOV( l949). 

l a j  2 1.5 day 

Bc fir rl (1000km)' 
( c )  < t < -  - 
The operator pme(-8rCose)'2P X0(gr/2p)should 

be inverted here. For simplicity we give the 
original here only for m = 0: 

1 We discuss here the deduction of the equation 
(1.5) in detail, since the forecasting equation will be 
transformed in the same way. 
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FIG. 2. 

- 
K ,  (Prt,) cos 1'2 ( 1 + cos e) pr ( t  - t,) dt ,  

n 

(1.9) 

From further discussion it will be seen that 
this function is derived as a result of the solu- 
tion of the prognostic equation. 

( d )  ts22/pr1. This time corresponds to the 
asymptotic case. But t > r / c  always. Thus we 
obtain the following result; at large distances 
where disturbances from zero arrive a t  t = r / c ,  
the asymptotic behaviour is reached earlier 
than a t  the points situated at  a shorter distance. 
It may be shown that the originals in this case 
are expressed as 

d m  cos 1/2Br( 1 + cos 0) t 
G := - ( m = O , l ,  2). 

at" 1'6 rn 

(1.10) 

Hence it is clear that Ym behaves as l/(c't)"" 
when t becomes infinite. 

Thus for any initial discrepancy between the 
pressure and wind fields w+O, and the geostro- 
phic zonal wind is established in the limit t + 00. 

It should be noted that in cases ( c )  and ( d )  the 
results do not depend on at, i.e. on the method 
of dividing the atmosphere into layers and the 
solution does not change its sign to the west of 
the point of disturbance. As an example, Fig. 2 
shows functions Ym for r = Z O O 0  km for two 
directions 0 = 0 and 8 = 7c. 

According to this short analysis we see that 
the asymptotic solution will be essentially dif- 
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ferent for the case when I is constant and 
I =Z(y). What is asymptotic for the first case, 
is the beginning of the middle stage of the 
process for the second one. 

The solution suit,able for all t may be expres- 
sed by using an inverse Riemann-Mellin formula. 
For this purpose it is necessary to cut the plane 
of the complex variable p through the branch- 
points of the Hankel's function argument. After 
some transformation, we obtain: 

l,, and 5, are the arithmetic values of the roots 
of the equation 

and J ,  N o  are the Bessel and Neumann func- 
tions respectively. 

Fig. 3 shows the influence function for the 
simplest case of the one-level model a, = O  at 
m = 1.  This is perhaps the most interesting case 

FIG. 3. 
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since it shows the behaviour of the geostrophic 
zonal wind deviations in the barotropic case. 

In  a general baroclinic case, as it is seen from 
the analysis, the solution is presented as a 
linear combination of the barotropic models 
with different parameters a:. 

2. The solution of the prognostic equation 

In the numerical forecasting schemes of the 
pressure field based on the idea of quasi-geo- 
strophic or quasi-solenoidal character of the 
motion the following equation is usually used: 

where M is a linear differential operator of the 
elliptic type affecting only the coordinates. The 
explicit forms of this operator and of the right- 
hand part depend on the method of treating the 
original equations (8, 9). In practice, the solu- 
tion consists in the determination of the inverse 
operator that affects the coordinates only. In a 
symbolic form the solution may be expressed as 
follows: 

aH 
at 

-- = M - ' [ P ( x ,  y, t, H ) ]  (2.2) 

Since the purpose of a forecast is to determine 
H as a function of coordinates and time, the 
geopotentional field is obtained by time inte- 
gration of the expression (2.2). 

H = H' f M-'  [F (x, y, C, H ) ]  dt,  s: 
or, since the operators ji . . . dt, and M-' are 
commutative and bounded: 

H = Ho + M-'  [ J: F(z ,  y, 5. H )  dt,]  . 

The right-hand side of (2.1) is in general also 
a differential operator operating with regard to 
coordinates only. Therefore the problem of de- 
termining H as a function of coordinates and 
time should be formulated as a Cauchy problem. 
In  (2.1) the function H = H  (2, y, c, t )  is to be 
found when known at initial time. However, 
since the non-linear operator cannot usually be 
inverted in explicit form it is not here possible 
to obtain an exact solution. In  order to solve 
(2.1) it is therefore convenient to consider the 
optimal operator on the left-hand side which 

operates with regard to coordinates and time and 
which can be inverted explicitly. Such an ex- 
pansion operator can be found, for instance, by 
including the term DaHjax, representing the 
variation of the Coriolis parameter (THOMPSON, 
1961; KOGAN, 1957; GATES, 1953). 

The prognostic equation may be written 

--t"--+m a a aH A - i - + m  aH zaz 
a< a t  at at ax 

and should be solved under the initial condition 

and the boundary conditions 

a2H a H  t = 1  - + E l - =  - -  
atat a t  

Here m is the parameter determining the in- 
fluence domain 700-1000 km, and ( A , B )  de- 
notes a Jacobian. 

Equation (2.3) may be solved in the same 
way as equation (1.2). 

Using the Laplace-Carson transformation we 
obtain the equation 

which should be solved a t  the boundary condi- 
tions 

Here F and f denote the right-hand part of 
(2.3) and (2.5) respectively, and 
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The form of (2.7) is similar to that of (1.4). 
Therefore it may be solved in the same way. 
Using the finite-difference scheme with respect 
to 5 and taking into account the boundary 
conditions we obtain a t  level k 

where L is the operator (1.5). 

tion for the eigenfunction 
After canonization we find following equa- 

where I$) are the linear combinations of the 
corresponding values a t  all levels and iif are 
eigenvalues. They are proportional to mp and 
depend on the method of dividing the atmos- 
phere into layers. The regular solution of this 
equation a t  Vm+ca is expressed as: 

In order to find the original it is necessary to 
use the Riemann-Mellin inversion formula. After 
some transformations the solution in explicit 
form may be expressed as: 

x [vj (r ,  0) GF) (r ,  0 )  t v:"' (r, e)] r dr d 0, 

where f$) and GY) are Green functions 

Gjm)(r ,  0) = - - lm E m - ' R r n ( t ,  t )  

(2.9) 

,w, 

+ n 4 /o'iza'~m-lQ,d.$. (2.10) 

R ,  and Q, are the same as in (1.12) but 
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To clarify the solution the simplest case of a 
one-level model is discussed here in detail. It 
is easy to obtain this case by putting 2, = 0 in 
(2.8). (It is possible to start directly from the 
equation 

the result is the same.) 
The Green functions in this case may be ex- 

pressed in a form more suitable for the analysis. 
It may be shown that in (2.11) the function 
K , ( / ? r / 2 p )  is to be used instead of 

In  order to find the original, tables of Laplace- 
Carson transformation may be used (DITKIN 8. 
KUZNECOV, 1951): 

K,(2 VG) sin 1/2/?r(l+cos 0) ( t - t , ) d t ,  lo Vt,  
and 

'KO (2 V/?T) cos v2 /?T (1 i- cos 0) ( t  - t , )  dt, 

= lo Vt,  VG 
After introducing the variable t, = t q2 these in- 
fluence functions will be expressed in a form 
more suitable for calculation 

4 t  
91= -1 x 

X/01Ko(2~@q) sin ( 1 / 2 / ? r t ( l + ~ o s 0 ) ( 1 - ~ ~ ) ) d ~ ;  

4 
90 = ; 

K0(2V@q) cos (j/2/?rt (1 + cos 0) (1 - 7')) dq 

V G  
(2.11) 
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t =A8 I 

FIG. 4. 

With this notation the solution of the prog- 
nostic equation for a barotropic model will be 
expressed as 

consider a simple example of the exact solution 
for a Rossby wave. 

H = H o  ~ uy + be ~ 1 [ I ' ( x  ~ c t ,  + U Y l  

H(z, Y, 4 = H "  (I, y) 

It is easy to check that the solution of the 
equation Fig. 4 shows the values of functions go and 

It is easily seen that in comparison with the 

tion for aHjat, the method discussed here, 
allows for a small increase of the time step. We 

gJt at different times. (T in los km). 
aAH aH 1 - + B  - == -~ ( H , A H )  

conventional method of solving the elliptic equa- at ax 1 

for the time step 6 t  is of the form: 
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Using t h e  conventional method we obtain 

It is evident t h a t  the  solution of (2.15) is nearer 
t o  the exact solution than that of (2.16), be- 
cause the wave amplitude in  (2.15) is a periodic 
t ime function, whereas in  (2.10) i t  increases 
monotonically, and (2.16) will coincide with the  
exact solution at U = 0. Similar conclusions a re  
t rue for baroclinic models. 

Some examples of forecasts for small areas 
were computed with the help of the  method 
presented here. 

3. Some additional results and conclusions 

It was essential t o  determine the mutual  in- 
fluence of fl-effect and orographic effect. The 
investigations (HVEDELID7E, 1961) show that 
i n  the case of a short-range forecast of the  geo- 
potentional field near small mountain ranges 
of the Caucasus type the  orographic influence is 
greater than the /?-effect. Near the large moun- 
tain ranges such as the  Rocky Mountains, ex- 
tending along the meridian, the contribution 
of both factors is comparable. 

The adaptation t o  the zonal motion at low 
latitudes, where B is great, is quicker than at 
high latitudes. In numerical forecast schemes of 
pressure and wind fields for the  areas covering 
near-equatorial regions, more detailed account- 
ing of the  variability of the Coriolis force will 
lead t o  more accurate results. 

The suggested method may also be used in 
the  case of quasi-solenoidal models in  order to 
account more in  detail for the  sphericity of tho 
Earth. 
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