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ABSTRACT 

By means of the solution of the linearized equation for the vertical components of the 
vorticity, the stream function is estimated using the data for the vertical motion. The 
exact method for solving the finite-difference analogue of the differential equation by 

spherical coordinates is discussed. 

1. The problem of determining vertical ve- 
locities according to the field of stream function 
(or according to the geopotentional field) has 
become classical. This method has been used 
because of the fact that the vertical component, 
of wind speed in the atmosphere cannot be 
measured with instruments, and the meteoro- 
logists were obliged to express it through some 
characteristics of the atmosphere state, meas- 
ured, for example, through the geopotentional. 
In  theoretical and applied problems, however, 
we may meet with the inverse problem-the 
problem of determining the field of stream func- 
tion according to the distribution of vertical 
velocities. As an example of such a type of the 
problem we shall take the problem of an air 
current flowing round a mountain barrier. In 
this problem we usually use the equation for 
the stream function integrated under appropri- 
ate boundary conditions. 

For the large-scale motions, the boundary 
conditions may be used for determining the ver- 
tical currents over the mountains giving simple 
relations between a vertical component of cur- 
rent velocity and the form of the relief. Thus 
the problem is to determine the character of 
large-scale currents in the atmosphere in the 
surroundings of mountains under given vertical 
motions. 
______ 
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To determine the stream function for this 
case the equation of vorticity linearized relative 
to zonal current was used (MUSAJELJAN, 1960) 

cosO--aa  arl P P sine- . aPrl (1.1) 
a l  seal ’ 

where 1 is the geographical longitude; 8 is com- 
plementary to the latitude (0 = $ 1 ~  - q); 01 and 
are the indices of the atmospheric circulation 
over the “mean level” and on the top of the 
mountain respectively; w is the angular velocity 
of the earth’s rotation; ‘y is the stationary non- 
zonal part of the stream function on the mean 
level of the atmosphere; a, the mean radius of 
the earth, v the coefficient of the horizontal 
turbulent mixing; z = t ( 0 ,  A )  is the equation for 
mountain surface; and H = RT,/g = 8 x 10’ m. is 
“the height of the homogeneous atmosphere”, 

4 

The use of this equation for the determina- 
tion of the stream function in the climatological 
aspect (stationary problem) has given positive 
results (MUSAJELJAN, 1960). This result can be 
successfully applied to the solution of general 
non-stationary problems. 
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2. We shall express the linearized equation 
(1.2) as follows: Y ( e . z , : ) =  

We assume that we can somehow determine Now we shall discuss the method for solving 
the distribution of the verical component of eq. (1.2)l  by means of the finite-difference 
wind velocity, i. e. the function v, = v, (&A, z , t )  method under the following initial and bound- 
is known, and the stream function y = y(0, A, z ,  t )  ary conditions for an unknown function y': 
is to be determined. 

vorticity equation, expressed as follows: 
For this problem we shall take the non-linear a t  t = o v'(e, A, Z ,  0) = A, Z) 

a t  0 = 0 y'(0,  A, z, t )  limited. (2.2) 

W1 cp:"' fl 

f ,  v[s , ~ { l \ , t ) =  . 
: (u= 1,2,3) I : 

, E ; e , z . : ) =  . . a'z"' 

1 av a t  0 = n / 2  y'(n/2,A, Z, t )  = 0 a*+- (Y, AV) + 2 0  - f (e,  A, z t ) ,  (1.2) 
at u4 sin e 

Furthermore, the function y' must satisfy the 

a y a A y  a y a A y  
a 1  ae ae  aA ' 

where ( y ,  Ay) = - ~ - - - 

conditions of periodicity and continuity along 
1, given by 

We shall express this equation as a finite- 
difference equation in time, choosing the central For the notation (') On the func- 

tion y' will be omitted in further discussion. differences; 
If we assume that 

dt a p  
Ay") + ~ ( y ~ ,  Ay)(l) + wdt - 

2aP sin e aA 
(2.4) 

dt aw") 
2aa sin e aA then at every straight line A =A,= 2nj /n ( j =  1, ( y ,  Ay)"' - oat ~ 

= A,,,(o) - ~ 

dt + 2 (f'" + f 'O' ) .  

2, . ... n) we may write down the original eq. 
(2.1), and thus will obtain the system of differ- 

(1.3) ential equations as follows: 

LA=A,(w) = f (0 ,  A,, z , t )  = fAe, z , t )  (i = 1, 2, . . . , n). When cy"), (y ,  Ay)") and f"' are known, this equa- 
tion may be solved by an approximate method (2.5) 
of iteration (SADOKOV, 1960). 

As the first step we shall take eq. (1.2), line- 
arized relative to the zonal flow Ua(0, z )  under 
the conditions that 

Now we introduce the complementaT 
tion 

P ! $ " ( ~ )  = &')(e, Z, t ) ,  vy) =W, 

Y = &e, Z) + w'(e, z , ~ ,  t ) .  (u= 1,2,3; j =  1,2, ... , n )  (2.6) 

In this case an exact solution of the finite- 
differential analogue of this equation might be 

and from functions y,, py' (u = 1,2,3), f, we 
shall compose matrices 

/ I  vnll 
Dependence of the function w! from z ,  and a 

and a from z and t in eq. (2.1) is parametric. Eq. 
(2.1) at / = O  was described in (CHECIRDA, 1961). 
where it is shown that dependence of the function 
a from 0 is important. 

(2.1) av' + 2(2(e, Z, t )  + 0 )  - = f(e, 1, Z, t ) .  
all 
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D =  

Then, the equation system (2.5) may be ex- 
pressed in the matrix form: 

then according to equalities (2.8) and to condi- 
tions of periodicity and continuity, relations 
between matrices @(”) and Y for functions y’ 
(2.3) will be as follows: a 

- [L,(Y)  + a+2)] + c r [ ~ , ( @ ( l ) )  + 
at 

I Q t 1  

) Y, + 4 ( h + w ) ~ i n ’ 8 ~ ‘ ~ ’ = s i n * 8 F  (2.7) sA@= 2 B ~ ) ( D P - D - P  

P = l  

a a  Q + 1  

P = l  
&OD‘2’= -A&”Y+ 2 AL?(DP+D-”)Y,  (2.11) L, = sin 8 - sin -- . 

It appears that eq. (2.7) will have sense if we 

we use the central finite differences to express 
P c ) ( Y ) ,  then 

ae ae 

) Y. cr) ( D ~  - D - p  g;a(s) = 
can express matrix @(’) through matrix Y. If P = l  

It is possible to show that 

According to the properties of the trigonometric 
functions it follows that 

0 1 0 ......... 0: 
0 0 1 o...... 0~ 
0 0 0 1 0 ... 01 (2.10) W:c)+ W:s)=E, W(c)W(s)= W(s)W(c)=O, (2.14) 
.................. L” == Lg; + i L g ,  L-” = L”’ ( P )  

(C) - .L(S) 9 (2.15) 
0. 0 1 ‘  

I ........... 

D =  WLW*, W‘= W ,  WW*= W * W = E ,  (2.12) 

where W is a fundamental matrix for matrix D, 
W* is a Hermitian-conjugate matrix to matrix W ,  
L = {x , ,  xa, .... x,} is a diagonal matrix with ele- 

a t 1  

P - 1  
s: rpy = - + 2 ALQ)(lpltP + y j - p )  + Oa(&Q+2), 

2R 
SA=Ajtl-Aj=-.  

n 

merits-igen numbers of matrix D, E is a uni- 
tary matrix. And 

1 (3.13) 

w = W(C) + a(,), 
w* = w(c) - iW(,), 

J L = L‘” + &‘I) A method for the determination of concrete ( C )  (9, 

expressions for the coefficient and residual terms 
in (2.8) may be found in (MIKELADZE, 1940). 
In  our case q is an arbitrary constant, satisfying 
the following inequality: 

where 

1 2Rj1 w(c) = 11 w$) 11; Wj?) = - cos ~ ; vn n 

When solving the boundary value problems 
according to the finite-difference method with the 
help of matrix D, it is possible to satisfy the periodic 
boundary conditions (2.3). The problem of such a 
type is discussed in NEMCHINOV (1962). 
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2R 
xb“’ = 1, x p  = COB - , 

n 

2R 
xg’ = 0; x r )  = sin - . 

n 

I t  is easy to see that if we know only the 
limited number of constants with high degree 
of exactitude-cos (2n/n), sin (2n/n)-it is pos- 
sible to determine all the elements of matrices 
W(c),  W(s), and values xy ’ ,  xy ’ ,  xj: ”’, W;> ” using 
the recurrent formulae (2.16). As 

(2.17) 1 D” + D-” = 2 WLl$ W* 
Dp - D-” = 2iWLlf)) W* 

then equalities (2.11) may be expressed as fol- 
lows: 

1 61 @(” = iwA(” W* y, 

&@(”= W(A‘2’-ALa’E) W*Y, (2.18) 

&@@’ = i wA‘s’w* y, 

where A(’’ = {A$”}, A“’ = {A)’)}, A@’= {A:’)} are 
the diagonal matrices with elements 

(2.19) t a+1 
A:’’ = 2 2 Aba’xji’, 

P = l  

a 
A$’= 2 2 Cba’ xy,’. 

P - 1  

Excluding matrices a(“’ (u= 1,2,3)  from (2.7) 
with the help of (2.18), we now obtain the 
equation for matrix Y: 

a 
- [&L,(Y) + W(A‘2’-A&a’E)W*Y] 
at 

1 

dA 
1- ia [&L, ( WA”’W*Y) + - WA‘s’W*Y] 

+2i&(:+ W)sinsOWA“’W*Y =S:sinzOF. 
(2.20) 

As the elements of matrices W, W* and A do 
not depend on the variable 8, they are com- 
mutative with an operator L,. Then, introduc- 
ing matrices 

w * y  = y* = w y - iw y = y ( C )  - iy@’, 
(C’ (8’ 

W * F = F * = W  F - i W  F=J‘(C’-iF(S’ 
(0 ( 8 )  

(2.21) 

and muitiplying eq. (2.20) from the left. by 
matrix W*, and taking into consideration that 
W* W = E, we obtain the canonic equation (2.20) 

-t2i&(:+o) sinP8A(”Y*=6:sin’OF*, (2.22) 

which is the matrix system of n independent 
nonhomogeneous differential equations along 
variables 8 and t ,  the right-hand components 
of matrix Y* correspond to the components of 
matrix F*. 

If q(’’ and $” are the components of ma- 
trices Y* and F*, then for $8) and I”’ we 
shall have a system of independent equations 

+ (: + o) A)’’ sin’ = S: sin’ e j ”  , (2.23) 

instead of (2.22). 
To simplify the notations we shall remove 

(i) from functions i$’’ and Fen. Then we assume 
that 

Then, instead of (2.23) we obtain the following 
differeniial equation: 1 

Operator becomes singular at 8 = 0. According to 
KELDISH’S (1951) investigation, however, eq. (2.26) 
will have the only and bounded solution at 0 = 0. 
Thus, the boundary conditions for the function y’ 
give the unique solution of the boundary problem 
for eq. (2.25). 
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(2.25) 
where 

d dijQ 
Q(0) = 2'3'(0) sin 8 - sin 0 - 

d0 dB 

Now we shall solve eq. (2.25) also by means 
of a finite-difference method. For this purpose 
we shall divide the interval (O,n/2)  into seg- 
ments 6e=Om+l-Om=n/2 (N+ l ) ,  by means of 
points 0, = nm/[2(N+ l ) ]  (m = 1,2, ... , N). Then 
it will be possible to show that the differential 
operator in (2.25) may be represented as 

&j sin 8- sin e- 
de d0 e a r n  

mYm- l -KmY1+HmVL+l  + O(S:), (2.26) 

where W' (0,) = vL, 
6e G, = sin' 0, - - sin 20,, 
2 

6e H ,  = sin' 0, + - sin 28,, 

K ,  = 2 sin' 0,. 

2 

Note, that 

88 . G 1 = s i n a & -  sin 2S,9=46:+ ... =O(at).  (2.27) 

So, as the values O(& and of the higher order 
are neglected in this problem, we assume that 

a, = 0. (2.28) 

2 

Inserting for the operator in (2.25) the ex- 
pression from (2.26) we obtain the following 
finite-differential equation relative to functions 
-1 l ( C )  . l(S) Yrn=Yrn -Vrn 

a m Y m - 1 -  -1 R mvrn -1 + H  m Y m + l = Q $ ) + i & ( m 2 ) ,  -1 (2.29) 

where 

Eq. (2.29) may be solved by means of the 
recurrence formulae (GODUNOV & RJABENJKII, 
1962) system as follows: 

The conditions of (2.31) are the result of (2.28) 
and of boundary conditions for the unknown 
function ry'. 

As a,, R,, H,, and v', are complex, then 
according to (2.30) &,, and vrn will be complex 
too. Thus, in order that we can use the for- 
mulae (2.30) immediately, they should be ex- 
pressed separately for real and imaginary parts 
of functions Bm, 7, and &. Let 

and, as q', = y~?)  - iryz'), then probably instead 
of (2.30) we shall have the following system of 
recurrence formulae 
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where 

System (2.33)-(2.35) must be solved n times 
depending upon the number of different values 
A;'), Aj2) and A$') ( j =  1,2, ..., n).  As a result of 
this solution we shall have two sets of values 
for every index m: 

(2.36) 
(pY3 ( i = 1 , 2  ,..., n; m = 1 , 2  ,..., N ) ,  

U S )  Y m , j  ( j =  1,2 ,..., n; m= 1,2 ,..., N ) .  

From this we may construct two vectors, fixing 

Then, multiplying matrix YF' by W(') 
the left, and matrix Y?) by we obtain 

, N ) .  

from 

But according to (2.14) 

WFc) + W &  = E 
then 

y(em, Z, st)  = W(~)YF) + w(~)Y!P. (2.38) 

After the multiplication of matrices is ac- 
complished a t  the right-hand of equality (2.38), 
we obtain the components of matrix Y(Om, z,  at) :  

y(Orn,A,,z,dt) (m= 1,2, ..., N ;  i= 1,2, ..., n), 

(2.39) 

which are the unknown solutions of the prob- 
lem concerning the determination of the stream 
function tp' at the given descrete grid of points 
(Om, A,) (m= 1,2, ... , N ;  j =  1,2, ..., n). The proce- 
dure of solving the problem being discussed 
here, is a direct method of realization of the 
finite-differential analogue of the boundary 
problem according t,o the determination of cy', 
it includes a relatively small number of neces- 
sary arithmetic operations and it is stable to 
the round-off errors. 
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