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ABSTRACT 

In a discussion of possible parametric repreeentations of the state of the atmosphere 
it is shown that the common use in numerical prediction models of parameters directly 
given by the height of certain pressure levels is inefficient. An alternative method is 
suggested where atmospheric variables are expanded in empirical orthogonal functions. 
The expansion takes for height data the form 

where P, (p )  represents an area average and the functions Fk(p)  and the coefficients 
zk(z ,  y, t )  are determined using a least square residual condition and a condition of 
finality. 

Expansions of this type have been made on height and wind data for eight days. 
Results from these expansions are given. The convergence is found to be surprisingly 
rapid and two or at most three modes are sufficient for an accurate description of the 
large scale structure of the troposphere and the lower stratosphere. The form of the 
pressure functions in the lowest modes is found to be approximately conservative. 

Finally, maps of the coefficient fields are presented and a brief discussion given of 
a case of pronounced baroclinic development. 

1. Introduction 

The experience from numerical forecasting 
during the past decade has very clearly shown 
that the equivalent barotropic model repre- 
sents a surprisingly good first approximation 
to the atmosphere. During the same period it 
has also become evident that  baroclinic models, 
even though they seem to provide for a more 
correct and detailed description of the vertical 
structure of the atmosphere, do not increase 
forecasting accuracy in the middle troposphere. 
The reason for this is not yet known. Except 
in a few respects, recently reviewed by GATES 
(1961a), we have no means to decompose the 
complex error fields of a forecast into compo- 
nents directly related to different kinds of 
model approximations. The research aiming at 
improved forecasting will therefore to a large 

The research reported in this article has been 
sponsored in part by the Cambridge Research 
Laboratories, OAR, through the European Office, 
Aerospace Research U.S. Air Force. 
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extent have to be based on a method of trial 
and error and on informed guesses. 

Here a further difficulty is that  a test will 
be conclusive only if a definite improvement is 
obtained. A negative result, like the persistent 
failure of baroclinic models t o  meet expecta- 
tions of better forecasts, may indicate that in 
a second approximation to the atmosphere one 
should also include some or several other fac- 
tors, friction, topography, nonadiabatic heating, 
small order terms in the equations, etc. But it 
is equally possible that the poor results are 
due to an inefficient choice of the parameters 
in the model which should represent the baro- 
clinic state of the atmosphere. 

In order t o  investigate this point in an ideal 
case one would have to determine some neceseary 
conditions that a set of forecasting parameters 
should fulfill with regard not only to  their 
determination from available initial data and to 
their use for representation of some wanted 
fields in a forecast atmosphere, but also and in 
particular to the requirement that they should 
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2. Series expansions 
In an ordinary finite difference model the 

height field may be expressed through a series 
expansion of the form 

Z(P,~,Y) = ~ , ( P ) Z ~ ( P , , ~ , . Y )  + a * *  +an(P)zn(Pn,z,Y) 
(2.1) 

where p , ,  ...,pn are the levels for which the 
heights Z,, ..., Zn are given and the functions 
al(p) ,  ..., an@) are stepwise linear influence func- 
tions of the form given in Fig. 1. This expansion, 
which admits computation of first order vertical 
derivatives, will have large residuals a t  inter- 
mediate levels if the number of terms is kept 
within reasonable limits. A first  improvement 
may be obtained by using the observed fact 
that the atmosphere has a well defined average 
vertical structure around which the variations 
are relatively small. We therefore define a 
horizontally averaged height function Po@) by 
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FIG. 1. Influence function in finite difference model. 

be suitable and efficient when introduced in the 
forecasting equations. Even if this latter condi- 
tion has been considered to varying degrees in 
existing models, it is not easily formulated in a 
precise way. One may, however, avoid this dif- 
ficulty by using instead a more general condi- 
tion of maximum descriptive capacity of the 
parameters, a condition which is probably not 
necessary but certainly will be sufficient since 
it implies that at  each instant and with given 
values of the parameters one should be able to 
describe correctly the state of the atmosphere 
at all heights and thus also have basic data 
for computation of local time derivatives. 

With this change in the intentions the pro- 
blem has been brought to a point where suf- 
ficient information can be obtained from a 
statistical treatment of observational data. It 
has also in a certain sense become more general 
with obvious implications in the field of data 
handling and transmisaion and in general for 
descriptive and statistical purposes. 

It is natural with regard to the observations 
that we should limit ourselves to the pressure 
interval 1000-100 mb and also that in the first 
instant we consider the use of height data. It 
is the intention in the following section to 
discuss a few possible methods for this repre- 
sentation and to investigate more closely the 
one that seems to give the best result with 
regard to the number of parameters required 
for a certain accuracy. 

where S is a large area, comparable with the 
size of a hemisphere. We further define devia- 
tions z ( p , z , y )  from this standard atmosphere 
through 

Z(P ,Z ,Y )  = Z ( p , z , ? / )  -Po@). (2.3) 

The time dependence has been left out of con- 
sideration, since for the moment we are inte- 
rested only in conditions a t  one given time. It 
is to be expected, however, that time variations 
in Fa@) will in general be small and mostly of 
a seasonal character if S is chosen sufficiently 
large. Evidence for this will be given later when 
numerical results are discussed. 

A second improvement may be obtained if we 
further observe that there exists in the atmo- 
sphere a vertical coupling between the devia- 
tions a t  different levels which is sufficiently 
strong to keep characteristic scales and phase- 
speeds almost independent of height. By giving 
the influence functions a more general form one 
can use the interrelation between the levels 
p l ,  ...,pn to exclude some of the terms in the 
series expansion and still have the desired ac- 
curacy. In order to determine the levels that 
should be retained because they provide the 
most efficient parameters, we write the expan- 
sion of the height deviations formally as 

Tellus X V  (1963), 2 



PARAMETRIC REPRESENTATION O F  ATMOSPHERE 129 

n 

k = l  
Z(p9 x, y) = 2 a k ( p )  z k ( p k ,  2, y) - r ( p ,  2, y) (2.4) 

and require, using the ordinary least squares 
method, that the variance of the residual 
r ( p , z ,  y) should be minimum when integrated 
over the total mass of the atmosphere. The 
total variance is 

where P represents the pressure interval, 100- 
1000 mb. 

Taking the variation of (2.5) with respect to 
p , ,  ...,pn, we obtain the conditions for a sta- 
tionary value of R 

etc. 

This system is made complete through a 
variation with respect to a l ( p ) ,  ..., un(pn), where 
we have to observe that the variation in these 
functions should be arbitrary for each value of 
p .  The pressure integrals are therefore eli- 
minated and the result is 

etc. 

(2.7) 

Since the unknown pressure levels p, ,  . . . ,pn 
do not enter explicitly in the system (2.6) and 
(2.7) we cannot in a direct way obtain the solu- 
tions from given data on z. The procedure to 
follow in numerical machine computations will 
not be discussed here in any detail since the 
system will be the subject of a special investiga- 
tion to be reported later. For our present 
purpose it is sufficient to point out that one 
may determine two different types of solutions. 

In  the first case one has to decide beforehand 
the number, n, of parameters to be used. The 
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system (2.6) and (2.7) is then solved by testing 
the total residual R in a systematic way for 
different combinations of p , ,  ...,pn; the func- 
tions u l ( p ) ,  ..., a&) being determined from (2.7) 
for each combination. The procedure is not 
very complicated if n is small but it is possible 
that several combinations may be equally good. 
With this method the expansion (2.4) will not 
have the character of a convergent series since 
the terms will be of equal importance. The 
result is that the pressure levels and the func- 
tions will not have a property of finality since 
addition of one more parameter will necessitate 
a recomputation. 

In  the second case the condition of minimum 
residual is successively applied for each addi- 
tional term in (2.4). With this requirement of 
finality maximum convergence is ensured for 
each step in the expansion and the first term 
will be dominant. This means that ctl(p) will 
reflect a mean structure of the height deviations 
and, due to quasigeostrophic balance, be similar 
to the function A ( p )  for the variation of wind 
with height, first introduced by CEIARNEY (1949) 
in connection with the definition of the equi- 
valent barotropic atmosphere. The following 
terms in the expansion will then show the devia- 
tions from this general state. 

The advantage obtained through this pos- 
sibility of interpreting the results and the 
further advantage of having in a prognostic 
system parameters that are of different orders 
of magnitude and therefore will allow for ra- 
tional approximations, has here been taken as 
a sufficient reason for adopting the requirement 
of finality as a principle in the expansion. 

We have so far only considered parameters 
that are directly given through the heights of 
certain pressure levels. This has in fact restricted 
our possibilities of obtaining a fast convergence. 
In  order to show this, consider the relation 
obtained from (2.7) for determining a , ( p ) .  It is 

Let us now multiply (2.4) by zl(pl,x,y) and 
integrate over S. Taking the relation above 
into account, we find 

L L 



130 INGEMAR HOLMSTROM 

It is seen, that if a , ( p ) ,  ..., an@) were independent 
functions, then each area integral should vanish 
separately. Due to the vertical coupling it is 
clearly not possible to find an arbitrary number 
of height fields that are uncorrelated with 
z l ( p l , x , y ) .  The pressure functions a l (p ) ,  ..., a n ( p )  
are therefore necessarily correlated in the verti- 
cal and contain to some extent common infor- 
mation. The disadvantage of not utilizing the 
full descriptive capacity of the parameters seems 
to have been first pointed out by BOLIN (1953) 
in a general discussion of multiparameter 
models. It may be avoided here, however, if 
in (2 .4)  we drop the requirement of directly 
given values for the parameters. Let us restate 
the expansion as 

where the coefficients now are undetermined 
functions of x and y and the notation for the 
pressure functions has been changed. Since 
numerical values are not fixed for Zk or Fk, 
we need here a normalizing condition. The most 
convenient is 

(2 .9 )  

since it will give values to the co-efficients z k  

that are comparable with the height variations 
of a pressure surface. We now apply the same 
minimum condition to the residual as before 
and also a condition of finality. This gives the 
following set of equations 

(2 .10)  

where use has been made of (2 .9) .  The first pair 
of equations forms a complete set for deter- 
mination of zl(z,y) a t  all the points and of 
F l ( p )  for all the pressure levels for which 
z(p,z ,y)  is given. With this solution known, 
the second pair of equations can be solved and 
so on. 

In  order to prove the expected orthogonality 
properties of the expansion we multiply the first 
equation in the first pair by z2 and integrate 
over S and the second equation in the second 
pair by F ,  and take a vertical average. We find 

It is obvious from these two equations that 
F ,  and F ,  must be orthogonal since the inte- 
grated value of z: cannot vanish. By using the 
remaining two equations it is easily shown that 
also z1 and z, are orthogonal over S. Extending 
the proof we have 

(2.11) r 

1 if k = m ,  
:IPPkFrndP=( 0 if k+m,  

These properties ensure that the expansion 
in what may be called empirical orthogonal 
functiona will give the fastest possible con- 
vergence and that, with certain limitations due 
to the condition of finality, a minimum number 
of parameters will be required for a description 
of a given accuracy. The expansion has here 
been discussed in terms of height values but is 
naturally quite general and may be used for 
analysis of any set of data where some kind of 
regular behaviour is expected along the axis 
of one of the independent variables. 

Since the method is not well known and its 
application to meteorological problems seems 
promising,l it is the intention here to give a 

Reference should here be made to a paper by 
OBUKHOV (1960), published during an early stage of 
this work, where an identical form of expansion 
was derived. Obukhov applied it to two cases of 
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rather detailed account of some of the results 
that during the course of a more general in- 
vestigation have been obtained by expanding 
height, wind and to some extent also tempera- 
ture data. This will also provide a suitable 
background for a following paper where an 
attempt is made to apply the results to the 
thermohydrodynamic system of equations. 

3. Computational procedure and basic da ta  

In the program for solving the system (2.10), 
together with the condition (2.9) and the rela- 
tions (2.2) and (2.3), all horizontal integrations 
have been replaced by a pure summation over 
available data, independent of the network 
density. This means that continental areas have 
been highly overrepresented, while areas with 
poor data coverage have been given little 
weight. The reason has been a desire to simplify 
the computations and the preparation of data 
and also to avoid the very large influence that 
observational errors in soundings from remote 
stations otherwise would have. 

Integrations over the pressure interval 1000- 
100 mb were made using the trapezoidal rule 
in steps varying between 50 and 200 mb. After 
determination of F ,  and z (eq. (2.2) and (2.3)) 
the first pair of equations in (2.10) was solved 
by an iterative procedure, using a first guess 
on F,. The convergence was rapid even with a 
crude first guess. With known values for z1 and 
F, for all stations and all levels, the residuals 
z -2, F, were computed and the second pair of 
equations in (2.10) solved for z, and F, through 
the same iterative procedure, using a first guess 
on F,, etc. 

The first computations of this type were 
carried out using the Swedish computer BESK 
on 256 temperature and wind soundings from 
00 GMT, June 18, 1959. In  order to simplify 
the preparation of data the levels 1000, 850, 
700, 500, 400, 300, 200, 150 and 100 mb were 
chosen. Soundings not reaching 100 mb were 
discarded. Missing height values for the inter- 
mediate pressure levels were obtained through 
interpolation on a z-logp diagram and missing 

24-hour height changes. The pressure interval was 
300-1000 mb. The convergence in the expansion 
was found to be so rapid, that a reasonable accuracy 
could be obtained using only two modes. A continua- 
tion of this work has, however, not yet been re- 
ported. 
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height values for the 1000 mb level through 
extrapolation from the nearest higher level on 
the assumption of a temperature gradient of 
0.55”/100 m. Only 5-10 per cent of the sound- 
ings needed completion in this way. 

The wind data were divided into u and v 
components and when necessary interpolated, 
assuming a linear variation with height. The 
same levels as for the heights were used, includ- 
ing 1000 mb, where for simplicity the wind W&B 

assumed to vanish. The wind components were 
expanded separately and without first taking a 
horizontal average. The computations for this 
day were continued up to the fourth mode and 
the program also included determination of 
r.m.8. values of the coefficients and the residuals. 

The analysis of the results from 18.6.1959 and 
from a few preliminary tests showed the need 
for a more comprehensive and detailed study. 
For this purpose data were prepared for a 
period, 21.10.1959-27.10.1959 (which is here- 
after referred to as “the October period”) dur- 
ing which pronounced baroclinic developments 
took place. A new and more complete program 
was made for use on IBM 7090. 

The levels chosen were 1000, 925, 850, 775, 
700, 600, 500, 400, 300, 250, 200, 150 and 100 
mb. Besides height and wind the input data 
also included temperature for a more correct 
height interpolation and for a hydrostatic 
check. Rejected soundings were later on cor- 
rected and, together with those for which 
extrapolation to 1000 mb was required, they 
were used only for a separate computation of 
additional coefficients in the horizontal fields. 
These computations were made using the equa- 
tion 

where for each Fk a mean value was taken for 
the October period. 

The processing of wind data included separa- 
tion into components and linear interpolation 
in order to obtain values for levels not given in 
the reports. The assumption of a linear wind 
profile, which was made in order to simplify 
the program, is of course very crude a t  levels 
where the pressure functions show large curva- 
ture. These points have therefore not been used 
in the analysis of the results. The pressure 
interval in the wind computations started at 
925 mb. Since data for this level are not usually 
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TABLE 1. 

Date 
~~~ - 

21.10 22.10 23.10 24.10 25.10 26.10 27.10 

No. of soundings used for com- 
putation of Fk and 2, 327 281 292 275 286 330 286 

No. of soundings rejected by 
hydrostatic check 40 48 31 29 34 18 30 

No. of soundings corrected or 
extrapolated to 1000 mb 78 70 44 65 57 41 50 

No. of wind observations 220 183 187 176 161 185 180 

given in the reports, the 950 mb winds were 
simply taken without correction. In about 10 
per cent of the cases where 950 mb winds were 
missing, 850 mb winds were used, again without 
correction. 

Table 1 gives the number of observations 
that have been used in the computations for 
each separate day of the October period. 

4. Results from expansion of height 
Very little day to day variation was found in 

the general form of the functions Fk(p)  and it is 
therefore sufficient to show, Fig. 2, the results 
from one of the days. The curves have been 
drawn to go as smoothly as possible through all 
points computed. It is obvious from Fig. 2 that 
surface and stratospheric variations are taken 
up only to a reduced extent by the first mode, 

-2 -1 1 2 

FIG. 2. Preasure functions Fk(p)  in expansion of 
height data for 24.10.1959. The figures indicate 
mode number. 

which instead is dominated by conditions in the 
middle and upper troposphere with a maximum 
between 200 and 250 mb. The second mode in 
the interval considered has its highest value a t  
1000 mb and will therefore be dominated by 
height variations in the lower troposphere. 
These will also to some extent be taken up in 
the higher modes, but one should note that the 
influence from Stratospheric height variations 
will gradually increase with the mode number. 

The convergence of the series is surprisingly 
rapid. The r.m.8. values of the first five coef- 
ficients (in meters) are given in Table 2 for 
18.6 and for the days in the October period. 
These values show the dominant character of 
the first mode and they also indicate from the 
values of the corresponding #'-functions that 
the fourth and the fifth modes represent height 
variations that a t  almost all levels are com- 
parable with observational errors. 

This is also evident from the r.m.8. values of 
the residuals (in meters), the vertical distri- 
butions of which are shown for one of the days 
in Fig. 3. The thick curve to the right represents 
total variation of height (r.m.8. of 2) while the 
other curves give r.m.8. values of the residuals 
for an increased number of terms in the expan- 
sion. It is seen that most of the height variation 
in the troposphere is taken up by the first mode. 
With the second mode present the residuals are 
further decreased except in the vicinity of 
400 mb, where the curves are in contact (since 
P t ( p )  vanishes at that level). With the third 
mode present the residuals are reduced to below 
20 m in the interval 125-1000 mb. With regard 
to the normal accuracy in initial data one would 
expect the observational errors to have a rather 
big influence on the form of the higher modes. 
Since these show no irregularities and in their 
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TABLE 2. 

Date 

Mode no. 18.6 21.10 22.10 23.10 24.10 25.10 26.10 27.10 

1 139 231 234 243 242 229 242 232 
2 37 44 43 44 40 38 43 45 
3 21 18 22 20 22 19 18 21 
4 11 11 10 10 9 10 11  10 
5 - 6 6 6 5 6 7 7 

general form seem to be consistent with the 
lower mode curves, one may assume that the 
errors mostly are even more unsystematic and 
therefore taken up in still higher modes. On 
the other hand, it is obvious that even if the 
fourth and the fifth modes represent real 
atmospheric conditions, their part in the total 
variance is so small that for most purposes 
they can be completely neglected. In  order to 
demonstrate this point even more clearly, 
r.m.8. values for the residuals are shown in 
Fig. 4 in terms of per cent of the total variation. 

Since similar results are also obtained for 
d l  the other cases that so far have been in- 
vestigated, it is evident that three parameters 
are sufficient and for many purposes even more 
than sufficient for a description of the height 
field. 

For practical application, however, it is also 
necessary that the pressure functions are con- 
servative. In  this respect the results from the 

October period indicate that the lowest modes 
do not change from day to day but also that 
there is a tendency for increasing day to day 
variability with higher mode number. Taking 
time averages over the October period of the 
functions Fk we calculate the standard devia- 
tions a t  different levels (Fig. 5) .  It is seen that 
a main part of the interdiurnal variation is 
concentrated in the top and the bottom of the 
atmosphere. The total standard deviations, in- 
cluding all levels, are 0.016, 0.086 and 0.133 for 
the first three modes. 

During this period large changes in the flow 
pattern occurred due to travelling waves and 
to some pronounced baroclinic developments. 
One may therefore assume that the uneven 
distribution of the observation stations and the 
variation in data coverage (see Table 1) are 
responsible for a significant part of the standard 
deviations given above and that even smaller 
values would be obtained with a more elaborate 

rn 

FIG. 3. Vertical distribution of residuals in expan- 
sion of height for 24.10.1969. 
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FIG. 4. Vertical distribution of residuals in per cent 
of the total r.m.8. variation at each level. 
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FIG. 5. Interdiurnal variation of Pl!p ) ,  P , (p ) ,  and 
F,(p) expressed as standard deviation from mean 
of the October period. 

choice of basic data. Therefore it seems clear 
that the first three modes may very well be 
conservative over periods that are long in 
comparison with those covered by ordinary 
numerical forecasts. 

Some information regarding the seasonal 
variation in the mode form is found in Figs. 
6a, b and c. Here mean modes for the October 
period are compared with corresponding modes 
for 18.6.1959 and also with modes calculated in 
one of the first tests, where data were randomly 
selected from the months December 1958 and 
January 1959 (altogether about 100 soundings 

0 a5 10 15 20 

Fig. 6 a .  

Fig. 6 b. 

extending to 50 mb). It is seen that the general 
form of the modes is preserved, but again 
rather large differences in data coverage make 
a detailed comparison difficult. The question 
needs further investigation. 

In practical application of the expansion in 
natural orthogonal functions one will primarily 
be interested in the horizontal fields of the 
coefficients which for practical purposes will 
have to be determined with the aid of some 
adopted standard form of the pressure functions 

. , . ,  - is  40 -a5 o a5 1.0 1.5 2.0 215 

Fig. 6c. 
FIQ. 6. Examples indicating seasonal variation in 
(a) P l ( p ) ,  ( b )  P,(p), and (c) P,(p). The thick full 
lines represent averages for the October period, 
thin full lines 18.6.1959 and thin broken lines 
results from a test computation (see text). 
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TABLE 3. 

R.m.s. variation 
due to  mode no. Relative 

Coeffi- Total r.m.8. variation 
Case cient 1 2 3 variation in per cent 

135 

1 21 0.1 0.9 0.1 0.9 

2.3 1.0 3.3 0.2 3.4 
za 4.9 0.3 1.5 5.1 

0.3 
11.8 
16.5 

2 21 1.7 1.7 2.3 3.3 1.4 
2% 9.4 0.7 2.9 9.9 23.0 
23 22.3 5.6 0.5 23.0 109.5 

(monthly mean values or equivalent). It is 
therefore of some interest to see the influence 
that a variation in the pressure functions will 
have on the computed values of the coefficients. 
Let us consider two different expansions 

Multiplying here by Fh and taking a vertical 
average, we obtain 

Now let = F, + A F n .  Noting, furthermore, 
that both sets of pressure functions must be 
normalized, we find 

Values for z, -2; have been evaluated for two 
different cwes, taking n and k equal to 1, 2 
and 3. In the first case, where AF,, is chosen to 
be small, F,, represents a mean for the October 
period and Fk one of these days (26.10). In the 
second F,, is unchanged but for 3'; values are 
taken from 18.6.1959. This choice will make 
AF,, larger than in a case where monthly mean 
values are used. The result is given in Table 3. 
The values chosen for z l ,  za and zg are in both 
cases 242, 43 and 21 respectively. 

The result here depends naturally on the 
correlation between the pressure functions and 
their variations. The distribution of the latter 
hes in these examples been chosen in an 
arbitrary way. It seems, however, that one can 
conclude that the field in the first mode is 
quite insensitive to comparatively large varia- 
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tions in the pressure functions and that this is 
true to some extent also for the second mode. 
With regard to the third mode the situation is 
different and the field is defined only if the 
proper pressure function is known. 

Regarding, finally, the averaged pressure 
function P o ( p ) ,  one can expect, in addition to 
a seasonal change, short period fluctuations 
due to variations in non-adiabatic heating and 
cooling and to differences in release of kinetic 
energy. A correct determination of the variation 
in the area average is difficult to make from 
available data since again differences in the 
data coverage will influence the result. During 
the October period the averaged height values 
show first an increase a t  all levels and then a 
steady decrease, again at  all levels. A computa- 
tion of the standard deviations from the mean 
gives 48 m at 250 mb and 10 m at  1000 mb and 
the r.m.8. value, integrated over all levels, is 
30.5 m. 

Whether a variability of this magnitude is 
serious or not depends on the specific purpose 
for the expansion in empirical orthogonal 
functions. For numerical weather prediction a 
general lifting or lowering of all pressure levels 
is not important since we are here primarily 
interested in gradients of the fields. It should 
be pointed out, however, that the deviations are 
not randomly distributed but have instead a 
vertical profile that is well described by the 
form of the function F,(p) .  Thus, writing 

where Po, represents the time average for the 
October period, we find the values for h, in 
meters given in the following table 
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Date 

21.10 22.10 23.10 24.10 25.10 26.10 27.10 

hl 7.1 35.5 18.3 22.6 2.2 -34.3 -50.3 

The r.m.8. value of the residual is reduced 
from 30.5 to 5.5 m. From this limited material 
it seems that short period fluctuations in the 
average atmosphere may be expressed through 
a general increase or decrease in the first mode 
coefficients. Comparing the October period with 
18.6.1959 also indicates that the main part of 
the seasonal variation in F ,  can be taken care 
of in the same way but the second mode must 
also be included in order to reduce the residual 
below 10 m. However, further investigation is 
required before definite conclusions can be 
drawn and general methods developed. 

In  concluding this section a few words should 
be said about the alternative possibility to 
expand 24- or 12-hour height changes. This has 
been suggested during some discussions and was 
actually done by Obukhov (loc. cit.). As was 
shown by him, the first mode in this case is 
also dominant. The reason is clearly that the 
coefficients in the second and all higher modes 
are and remain so small that even if these fields 
were completely changed through advection 
over the area, their contribution to the total 
height changes a t  500 mb, for instance, would 
be only a very small part of what is actually 
observed. 

5 .  The thermal field 
More interesting than the average height F ,  

is the corresponding distribution of the static 
stability, u, and its variations. The static 
stability is here defined as 

(5.1) 

where x = Cv/Cp. 

we have the expansion 

(5.3) 

TABLE 4. 

P9 0 0  7 01 
mb m2 ~ e c - ~  cb-z ( x 10-O) m s e r e  cb-2 

150 83.7 - 5.65 
200 41.3 - 5.27 
250 20.7 - 3.46 
300 8.9 - 1.25 
350 6.1 - 0.43 
400 4.4 -0.18 
450 3.6 - 0.02 
500 3.0 0.05 
550 2.8 0.06 
600 2.5 0.05 
650 2.2 0.04 
700 2.2 0.02 
750 2.1 0.00 
800 1.9 - 0.02 
850 1.8 - 0.06 
900 2.1 - 0.16 
925 2.4 - 0.23 

Values for u, and ul, computed from time 
averages of F ,  and F ,  over the October period, 
are given in Table 4. 

The interpolation and smoothing have been 
carried out on the corresponding temperature 
profiles for which a regular behaviour has been 
assumed. This procedure is supposed to give 
correct values for u,, and the values found are 
similar to those given by GATES (1961b) for 
January, based on data from 45 U.S. radio- 
sonde stations. In u1 the accuracy is low in the 
last decimal, but taking the order of magnitude 
to be correct, it is seen that the short period 
fluctuations in F ,  discussed at  the end of the 
previous section will have almost no influence 
on the average static stability. With an r.m.s. 
value for z1 of 250 m in the first mode of the 
height field, it is also seen that local variations 
in the static stability will in general be small 
in the pressure interval 400-850 mb. Below 
850 mb and around the tropopause the varia- 
tions will become significant, especially in deep 
lows, where z1 may have values down to 
- 600 m. 

This result is also obvious from the series 
that can be obtained for the temperature by 
differentiating the expansion of 2 with respect 
to p and making use of the hydrostatic relation. 
This gives 
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For the purpose of similarity we write this 
relation in the form 

where 

The pressure functions t k ( p )  are here nor- 
malized in the same way as Fk(p) .  In  Fk(p)  
the variation with p will be more rapid in 
higher modes than in the lower ones. The value 
of the normalizing factor, seen in the denomi- 
nator of (5 .5 ) ,  will therefore increase with the 
mode number. It follows then from (5 .6)  that 
the convergence in the temperature expansion 
will be less rapid than the convergence in the 
expansion of height. It is furthermore clear 
that the expansion will not be efficient with 
regard to such pronounced details of the 
temperature profiles as subsidence or frontal 
inversions, which are of interest in the synoptic 
analysis. Since these inversions may occur at 
practically any height in the troposphere, they 
cannot be reflected directly in the form obtained 
for one single pressure function. An abrupt 
change in the vertical temperature gradient will 

I " " l " " l " " l ' " ' I  

-2D -10 0 1.0 2b 

FIQ. 7. Preseure functions for temperature derived 
from corresponding mean pressure functions for 
height. 
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FIQ. 8. Examples of temperature profiles, taking 
the standard atmosphere and first and second mode 
successively into account. 

therefore require a large number of modes for 
accurate representation. 

On the other hand, it is interesting to notice 
that some general features in the thermal field 
which are important for the large scale dyna- 
mics are fairly well represented already in the 
first mode or in the first and the second modes. 
In  Fig. 7 the first three functions g ( p )  derived 
from Fk(p)  for 24.10 are shown. It is seen that 
t l ( p )  and t p ( p )  are almost constant in the main 
part of the troposphere and therefore in this 
interval will increase or decrease the tempera- 
ture but have very little influence on the 
vertical temperature gradient. The main contri- 
bution to variations in the temperature gradient 
is centered around the tropopauee level. This is 
also obvious in Fig. 8, where examples of 
temperature curves have been drawn, cor- 
responding to 
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-2 -1 1 2 

FIG. 9. Pressure functions for temperature expansion 
directly determined from temperature data. 

Here the coefficient T ,  = 12 corresponds to 
z1 = 350 m and T ,  = 3 to zz  = 55 m. These values 
are slightly higher than the observed r.m.s. 
values. In Fig. 8 it is seen that even in the one- 
parameter representation one can describe not 
only a warm or cool troposphere but also varia- 
tions in the height of the tropopause. 

So far the parameters considered have been 
determined through height values. It is of 
course also possible to define the state of the 
atmosphere directly through the thermal field 
and expand the temperature in its own empirical 
orthogonal functions. In  order to see if this 
would lead to an increme in the convergence, 
a test was made on data for 18.6.1959. The 
pressure functions from this expansion are 
shown in Fig. 9. Standard deviations from the 
horizontal mean temperature gave here a verti- 
cal average of 6.7%. The r.m.8. values of the 
coefficients were 6.1, 2.3 and 2.2"C for the first 
three modes. 

It is interesting to compare these values from 
the direct expansion of the temperature with 
those that are obtained if the series expansion 
defined in (5.4)-(5.6) is used for the same day 
and with the proper Fk(p)  functions. The 
temperature coefficients corresponding to r.m.s. 
values of zl, zI and zs are 4.8, 2.1 and 2.0% and 
the convergence is thus slower. The material 
on which this test is made is very limited but 

it indicates that in the choice of expansion one 
should decide beforehand if one wants the 
fastest possible convergence in the height data 
or in the temperature data. This question is of 
some importance in relation to the use of the 
expansion in numerical forecasting. If an ex- 
pansion of height is used, one may with the aid 
of the geostrophic approximation use the ortho- 
gonality properties of the modes in order to 
eliminate terms in the vorticity equation. A 
similar procedure is not possible in the thermo- 
dynamic equation since the function Fk@) will 
here appear in differentiated form. If, on the 
other hand, temperature data are directly ex- 
panded, one can make use of the orthogonality 
in the adiabatic equation but not in the vorticity 
equation. 

6. Expansion of wind data 

The important use that one has made of the 
concept of geostrophic balance in synoptic 
weather analysis as well as in dynamic meteoro- 
logy makes i t  natural to investigate separately 
the extent to which this approximation is valid 
in different modes. With regard to the domi- 
nance of the first mode one can here expect 
geostrophic conditions to prevail, but higher 
modes could be ageostrophic to a relatively high 
extent without disturbing too much the general 
geostrophic balance in the total wind field. 

In  order to test this point the expansions of 
the wind components have been made according 
to 

(6.1) 'LA = 2 Uk Ak (P); 2, = 2 V k B k  

0 as 1.0 1.5 

Fig. 10a. 
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Fig. lob. Fig. lOc.  

FIG. 10. Pressure functions (a) A, and B,, (b) A, and B, and ( c )  A, and B,, from expansion of wind 
components. 

with no term corresponding to Po@).  The pres- 
sure functions and B,(p) have been 
normalized in the same way as F,(p) .  The 
results (Figs. 10a, b and c )  show that A, and 
B, are mutually very similar, even though 
they have been computed in independent ex- 
pansions. They are also similar to the cor- 
responding F,. This is especially the case in the 
first mode, where time averages of the pressure 
functions for the October period are also given. 

Day to day variations are more pronounced 
in A a.nd B than in F. The vertical distribution 
of the standard deviations shows very little 
dependence on pressure. Vertically integrated 
values of the standard deviations are for the 
October period given in Table 5, where, for 
convenience, the corresponding values for F 
are repeated. 

The larger variability is to be expected here, 
since the wind field in general is irregular with 
large relative variations. The basic material for 
each day is also more restricted (Table 1) and 

TABLE 5. 

Pressure 
function 1st mode 2nd mode 3rd mode 

A 0.06 0.14 0.24 
B 0.14 0.17 0.41 
F 0.02 0.09 0.13 

differences in data coverage will therefore have 
an increased influence. 

In Table 6 r.m.8. values for the coefficients 
(in msec-l) in the first five modes are given for 
18.6 and for the October period. It is seen that 
the convergence, as far as momentum is con- 
cerned, is not very rapid if compared with the 
expansion of height data. Assuming a geostro- 
phic balance we shall see that the difference 
may be explained as due to a general decrease 
of the characteristic scale of the modal field 
with increasing mode number. 

However, before values are given on the 
scales a few words should be said about the 
distribution of kinetic energy in different modes. 
A vertical integration shows that in the average 
during the October period 83 per cent of the 
total kinetic energy is represented by the first 
mode. The following four modes contain 7, 3, 1 
and 1 per cent respectively. The remaining 5 
per cent falls on still higher modes. A more 
detailed picture of the kinetic energy distribu- 
tion is obtained with the aid of the residuals at  
different levels. These are shown in Fig. 11, 
where a measure of the kinetic energy has been 
computed simply by multiplying the r.m.8. 
values of the component coefficients by their 
proper pressure functions and then squaring 
and adding. 

Regarding the seasonal variation of the 
kinetic energy a comparison between 18.6.1959 

Tellua XV (1963), 2 



140 INQEMAR HOLMSTROM 

TABLE 6. 

Date 

18.6 21.10 22.10 23.10 24.10 25.10 26.10 27.10 
? - - -  - - - - -  

M o d e n o . u v  u v  u v  u v u v u v u v u v  

1 10 7 13 8 14 8 13 8 15 10 15 11 16 9 14 8 
2 4 3  4 3  4 4  4 3  4 3 3 3 3 3  4 3  
3 3 2  3 2  2 2  3 2  2 2 2 2 2 2  2 2  
4 2 2  2 1  2 1  2 1  2 2 2 1 2 1  1 1  
5 _ _  1 1  1 1  1 1  1 1 1 1 1 1  1 1  

and the October period reveals an interesting 
feature. For 18.6 the kinetic energy contained 
in each of the first four modes is 149, 25, 13 
and 8 respectively, the measure being the same 
aa above. In the average during the October 
period it  is 285, 24, 9 and 5. It is seen that the 
energy level changes considerably in the first 
mode while in higher modes it remains rela- 
tively constant. The same tendency is also 
obvious in short period fluctuations, as can be 
seen from Table 6. One may therefore conclude 
that a major part of the kinetic energy produced 
in the atmosphere is fed into the first mode, 
either directly or through a non-linear inter- 
action. Since low level winds in the first mode 
are comparatively weak it seems also reaso- 
nable to assume that the dissipation here is, 
relatively, less important than in the higher 
modes. 

There is one point in the previous discussion 
that needs some further comments. In forming 
the measure of kinetic energy in each mode, we 
have squared and added r.m.8. values for the 
corresponding coefficients u, and v,. From the 

I I I I I I I I /  

I I I I I I I 
r m z o o 3 l b  4 a 7 5 O o ~ m  

FIG. 11. Vertical distribution of kinetic energy in 
different modes. The curve to the left gives the 
kinetic energy in the mean zonal wind which entirely 
falls in the first mode. 

way in which these have been determined there 
is, however, no absolute reason why they should 
characterize the same specific property of the 
atmospheric field of motion. Taking an extreme 
case, i t  could, for instance, have happened that 
the second mode had been so dominant in the 
meridional motion that the iterative procedure 
in the computations had, independent of the 
first guess, converged towards v8 and B ,  in- 
stead of v, and B,. 

Therefore in the foregoing we have tacitly 
used the hypothesis that corresponding modes 
in A ,  B and F (same mode number) are inter- 
related in a definite way and that they all 
reflect the same property in the vertical struc- 
ture of the atmosphere. This working hypothesis, 
which seems to be necessary for the interpreta- 
tion of the results, is based on the striking 
similarity between the functions and on the 
well-established existence of quaaigeostrophic 
balance where non-linear terms are of little 
importance. A more general discussion of this 
and related problems will be given in a following 
paper and we shall therefore here use the hypo- 
thesis without any further comments. 

Let us now return to the question of the scale 
in the coefficient fields. The similarity between 
the functions F ,  A and B makes it natural to 
write the condition for geostrophic balance as 

We shall also, for convenience, introduce the 
following notations for the vertical and the 
horizontal averages of a quantity a. 
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Now multiplying (6.2) by F, and taking a 
vertical average, we have, due to orthogonality 
and to normalization, 

fk x v,= -gVZ,. 

Squaring both sides and denoting the absolute 
value of v, by V,, we find 

N . -  _NvcTvv -  

f":l.f; V':=g2[V(r,Vz,)  - Z , V 2 Z , ]  

where j o  is a mean value for the Coriolis para- 
meter. Provided the area is sufficiently large, 
the first term on the right-hand side will tend 
to vanish. Introducing a generalized horizontal 
wave number k, such that 

v2zn= - k:z,, 

(6.4) 

In order to have a rough estimate of the scales, 
we can here use the r.m.8. values for z,, u, and 
v,. The result in terms of wave-length, L in 
km, and hemispheric wave-number a t  45" lat. 
n, is given in Table 7. 

These figures represent only some kind of 
weighted mean over the spectral distributions 
for each mode. In  the first mode the longi- 
tudinal spectrum extends to wave number zero 
corresponding to a zonal wind, for which the 
kinetic energy was given in Fig. 11. For the 
higher modes the zonal wind is non-existent. 
Between the first and the second modes the 
difference in the scale of the perturbation is 
therefore very small. For higher modes the 
values in Table 7 show that the spectra will 
be more and more dominated by small scale 
flow patterns. 

7. Horizontal fields 
The variation in scale with mode number is 

also clearly seen in the maps of the coefficient 

fields. It is the purpose here only to show a 
sample of such modal maps and to discuss some 
of their properties. In  plotting the maps the 
values for the height coefficients have been 
directly entered. Data from extrapolated or 
otherwise corrected soundings have been under- 
lined. Especially over mountainous regions 
these values seem not to be always correct and 
have therefore when necessary been left out of 
consideration in the analysis. The winds have 
been plotted in the usual way after the coeffi- 
cients for the components have been combined 
into direction and velocity. 

The isolines for the first mode map are shown 
in Fig. 12, for each 40 m. Since P,(p)? 1 a t  
500 mb, the line density will closely correspond 
to what is found on an ordinary 500 mb map. 
A comparison between Fig. 12 and Fig. 13, 
where the 500 mb map for the same observation 
time is shown, demonstrates immediately the 
very close similarity between the two fields. 
This was to be expected since the residuals, 
shown in Fig. 3, are small. 

More conveniently it is also shown in Table 8, 
where ~EI averages for the October period the 
contributions from different .terms aa well as the 
residuals in the expansion of height are given. 
For the pressure functions ordinary averages 
are taken, while for the coefficients and the 
residuals total r.m.8. values have been used. It 
is seen from the table that a somewhat closer 
similarity could have been obtained with a 
different line density in the first mode map and 
a comparison with the 400 mb field. Also the 
300 mb field is obviously quite well represented 
by only one mode. 

In general the ageostrophic wind components 
are smaller in the first mode map than at 500 
mb. The modal map is also smoother and there- 
fore easier to analyse. The reaaon is that ir- 
regularities and observational errors, which 
mostly have a random vertical distribution, 
cannot affect the first mode coefficients due to 

TABLE 7. 

Mode no. 

1 2 3 4 

L n L n L n L n 
- __L_ - ___? 

Mean 21-27.10 8900 3.2 5500 5.2 4000 7.0 2800 10.1 
18.6 7100 4.0 5100 5.6 4000 7.0 2400 11.6 
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FIQ. 12. First mode field of height coefficients and winds for 21.10.1959 OOZ. Isolines are drawn for 
each 40 m in zl. 

TABLE 8. 

100 
150 
200 
250 
300 
400 
500 

600 
700 
775 
850 
925 

1000 

16,175 
13,624 
11,790 
10,348 
9,145 
7,165 
5,550 

4,178 
2,984 
2,179 
1,440 

754 
119 

278 
347 
373 
363 
337 
278 
227 

182 
142 
116 
90 
66 
42 

90 
68 
49 
32 
28 
24 
26 

34 
43 
51 
60 
69 
79 

53 
54 
43 
26 
13 
5 

19 

31 
41 
50 
58 
65 
70 

71 
41 
22 
18 
24 
23 
18 

13 
10 
11 
15 
22 
34 

62 
40 
14 
8 

20 
22 
14 

5 
2 
8 

14 
19 
21 

35 
9 

18 
15 
13 
7 

11 

12 
10 
7 
6 

12 
25 
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the vertical integration. They will be taken up 
by higher modes. 

In the second mode map, Fig. 14, the isolines 
have been drawn for each 20 m since the 
gradients are much weaker. Also here the winds 
show, with regard to direction, a pronounced 
tendency for geostrophic balance. Contrary to 
the first mode field, the second mode shows no 
systematic meridional distribution of the height 
coefficients and therefore the zero hemispheric 
wave number is not present in the flow pattern. 
Instead wave-numbers 1, 2 and 3 seem to be 
well represented. They show throughout the 
period a stationary character. During the 
seven days investigated the Sibirian high and 
the lows over the northern Pacific and over the 
Mexican Gulf do not move. The high over the 
U.S.A. is slowly weakening and towards the 

Tellus X V  (1963), 2 

end of the period it is replaced by a low, which 
is formed over the area. At the same time the 
high, which on 21.10 is found south of 40"N 
over the Atlantic, builds up and extends to- 
wards 60"N. We find here the very small or 
even vanishing phase velocities that are typical 
for ultra long waves. Since waves of this 
type are also present in the first mode one 
may expect that interaction between the first 
two modes would play some role in determining 
the phase speed. 

It is seen in Table 8 that a relatively large 
contribution to the height field is given by the 
second mode only in the lowest parts of the 
troposphere. It is therefore to be expected that 
the second mode should show some charac- 
teristic features of the surface map. This is also 
clearly seen in Fig. 14, where surface fronts 
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FIa. 14. Second mode field of height coefficients and winds for 21.10.1959 OOZ. Isolines are drawn 
for each 20 m in z2. 

have been drawn in the positions given on the 
ordinary Weather Service analysis. Analysis of 
the remaining maps in the period shows that 
active fronts can without difficulty be identified 
with pronounced small scale troughs in the 
coefficient field. 

The motion of these troughs as well as of 
other small scale disturbances is in general quite 
rapid and seems to be determined by advection 
in the first mode wind field. Thus the troughs 
over northern Europe move rapidly to the east, 
the center of the low south of Iceland and 
Greenland moves north and the trough over 
Canada towards southeast. We find illustrated 
here in a clearer way the steering mechanism 
which has been used in routine forecasting for 
relating the motion at the surface to the 500 
mb flow. 

In the third mode map, Fig. 15, the isolines 
have been drawn for each 10 m. The gradients 
are so weak that, using the same line density 
as in the first mode, one would mostly find 
only a zero line. Even if the field seems quite 
erratic, sqrprisingly little smoothing is required 
in the analysis and few data have been com- 
pletely discarded. It is obvious from Table 8 
that the third mode map will not be similar 
to any ordinary pressure level map. The motion 
of the configurations is in some cases quite 
rapid and seems then to be determined by ad- 
vection in the first mode field. It is, however, 
difficult to follow the displacements over 
several days since the pattern is continuously 
being transformed with lows and highs dis- 
solving or forming. 

A few words should finally be added with 
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PIQ. 16. Third mode field of height coefficients and winds for 21.10.1969 002. Isolines are drawn for 
each 10 m in z8. 

regard to the correspondence between the first 
two modal fields. Due to the method for the 
expansion, the fields are uncorrelated and are 
therefore on an average out of phase when the 
same wave numbers are considered. This is, 
however, not necessarily the case a t  all places 
and pronounced deepening8 in the total field at, 
for instance, a pressure level in the lower tropo- 
sphere can therefore occur either aa a result of 
a deepening in one or the other of the modal 
fields or from conservative lows in both fields 
becoming superimposed. The latter alternative 
seems to be contributing to many of the 
“baroclinic” developments that have occurred 
during the October period. 
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An example where this mechanism plays an 
important role is presented in Figs. lSa, b, and 
c, which show the development of the first and 
second mode fields during a period of two days. 
Second mode coefficient contours for each 20 m 
are drawn aa full lines, while the thick broken 
lines represent 200 m contours for the first 
mode coefficients. Plotted observations relate 
to the second mode. 

Comparing the maps one can directly see 
how the pattern in the second mode field is 
advected in the first mode wind field. By in- 
troducing the expansion in the vorticity equa- 
tion it is easily shown that the advection will 
take place with a speed which is about 0.0 of 
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FIG. 16a. The situation on 25.10.1959 OOZ. Isolines for the second mode are drawn in full lines for each 
20 m. The thick broken lines give the first mode coefficient field for each 200 m. 

Fra. 16b. The situation on 26.10.1959 OOZ. 
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FIG. 16c. The situation on 27.10.1959 OOZ. 

the first mode wind. This agrees well with the 
displacements that are observed during the 
period considered.' 

Of particular interest is the movement of the 
second mode low, which on the 25th is observed 
over north-eastern Canada. It is situated in a 
strong westerly current in the first mode field 
and from the 25th to the 26th it is advected to 
a position east of southern Greenland. It is 
here superimposed on a ridge in the first mode 
field, while, further to the east, a ridge in the 
second mode over western Europe is super- 
imposed on a trough in the first mode field. 

The two fields are practically out of phase 
and therefore the resulting 500 and 700 mb 
fields do not show very pronounced perturba- 
tions in the westerlies. Due to advection the 
phase speed is in the second mode very much 
higher than in the first mode and already on 
October 27 the fields are in phase, resulting in 
a rather drastic change in the total circulation 
a t  500 and 700 mb. It should also be observed 
that the second mode low has intensified during 
the advection towards southeast. The combined 

1 It may be pointed out that some of the dis- 
placements observed in the first mode field may 
equally well be interpreted aa due to adveotion in 
the second mode low level wind field. 
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effect of advection and intensification results 
over the British Isles in a surface pressure fall 
of not less than 45 mb in 24 hours. 

8. Conclusion 

In this attempt to determine suitable para- 
meters for use in numerical forecasting the 
condition finally adopted was one of maximum 
descriptive capacity. Since this is a very general 
condition it is natural that the results should 
have a variety of possible practical applications. 
Through the discussion in the previous section 
of the coefficient fields it seems quite probable 
that these may provide useful tools in routine 
synoptic forecasting, primarily because the 
method admits a separation of the required in- 
formation into a few uncorrelated but interact- 
ing fields. 

It is not the purpose here to go into a detailed 
discussion of various aspects of the practical 
applications, but it should perhaps be noticed 
that the method, if experience shows that it 
can be used alone a t  a weather service, will give 
a definite reduction in the labour on a qualified 
level. Naturally the gain will be counterbalanced 
by the fact  that the computation of modal 
coefficients from standard transmitted data will 
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TABLE 9. 

Average contribu- 
tion (in m) from mode no. 

Case Field 1 2 3 4 5  

I z* 244 10 1 4 2 
z ,  226 19 14 9 0 
z’ 119 37 7 9 2 

I1 z* 207 25 2 8 4 
z ,  181 31 5 1 1  4 
z’ 131 38 13 1 3 

take considerable time a t  such weather services 
where automatic data processing does not yet 
exist or where processed data cannot be made 
available. There is no difficulty in constructing 
suitable diagrams for such computations, but the 
obvious solution would here rather be to have 
the computations made already a t  the observa- 
tion stations as part of the regular program. 
Among other advantages this would make it  
possible to condense the information of imme- 
diate interest for routine services into a very 
short message. 

Turning now to the problem of numerical 
forecasting, it may in the first instance be of 
interest to use the results obtained here in order 
to test the efficiency of conventional models. 
We shall here only consider two cases of two- 
parameter, finite difference models, the pres- 
sure levels taken to be 250, 500 and 750 mb in 
case I ,  300, 600 and 900 mb in case 11. 

In Table 9 the average contributions are 
given for the October period from the first 
five modes to the r.m.8. variation in the mean 
field z* ,  the middle field z, and the difference 
field z’. It is seen that the mean fields as well 
as the middle fields are dominated by the 
contribution from the first mode and may there- 
fore with a very good approximation be taken 
as representative for the first mode fields. 
Maximum efficiency is then obtained if the 
second parameter defines the second mode only 
or a combination of the second and higher 
modes. It is seen from Table 9, however, that 
the difference field on an average is also domi- 
nated by a contribution from the first mode. 
The prognostic equation for the difference field 
will therefore mainly be operating on informa- 
tion that is already taken care of by the progno- 
stic equation for the mean field. This procedure 

is not only inefficient. There is also the probabi’ 
lity that, due to inevitable model approxima- 
tions, the covariant parts will not be handled 
in the same way by these two equations and 
will produce errors which, due to the dominance 
of the first mode, may be so large that they 
overshadow the small but important informa- 
tion initially given on the second and higher 
modes. 

A corresponding result and eventually a 
better measure of the efficiency of the represen- 
tation in a model is obtained if we determine 
the correlation coefficient between the varia- 
tions in the mean field and in the difference 
field. It is in case I 0.85 and in case I1 0.91. 
These figures, which have been computed for 
the October period and on the basis of the first 
five modes, are indeed very high, especially if 
compared with the vanishing correlation coef - 
ficients between the moda.1 fields. They un- 
doubtedly give the correct impression that the 
two-parameter models defined above will have 
very little possibility to be better than a con- 
ventional barotropic model if verification is 
made over a sufficiently large area. It should 
also be remembered, however, that the data 
given in Table 9 as well as the values of the 
correlation coefficients represent averages over 
the total area and over 7 days. Over limited 
areas the second mode may, especially i f  
gradients are considered, carry a much larger 
weight in the difference field and the two- 
parameter model may therefore in such cases 
still show some superiority. 

Considering, finally, the very natural ap- 
proach to use the expansion directly in the 
thermohydrodynamic systems of equations, one 
will here meet a number of problems that will 
have to be solved before proper prognostic 
equations can be determined for the most im- 
portant modes. It will be necessary to find cor- 
responding expansions for the stream function 
and for the velocity potential, since these are 
not immediately given from observed data. 
One may in the first mode use the geostrophic 
approximation to relate the pressure function 
for the height to that of the stream function, 
but it is not immediately obvious that the same 
approximation holds sufficiently well when 
higher modes are considered. 

For tho first mode, where the pressure func- 
tions in general are small in the vicinity of 
1000 mb, it seems probable that one should in 
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a first approximation be able to neglect boun- 
dary effects. For the higher modes, however, 
the high values of the pressure functions close 
to the lower boundary make it probable that 
friction, topography or non-adiabatic heating 
cannot be neglected. In  such a case these ef- 
fects must, however, be introduced in a way 
that is sufficiently consistent with the empirical 
knowledge of the form of the pressure func- 
tions that will have to be used in constructing 
the model. 

For these and other reasons it seems that one 
should in the first instance try to develop on 
a purely theoretical basis a dynamical system, 
where the modal properties of the atmosphere 
can be studied and compared with the empirical 
data. An attempt in this direction will be made 
in the following paper. 
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