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ABSTRACT 

After a discussion of some general aspects of the atmospheric energy cycle results from 
computations of the frictional changes of kinetic energy are given. Large losses of 
kinetic energy are found in the boundary layer and in the region near the tropopause 
below the level of maximum wind. The total rate of dissipation of kinetic energy in 
the troposphere amounts to 10 watts m-*, of which 4 watts m-* are dissipated below 
900 mb. The mean kinetic energy in the troposphere was 24 x lo6 joules m-*. The rate 
of dissipation of the kinetic energy in the first kilometer above the ground and its 
dependence upon the geostrophic wind speed are studied. 

1. The atmospheric energy cycle 

Due to differential heating, potential and 
internal energy are continuously created in the 
atmosphere and converted into kinetic energy, 
which finally through action of friction dis- 
sipates into heat. The investigation of this 
fundamental energy cycle has turned out to be 
difficult. We know only the order of magnitude 
of the mean rate of the energy transformations 
and very little is for instance known about the 
dependence of friction on the parameters of the 
large-scale flow. A knowledge of the generation 
and dissipation rates of kinetic energy is, how- 
ever, of paramount importance in attempts to 
predict the future state of the atmosphere by 
numerical means. 

The energy equations integrated over the 
whole mass M of the atmosphere are WHITE and 
SALTZMAN (1956) 

K, and I refer to kinetic energy, potential 
energy and internal energy per unit mass, 
respectively, v is the horizontal velocity, a 
specific volume, F the friction force and Q 
the rate of non-adiabatic heating per unit mass. 

The research reported here has been sponsored 
in part by the Cambridge Research Laboratories, 
OAR, through the European Office, Aerospace 
Research, United States Air Force. 

-. 

The term -jM aodm of equation (1) appears 
with opposite sign in equation (2) and describes 
conversion of potential plus internal energy 
(the total potential energy) into kinetic energy. 
In  order for the mean kinetic energy of the 
atmosphere to be maintained in spite of friction 
this term must be positive. It follows that up- 
ward motion must in general be associated with 
warmer air than downward motion. 

In  long time averages of equations (1) and 
(2), terms on the left hand side become negli- 
gible. The mean input of heat into the atmos- 
phere must then be equal to the average work 
done by frictional forces. 

A relation between the driving mechanism 
and the atmospheric energy cycle is obtained 
through the introduction of the concept of 
available potential energy (LORENZ, 1955). It 
is defined as the difference between the total 
potential energy and the minimum total poten- 
tial energy which could result from adiabatic 
redistribution of mass. It is measured, ap- 
proximately, by a weighted vertical average of 
the horizontal variance of temperature 

- 
yc,T”dm. (3)  

Here A is the available potential energy, T 
denotes the horizontal area average over the 
whole earth of the temperature measured along 
a pressure surface, T’ = T - T and y = ( T  - 
pc, R- laT/ap)- l  is a measure of the mean static 
stability. 

An equation describing the rate of change of 
the available potential energy can be derived 
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from the thermodynamic equation. In approxi- 
mate form this is 

The second term on the right-hand side of 
(4) represents the rate of generation of available 
potential energy due to differential heating and 
thus describes the primary energy transforma- 
tion for atmospheric motions. 
Comparing (4) with (1) it is seen that the in- 

tensity of the atmospheric energy cycle can in 
principle be determined from any of the inte- 
grals G = j M y m d m ,  C =  - j M u w d m =  - ~ M v -  

V , @ h  or D = j M  v.Fdm, which averaged 
over long periods, must be equal. However, 
none of these expressions is easy to evaluate. 
The nonadiabatic heating Q and the frictional 
force F are the basic, partly external parameters 
determining the long-term behaviour of the 
atmosphere. Unfortunately their dependence on 
the motion itself which is required for an evalua- 
tion of the G- and D-terms, is to a great extent 
unknown. On the other hand, computation of 
the C-term presupposes a knowledge of the 
spatial distribution of either w or the ageo- 
strophic part of the wind, and these are dif- 
ficult to determine for the global scales of 
motions. 

Concerning estimates of the generation of 
available potential energy, a paper by CLAPP 
(1961) may be mentioned. He has estimated 
that part of the energy generation which is as- 
sociated with the stationary component of the 
motion as revealed by monthly normal maps. 

Recently quite extensive attempts to estimate 
the conversion term C have been made by 
WIIN-NIELSEN (1959), SALTZMAN and FLEISHER 
(1960) and JENSEN (1960). In  the first two papers 
the equations for a two-layer, frictionless, 
adiabatic and quasigeostrophic model of the 
atmosphere were used for computation of o, 
while Jensen for this purpose used the so-called 
adiabatic method. In  principle this consists of 
solving the thermodynamic equation for w after 
assuming zero non-adiabatic heating. In  many 
cases the adiabatic method gives a good ap- 
proximation to the actual vertical velocities. It 
can, however, not be used in studies of energy 
conversions. This was implicitly shown by 
Lorenz in the derivation of (4). The conversion 
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integrand u o  will, if w is computed by the 
adiabatic method, reduce at  each pressure level 
into a triple correlation term which probably is 
negligibly small and in fact has been disregarded 
in obtaining (4). 

In  his classical paper on the energy of the 
earth’s atmosphere, BRUNT (1926) gave an 
estimate of D, the dissipation rate of kinetic 
energy, which is often cited in the literature as 
a value of the mean intensity of the atmo- 
spheric energy cycle. For the lowest kilometer 
Brunt assumed a distribution of wind according 
to the well-known Taylor theory. Taking the 
most probable global mean values for the para- 
meters used, he obtained a value of 3 watts 
m-2. Between 1 km and 10 km levels the wind 
profile was taken from sample cases. Assuming 
the coefficient of eddy viscosity to be here the 
same as in the first kilometer he found the dis- 
sipation of kinetic energy between 1 km and 
10 km to be of the order 2 watts m-*. Hence 
the total mean dissipation of kinetic energy in 
the troposphere would be of the order 5 watts 
m-2. More recent estimates (BALL, 1961) agree 
in order of magnitude with this value. 

Other estimates of the global changes of 
kinetic energy have been given by PALM~N 
(1959) and by PISHAROTY (1954). 

The lack of aerological observations from large 
parts of the earth is one of the difficulties en- 
countered in attempts to estimate the energy 
transformations on a global scale. However, 
important information may be obtained by 
studying energy changes in those regions where 
the network is dense. 

2. Method 
The following expression is obtained when the 

kinetic energy equation is solved for the fric- 
tional term and integrated over a mass M ,  
enclosed within a volume of horizontal area S 
and the pressure levels pi and p2,  

Here L =length of the periphery of S and YN = 

component of v normal to L, positive outward. 
The first term on the right side of ( 5 )  de- 
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scribes the local rate of change of kinetic energy 
in the volume considered. The second term 
represents the net horizontal outflow of kinetic 
energy, while the third integral stands for the 
net flow of kinetic energy through the upper 
and lower boundaries. The fourth term, finally, 
represents the rate of generation of kinetic 
energy inside the volume due to the work done 
by the horizontal pressure forces. 

For a region with a sufficiently dense network 
of aerological stations the terms on the right 
hand side of (5) can be evaluated and the rate 
of the frictional loss of kinetic energy in the 
volume obtained as a residual. 

In  the present study, data from British sta- 
tions for the periods from January 2nd to 13th 
and January 16th to 2lst, 1954 have been used. 
In  Fig. 1 the locations of the stations are 
shown and also the grid system used in the 
computations. Sixteen pressure levels from 
950 mb to 200 mb level were used. Below the 
950 mb level surface observations were used 
and, when available, supplemented by 1000 mb 
data. 

In  order to evaluate the area, line, and pres- 
sure integrals any given property P was as- 
assumed to be a linear function of the horizontal 
coordinates. I f  A ,  B, and C denote the corners 
of a triangle, the integral of P over the area S 
of the triangle is given by the formula: 

where Pa, P ,  and P ,  are the values of P a t  the 
corners. Because of the linearity only the 
mean gradient of the property P could be 
determined in each triangle. 

In a triangular grid system the line integrals 
can be computed in the following way: 

Here LAB, LBC and LAC are the sides of a triangle 
ABC, and L =LAB +LBc +L,,. 

In  the notation used for the wind components 
V i f : ,  for instance, represent the component of 
the wind a t  station A outward from the triangle 
and normal to the side LAB. 

I I  I I I 

FIG 1. 

The mean w in each triangle can be computed 
with the aid of the continuity equation from 
which one gets by integration 

The pressure tendency ap,/at at the earth's 
surface, which is an observed quantity, was 
throughout the period chosen for this study 
found to be so small that it could be entirely 
neglected. 

The pressure integration was made first for 
the layer from the ground up to 950 mb level 
and then for each 50 mb layer up to 200 mb 
level. Finally, eq. ( 5 )  was averaged in time with 
data for every twelve hours. Most of the compu- 
tations were made on the electronic computer 
BESK. 

3. General results 

In  Fig. 2, W, =v.F(Ap/g), the rate of 108s 
of kinetic energy due to the work done by 
frictional forces, is given for different vertical 
layers, averaged over the region represented by 
the triangles I-V and over the two periods 
considered. The variation with pressure of the 
mean wind speed V and the mean static stability 
aO/az (0 is the potential temperature) is also 
shown. 
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FIG. 2. Left side: the mean work done by frictional 
forces in different layers (unit: watts m-'). Right 
side: the mean wind speed (heavy line) in m sec-l 
and the mean static Stability (dashed line) in 

O C  kn-1. 

The total value of W, summed over all layers 
below 200 mb level amounts to 10.4 watts m-*. 
The mean kinetic energy in this layer was 23.6 x 
lo* joules m-*. If the kinetic energy and the 
rate of dissipation were constant the kinetic 
energy would be renewed in 2.0 days. This 
implies that a numerical prediction of the tro- 
pospheric motion field for more than one or 
two days cannot be very successful unless a 
proper mechanism for frictional dissipation of 
kinetic energy is incorporated in the model. 

Considering the vertical variation W ,  is 
found to have large negative values below ap- 
proximately 900 mb, as well aa near the tro- 
popause just below the level of the maximum 
wind. In the middle troposphere W, is generally 
negative but its magnitude is smaller than in 
the lower and upper troposphere. It is interest- 
ing to notice the great similarity between the 
vertical distribution shown in Fig. 2 with the 
yearly mean rate of generation of kinetic energy 
over the British Isles, computed by SMITE 
(1955). His results show two maxima of the 
energy generation, one in the boundary layer 
and the other in the upper troposphere some- 
what below the wind maximum: The mean rate 
of generation, 8.8 watts m-*, obtained by Smith 
may be compared with the total value of W,, 
10.4 watts m-*, as given above. 

It will be shown in the next section that the 
magnitude of W ,  in the first kilometer above 
the ground depends primarily upon the stress 
between the atmosphere and the underlying 
earth's surface. For a qualitative discussion of 
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the W,-minimum in the upper troposphere it is 
assumed that the frictional force is due to 
change with height of the vertical component 
of the eddy stress: 

It is furthermore assumed that 

av 
7,  = @K -, 

az 

where K is the coefficient of eddy viscosity. 
Qualitatively, K must decrease with increasing 
static stability. Disregarding the change of 
wind direction with height one can, considering 
the vertical variation of the mean wind speed 
and of the mean static stability (Fig. 2), expect 
the largest vertical shear of the strew t k Z / a z )  
to occur below the level of maximum wind. In 
this regard the location of the upper troposphere 
minimum of W ,  seem quite reasonable. From 
the values of W ,  and V an approximate mean 
value of 4 x 106 cm*sec-l for K between 400 mb 
and 200 mb levels can be deduced. 

In  Table 1 the contributions from the dif- 
ferent t e r n  in (5) are given for the entire layer 
from the earth's surface to the 200 mb level and 
also separately for the two layers surface- 
900 mb and 900 mb-200 mb. 

Below 900 mb the work of friction amounts 
to 4.2 watts m-*. This loss of kinetic energy is 
almost entirely compensated for through the 
work done by the horizontal pressure forces. 
This means physically that there is in the first 
kilometer above the earth's surface an approxi- 
mate balance between pressure, Coriolis and 
frictional forces. This is not only true for the 
time averages given in Table 1 but is also, ac- 
cording to the data, approximately valid at 
each instant. 

TABLE 1. ?'&dues of different terms in the kinetic 
energy equation (6) and of the work of frictional 

forcecr ( W,). Unit: watts rn-s. 

Local Horiz. Vert. 
Layer change adv. adv. G0ner. W, 

Surface-900 mb -0.1 0.0 0.0 -4.1 -4.2 
900 mb-200mb -3.0 -0.6 -3.3 +0.7 -6.2 
Surface-200 mb -3.1 -0.6 -3.3 -3.4 - 10.4 

In the rest of the article TZ is called stress. 
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Between 900 mb and 200 mb W, has a total 
value of 6.2 watts m-2. Here the ,contributions 
from horizontal advection and from generation 
are small but this is only so in the time averages. 
These quantities show in the daily values large 
and to considerable extent compensating fluc- 
tuations. With regard to the instantaneous 
changes, the two terms representing local 
changes of kinetic energy and the net vertical 
flux are usually of less importance. 

In  order to determine the accurracy of the 
numerical values given in Fig. 2 and Table 1, 
a second computation of W, has been made 
taking occasions with large values of w at 
200 mb as unrealistic and replacing these data 
in the upper troposphere by interpolated values. 
The general form of W ,  as a function of pressure 
was only affected to a relatively small extent. 
However, the value of W, for the layer 900 mb- 
200 mb, 6.2 watts m-2, is probably accurate 
only within a factor of two. 

For the purposes of the next section, WF 
( =v*F[Ap/g]) is given in a different form. 
Introducing z as a vertical coordinate one has, 
assuming 

An integration by parts yields 

(6) is an approximate expression for the physical 
f a c t  that the change of kinetic energy due to 
friction (W,) in a certain volume of the atmo- 
sphere is the result of the net transport of kinetic 
energy by frictional eddies through the boun- 
daries and the net transformation of the kinetic 
energy into eddy energy inside the volume. The 
latter process is called the dissipation of kinetic 
energy and is denoted by D.  

Due to the large static stability the stress 
at the 200 mb level, as well aa the eddy transport 
of kinetic energy through this level, must be 
small. Therefore, the total value of W, for the 
layer surface-200 mb, 10.4 watts m-2, gives 
approximately also the rate of dissipation of 
kinetic energy in this layer. 

4. Dissipation of the kinetic energy in the 
first kilometer above the ground 

The purpose of this section is to study the 
dissipation within the first kilometer as de- 
pendent on the magnitude of the geostrophic 
wind which here represents the driving force of 
the motion. For two regions with obviously 
different surface roughness the value of the 
"geostrophic drag coefficient" as well as the 
mean value of the eddy viscosity in the first 
kilometer will be computed. 

An x, y,z-coordinate system will be used in 
this section. The x-axis is taken along an isobar 
and the perpendicular y-axis is directed towards 
the lower pressure. 

On the basis of the quasi-balance between 
pressure, Coriolis and frictional forces, one can 
express the work of friction forces in terms of 
a cross isobaric mass transport, which in turn 
is related to the difference in stress between 
the bottom and the top of the layer considered. 
One first obtains, taking the upper boundary 
to be 1000: 

w,(o-looom) = v * V p d z =  fVgM, ,  (7)  J: 
where V, is the speed of the geostrophic wind 
and Mg is the integrated cross isobaric mass 
transport. The vertical variation of the geostro- 
phic wind waa found from the data to be rela- 
tively unimportant and has been neglected in 
(7) .  From the equation of motion one obtains: 
M, = (tx,o - tx,looo)/f, where the index x indi- 
cates a component along the x-axis. Hence we 
have 

Assuming the value of the eddy viscosity a t  
1000 meters height to be 1.0 x lo6 cmzsec-l the 
contribution from the term Vg~x,looo was esti- 
mated to be on the order of 0.3 watts m-2. The 
left-hand side of ( 8 )  is on the order of 4 watts 
m-* (Table 1). With an error of about 10% we 
can thus neglect tx,looo in (8). To the same 
degree of approximation we can in eq. (6), 
when applied to the first kilometer above the 
ground, also neglect the vertical eddy flux of 
kinetic energy. We can then write (8) as 

0(0-1000) =T~COsuO vg, (9) 

where uo is the angle between the drag a t  the 
ground and the geostrophic wind vector (or 
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a. 

b) 

b. 

FIO. 3. The rate of dissipation of kinetic energy in the first kilometer above the ground aa a function 
of the geostrophic wind speed at the surface, (a )  for the region of the triangles I1 and 111; ( b )  for the 

region of the triangles V and VI. 

TABLE 2. Values of mean cross-bobaric angle a. with standard deviation, the ratio of the mean speed 
V, of the surface wind (meuaured at the anemometer level) to the speed V ,  of the geostrophic wind at 
the surface, the square of the geostrophic drag coefficient and the eddy viscosity K (cmasec-l) for the 
first kilometer for different regions. 

Triangle I I1 I11 IV V VI VII 

a0 28Ok12" 25'k1lo 2OoL-ll0 26"L-llo 3 1 ° t 1 2 "  34"?16' 24'+16" 
VaIV, 0.39 0.42 0.45 0.46 0.36 0.38 0.46 
CP 1.0.10-8 1.4.10-8 
K 1.0.10' 1.2.10' 

the angle between the wind in the surface layer 
and the isobars). Inserting for to the expression 
which LETTAU (1959) has introduced, 

we obtain 

C is called geostrophic drag coefficient. 
In  Fig. 3 the rate of dissipation, as given by 

the generation term, is plotted against the speed 
of the geostrophic wind at the surface. The 
left part of the figure refers to the combined 
region of the triangles I1 and 111, while the 
right part represents the region of the triangles 
V and VI. 

Theoretical support to the proportionality be- 
tween surface stress and the square of the geostrophic 
wind can be found in the paper by ROSSBY and 
MONTGOMERY (1936). 
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Certain similarities are seen between these 
two cases. The rate of dissipation is almost 
constant for geostrophic wind speeds less than 
12 m sec-l. Above this value the dissipation 
increaaes with the wind speed. In  the interval 
where most of the data occur, 10 m 88c-l< V ,  < 
25 m sec-l, Fig. 3 gives larger dissipation in the 
mountainous region (part b) than in the flat 
region (part a). It must be remembered that 
the rate of dissipation in both regions has been 
determined using observations only from the 
corner stations. The wind profiles at these sta- 
tions need not reflect much of the effect of the 
topography inside the area. On the other hand, 
the values of the mean cross isobaric angle in 
different triangles and the ratio of the mean 
surface wind (measured a t  the anemometer level) 
to the mean geostrophic wind indicate that the 
effect of varying surface roughness is at least 
qualitatively depicted in the results (see 
Table 2). The cross isobaric angle increases, and 
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the ratio V,/V, decreases with increasing rough- 
ness. 

Ca has been computed from eq. (11) using 
the values given for ao. K has been determined 
by using the data of Fig. 3 in the expression 
for the rate of dissipation given in Taylor’s 
classical theory for the atmospheric boundary 
layer (see e.g. BRUNT, (1941)). 

Both the drag coefficient as well as the coef- 
ficient of eddy viscosity are larger for th8 
rougher region. The magnitudes of these coef- 
ficients seems to be somewhat low when com- 
pared with some earlier estimates. LETTAU 
(1950) deduced for instance from the “Leipzig 
wind profile” a value Ca = 1.4 10-3 and for a 
relatively smooth area in the southern U.S. 
the author HOLOPAINEN (1961) found C2 = 1.5 

The values of C* given in Table 2 are 
probably underestimated by about 20% due to 
two effects. First, the mean value of the eddy 
stress at 1000 m which waa neglected in ( 8 ) ,  
must be positive in order to be consistent with 
the vertical variation of wind at this level. In 
the second place there is probably an underesti- 
mation of the cross-isobaric mass transport due 

to the very few readings that usually are made 
in the lowest 500 m of a wind sounding. 

The mean value of K ,  1.1 los cmasec-l, ob- 
tained from Table 2, is the same as from the 
Leipzig wind profile. 

Naturally Ca as well as K depend on the 
thermal stratification of the air. It seem, how- 
ever, that such a dependence cannot be investi- 
gated with the aid only of standard daily ob- 
servations. 

It is finally of interest to know the importance 
of the first few decameters above the ground in 
relation to the total dissipation in the first kilo- 
meter. This can be roughly estimated noticing 
first from eq. (6) that the rate of dissipation for 
this lowest layer is approximately given by the 
vertical eddy flux of kinetic energy from layers 
above. Thus, 

D(O -H,)EZ~V,  ( t u ~ t o ) ,  (13) 

where H ,  is the height of the anemometer. 
Comparing (13) with (9) it is seen that 

D(O - H , ) / D ( O  - 1 0 0 0 ) ~ ~  V,/V,COS~L~. 

From Table 2 a mean value for this ratio of 
0.47 is obtained. Hence, almost half of the total 
dissipation of kinetic energy in the first kilo- 
meter above the ground occurs already below 
the anemometer level. 
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