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ABSTRACT 

The vertical and radial motions associated with a given tangential velocity and tempera- 
ture distribution corresponding to a tropical cyclone are calculated using a diagnostic 
equation. The equation is derived by introducing the hydrostatic and gradicnt wind 
approximations systematically into the meteorological equations. The computed 
circulation pattern appears to reproduce most of the important characteristics of a 
mature cyclone such as the eye and the eyewall. The results also show that the sinking 
motion in tho eye is thermally controlled. 

1. Introduction 

The velocity ficld in a fully developed tropical 
cyclone exhibits a high degree of symmetry 
with respect to its axis of rotation. I ts  tangential 
component is in approximate gradient balance 
for considerable periods of tinie in spitc of 
the disturbing influcnces of friction and non- 
adiabatic heating. It is, therefore, logical to 
expect that an appropriate distribution of the 
vertical and radial velocities are maintaining 
this quasi-balanced state. One may, in fact, 
derive an exprcssion relating the radial and 
vertical circulations with given tangential wind 
and temperature dist,ributions using an ap- 
proach described by ELIASSEN (1952, 1959). 
Such an exprcssion has been derived antl 
integrated. This papcr describes the rcsults of 
the calculations. 

2. The Model Equations 

as follows: 

a. axial symmctry antl hydrostatic equilibrium 
b. gradient \vind balance along the radial tlircc- 

c. neglect of local c h s i t y  change in thc con- 

The basic assumptions which are made aro 

tion 

tinuity equation. 

Using these assnrnpt ions, one may write the 
basic meteorological equations in cylintlricnl 
coordinatcs as 

u f + -  =es- ( r) ’;r* 

*- - -- 9 
az 8 (3) 

(4) 

0, U f O  

The subscript “s” on 0 and e indicate values for 
a standard tropical atmosphere; Q , ~  is the 
saturated mixing ratio eorrtsponding also to a 
standard atinosphorc. Equations ( l) ,  (2),  and 
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(3) represent the equations of motion along the 
tangential, radial, and vertical directions on 
the basis of assumptions (a) to (b). Equations 
(4) is the equation of continuity while (5) is 
the thermodynamic energy equation. According 
to the Eq. (5), heat is released by condensation 
wherever the motions are upward; no evapora- 
tional cooling occurs for downward motions. It 
may be seen that Eqs. ( 1 )  to (5) form a complete 
set with u, v, w, p ,  and 6 aa unknowns which 
may be used to study the evolution of an initially 
prescribed atmospheric condition. It may be 
shown also that only the distributions of u and 
8 need to be prescribed to start the solution. 

We will now proceed to obtain a relationship 
between the motions (v and w )  on the r - z  
plane and the specified u and 0 distributions. 
This is an essential step in the solution of the 
initial value problem because it will enable 
us to solve for the initial distributions of v and 
w which are necessary in computing the radial 
and vertical advections of u and 8 in Eqs. ( 1 )  
and (5). Eliminating +* from Eqs. ( 2 )  and (3) 
by cross differentiation, one obtains the thermal 
wind relationship 

2u au ge,ae u 
az ea ar es ( f  + .) - = - - + - (t +;) 

This equation is then differentiated with respect 
to time and the terms, &/at and a8/at, are 
eliminated by using Eqs. (1) and (5). The 
resulting equation will involve both v and w. If 
combined with Eq. (4) with the aid of the Stokes 
stream function, y ,  the equation reduces to 

H =  

1 aes u au lau a% 
[e .  az ( f  r a r )  r a z  araJ 

. -- +-+-  __ -___  + 

F = -  a: ( K-  ::) + -  a: [ K H  (:: -+- r)] 
a 

a2y a'w a'y ay ay 
ar araz az ar az 

A--,+B-+CC,+D-+E--+H=O ( 6 )  

and 

This equation enables one to solve for the stream 
function and, hence, v and w, in terms of the 
frictional and nonadiabatic forcing function, H.  

It will be noted that the heat released by 
condensation, which is properly a function of y 
through w, is treated as part of the forcing 
function. This artifice is necessary in order to 
avoid difficulties in obtaining solutions by insur- 
ing the ellipticity of the differential equation 
for customarily observed u and 0 distributions. 
The dependence of condensation on vertical 
motion will be approximated by an iterative 
procedure described by ELIASSEN (1959) and 
PEDERSEN (1961). 
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D I S T A N C E  F R O M  C E N T E R .  K M  

FIG. 1. The given tangential wind speed (m sec-l) and potential temperature anomaly ('A) distributions. 
The anomaly is based on the average values shown on the right hand side. 

3. Numerical Solution 

The distribution of the stream function, y,  
was obtained by solving Eq. (6) with the given 
potential temperature and tangential wind 
distributions shown in Fig. 1. These distributions 
have been drawn on the basis of mean hurricane 
data. The bottom of the grid represents standard 
anemometer level while the left lateral boundary 
coincides with the axis of the storm. The two 
other boundaries have been chosen to be suf- 
ficiently distant so that the disturbance may 
be assume to be negligible at these boundaries. 
The stream function has been prescribed to be 
constant (zero) along the boundaries. In  addi- 
tion, we have assume certain boundary condi- 
tions for computing the forcing function, H .  
These are 

au 
At the bottom ( z  = 0): K - = yu' 

az 

au 
az 

At the top ( z  = 18.40 km): K - = 0 

At the lateral boundaries (r = 0, r = 484 km): 

where y is the drag coefficient. The last condi- 
tion implies no turbulent heat exchange effects 
a t  the lateral boundaries. 

Using these boundary conditions in conjunc- 
tion with a rectangular grid system, we com- 
puted the coefficients, A to E,  and the forcing 
function, H ,  at every grid point. These quantities 

were then used together with a finite difference 
analog of Eq. (6) to solve for the stream function 
by relaxation. 

Folllowing ELIASSEN (1959), the first relaxa- 
tion was made without including the effect of 
heating by condensation. This gave a first 
estimate, yo, of the stream function which is 
that resulting only from the turbulent mixing 
terms in the forcing function. The release of 
heat by condensation due to yo implies an 
increment, AH, in the forcing function. This 
increment is then used as a new forcing function 
to obtain the corresponding increment, Ayl, 
in the stream function. The heating due to Ayl 
again gives an increment in the forcing function 
and, therefore, another increment, AyZ, in the 
stream function and so forth. The total stream 
function due to both turbulent mixing and 
condensation heating is the sum 

For a temperature distribution which is near 
moist adiabatic, Eliassen has suggested a value 
of k equal to 0.5. 

The first computation was made on a 12 x 12 
grid with variable spacing in both radial and 
vertical directions as indicated in Fig. 1. This 
was necessary due to the limited capacity of 
the available computer. The variable spacing 
along the radial direction turned out to be un- 
satisfactory near T = 0. Here, the horizontal 
gradients of the different variables were large 
and the grid spacing, relatively uneven. In  
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FIG 
D I S T A N C E  F R O M  C E N T E R ,  K M  

2. The computed flow pattern, The lines indicate only dlraction of flow but not speed. 

FIG. 3. The vertical velocity fiold in cm sec-l. 

order to eliminate this source of error, we made 
another computation using an equally-spaced 
grid of 6 km interval in the region r = 0 to r = 66 
km. The relaxation for the stream function in 
this region used the results of the first computa- 
tion as boundary values at r = 66 km. 

The vertical exchange coefficient was as- 
sumed to decrease linearly with height with a 
value equal to 106 cm2 sec-l at the bottom and 
zero a t  the top. The lateral exhange coefficient 
and the drag coefficient were held constant with 
values of 100 omz sec-I and 2.5 x respec- 
tively; these appear to be reasonably close to 
the magnitudes indicated in a recent study by 
RIEHL and MALKUS (1961). 

Tallus XIV (1962), 4 

4. Results 

The general characteristics of the computed 
radial and vertical motion fields are shown in 
Figs. 2 to 9. In  Fig. 2, the arrow shafts are 
drawn parallel to the isolines of the stream 
function but are not spaced according to the 
computed speed; they may be considered, there- 
fore, as stream lines on a vertical plane. On 
the whole, there is a striking resemblance be- 
tween the computed circulation and that which 
is generally accepted for a mature storm. There 
is a region of downward motions in the central 
area (Fig. 3) which extends out to a radius of 
15 km. The sinking motion is strongest near the 
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D I S T A N C E  F R O M  C E N T E R ,  K M  

FIQ. 4. The radial velocity field in m sec-1. 

D I S T A N C E  F R O M  C E N T E R ,  K M  

FIG. 5. The contributions to the vertical (cm sec-l, full lines) and the radial (m sec-', dashed lines) velocity 
fields by vertical eddy diffusion of the tangential wind component. 

10-km level with a maximum of about 30 cm 
sec-l. Surrounding this eye is a ring of ascending 
motions which are very strong (80 cm sec-l) a t  
a distance of approximately 20 to 30 km from 
the center and slightly inward with respect to 
the zone of maximum winds. Although this 
general location appears to be reasonable, it 
does not agree completely with some evidence 
(Lavoie, 1956) indicating that the strongest 
upward motions aro located in the zone of 
maximum winds. The outer region ( r  > 200 km) 
is characterized by very slow descending mo- 
tions. Here, the computations indicated maxi- 

mum values of about 2 cm sec-' near an altitude 
of 1 km. 

The radial wind distribution shows a relatively 
shallow layer of inflow adjoining the bottom 
and outflow near the top. The thickness of the 
inflow which is about 1 km at large distances 
from the center, gradually increases as the eye 
is approached. The magnitude of the radial 
inflow attains a maximum of almost 7 m sec-l 
just below the 1 km level over a wide zone 
between r = 100 km and r =200 km. In  the 
lowest layers of the central core, there is a 
weak radial outflow. 
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D I S T A N C E  F R O M  C E N T E R ,  K M  

FIG. 6. The contributions to the vertical (cm sec-l, full lines) and the radial (m sec-l, dashed lines) velocity 
fields by lateral eddy diffusion of the tangential wind component. 

D I S T A N C E  F R O M  C E N T E R ,  K M  

FIG. 7. The contributions to the vertical (cm sec-l, full lines) and the radial (m sec-l, dashed lines) velocity 
fields by lateral eddy diffusion of heat. 

At this juncture, it  is interesting to determine 
the relative importance of the various processes 
which contribute to the vertical circulation. In  
accordance with Equation (6), these may be 
considered as the following: b. vertical eddy diffusion of sensible heat, 

a. vertical eddy diffusion of the tangential 
wind component, t (e) 

a: k:) d. lateral eddy diffusion of sensible heat, 

b. lateral eddy diffusion of the tangential 
wind component, 
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D I S T A N C E  F R O M  C E N T E R ,  K M  

FIG. 8. The contributions to the vertical (cm sec-l, full lines) and the radial (m sec-l, dashed lines) velocity 
fields by vertical eddy diffusion of heat. 

D I S T A N C E  F R O M  C E N T E R ,  K M  

FIQ. 9. The total contribution by vertical and lateral eddy diffusion processes of both tangential wind and 
heat to the vertical (cm sec-l, full lines) and radial (m sec-l, dashed lines) velocity fields. 

e. heating by condensation, 

T*W 

The separate contributions of each of these 
processes may be seen in Figs. 5 to 9. 

Figs. 5 and 6 show that the strong ascending 
motions in the eye wall are contributed by 
both the vertical and lateral eddy diffusion in 
the tangential wind component. The former 
contributes to the low-level maximum while 
the latter, to the two maxima in the middle 
and the upper regions. The descending motions 
in the eye are primarily associated with the 

lateral diffusion of heat (Fig. 7)  away from the 
warm core. The vertical eddy diffusion of heat 
(Fig. 8) contributes very little to the computed 
vertical circulation. 

It may also be seen that the shallow radial 
inflow is mostly associated with vertical eddy 
exchange processes in the tangential wind 
component near the ground; this effect is similar 
to the observed in dishpan experiments. The 
same process also gives an outflow immediately 
above the low-level inflow. On the other hand, 
the lateral eddy exchange of the tangential 
velocity gives maximum outflow near the top 
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D I S T A N C E  F R O M  C E N T E R ,  K M  

FIG. 10. The computed vertical velocity field (cm sec-l) for the case which includes the effect of 
evaporational cooling. 

and away from the region of maximum upward 
motions. 

Fig. 9 shows the sum of all the processes 
indicated by items a to d .  Comparing it with 
Fig. 3, one may see that the heating by con- 
densation intensifies the upward motions in 
the eyewall by approximately twice that due 
to turbulent exchange processes alone. There 
appears to be very little effect of condensation 
heating in the eyewall on the computed down- 
ward motions in the eye. 

It is often suggested that evaporative cooling 
is appreciable within the eye region. In order to 
obtain a crude estimate of the effect of this non- 
adiabatic cooling on the computed circulation, 
we integrated Eq. (6) on the assumption that 
descent occurs along the moist adiabatic instead 
of the dry adiabatic lapse rate. This is done by 
setting r* =L/+* aqm/az for both positive and 
negative values of w. The computed vertical 
motion field (Fig. 10) shows intensification of 
the descending motions in the eye by ap- 
proximately twice that for the case without 
cooling by evaporation (Fig. 3). The vertical 
motions outside the eye are relatively unaf- 
f ected . 

5. Discussion 
The computed vertical and radial motions 

exhibit many of the important characteristics 
of a mature hurricane-downward motions in 

Tellus XIV (1962), 4 

the central core (the eye), strong upward mo- 
tions immediately surrounding the eye, a 
relatively shallow inflow in the lowest layers, 
and outflow aloft. It is interesting to note that 
a similar circulation has been obtained by 
KRISHNAMURTI (1961). His computations, which 
were baaed on a steady state, axially-sym- 
metric model, used a slightly different tangential 
velocity distribution. A comparison between the 
two results reveals two main differences in the 
circulation patterns. First, the depth of his 
inflow layer is much larger compared with our 
results. Thus, a t  a radius of 150 km away from 
the center, his depth is almost an order of 
magnitude larger. 

The second difference is concerned with the 
basic dynamics of the eye. I n  his model, descent 
in the eye is entirely associated with lateral 
mixing in the tangential wind. In our study, 
however, downward motion in the eye is 
controlled by the lateral mixing of potential 
temperature and, to a slight degree, of the 
tangential wind component. The eddy diffusion 
of heat away from the warm core and cooling 
by evaporation act effectively as a heat sink 
with respect to the larger-scale motions. In our 
formulation, this would imply descending 
motions just as a heat source would imply up- 
ward motions. The different implications con- 
cerning the processes which maintain the eye 
indicated by these two studies certainly require 
further scrutiny. 
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6. Summary and conclusions 

The vertical and radial motions in a mature 
tropical cyclone have been calculated theo- 
retically from prescribed tangential velocity 
and temperature distributions. The main m- 
sumptions introduced are those of axial sym- 
metry, quasi-gradient wind balance, and hydro- 
static equilibrium. The theoretical results have 
reproduced such features as the eye, the eyewall, 
the low-level radial inflow, and the high-level 
outflow. The results have shown also that the 
descending motions in the eye are associated 
mainly with the eddy diffusion of heat by lateral 
exchange processes from the warm core while 
the low-level indraft is associated with vertical 
exchange processes in the tangential wind 
field near the earth’s surface. The mechanism 

of the eye circulation indicated by the results is 
a thermally-controlled process similar to that 
envisioned by ELIASSEN (1959). This is in con- 
trast with that suggested by Kuo (1959) and 
KRISHNAMURTI (1961) which is based on fric- 
tional drag by the strong ascending currents in 
the eyewall. 
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