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ABSTRACT

Some estimates of truncation errors due to vertical finite differences are given. The
truncation errors amount to at most 10 % in the phase-speed of the basic mode in a
model atmosphere in which the vertical shear of the basic, zonal flow vanishes. An
increase of the vertical resolution results in rapidly decreasing truncation errors in
this case.

In a model atmosphere, in which the vertical windshear is different from zero, and
the static stability parameter is a function of pressure, we find small truncation errors
in the initial displacement of the wave, but large errors in the initial amplification.

The initial development of a baroclinic wave is evaluated in three different baroclinic
models. The models differ only in the vertical variation of the static stability parameter
which is a simple function of pressure in the first model, a constant in the next and zero
in the third model. It is shown that the vertical variation of static stability is important
for the amplification and the slope of the wave in the vertical direction.

The initial change of the kinetic energy in the models is computed as a function of
wave-length. It is shown that the change of kinetic energy is larger in the models
where the static stability parameter is constant or zero than in the models where it
varies with pressure.

The last section contains some comments on the upper boundary condition. It is
shown that the conditions @ = 0 and ¢ < oo (¢ = geopotential) at the upper boundary are

equivalent in certain problems.

1. Introduction

The complicated non-linear nature of the
dynamic equations used in short-range numerical
prediction of the atmosphere has forced us to
replace the differential equations by a corre-
sponding set of difference equations which are
solved numerically. Such a procedure always
involves truncation errors, because the differ-
ence quotient is only an approximation to the
differential quotient. Several investigations
have been made of truncation errors due to the
finite differences taken in the horizontal planes
and in time, but very little is known about the
truncation errors due to the vertical resolution
in the numerical prediction models. One of the
reasons for this situation is that it is very dif-
ficult to obtain exact wave-solutions of the
dynamic equations, even when they are linear-
ized, in a model atmosphere where the meteor-
ological quantities (the three-dimensional velo-
city, pressure, density and temperature) are
allowed to change as continuous functions of

Tellus XIV (1962), 3

the vertical co-ordinate. This is especially true
if we want to include the case where the phase-
speed of the waves can be complex, and the
wave-solutions, therefore, can represent ampli-
fying or damping waves. In the most general
case treated so far (CHARNEY, 1947), it was only
possible to find the transition between neutral
and amplifying waves, but the amplification
rate, depending on the imaginary part of the
complex phase speed, could not be found, be-
cause it would require a knowledge of the zero-
points of the confluent hypergeometric function
in the complex plane.

An exact determination of any truncation
error requires a good, if not exact knowledge of
the solution to the differential equation. In
view of the situation mentioned in the preceding
paragraph, it is obvious that we must restrict
ourselves to simple cases where we know the
exact solution. In the first paragraphs of this
paper we shall find the truncation error in
atmospheric models, where by assumption the
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wind does not change with pressure. We shall,
more specifically, find the truncation error in the
phase speed of harmonic waves. It will be
assumed that we have no truncation error in
the horizontal planes in order to isolate the
truncation error caused by the finite differences
taken along the vertical coordinate axis. The
assumption that the wind is constant with
respect to the vertical coordinate prevents the
appearance of amplifying (or damping) waves
as solutions to the linearized equations. It is
therefore not necessary to work in the complex
domain.

In later sections of this paper we shall in-
vestigate the error in the initial displacements
and amplification of baroclinic waves due to
vertical finite differences. We are forced to
restrict the investigation to the initial tenden-
cies due to the fact that we are unable to solve
for the complex phase speed in the general
case where we allow a vertical shear in the
horizontal wind and a deviation from neutral
equilibrium in the vertical variation of the
temperature field. However, in the special case
where the vertical temperature gradient in the
basic state is equal to the adiabatic lapse-rate
(86/6p =0), in which case we have the so-called
advective model, it is possible to solve exactly
for the complex phase-speed. We can therefore
in this simple case say more about the trunca-
tion error due to the vertical resolution.

In a final paragraph some comments are
offered on the influence of the upper boundary
condition on the wave-solutions of certain
simplified models of the atmosphere.

2. The wave equation

The estimates of truncation errors due to
finite differences in the vertical direction will
in this paper be restricted to the most simple
quasi-nondivergent models. The basic equations
for these models can be written in the following
form

=

a5 L)
at Y V(C+!)=foa—p

fo [2(3_'/’)+v V(a—w)]+ow=0. (2.2)
ot\op op

These equations contain only two unknowns,
the streamfunction y and the vertical velocity,

(2.1)
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 =dp/dt, where p is pressure and ¢t is time. The
rest of the variables can be expressed in the
streamfunction because the relative vorticity,
{=V2yp, where V? is the horizontal Laplace
operator, V?2=29%/ox?+0%/ay?, and v=kxzVy,
where k is a vertical unit vector. The measure of
static stability is denoted by o =o0o(p)= -
(«/0). 86/ep, where a is specific volume, and
0 potential temperature; f is the Coriolis para-
meter (f, a standard value). In (2.2) we have
made the further approximation that

(2.3)

where ¢ is the geopotential. The nature of this
approximation is discussed by PrHiLLIPs (1958).

In all our calculations we shall use the
boundary conditions that o =0 for p =0 and
P =p,=1000 mb. Some comments on these
boundary conditions will be given toward the
end of the paper.

We are going to consider wave-solutions of
the equations (2.1) and (2.2) in a linearized
form. The solutions will be assumed to have the
form

w:\y(p)eik(r—d), w=Q(p)eik(x—ct). (2.4)

It is thus seen that we assume the perturba-
tions to be independent of the meridional
coordinate. The linearized form of the equations
(2.1) and (2.2) becomes then:

ave ov? o a0
AR /Al o ip=f,,~, (2.5)
ot ox ox op
o (o afoy\ dUa
2 —"’)+U—(—"’)—— X w-0, (2.6
at\op ox\op] dpaox f,

where U =U(p) is the zonal windspeed in the
basic current and f =df/dy.

When we substitute the perturbations (2.4)
in (2.5) and (2.6) we obtain the following set of
equations for the amplitudes, ‘F'(p) and Q(p), of
the streamfunction and the vertical velocity,
respectively:

: aQ
tk « [k2(c— U) +,B]‘P=fo%» (2.7)
d¥ dU o
k| (c- U)—+ —¥ =-Q. 2.8
‘ [(c )dp " dp (p)] fo 28

Tellus X1V (1962), 3



TRUNCATION ERRORS

Tt is a straightforward procedure to eliminate
either ¥ or Q from the two equations, (2.7) and
(2.8), and obtain a single equation, which must
be solved subject to the boundary conditions
stated above.

The determination of the truncation errors
due to finite differences will in the following
sections proceed in the following way. We will
select cases where it is possible to solve the
system (2.7) and (2.8) exactly. We obtain in
those cases an explicit expression for the phase
speed, ¢, and will also know the functions,
¥ =¥ (p) and Q =Q(p). The equations (2.7) and
(2.8) or equations equivalent to them will next
be solved approximating derivatives with
respect to the vertical coordinate by finite
differences. We shall usually compare the phase
speeds obtained in this way with those obtained
in the continuous case and measure the trunca-
tion error by the difference.

3. The case, U= Uy, =const>0,
G = 049 =const >0

As the first case we have selected an extremely
simple example, where all the calculations can
be carried through using only elementary func-
tions. We shall assume that the basic zonal wind
has no vertical shear, and that the stability
parameter, g, is a constant.

This case is not very realistic from the at-
mospheric point of view, but will illustrate the
general procedure. Due to the fact that the
boundary conditions are expressed in the ver-
tical velocity (Q =0 for p =0 and p =p,) it is
an advantage to eliminate ¥ from the equa-
tions (2.7) and (2.8). In our particular case we
get the following equation for Q =Q(p):

d2d Q=0 3.1)
—reQ=0, .
ap 1 (
— Uy, + Bk

where qg= —U—gokzuii. (3.2)

B c- U,
We shall first consider the case where
q>0, (3.3)

which obviously corresponds to the following
inequality for the phase speed
Uy Blk2<c< Uy, (3.4)
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These waves are long internal waves with
nodal surfaces (see CHARNEY, 1947, footnote,
p- 148).

The complete solution to (3.1) is obviously

Q-Asin (Vg p)+Bcos (Vg-p), (3.5
where A and B are constants of integration.

The boundary condition Q=0 for p=0 gives
B=0, and Q=0 for p=p, gives

Vg po=mn (m=0,1,2 ..). (3.6

Substituting the expression (3.2) for g in (3.6)
we find:

BIE
c=U,y T o (3.7)
]
1+m? AN [ l_
2 2
Do Oy K
The vertical velocity is obviously
Q=4 sin (mn 21) (3.8)
Do

while the streamfunction ¥ can be found from
(2.7) to be

2 2

Leme 5L L

D7 0 pooook

=—> *mna 3

2 7 &1

pﬁ O'oolcs

L. A - cos (mng) (3.9
Po Po

Waves very similar to these waves have been
investigated in details by ArRNAsoN (1961), and
we shall not discuss the distributions of € and
¥ further, but restrict our discussions to the
phase-speed ¢. This quantity depends upon the
values of the zonal wind speed U, the Corio-
lis parameter f,, the Rossy parameter § and
the static stability parameter oy. In addition,
¢ i1s a function of m, determining the vertical
modes, and the horizontal wavelength L =
2n/k. The values of (Uy —c¢) in m sec-!, deter-
mined from (3.7) are given in the first column
of Table 1 for the following values of the other
parameters: fo =104 sec™!, =16 x10-12 m-!
sec™l, gy =4 MTS units and L =6000 km.

Our next purpose is to find the phase speed,
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when we use the very same model, but now
approximate vertical derivatives by finite
differences. Our basic equation is again (3.1).
Consider a division of the interval 0 <p <p, in
N layers each corresponding to a pressure
interval P =py/N. When we apply the equation
(3.1) at the boundary between the layers we
obtain, when the interfaces are numbered
i=1, 2, ... (N —1), and we use the ordinary
approximation to the second derivative

Q1+ 1-2Q
2

+qQ;=0.
P e

(3.10)

2=0 and 7 =N will correspond to the surfaces
p=0 and p =p,, respectively. It should be
remembered that Qy=Qy =0 according to the
boundary conditions. (3.10) may also be written
in the form:
Q,_, +H(gP" -2)Q, +Q;., =0. (3.11)
If this set of (N —1) linear, homogeneous
equations shall have non-trivial solutions the

determinant must vanish. This condition gives
the following equation for the phase speed c:

[ (gP*-2) 1 0 0
1 (¢P*-2) 1 ]
0 1 (@P*-2) 1
0 0 0 0
| o 0 0 0

The equation (3.12) has been solved for N =2,
3, ..., 7 by solving first for the quantity gP2.
In each case we know the value of P and we have
the relation (3.2) between ¢ and ¢. If N =2 we
get naturally only one value of (Uy —c¢) from
(3.12). Each time we increase N by 1, we get an
additional value of (U,, —¢) from the roots in
(3.12). The values are tabulated in Table 1,
using again as an example f, =10-% sec-1, f§ =
16 x 10-12 m -1 gec-1, g4 =4 MTS units and L =
6000 km.

Table 2 is constructed as Table 1 using the
same parameters except L which is now 28,000
km, corresponding to one wave around the
hemisphere in middle latitudes.

It is seen from the two tables that the solu-
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TaBLE 1. Values of (Uy—C) for constant static
stability and vanishing vertical windshear.

Parameters: f,=10-% sec~!, f=16 x 10-12 m-1 gec-?

0go =4 MTS units and L = 6000 km. The first column

contains the values of (Uy —c¢) in the continuous

case. The remaining columns give the corresponding
values for resolutions N =2,3...7.

N c©c 2 3 4 5 6 1
Ug—c; 443 514 476 4.63 457 454 4.52
Up—c, 1.44 2,04 176 1.64 1.58 1.55
Ugp—c; 0.68 1.08 092 0.84 0.79
Ugp—c, 0.39 0.67 0.57 0.52
Up—c; 0.25 0.48 0.39
Up—cs 0.18 0.34

tions from the finite difference formulation seem
to converge toward the solution in the continu-
ous case as the vertical resolution is increased.
This is quite apparent especially from the first
rows in the two tables.

The absolute error in the phase-speed is
greatest for the lowest vertical resolution as seen
from Tables 1 and 2. For L = 6000 km we find
for N =2 an absolute error of 0.7 m sec-! in
the phase-speed. This error corresponds to an

0 0 0o
0 0 0
0 0 0
-0. (3.12)

1 (qu‘— 2) 1
0 1 (gP*-2) |

error of 61 km per 24 hours in the displacement,
of the wave, or in other words a rather small
fraction of the gridsize usually used in short
range numerical prediction. For L =28,000 km

TaBLE 2.
As Table 1 except L =28,000 km.

N o 2 3 4 5 6 1
Up—c, 6.27 7.80 695 6.68 6.56 6.50 6.46
Up-c; 1.59 235 199 1.84 177 1.73
Up—cy 0.71 1.17 0.97 0.87 0.84
Up—c, 0.40 0.71 0.59 0.53
Up—cs 0.26 0.48 0.40
Ugp—cs 0.18 0.34
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we find an absolute error of 1.5 m sec-! corre-
sponding to 132 km per 24 hours in the displace-
ment. These errors become smaller when the
vertical resolution is increased.

In (3.2) it was assumed that ¢q >0 leading to
the phase-speeds described by (3.7). We still
have to find the phase-speed in the case where

g <0. (3.13)

In this case we find that the complete solu-
tion to (3.1) can be written

Q=A60 g-otr, (3.14)
The upper boundary condition gives
A+B-=0, (3.15)

while the lower boundary condition gives the
condition

PESULENNE - WISt Ly (3.16)

To satisfy (3.15) and (3.15) simultaneously it
is required that

sinh ((-¢)* p,) =0, (3.17)
which is only possible if ¢=0 or
c=U,— Bk (3.18)

This case is formally included in the solution
(3.7) by allowing m to attain the value zero
and needs therefore no further consideration.

The case considered in this section corre-
sponds in the case N =2 to a two-parameter
model in cases where the vertical shear of the
horizontal wind is small. Our estimates of the
truncation error shows that we may have errors
in the phase speeds of the order of magnitude
of 109%. The magnitude of the truncation
error decreases rather rapidly as the number of
gridpoints in the vertical direction is increased.

4. The case U= U, > const>0, ¢=o(p)

The procedure used in the preceding section
can also be carried through in the case where
U is a constant, but where ¢ is a prescribed
simple function of pressure. We shall assume

that
a=0,\—}.
P

Tellus XIV (1962), 3
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This distribution has been used by WELAN-
DER (1961} in a different problem, but he has
shown that there is a good agreement between
the observed distribution of ¢ (corresponding
to mean conditions for the winter season) and
the distribution given by (4.1).

From (2.7) and (2.8) we can in this case derive
the following equation for Q:

Afo) P\ k* B
(c— Upgy) d—p. ~ Uo(;) % (c— Uy + ;,) Q=0. (4.2)

In order to bring (4.2) into a standard form
we start by introducing a change in variable

P
Pe=".
Po

(4.3)

The boundary condition in the new variable is

Q=0 for ps=0 and p,=1. (4.4)
Denoting further
= (4.5)
= .
UDD

we may write (4.2) in the form

a2
(1-ca) a3+ (1-(1-c,))Q2=0, (4.6)
dp,

2 2
LU
where Qu= % Do i - —00

2 f 4.7
fo Uoo ﬂ ( )

We proceed to introouce & second, new, in-
dependent variable defined by the relation

1-4(1-c,)

Ty Pe (4.8)

(4.6) can in this variable be written

Q 2
+q Q=0.

e (4.9)

The boundary conditions expressed in & are

1-4(1-¢,)

Q=0 for £=0 and &=
1-c¢,

(4.10)

(4.9) is of a form treated by Kamke (see p.
440). The solution can be written

Q@) =0, 81 J, (20t 81 + 0, 8t Y, (24k £, (4.11)
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where O, and C, are constants of integration,
and J, and Y, are the Bessel functions of the
first and second kind, respectively, and of the
first order.

When £=0 we find J,(0)=0, while

|
Y, (2p} 5*)~—7—t~q.*5 ¥ (4.12)

for small values of £. It follows therefore that
the second term in (4.11) will approach a con-
stant (-7~ ! gg ) for £>0 from which it follows
that C,=0. The solution (4.11) can therefore be
written

1
Q) = O3 il (4.13)
T
where n= 2qi &, (4.14)

The values of the phase-speed ¢, can now be
determined in the following way. It is obvious
that the boundary condition Q =0, £=0 is
satisfied automatically. The zero-points of the
Bessel function of the first kind determine those
values of u for which J,(u) =0. To each of these
values we find one value of ¢. Denoting the
zero-points of J, by g, (n=1, 2, 3, ...) we find

n k2
b=t Upeeg=—PE (415
494 1+_1__ﬂ_§
U00k2 n

The values of ¢, are given in the first column
of Table 3 for n =1, 2, 3 and 4 and for f, =10~
gsec~, =16 x10-12 m~1 gsec~!, 0y =2 MTS units,
Ug =10 m sec~! and L =2xn/k = 6000 km, while
Table 4 contains the values for L =28,000 km.

We proceed next to find the values of ¢ corre-
sponding to finite difference models. The basic

" (1
(Z—vr,,~2) 1 0 0
1
— r,—2 1 0
2N
1
0 a2 1
0 0 0 0
0 0 0 0
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equation is naturally again (4.2), which we in
this case prefer to write in the form:
2,

Q
5 +r(p)Q=0, (4.17)
dp
Ke-U,+p/k*
where 7(p) = —ao~(£°) Ko UntblE 415
p jO C_Uoo

TABLE 3. Values of ¢ for variable static
stability.

Parameters: f, =104 sec~!, Uy =10 m sec-!, f=
16 x 10-12 m~! gec~!, g,=2 MTS units and L=
6000 km. The first column contains the values of ¢
in the continuous case. The remaining columns give
the corresponding values for resolutions N =2, 3,

4 and 5.
N oo 2 3 4 5
¢, 4.57 4.86 4.69 4.64 4.61
Cy 7.80 8.08 7.93 7.88
cs 8.86 9.04 8.96
A 9.31 9.44

Using the same subdivision as before we can

write the finite difference form of (4.17) as
Qi+ PP=2)Q+Qi41=0,  (4.19)

where r; is the value of r for the ¢th level. We
. 2 .
may write 7; P~ in the form:

1
r P? —y (4.20)

e Uy +p/k
ith =g Pl 0 T 4.21
wi 7y 2 ofg P Uoo ( )

where 7=1, 2, ..., N-1 and N is the number
of layers in the subdivision. The determinant
of the system (4.19) has to vanish in order to
have non-trivial solutions. This condition can be
expressed:

0 0

0 0

0 0

-0,  (4.22)
(5 1
(N_o)N'
1 (—— LI 2)
N-N° )
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TasLE 4.
As Table 3 except L = 28,000 km.

N (=] 2 3 4 5

¢y 1.51 2.20 1.81 1.68 1.62
Cy 7.42 7.76 7.60 7.53
Cy 8.77 8.97 8.89
¢ 9.28 9.42

(4.22) has been solved for N =2, 3, 4 and 5.
When the solutions for r, have been found, the
relation (4.21) has been used to compute
the values of ¢. The results are entered in
Tables 3 and 4. The parameters, used in the
calculations, are the same as given in the calcu-
lation of ¢, in the continuous case.

The main difference between the results given
in Tables 3 and 4 compared with those of Tables
1 and 2 is that the variable static stability has
the effect that the waves in the finite difference
models move too fast compared with the wavesin
the continuous case. The order of magnitude
of the truncation error is the same and amount
in no case to more than 1 m sec-1.

5. Very long waves, U= U, = const >0,
o=o(p)

It has recently been suggested (WELANDER,
1961; WiIn-NIELSEN, 1961) thet the very long
waves in the atmosphere may be described by a
system of equations which is obtained by a
simplification of the system (2.1) and (2.2). The
simplification is introduced in the first of these
equations which reduces to the form

vovi-f2 (5.1)
op

while (2.2) is unchanged.

It is interesting to compare the solution in this
cagse with the solution obtained in the preceding
section. We shall proceed to solve the equation
corresponding to (4.2) in the case where the
vorticity equation is replaced by (5.1). It is
easily seen that (4.2) in this case is replaced by

eQ B
(Upy—©) Ly Q-0. (5.2)

Introducing the transformation of variables
(4.3) we obtain the equation
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(1-c¢,) d——’Q+ Q=0 (5.3)
Cy) P 2. Q=0. .
* *di *

In this equation we transform again to a new
independent variable defined by

R (5.4)
(5.3) becomes then
d’Q
E*d_fi +¢,0=0 (5.5)
with the boundary conditions
Q=0 for &, =0, &, = (5.6)

1-¢,

The equation (5.5) is formally equivalent to
(4.9) and the solution is therefore

1
Qi) =CF 5 3 bia o), (5.7)
Tx

where e =2¢ 1. (5.8)

The phase speeds can again be found from
the zero-points of the first order Bessel function
of the first kind, but now we use the second
boundary condition (5.6) to find the phase
speeds, which becomes

Uoo
Cpn= Uoo - 4

™ (5.9)
where £4p is that value of & which corresponds
to the nth zero-point us» of the Bessel function
according to the relation (5.8).

The computed values of ¢, are given in
Table 5 using the same parameters as before
except that the wave-length does not enter into
this calculation.

The solutions in the finite difference case will
this time be based on the following equation

aQ
d_pa +3(p)Q =0, (5.10)
where s(p)=—o0," (—Z—:) l—f c_U (5.11)
* 00

The finite difference form of (5.10) becomes
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TABLE 5. Values of ¢ for very long waves.

Parameters and arrangement as in Table 3.

N o 2 3 4 b5

¢ 1.27 2.00 1.63 1.45 1.38
g 7.40 7.69 7.58 7.51
Cs 8.76 8.97 8.89
A 9.28 9.42

Qiio+{8 PP=2) Q4+ Quro=0, (5.12)
where 8; P* can be written in the form
N
84 P’=ZT80 (5.13)
with 8= —0, pﬁﬁg — (5.14)
fo c- Uoo

The determinant for the determination of ¢
will look like (4.22) with r, replaced by g, This
determinant has been solved for N =2, 3, 4 and
5, and the results are given in Table 5. This
table should be compared with Table 4, which
is based upon the original vorticity equation.

It is found that there is, indeed, very little
difference between the two tables. This is to
be expected, because Table 4 is based upon a
very small value of %k, corresponding to L =
2nfk =28,000 km, while £ in the computation
leading to Table 5 was zero.

In this context it should not be forgotten
that the model treated in Section 4 also allows
the phase-speed, ¢, to be equal to the Rossby
speed

c= Uoo—ﬁ, (5.15)
k

This value of ¢ (not listed in Tables 3 and 4)
corresponds to {2 =0 everywhere. The value
(5.15) is not possible in the model treated in
Section 5 as has been shown earlier by WiIn-
NIELSEN (1961). The assumption (5.1) eliminates
the Rossby waxes. This is therefore the only
main difference between the two models. The
present calculation shows that the velocity of

the higher modes are changed only slightly.

6. The case, U= U(p), o= o(p)

The models treated so far are extremely
simplified because they do not allow the basic,
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zonal windspeed to have any vertical shear.
On the other hand, if we make the models more
realistic and allow dU/dp to be different from
zero, we are no longer able to solve the perturba-
tion problem in the same complete sense as we
are in the very simple models.

GREEN (1960) has recently extended the
baroclinic stability investigations by CHARNEY
(1947) and Eapy (1949) to more general cases.
He uses a technique somewhat similar to the
one adopted in the previous sections of this
paper. The general frequency equation for
quasi-geostrophic flow was solved using finite
differences in the vertical direction, but Green
restricts his investigation to one mode, pre-
sumably the basic one, by the assumption that
the differential equation has only one pair of
eigen values. This cannot always be the case
simply because the more general frequency
equation in the case where the vertical wind-
shear becomes very small will reduce in the limit
to the equation treated in Section 4, and this
equation has infinitely many eigen solutions.

In this section we shall not treat the baro-
clinic case as an eigen value problem, but rather
treat the problem of finding the displacements
of the waves as an initial value problem.

We look therefore no longer for solutions
corresponding to harmonic waves moving with
the same speed at all levels, in which case the
mathematical problem is to find the (complex)
values of the phase speeds and the correspond-
ing vertical structure of the waves expressed
by the verticel distribution of the stream func-
tion, the temperature, the vertical velocity and
other dynamically important quantities.

‘When we treat the problem as an initial value
problem, it is seen from the equations (2.1) and
(2.2) that it is necessary and sufficient to
prescribe the values of the stream function, ¥,
everywhere initially, simply because the other
variable, the vertical velocity, can be eliminated
from the two equations. A straightforward
method to investigate the importance of the
vertical resolution is therefore to integrate the
equations (2.1) and (2.2) from given initial
conditions using an increasing number of in-
formation levels in the vertical direction. It is
this idea which is being used in practical
numerical forecasting where we recently have
seen a tendency to increase the number of
information levels in the vertical direction. So
far, there has not been a systematic comparison
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made between time-integrations of the quasi-
geostrophic equations (or any meteorological set
of equations) where the only difference has been
tho number of information levels.

In the following we shall make an attempt to
make such a comparison. In order to keep the
problem so simple that we can treat it without
extensive numerical integrations, we shall
restrict ourselves to the linearized equations
(2.5) and (2.6), and we shall use only very
idealized initial conditions.

Let us assume that the stream function and
the vertical velocity can be written in the form

y(z, p, t)=A (p, t) sin kx + B (p, t) cos kx, (6.1)
w(x, p, t})=C (p, t) sin kx+ D (p, t) cos kx. (6.2)

It is first of all seen that we have assumed
that the stream function {(and the vertical
velocity) are independent of the meridional
direction. We have further restricted ourselves
to considerations of only a single wave number,
k. According to the earlier remarks we are only
allowed to specify the stream function initially.
This means that the coefficients C(p,t) and
D(p,t) are determined from A(p,t) and B(p,¢).

‘When the expressions (6.1) and (6.2} are sub-
stituted in (2.5) and we have equated the
coefficients of the sin-terrms and cos-terms
respectively, we get the following equations:

o4 _ (U_E,)B fo o€ (6.3)
ot k k' op’
9B _ By, oD
at_—lc(U—k,)A o (6.4)

Using a similar procedure on (2.6) we arrive
at the following two equations:

*4 B dU

04 _ (Ua— —B)— C, (6.5)
atop ap d fo

B A dU
a—=—k(Ua————A) D (8.6
otop aop d fo

The system (6.3)-(6.6) is the prognostic
equations of the quasi-nondivergent model
corresponding to the specified distributions
(6.1) and (6.2). It is convenient to replace the
equations (6.5) and (6.6) by a new set of
equations, obtained by differentiating (6.3) and
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(6.4) with respect to pressure and subtracting
the resulting equations from (6.5) and (6.6),
respectively. We obtain then a set of equations
containing no time derivatives. They correspond
to the diagnostic equation for the vertical
velocity obtained in the more general case. These
equations are:

2 2
70 Gk w ﬂ‘?), (6.7)

ka
-65C=—|2—B-—
op'  fo fo( dp "~ K'op
’D & K dU 24
— -z D=- ( A- ﬂ . (6.8)
op h fo k* ap
The equations (6.7) and (6.8) show clearly
that C(p,t) and D(p,t) are determined from
prescribed distributions of A(p,t) and B(p,t).
In the following we shall prefer to work with
the equations (6.3), (6.4}, {6.7) and (6.8). For

convenience we introduce in these the change of
variable

P
P ="+ (6.9)
* Do
If we at the same time assume that
U=U,(l-p,), 6=0,p5", (6.10)

which means that we have assumed that the
zonal wind varies linearly from zero at p, =1 to
U, at p, =0, and that the static stability
parameter varies inversely with pressure (WIIN-
NiELSEN, 1959), we find that the four equations
take the form:

24 C
*—=ka(1—“*—?*) B- fo Ly
ot k'p, 0Py
2B D
—=-kU0(1—u*—p*)A—%?——,
at k'p, opy
&c & Pp,U, 2B
i - O'opﬂc Po 0(28 U ) P‘,
opy 1o fo * op,
aD % k’ U, A
= apop,  KP, °(2A+U,3—)p§.
ap* fg .fo P«

(6.11)

In these equations w, = g/k2U,.

The system (6.11) is a complete, closed system
of equations. From given initial values of
A(py,0) and B(p,,0) we can compute C(p,,0)
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and D(p,,0) from the last two equations using
the boundary conditions C =0 and D=0 for
ps=0 and p, =1. The values of C(p,,0) and
D(py,0) can be used to compute (24/ét), and
(2B/at),. Making a time-extrapolation we obtain
new values of A(p,,t) and B(p,,t) one time-
step later, and we are ready to start a new cycle.

The equations must in the general case be
solved numerically. However, some preliminary
tendency calculations can be made for simple
distributions of 4 and B at t=0. We shall
perform such tendency calculations and com-
pute 4 and B at some later time making use of
Taylor expansions of 4 and B in time. In
general, we may write:

A(At)y=A,+ (A ]at), At + % (834 Jat2) At2+ . ..
B (At)=B, + (2B ot), At + } (2B ate), Atg+ . ..
(6.12)

when the subscript zero denotes values at the
initial time.

For small values of At we may with sufficient
accuracy truncate the series (8.12) after only
a few terms. We shall compute only the three
first terms in (6.12). The procedure outlined
above contains naturally also a truncation
error in time.

We shall restrict the computations in this
section to the very simple case, where the
initial values of 4 and B are given by:

A(py, 0)=A4,=0, B(ps, 0)=DB,=const>0.
(6.13)

In this case, we consider perturbations on a
baroclinie, zonal current. The perturbations are
initially in phase and have the same amplitude
at all levels. The first goal is to find how the
phase and amplitude will change during a
short time-interval At. We shall obtain this
information by computing the first and second
time derivative at the initial time and then use
(6.12) to compute A(At} and B(At).

Some information can be obtained immedi-
ately from an inspection of (6.11). Since 4, =0,
it follows from the boundary conditions that
Dy =0 everywhere. We have consequently
(8B/at)y =0 everywhere. It is also easy to show
that (834/e1?), =0 everywhere. Differentiating
the first equation with respect to time we find
that

A. WIIN-NIELSEN

224 oB 2 [oC
5=kU0(1—u*—p*)————f° (—) (8.14)
8t kip,opy \ ot

The first term on the right side is zero accord-
ing to the argument presented above. We next
turn our attention to 8C/at. Differentiating the
third equation with respect to time we find

m 2 (22) et ().
*opl \ ot f, \at

3
U oB B
_.m(z_ vl (3_ ),,3,
fo ot Opy \ 21

The complete right-hand side of this equation
is zero initially, because (9B /at), = 0. Therefore,
we find (3C/at),=0, and it follows that (924 /
a12), = 0.

(6.12) can therefore for our simple case be
written:

(6.15)

A (Af) = (24 Jat), At
(6.16)
B{(At)=B,+ 3} (22Bat2), Aoz
and we have only two terms to compute.

We solve first the third equation in (6.11) in
order to find C,. The complete solution is

2k’p, U, .
Co= "R °a—,§ B, (pa—D3), (6.17)
22—
ko, po
where a3= j‘; % e=% (1+[1+4a’]}), (6.18)

0

and where we already have incorporated the
boundary conditions.
We find consequently

24

(_) =B, [ka(l—u*—p*)

ot ),
2U k _
+ =5 (2D, — €Dy ‘)]. (6.19)
2—-a

In order to find (a'B/at')o, we need first to
find (aD/at),.

Let the latter quantity be designated by
oD /ot = Dy: It follows then that

t 3
D U 9A
p.ia gt—ath= Po 0(2( )
op. fo ot

*
. F] (aA ) .
u,— | — .

* ope \ ot Pa
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2A /ot is already known (6.19). When this
expression is substituted in (6.20), we can solve
the equation, determine the integration con-
stants from the boundary conditions, and write
the solution as:

D, =m, (Da—D3) + my(D% — P3) +Mer1 (B - pa).
(6.21)

The constants, m,, m, and m,, are given by
the expressions

ko, Uj 4u,.. 1 )
my= : B, |2-3uy+ s o) 2o
k‘poUO
my= ; ¢ (6.22)
0
m ___k poUO 4¢ .
e fo "2-d* e(s+1)—a" J

The complete expressions for 4(At) and B(At),
accurate to the order of At’, can be written:

A(At)=B, A”"Uo[(l — U~ D)

2
5o ,<2p.~epi“‘)] (6.23)
-

and B(At)=B,-} At* B,k'Us (1 —u, - p,)

.fo

[(1 Ue = Pa) + 5 (2Py - epi“)] %At

x [mg(2py ~ sp;_l) +m, (3p: - spi—l

+Mgpy (e+ 1) P — epf )] (6.24)

It is obvious that the values of A(At) and
B(At) can be computed when we specify the
parameters going into the solution. A computa-
tion has been made for the following values of
the parameters: L =27n/k=-6000 km,f,=10"*
sec™’, f=16x10"" m™' sec™’, ¢,=0.5 MTS
units and U, =40 m sec™!

We have finally set Af=12 hours and kB, =
10m sec™ (B, =8.55 x 10°m" sec™?).

The results have been expressed in amplitude
and phase-angle for the stream function y in
the following way. At any time we have
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(2, p, t)=A sin kx + B cos kx = R cos (kx +9),
(6.25)

2 3 A
where R=(A*+BY}, tan ¢ -5 (6.26)

At t=0 we have B =B ;=const. and §,=0.
& gives therefore the position of the ridge in the
waves.

Fig. 1 shows R as a function of pressure for
At =12 hours. The vertical dashed line in the
figure gives the initial constant value of R = B,.
It is seen that the amplitude has increased at all
levels above p,~0.63, but decreased below this
level. The maximum increase in the amplitude
takes place close to 200 mb, where the amplitude
has increased by a factor 1.3, approximately.

The phase angle of the wave at At =12 hours
is shown in figure 2, where 360 degrees corre-
sponds to a complete wave length. § =0 is the
initial phase angle. The figure shows that a
wave initially in phase and with the same
amplitude at all levels will move toward the
east at elevations below about 400 mb, retro-
grade slowly between 150 and 400 mb, and
progress fast at levels above 150 mb. It de-
velops therefore initially a westward slope with
decreasing pressure at the lower levels, but, at

Pa
Q.0

0.2

o4

0.6

0.8

l'oﬂ 10 12 19
Rx10 S P sec’!
F1a6. 1. The continuous curve gives the amplitude as
a function of pressure after 12 hours in a baroclinic
wave with wave length 8000 km. The initial ampli-
tude, constant with pressure, is indicated by the
vertical dashed line. Other parameters: f, = 10~4sec-1,
B=16x10"*m™1sec~l, g,=4 MTS units, u,=40
m sec!, kBy=10 m sec—!. The cross, circles and
triangles show the amplitude estimated from a
one, two and three parameter model, respectively.
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Fi6. 2. The phase angle as a function of pressure
after 12 hours in a baroclinic wave. The initial
phase-angle, constant with pressure, is given by
the vertical dashed line. Parameters as in Fig. 1.

least in the present example, the opposite slope
at the very high levels. It might be supposed
that the large positive wave velocity for small
values of the pressure could partly be due to the
unrealistic increase of the zonal wind as the
pressure becomes small, but it will be shown la-
ter that it is caused by the large values of the
static stability prescribed for low values of the
pressure, according to (6.10).

It is next our purpose to investigate what we
will get, if we apply finite differences in the
vertical direction, however using the same basic
parameters as before. The finite difference case
can be carried through for different vertical
resolutions. We shall start by a consideration of
the most simple case:

a. The one-level case

The equations for 4 and B (applied at the
midlevel, where p, =4, and denoted by the
subscript 1) becomes

24
—al—‘ =kU, (3 ~u,) B,
(6a.l)
éB,
; = —k’Uo (%—u*) Al

because &¢C /op, and aD/ap, vanish at the mid-
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level, when they are evaluated by centered fi-
nite differences. From (6a.1) it follows that

24 aB
atﬁl =kU, (3 -u,) —at_li

6a.2
8331_ LU (%—u )a__.i’ (622
ot = 0 * o

Assuming as before that, initially, 4;,6=0,
B, 0=B,, we find (8B, [at), =0 and (8°4, /ot"),= 0
and

A (Af)=At kU, Bo(% — %y},

B,(At) =B, - }(At) B, k'U; (3 - u,)". } (6a-3)

We find that

R, (12)-9.24 x 108 m®sec™, 6,(12)=14°7.
1

(6a.4)

Since it is well known that the exact solution
in this particular case, as can be seen from the
solution to the differential equations (6a.l), is
a wave moving with the speed ¢ =3U, - /k®
and without any change of amplitude, we have
a possibility to find the order of magnitude of
the time truncation error which we make using
the truncated series (6.12). The error in the
amplitude is apparently about 3 9%

If the wave moved with the exact speed, it
would after 12 hours have moved 241.92 km.
Since the total wave length, corresponding to
360 degrees, is 6000 km, the phase-angle would
be 14.5 degrees, which should be compared
with the value 14.7 degrees computed from the
approximate method. The error in the phase
angle is apparently negligible. Since there is no
reason to believe that the time truncation error
should have another order of magnitude in the
more complicated cases treated later, we can
ascribe the major part of the differences we
find to the truncation errors in the vertical
direction.

The values of R,(12) and 6,(12) are entered in
Figs. 1 and 2, respectively, by crosses. We find
that the wave in this approximation will move
too fast and will not amplify.

b. The two-level case

The equations for 4 and B (applied at the
level p, =} and p, =% and with subscripts 1
and 3) become:
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24, 2f, )

py ka(% u,)B —k—poC,

oB 2f,

—at—‘= —IcUo(%—u,,,)Al—k,—z';D,

oA, of (6b.1)
— kU B, ‘e,

pe old —uy) +k

8B 2f

;gs' = — ka(i —u,,,) A3+}cz—;0Ds

The equations for C, and D, (the vertical

velocity amplitudes at the level p, =% sub-
script 2) are:
ksp,U
—(2+d") Cy= -} (B 1 B,
fo
+2u, (B,— B))),
u*( 3 1)) (6b.2)

*p,U
—(2+a”)}),=+i%
[

+2u, (4,— A)).

(4,+4,

Equations (6b.1) and (6b.2) are now used to
obtain (24,/ot),, (8As/et),, (8%B,/ot?), and
2% B,/ot?),, which are necessary to compute
A,(At), B(At), Ag(At) and By(At) according to
(6.12) in the case where, initially, 4, =A443=0
and B, = By =B, The calculation is straight-
forward and we use the same procedure as in the
earlier sections. Using the same parameters as
before we arrive at the results that

R, (12)=11.04 x 10,
R, (12) = 9.84x 10s,

5,(12)= — 0.1,

} (6b.3)
5, (12) = +29.6.

The results are entered on Figs. 1 and 2 at the
proper levels using circles. A straight solid line
connects the points.

It is seen that we find only small errors in the
displacement of the waves, a result, which is in
good agreement with the results obtained in
sections 4, 5 and 6, where all the waves were
neutral. However, the errors in the amplitudes
are much larger. At the lower level we find even
an increase in the amplitude, while the con-
tinuous model, containing only time truncation
errors, which probably are small, predicts a
decrease in the amplitude for p, =%. At the
upper level we find about 509, error in the
change of the amplitude.

‘We conclude therefore that only small trunca-
tion errors are found in the displacements of
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the wave, while larger errors appear in the
amplification of the waves.

c. The three-level case

In this case we have six equations for the
amplitudes, 4 and B, obtained by applying the
first two equations in the system (6.11) at the
levels p, =4, § and §. We have four equations
for the amplitudes of the vertical velocities,
C and D, obtained by applying the last two
equations in (6.11) at the levels p, =% and
Py =4 The complete set of 10 equations will
not be reproduced here. It suffices to say that
the equations have been solved using the same
values of the basic parameters as in the earlier
sections. The following values were obtained:

R, (12)=11.34 x 10° m” sec™?, )

d,(12) = 0.2 degrees
R, (12)=11.42 x 10° m® sec™,

0, (12) = 6.7 degrees [
R, (12)= 9.00 x 10° m" sec™?,

85 (12) = 40.8 degrees J

(6c.1)

These values are introduced on Figure 1 and 2,
using triangles connected by dashed lines. It is
seen that the truncation errors in the displace-
ments are quite small. The errors in the ampli-
tude changes are decreased compared with the
two-level case. At the upper level we find an
error in the amplitude change of about 379
compared with about 509, in the two-level case,
while the error at the lowest level in the three-
level case is 219,. A large error (62 %) is found
at the mid-level (p, =$).

The case which has been treated in this
section is certainly a very special one because
the perturbation on the baroclinic zonal current
initially has a phase angle and amplitude which
is independent of pressure. Atmospheric condi-
tions would be closer simulated if both of these
quantities varied in a way close to the observed,
mean state of the atmosphere. 1t is, nevertheless,
felt that the present calculations provide a first
estimate of the order of magnitude of the trunca-
tion errors in the vertical direction in quasi-
nondivergent models. It is found that the
truncation errors are large in the amplitude
changes of growing, baroclinic disturbances,
while the truncation errors in the displacements
are small. In the finite difference models which
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have been treated here, we find that there is a
tendency for a decrease in the truncation errors,
when the vertical resolution is increased. It is
therefore a tentative conclusion that we need a
rather high vertical resolution to describe the
amplification of baroclinic disturbances in an
accurate way.

7. Comparison with simpler models

The computations carried out in Section 6
can, of course, be equally well made for some-
what simpler models. In this section we shall
make a short comparison between the results
obtained for the continuous model in Section
6 and models in which the static stability para-
meter (o) is either constant or zero. The com-
parison will illustrate the importance of the
vertical variation of the static stability para-
meter.

As the most simple case we shall first con-
sider the so-called advective model, where by
assumption ¢ =0, i.e. it is assumed that é6/op =0
everywhere. This model has been analyzed in
great detail by HormMsok (1958) and it is possible
in this case to find exact solutions for the phase
speed and amplification of the unstable waves.
The first ones to analyze the structure of de-
veloping waves in & model where temperature
changes are caused by horizontal advection
only was RossBy (1944) and later on FyorTOFT
(1949).

In our case we shall only make calculations
analogous to those in section 6. The linearized
equations for the model are the first two equa-
tions of (6.11), while the last two equations for
the vertical velocity amplitudes will be modi-
fied to be:

2 3
a°C kp,U 2B
0 ERli(ay, )
0Py fo OPy/
oD  E'pU, 24 (7.1)
D EB g, )
ap* fo al’*

We shall assume as before that 4 =0 and
B = B, =const. initially. The equations (6.16)
apply therefore again. The solution can be
obtained formally from (6.23) and (6.24) by
setting a? =0 and ¢ =1, and we obtain:

A(At) = At * By kU, [(1 —uy — py) + (204 — 1)),
(7.2)
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B(At)=B,-} At* B kU (1 - u, —p,)
x [(1—ux—Py) + (204~ 1)1 } ALK’ US B,
x [} Py — 1)~ § uy (2P~ D).

We may now compute A(At) and B(At) using
the same values of the parameters as before
except that o, =0 in this calculation. The
results of this calculation are given in Figs. 3
and 4 expressed in amplitude and phase-angle
using (6.26).

Fig. 3 shows that the amplification in the
advective model is considerably larger than in
the general quasi-nondivergent model. At no

(7.3)

Py
0.0 T

0.2t

04r

06

e am e ecmmme—me o

o8

o

A —1 1 b A
8 10 12 4., 16 18 20
RxI0 "m. sec.

1. 1

Fi16. 3. Amplitude as a function of pressure after
12 hours in a baroclinic wave computed from the
advective model. Parameters as in Fig. 1.
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Fi1c. 4. Phase-angle as a function of pressure after
12 hours in a baroclinic wave computed from the
advective model.
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level do we find any decrease in the amplitude.
It will be shown in the following section of this
peper that the results shown in Fig. 3 are not
peculiar to the specific example, but that we in
general find a greater instability in the advec-
tive model.

It is seen from Fig. 4 that the unstable wave
in this model moves toward the east in the lower
part of the atmosphere, while its retrograde in
the upper part. This result is different from the
results shown in Fig. 2 for the more general
quasi-nondivergent model, where the wave
moves eastward initially in the upper part of
the atmosphere. The result is, however, in
agreement with the results obtained by Rossey
(1944) and HorLMBoOE (1958).

In the remaining part of this section we shall
discuss the amplification and displacement of
the waves in a quasi-nondivergent model in
which we assume that the static stability para-
meter is constant, ¢ =¢ =const. The purpose of
the investigation is to find out, whether or not
the vertical variation of o is responsible for the
difference in slope found in the upper and
lower part of the atmosphere in Fig. 2.

The first two equations in (6.11) are un-
changed, while the remaining equations are
changed to

0 k U, aB
0o o35, )
oPx fo *op,
2'D Pp,U 24 (7-4)
O @D e (2A+u —)
op fo *
kl_ 2
where Pk i) (7.5)
fo

We consider again the case where A =0 and
B =B, =const. at t=0. The formulas (6.16)
apply therefore to compute the values of A(At)
and B(At). In order to compute (24/2t), we
must first compute C, by solving the first
equation (7.4), which in this case has solutions
of the exponential type. After application of the
boundary conditions C =0 at p, =0 and p, =1,
we find that

2 3
oo=i_§’°_"7)ao(1_
af,

sin h d

sin h(@p,) sin A(a@(l-p,))
sinhd

(7.6)

and the solution for A(At) becomes:
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A(At) - AL-KU,B, - [(l—u*—p‘,)

a

o2 (007 hap,) _ cos h(d(1 - p.»)] an
sin h(a) sin h(d)

From the second equation in (6.11) we find
that

"B B aA f, @ (aD)
-kU (1 -w 7.8
+ = P) I PooPx (7.8)

or* R
The differential equation for 2D /ot =D, is

a'D *p,U aA 2 (04

02t _g'p, - Polo (2——+u,,— (—)) (1.9)
at* A at oDy \ 2t
(84 /et), is known from (7.7). Substituting this

expression for in (7.9) we can solve for D, which
turns out to be:

D= -2 "1+ ™ cos h(ap,) +sin h(a
t & & Pyt :cos (@py) +sin h(ap,)
a 1
x —?-:tanh nl o n,- cot h d
a 2 d sin k(@) T2 2
+§—:p* sin h(dp,) + — cos h{ap,), (7.10)
where
K'Usp, B, )
ny = K UoPo by (2 - 3u,),
fo
B ¥'U.p,B,
1 fo ’ )
2k* B,
. ﬁ {2(1—cos h @) +u, d sin k@),
2k'U;
n’= /odsz:oh 22 sin k @ +u, G(1-cos hd)]. ‘
(7.11)

When we substitute from (7.7) and (7.10)
into (7.8) we can compute (8% B/at*), and con-
sequently B{(At). Knowing A{At) and B(Af)
we can compute the amplitude (R) and phase
angle (8) at ¢ = At. The distribution of é as a
function of p, is shown in Fig. 5. The amplitude
(not shown) has a structure very similar to the
one shown in Fig. 1.

The distribution in Fig. 5 shows clearly that
the change of the vertical slope of the ridge line
of the wave in the upper part of the atmosphere
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Fi1c. 5. Phase-angle as a function of pressure after
12 hours in a baroclinic wave computed from a
model in which o =0 =const.

as found in Fig. 2 is due to the increase of the
stability parameter (¢) when the pressure be-
comes small, because the only difference be-
tween the calculations leading to Figs. 2 and
5 is that o =o(p) in the first calculation while
¢ =0 =const. in the second calculation.

8. The initial change of the kinetic energy

The perturbations considered in this paper
are very special, because we have only consid-
ered wave-disturbances which initally have the
same phase angle and amplitude at all levels.
Even so, it is of some interest to investigate the
stability of these simple disturbances. We shall
do this by computing the initial change of the
kinetic energy, because we are unable to com-
pute the amplification rate in the usual way in
most cases. Normally, the amplification rate is
computed from the imaginary part of the wave
speed, and we can not determine this quantity
in the most general case without approxima-
tions.

The kinetic energy of the disturbance is in
our case measured by the following integral:

1 Po L
K=— f f v*dz dp,
29J0 Jo

where L is the wave length of the disturbance.
The integral (8.1) can easily be evaluated for
the disturbances prescribed in (6.1). We obtain

(8.1)

n by
== f (A+ B dp (8.2)
29

0

from which it follows that

dK Pof 34 _#B
(—) =i’f (AL+B~)dp. (8.3)
dt), gJo\ ot ot

We have considered disturbances in the
preceding sections in which 4 =0 and B = B, =
const. at ¢ =0. It was shown that (2B/ét), =0.
Tt follows therefore that (dK/dt), also vanishes.
In order to find the initial change of the kinetic
energy in our particular case, it is therefore
necessary to consider the second derivative of
K with respect to time. We find from (8.3)

d’K b o'4 o'B
5] = ZF A —— + B —3
e J, gJo\ & at
(=) ()
+{—) +{— dp.
ot ot
The first and the last term in the integrand

vanish for the disturbances mentioned above.
We have therefore

d“K) 7 f”( ’B (aA)’)
) == B +|=) )dp. (85)
(dt o 9Jo ot ot

If the integral (8.5) is positive, we have an
initial growth of the kinetic energy, while
(d2K /dt?) <0 indicate a decrease.

The computations made in Sections 6 and 7
can obviously be used to evaluate the initial
change of the kinetic energy for the different
model: the quasi-nondivergent model with
o =o(p), the same model with ¢ =7 and finally
o =0. In each case it is sufficient to substitute
the expressions for (24/ét), and (8% B/at?), in
(8.5) and evaluate the integral. It is, in fact,
seen from the second equation in (6.11) that

BazB B, | kU, (1 ) o4
) - = s — i
o), ° ° * 7 Px at ),
fo @ (aD) ]

+5—— 1) |

K'poopu \ 0t /o
The last terms in the bracket gives no contri-
but ionto the integral because (2D /at), for p, =0
and p,=1. It iz therefore only necessary to
compute C, and thereby (04 /ot),.

In case of the quasi-nondivergent model with
o =0(p,) =o‘o/pi we obtain from (8.5)

(8.4)

(8.6)
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K\ Aapy.4.0.s| 2 e 2

=) ==—U:Bik -=

(dt’)o g "' [2-a*\e+l 3
4 (4 & re

+—2 ot —-——=1f.
(2-a")\8 2-1 &+1

a? and ¢ are defined in (6.18). In Fig. 6 we
have plotted (8.7) as a function of wave length
using f,=10-* sec-l, g,=4% MTS units U,=
40 m sec! and B;=9.55 x 108 m? sec~1. This
curve is the solid curve in Fig. 6. It is seen
that the waves are amplifying for L > 2500 km.
The maximum change of the kinetic energy is
found for L~6000 km. A decrease of kinetic
energy is found for L <2500 km.

The result displayed in Fig. 6 (solid curve) is
in qualitative agreement with the baroclinic
instability theory for the quasi-nondivergent
model. The main difference is that we find a
decrease of the kinetic energy for sufficiently
small wave lengths for the special disturbances
considered here. The results by CHARNEY (1947)
show no tendency for stable conditions where
the wave length becomes small. Our result is,

(8.7)

20— T —— T
\

r ;

16f 4
\
\
‘\
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F16. 6. The initial change of kinetic energy of the
perturbation as a funetion of wave number. The
solid curve for a model, where o =0(p), the dashed
curve for a model with ¢ =0, and dashed-dotted
curve for a model with ¢ =0 =const.

Tellus XIV (1962), 3

277

however, in agreement with the result of
Fyorrorr (1949). We emphasize again that our
result only is valid for disturbances which have
the same phase-angle and amplitude at all
levels at two, and that it therefore is not
directly comparable with the results obtained by
CHARNEY and FiorTorT (loec. cit.). Their results
are derived under the assumption that the
disturbance moves with the same speed at all
levels.

If we use the assumption ¢ =0 (Section 7) we
obtain from (8.5)

2
(@if) 1P g2 o, (8.8)
at’/, 6 g

The curve corresponding to (8.8) is shown in
Fig. 6 as the dashed curve. We find a good
agreement with the more general quasi-non-
divergent model for large wave lengths, but a
large increase of the change of kinetic energy
for smaller wave lengths. This result is well
known from earlier investigations of the ad-
vective model.

For the model where we assume that 0 =7 =
const, we finally obtain

dI’K P, 2
(__ ,) ~—-—°U(2,B§ 2k
o 9

asin ha

a
tan A~
2

o

The curve corresponding to (8.9) is shown in
Fig. 6 as a function of wave length (the dashed
dotted curve). In general we find a good quali-
tative agreement with the corresponding curve
for the more general quasi-nondivergent model.
It should be noted that the model with ¢ =¢
shows somewhat larger increase in the kinetic
energy for intermediate wave lengths than the
model ¢ =o(p). This result depends naturally
somewhat on the value ascribed to ¢. In the
calculation in Section 7 and also in the evalua-
tion of (8.9) we have used a value of o =2.56
MTS units, which is close to the value adopted
in short range prediction. We conclude there-
fore that models based upon the assumption

(8.9)
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a = ¢ will show too great amplification measured
by the kinetic energy change compared with
models where ¢ =a(p) has a more realistic distri-
bution.

9. Some comments on the upper boundary
condition

It will be noted that all the solutions in this
paper are obtained using the upper boundary
condition w =dp/dt =0 for p =0. Some criticism
of this boundary condition has recently been
given. (WELANDER, 1961). It was claimed by
Welander (without proof), that the boundary
condition mentioned above allows the amplitude
of the geopotential to become infinite as the
pressure approaches zero, and that « =0 for
p=0 is a relatively weak condition. The
condition that the geopotential should remain
finite for p =0 was suggested as an alternative
and stronger condition.

In view of Welander’s statements it is worth-
while to investigate the upper boundary condi-
tion in some detail. A possible method to in-
vestigate the influence of two different boundary
conditions is, of course, to solve the basic equa-
tions using first one and then the other boundary
condition and finally compare the two solutions.
This procedure is, of course, not always possible
in reality, because it depends upon our ability
to solve a problem with two different sets of
boundary conditions. However, in the particular
case discussed by Welander we are able to do
this as we shall show below.

The linearized equations for the very long
waves in the atmosphere have been proposed
to be

ala) o)

au ad o Low
—_ =0’ T _ —
dp ox o ﬂaz / op

9.1)

The notations are the same as earlier in this
paper. We introduce wave disturbances of the
form

w=Q(p) eik(z—ct) (9'2)

(]5 _ (D(p) elk(r—ct)’ }

and obtain the equations

A. WIIN-NIELSEN

Q =1k |( Ud +d [}
=tk (c-U)—+ —
“ )dp dp ’
(9.3)

d
f’—Q=ik,B(D.
dp

If we first eliminate Q from the system (9.3),
we obtain the equation for the geopotential
originally solved by Welander using the bound-
ary condition

P<oo, p=0, Q=0, p=p, (9.4)
Introducing the transformation
P P
Pe=——r =" (9.5)
Dy 1-c,

and assuming the distributions (6.10) for U and
o with ¢, =c/U,, we can write the equation in
the form:

1 (B 1 d_d) 1 D=0 9,6
(-9 +(1-8 L+ (149 ®=0, (86

where q= (9.7)

(9.6} is u special case of the hypergeometeric
equation. According to ErDELYI (1953, p. 75)
we can write the complete solution to (9.6) in
the form

O(£) = AD,(§) + BD,(£), (9.8)

where

¢o(5)=F(T,—T; 1; E)’ }
(9.9)
©,(8)=(1-EF(1—-7, 1+7r; 2; 1-§).

rP=1+gq. (9.10
F (a, b; ¢c; &) is the notation for the hypergeo-
metric function.

The integration constant B can be determined
from the boundary condition that ®<oo for
£-50. In fact, B=0 because ®;~>oco for £—0
(see ERDELYI, 1953, p. 104, eq. (46)).

The complete solution is therefore

®(E) = A, (8). (9.11)

The lower boundary condition can be used to
determine the values of O* as done by Welan-
der.

Tellus XIV (1962), 3
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We shall next solve the system (9.3) by eli-
mination of ® and making use of the boundary
condition:

Q=0, p=0, p=p, (9.12)
The equation for ) becomes, using the same
transformations as before,

d'Q _dQ
(1-§&) F+£E+q0=0'

(9.13)

(9.13) is another special case of the hyper-
geometric equation. It has the solution (ERDE-
Ly1, 1953, p. 75).

Q(§) = 4*Q,(8) + B*Q,(£), (9.14)

where

(&)= F (r,—1; 2; §),

2 (9.15)
QuE) =(1-E* F(1-7, 1+7; 3; 1-§).

We shall now use the boundary condition
(9.12). For £-0 we find Q,—0, while

r3)r(

HO” rernra-n

(9.16)

where I' is the gammafunction. The value (9.16)
is finite, but different from zero if r<2. It
follows therfore that B*=0, and the solution
corresponding to the boundary condition (9.12)
is

Q) =A4*Q, (&) (9.17)

We shall next show that the solution (9.17)
leads to the same solution for ® as we have
obtained in (9.11) using the boundary condition
(9.4). We use the second equation in (9.3) for
this purpose and obtain

_ifde_1f 1 do

(9.18)

but we have

_d_Q_Atfi_(SF( ;2 E)=A*F -1
d& = df 7'1—7': 3 ))" (r,—r, 3 E)‘
(9.19)

The last relation follows from ERDELYI
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(1953, p. 102, eq. (22)). It is therefore seen
that the two sets of boundary conditions (9.4)
and (9.12) lead to exactly the same solutions.
We can therefore state that the boundary
conditions (9.4) and (9.12) are completely equi-
valent in this particular case.

It is beyond the scope of this paper to find the
general condition under which the two different
gsets of boundary conditions lead to the same
solutions, but it is strongly suspected that they
will be equivalent if the temperature and its
first derivatives in time and space are finite at
the upper boundary.

10. Summary and conclusions

Some estimates of truncation error due to
vertical finite differences have been obtained.
In the case of no vertical windshear, we find
errors in the phase speeds of the order of 10%, in
the basic mode for the smallest vertical resolu-
tion. The truncation error in the phase-speed
decreases rapidly, when the resolution is
increased. The truncation errors are of the same
order of magnitude, but of a different sign if
the vertical stability parameter is allowed to
change with respect to pressure, but the vertical
windshear still vanishes.

In the case where we have a vertical windshear
different from zero and the stability (o) varies
with pressure, we find only small truncation
errors in the displacement of the wave, but
large errors in the amplification. For the smal-
lest vertical resolution the errors may amount
to 509, but seems to decrease somewhat when
the resolution is increased. The conclusion is
therefore that a rather high vertical resolution
is needed in order to predict amplification with
small truncation errors.

Section 7 contains a comparison between the
development of baroclinic waves in quasi-
nondivergent models where o =0(p), 60~
const. and ¢ =0. It is found that the increase
of the static stability parameter in the strato-
sphere must be extremely important for the
slope of the waves in this part of the atmosphere.

The final section contains some comments on
the upper boundary condition. It is especially
shown that the two boundary conditions w =0
for p =0 and ¢ <oo for p =0 are equivalent for
a model proposed for very long waves in the
atmosphere.
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