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Abstract 

The persistent skill of the 500 nib barotropic forecasts in routine numerical weather prediction 
is emphasized in contrast to the failure of baroclinic prediction models to furnish useful Iow- 
level forecasts. In the belief that this failure is first of all a result of lack of control mecha- 
nism capable of ensuring well-behaved development, the author suggests the possibility of 
designing a multi-level prediction model capable of realistic displacements of pressure systems 
but containing no mechanism for development. 

For this purpose, a one-layer model consisting of a stratified fluid is exposed to theoretical 
analysis by means of the technique of small perturbations. This analysis shows that owing to 
the stratification of the fluid, the perturbations have a vertical structure resembling that of the 
atmosphere. The dynamics of the perturbations is studied in some detail. One of the results 
is an expression for wind divergence applicable to non-linear prediction. It is shown that the 
stratified model is capable of more realistic displacement of planetary waves than either version 
of the barotropic models (Rossby, 1939; Cressman, 1958). 

More important than this improved control of the planetary waves is the model's apparent 
capability of realistic displacements of pressure systenis at low levels. In application, however, 
there is the problem of how to best interpret concepts from the perturbation theory such as 
basic current, thickness of the layer, and the static stability of the basic flow. 

I. Introduction 

Since the inception of routine numerical 
weather prediction in 195s by the Joint Nu- 
merical Weather Prediction Unit in Washng- 
ton, D.C., the barotropic model, conceived 
by Rossby more than two decades ago, has 
played a role far beyond expectations. In its 
present form (CRESSMAN, 1958), it yields wind 
forecasts for the so0 mb surface which in skill 
equal or surpass forecasts made routinely by 
any other method. 

Barochic models that have been tested at 
JNWP and elsewhere have on the whole been 

disappointing, in that they have not produccd 
forecasts for levels below so0 mb that could 
compete favorably with subjective predictions 
made by skilled forecasters. The lack of ful- 
fillment of initial promises of some of the 
baroclinic models stands out sharply against 
the persistent slull of the barotropic model. 

It is paradoxal that the usefulness of the 
barotropic model appears to hnge on the 
very fact that it makes no attempt to cope 
with the central problem in weather prediction 
-the problem of cyclogenesis. One of the difi- 
culties, so far, with the use of baroclinic models 
has been the lack of a control mechanism 
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capable of ensuring a well-behaved develop- 
ment. Predicted displacements of large-scale 
disturbances by baroclinic models are usually 
realistic, but erratic developments and distor- 
tion of existing pressure systems have, in 
many cases, made the forecasts of doubtful 
value. 

In view of the considerable practical value 
of 500 mb barotropic forecasts and the obvious 
desire to produce forecasts of comparable 
skill for lower levels, we pose the question 
whether it would be feasible to design a 
prediction model capable of realistic displacements 
of pressure systems at a number of levels but 
containing no mechanism for  development. It is 
assiuned that displacement prediction alone is a 
useful product, and that a model of the type 
suggested may produce multi-level forecasts 
of a skill comparable to that of forecasts made 
by conventional methods. 

An attempt is made in this paper to answer 
this question by proposing that a one-layer, 
stratified model ma be adequate for the stated 
purpose. In the fol Y owing sections we present 
a theoretical study of such a model by means 
of the perturbation technique and then discuss 
its applicability to hemispheric prediction of 
wind and pressure. 

In section two of this paper we define the 
model as a single-layer, compressible fluid of 
table density stratdication and bounded by 

two quasi-horizontal surfaces of constant 
pressure. The eigenvalue problem generated 
by the perturbation equations is solved in 
section three and the resulting frequency 
equation is discussed in section four. In 
section five we study the vertical struc- 
ture and the dynamics of two-dimensional 
(x and p )  perturbations and extend the dls- 
cussion to three-dimensional (x, y, and p )  
perturbations; in section six the model’s 
possible use for a multi-level, non-linear predic- 
tion is discussed. 

Below we summarize the main results of 
the perturbation analysis and the tentative 
conclusions reached about the usefulness of 
the model for short-range (up to 36 hours) 
forecasting: 

I) The frequency equation for the stratified 
model is cubic in the wave speed, c, and is 
essentially of the same form as that of the 
autobarotropic model with a free surface 
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(ROSSBY, 1938. There are, however, two 
significant di erences : 
a) Because of the inclusion of static stability, 

the speed of the internal gravity waves is 
of the same order of magnitude as the 
speed of large-scale pressure systems and 
is, therefore, much less than the speed 
of the external gravity waves of the 
autobarotropic model. 

b) The “synoptic” wave velocity (see eq. 
(6.1) p. 165) may have a sign opposite 
hat of non-divergent waves, depending 
on the static stability, the strength of the 
basic current, latitude, and the scale of 
the perturbation. This is contrary to the 
syno tic” wave velocity (see e . (4.4) 

free surface which always has the same 
sign as the velocity of nondivergent 
waves. 

z) Because of the difference between thees 
two models, described above, the strati- 
fied model is better equi ped to predict the 

than both the divergent (CRESSMAN, 1958) 
and the nondivergent barotropic models. 
When applied to hemispheric 500 mb 
forecasts, this may result in increased use- 
fulness for latitudes below approximately 
3 5 O  N. 

3) The basic vertical structure of the vertical 
velocity of the perturbations is nearly 
sinusoidal with rn internal nodal points 
( m = o ,  I, 2 , .  . .). Superposition gives any 
required distribution compatible with the 
imposed vanishing of vertical speed at the 
lower and upper boundaries. This suggests 
that one may, with some confidence, apply 
the stratified model at a number of levels 
by properly interpreting such parameters as 
basic current, static stabdity and thickness 
of the stratified layer. This implies, for in- 
stance, that if one attem ts a 1,000 mb 
forecast by this model, t R e basic current 
used would be a vertically integrated mean 
of the zonal wind, or of a wind obtained 
by horizontal averaging, i.e., a “steering” 
current. 

4) The theoretical phase angle between the 
temperature and pressure waves is not typical 
of that most commonly observed in the 
atmosphere. The main reason for this is 

( 6  

. I 6 17 of the autobarotropic mode 9 with a 

observed movement o 4 planetary waves 
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the preclusion of baroclinicity from the 
basic flow, which prevents the occurrence 
of the synoptically important temperature 
advection behind and ahead of a pressure 
low. We have concluded, however, that 
correct phase angle is crucial first of all for 
prediction of developments and to a much 
lesser degree for the prediction of displace- 
ments. 

5 )  The structure and dynamics of the pertur- 
bations of the model resemble the waves 
in the Easterlies as described by RIEHL (1954). 
We suggest that displacements of these 
disturbances might be predicted by the 
model described in this paper, possibly with 
some modifications necessitated by the low 
latitudes. 

2. The model 
We consider a single layer of a compressible, 

inviscid fluid of infinite lateral extent and in 
hydrostatic equilibrium. Contrary to the well 
known one-layer, autobarotropic models de- 
scribed by Rossby in the late thirties (ROSSBY 
193g), we shall impose no restriction on 
the fluid’s density distribution except for a 
stable stratifkation. As a result of the introduc- 
tion of a variable density, the simple vertical 
structure of the autobarotropic one-layer 
models, with or without a free surface, is lost. 

In describing the physics of the stratified 
model,’ we prefer to re lace the two equations 
for horizontal motion &he primitive equations 
of motion) by the vorticity and the divergence 
equations. The former is a prognostic equation 
for the vertical component of vorticity, 5, and 
the latter a prognostic equation for the hori- 
zontal divergence, div v ;  both are derived 
from the primitive equations of motion by 
differentiation. Using a x, y, p coordinate 
system, the five dependent variables u, v,  w,  
4, and 6 are determined by the following 
system of equations and appropriate boundary 
conditions : 

Vorticity equation: 

!% +div(qv)+k-  v x (m$) = o  (2.1) at 

l For the sake of easy reference we shall use the notation 
“the stratified model” when needed. 

Divergence equation: 

af af j [  - 2 / ( v ,  u) -  v 2 4  + v  - - u - - 
ax ay 

Continuity equation : 
aw 
- + d i v v = o  
aP 

Adiabatic equation: 

a6 a6 - + v -  v6+w - = o  (4 
at aP 

Hydrostatic equation: 

where u, v ,  w are the three cartesianvelocity 
components, 4 and 6 geopotentid and poten- 
tial temperature respectively, f the coriolis 
parameter, and k a unit vector directed 
upward along the vertical. Moreover, 

av au av au 
/(. +- -- - -  

’ ax ay ay ax (2.7) 

the total derivative a a  d 
v = - i + - j  2 -&= ax ay 

where i and j are unit vectors directed along 
the x- and y-axis, respectively; R is the gas 
constant and q, the specific heat for constant 
pressure. 

urpose of this paper is to 
study the signJcance of a variable density 
alone as a single added feature to the above- 
mentioned autobarotropic models. We shall, 
however, not attempt a study of the stratified 
model in its most general form, as described 
by the system (2.1) to (2.7) above, but 
confine ourselves to the application of the 
theory of small harmonic perturbations super- 
imposed upon a stationary and simple basic 

The specific 
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flow. To this basic flow we ascribe a uniform 
zonal current U 2  which is in a geostrophic 
and hydrostatic balance, i.e., 

f U + $ = o  

(2.9) 

Since U is independent of pressure, it follows 

from (2.8) and (2.9) that - = 0; i.e., the basic 
23 
2 V  I 

flow is barotropic. 
The theory for small perturbations and its 

application is so well known from the meteoro- 
logical literature (see for instance BJERKNES, 
et al., 1933), that the mathematical manipula- 
tions needed for deriving the perturbation 
equations are relegated to an appendix. We 
shall point out here that the perturbation 
amplitudes will depend on the vertical coor- 
dinate p ,  and that owing to the stratification 
of the basic flow, the small disturbances them- 
selves are baroclinic. 

The mathematical treatment is simplified 
for the time being by assuming independence 
of the meridional component y. Later on the 
effect of meridional dependence of the pertur- 
bations will be included. 

3. The eigenvalue problem and its solution 

The following differential equation for the 
amplitude D (2) of the vertical velocity 

o ( = 2) was derived in the appendix: 

D" + D' - QD = o 

where a prime means differentiation with 
P o  respect to Z= In - and 
P 

( 3 4  

( 3 . 4  - RH, sA 
Q =  ( c -  U )  (Ci2 - A2)  

* A basic current U which is not zero is strictly in- 
compatible with the assumptions that it be geostrophic 
and with the boundary conditions imposed on the fluid 
later on. This criticism applies, of course, equally well 
to the autobarotropic models. Inconsistency of this type 
is common when dealing with simple models and does 
not invalidate the essence of the results obtained. 
Tellus XI11 (1961). 2 
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Notations are explained in the appendix. The 
quantity Q is a constant for an isothermal at- 
mosphere; its variation with height is slight 
in the real atmosphere and will therefore for 
the sake of convenience be omitted in solving 

For Q constant, the fundamental solutions 
of (3.1) are trigonometric or exponential; 
the general solution may be written as 

(3.1). 

- f z  
D = e  [a,erlZ+a 2 e-rxz I =  

= (;)1'2[al ($ +a, (;>"I (3.3) 

where a ,  and a2 are arbitrary constants, and rl 
is the positive root of 

I r12 = - + Q (3.4) 4 

We distinguish between two possibilities: a) rl 
is real; b) rI is purely imaginary. In the latter 
case the solution (3.3) may be written: 

D=e-fZ[b ,  sinrZ+b, cosrZ] (3.5) 

where 

A general treatment of (3.3) is outside the 
scope of ths paper. Proper boundary condi- 
tions allowing correctly for the kinematic 
constraints at the earth's surface and including 
an inner discontinuity (tropopause) lead to a 
complicated frequency equation which in- 
cludes both external and intenal gravity 
waves in addition to inertia and Rossby waves. 
For the case of ure gravity waves, we refer 
to BJERKNES et af (1933), Physikalishe Hydro- 
dynamik, pp. 364-367, which deals with a 
double-layer isothermal atmosphere with a 
free surface. 

We shall here confine ourselves to a single- 
layer fluid and preclude the external gravity 
waves by imposing the boundary condition 
D = o  (i.e., o=o) at Z =  o and at Z= Z,, 
where Z, is finite. The perturbations are there- 
fore restricted to a layer of finite thickness. 
The solution to (3.1) compatible with these 
boundary conditions is 
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- f Z  
D =  b,e 2 sin rZ (3.7) 

with the side condition 

( ~ 2 , ) ~ =  - [$ +Q] Z:= (m)2; 

m = I , 2 , 3 ,  . . .  (3.8) 

Substitution for Q from (3.2) and rearrange- 
ment of terms in (3.8) results in the frequency 
equation 

d[g’H- (c - U)A] + (c - U)C/ = 0 

where 

where 

and 

In the atmosphere g‘ is very much smaller 
than g; for 5 = 0.5 I O - ~  degr. C/m and 

Zl= 1.65 (p,=zoomb), weobtain&= - = 

= 0.23, and for m = I ,  g’= 0.023 g. 

RsZ1 
2 

4. The frequency equation 

Equation (3.9) is of third degree in c, i.e., 
for each eigenvalue, rn, there are three possible 
solutions for the phase velocity of a given 
wave. It is of interest to compare (3.9) with 
the frequency equation for the one-layer, 
autobarotropic model with a free surface, so 
well known from the works of ROSSBY (1939) 
and subsequent writers who have found it 
useful in theoretical analysis. When the vor- 
ticity and divergence .equations are used in 
deriving the frequency equation for t h i s  
autobarotropic model, we obtain: 

A [ g H -  (c- U) A ]  +cCiz=  0 3  (4.1) 

whch has the same form as (3.9) except that 
the term (c - U)Ci2 is replaced by cCi2. As we 
shall see later on, this implies a significant 
difference in terms of the dynamics of the 
two models and their applicability to fore- 
casting the movements of atmospheric pressure 
systems. Another important difference is that 
of g’ in (3.9) replacing g in eq. (4.1). This 
means that internal gravity waves whose speed 
is C’z = qg’H = in the stratified model re- 
place external gravity waves of the speed 
C, = Vg in the autobarotropic model. The 
expression for the speed of internal gravity 
waves 

-G is, except for the factor I + ,-,,of the same 

form as the one derived by BOLIN (1953) 
in his paper on “The Adjustment of a Non- 
balanced Velocity Field towards Geostrophic 
Equhbrium in a Stratified Fluid.” As we 
have seen, 0.23 is a typical atmospheric value 
for the stability parameter E .  Since correspond- 
ing value for the oceans is about 2-  I O - ~  internal 
gravity waves travel 10 times faster in the 
troposphere than in the oceans. 

It is customary, cf. CHARNEY (I947), to 
assume only one of the three roots of (4.1) to 

4m z 

The frequency equation (4.1). see for instance 
CHARNEY (1947) eq. (31), is usually given as 

A [ g H -  (c- V)’] + cC~*  == o (4.2) 

which differs from (4.1). This discrepancy owes its 
explanation to different ways of applying the equations 
of motion to the derivation of a frequency equation. 
Equation ( 4 , ~ )  will, for instance, result when the vorticity 
equation is used in conjunction with one of the undiffer- 
entiated (primitive) equations of motion, whereas (4.1) 
is obtained when the latter is replaced by the divergence 
my equation. When discussing this apparent paradox with 
m y  colleague, George J. Haltiner, U.S. Naval Postgraduate 
School, California, he pointed out that the explanation 
must be sought in the inconsistency of allowing latitudinal 
variation in the coriolis parameter and at the same time 
imposing the restriction that both the basic current 
and the perturbations be independent of latitude. This 
inconsistency can be remedied only by extending the 
eigenvalue problem to two dimensions which, however, 
is outside the scope of this paper. 
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be meteorologically meaningful; this root is 
obtained by omitting (c- U)d compared 
with g H  in (4. I) which gives, 

c,= ~ g H  (u- pika)  (4.4) g H + G  

where the subscript “a” signifies an approxi- 
mate solution to (4, I). Since g‘ is much less 
than g ,  the validity of an analogous approxi- 
mation for (3.9) is less certain but if we 
assume d/Ci < I, which means re lacing 
the linearized divergence equation !y the 
geostrophic wind law in the derivation of the 
frequency equation (3.9), the approximate 
solution is in this case 

c’,= u - g’H B / k Z  (4.5) g‘H + ci2 
We emphasize the difference in form between 
(4.4) and (4.5), and that the expression for 
c‘& is essentially the same as that for the real 
part of the phase velocity of amplhed baro- 
c h i c  waves, cf. THOMPSON (1956). For U= 0, 
the frequen equations (3.9) and (4.1) are 

follows : the propagation of gravity waves in 
the two models is the same if the autobarotropic, 
one-layer model with a f i ee  surface has a thickness 
H ,  defned by 

of the same 7 orm; this may be interpreted as 

where H is the thickness of the stratijied model. 

uestion of the meteorological 
significance 07 the roots of equations (3.9) 
and (4.1), and to what extent one of these 
roots is approximated by (4.5) and (4.4) 
respectively, the author has solved (4.1) 
exactly for the first three wave numbers. The 
wave number n is related to the wave length 
L and latitude q as follows: 

As to the 

n L  =2nR cos v (4.7) 

where R is the radius of the earth. Fig. I 
shows the three roots c,, c2, and c3 of (4.1) 
for n = I, U= 0, and H =  104, and for compari- 
son the speed of non-divergent waves, cR, 
has been entered to ether with the approximate 

In view of the observation that waves corre- 
solution c, (given B or H= 10, and H =  102 m). 
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sponding to n = I move so slowly that they 
appear quasi-stationary on successive weather 
maps, WOLFF (1958); MARTIN (1958), all three 
solutions to (4. I) are meteorologically unrealistic. 
The approximate solution, c,, corresponding 
to H = I o ~ ,  ap ears more realistic save for 
very low latitu B es. For the limiting case H =  0, 
c, approaches zero except at the equator which 
constitutes a mathematical singularity in that 
the value of c, depends on the manner in 
which C, and H approach zero. 

When H in eq. (4.1) goes to zero, this 
equation becomes 

c [ c,2 - d 21 = 0 4 

which has the three roots c = 0, c = - B / k z  f Ci. 
The behavior of the three roots of (4.1) for 
different values of H is shown in Fig. 2. The 
solution c1 approaches the value - p / k 2  - Ci 
when H goes to zero and increases numerically 
with increasing H. The solution cz is positive 
and increases with increasing H ;  for H=o,  
it is zero for 05 v I vo and equal to - p / k z  + Ci 

for rpo I g~ 5 - where vo is the latitude at 

which CI=p/kz .  Thus the solution c2(y) has a 
discontinuous first derivative for tp = yo.  The 
third root, c3, of eq. (4.1) is limited for all 
values of H, when H ap roaches infinity, c,  
approaches cR, the spee% of non-divergent 
waves, and when H goes to zero it approaches 
the value - p / k z  + C r  in the interval o 5 v 5 y o  

and zero in the interval y o  5 y~ -. In the 

point ‘p = qo, c3 has therefore a discontinuous 
first derivative just as cz did. Fig. 2 gives c3 as a 
function of latitude for H=o, 102, 103, - 103, 
and 104 m as well as for H infinite. 

For increasing wave number, the approxi- 
mate solution, ca, approaches c3 more and more, 
and for n 1 3  these two are identical for all 
pactical purposes if HI 102 m. In his paper 
Der Mechanismus des Meteorologisches Lar- 

mes”, HINKELMANN (195 I), discussed briefly 
the possibility of solving for c3 by means of 
the continuous fraction 

Id 

2’ 

76 

2 

’ The solution A = f Ci is possible only when H = o  in 
(4.1) or g‘ = o in (3.9). It follows from the perturbation 
equations (see the appendix) that C=o, i.e., no pressure 
perturbations, and B =  f iA.  This is the case of combined 
inertia oscillations and vorticity oscillations. 
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3 8 . 2  

24.5 

17.6 

13.7 

11.0 

- ci2 

gH + C f  - A',- ,  + A,-IP/k2 A ,  = --w- B l W  
(44 

where 
Equation (4.8) may also be written as: 

A ,  = c, - U + B/k2 and A ,  = o 

I 

2 

3 

4 

5 

(4.9) 
which for A,  - I = o reduces to (4.4). Computa- 
tions show that for increasing q, cq will approach 
c3 but the convergence is slow for n = ~ ,  in 
particular for low latitudes and small H. 

As the wave number increases, the solution 
c3 and its approximation c., appear to agree 
better with the wave speeds one observes 
by studying successive weather maps. The two 
remaining solutions c1 and c2, on the other 
hand, approach more and more the speed of 
pure gravity waves. The main features of 
Figures I and z apply in essence to any wave 
length. With decreasing wave length the point 
of intersection between the curves c = o and 

400m1: 200 

-1000 PI /I.o 
4200 In.I,U.OJ -1200 

c =  - @ / k 2  + Ci  (Fig. z) will move to the left 
and c 3  will approach c=o, whereas c2 and c1 

approach the horizontal curves C,= i &H. 
Table I gives the latitude v,(where P / k 2 = C i )  
in relation to the wave number n. 

Table I. Shows the latitude, po, a t  which B/k2 = Ci, 
in relat ion to t h e  wave  n u m b e r  n. 

PO I I n 

9.3 I 6 I 
8 .0  I 7 I 
7,I I 8 I 

I 5.7 I I 0  

o 15. 30. 45. 60' 75. 90. LAT. 
rn X I  - *  

400 400 

2 0 0  200 

0 0 

- 200  - 2 0 0  

-400  -400 

- 6 0 0  -600  

-800 -000 

-1000 -1000 

I *  I 

- 1200 -1200 
0 15. 30' 45' 60. 75. 90. LAT. 

Fig. 2. The three solutions to eq. (4.1). clr c2, and c 3  are 
shown as functions of latitude for selected values of ,H. d. 1;- +o. 60. ,5. . b e  LAT. The three thick, solid lines portray the solutions for the 
limiting case H=o. In this case the point rp,,, 0, where 
q~,, is the latitude at which Ci=B/ka,  is a branch point Fig. I .  Shows the three roots cl, c2. and c, of equation 

for c, and c3  both of which have discontinuous first de- (4.1) for H =  IOI m together with the speed cR of 

nOn-divergent and the solution ca rivative. The H values that go with the unlabelled cg 
for H = 104 and H = 102 m. curves are: IO,, l oa ,  5 .  103 m. 
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We emphasize at this point that the incapa- 
bility of the ondimensional, barotropic modele- 
to move the very longest waves at speed 
comparable with those observed in the atmos- 
here, is closely related to the omission of 

Eteral variation of the perturbations. As we 
shall see, however, this weakness of the model 
remains when it is extended to two dimen- 
sions. This extension is most easily accom- 
plished by assuming the perturbations periodic 
in both the x and y directions. If we denote 
the lateral wave number by k,, it is readily 
shown that previous results hold if we replace 
k2 by k2 + & in the expressions for d and Ci. 
Thus, 

A = c -  U+/?/k '+k?;  C2- 1 f 2  (4.10) - k 2  + k; 

(4.11) 

A few case studies of wave n =  I for 500 
mb show that the corresponding number in 
the North-South direction is about four. 
For U=o and H =  104 this corresponds to a 
westward speed cg  of 5 5  m/sec at the Equator, 
decreasing to 37 m/sec at latitude 45". This 
speed is still excessive as compared with observed 
displacement in the atmosphere. A further con- 
sequence of including the second dimension 
is that the approximate solution co is essentially 
identical with one of the roots (c$ of (4.1) for 
all wave numbers. 

What has been said above about the roots 
of equation (4.1) applies directly to the roots 
of equation (3.9) when we observe that 

c ' =  U+C,,, (4.12) 

where c,=, is any of the three roots of (4, I) 
for U=o, and c' is the corresponding root of 
(3.9). The limiting case H=o in the previous 
discussion of the autobarotropic model corre- 
sponds to the condition g' = o in the stratified 
model, i.e., indifferent stratification, a condition 
which, of course, is hysically more meaningful 

mospheric value of the static stabi ity, the f than H=o.  It is c s ear that for a ty ical at- 

The derivation is particularly easy if we introduce a 
stream function and velocity potential into the pertur- 
bation equations instead of u and Y .  

If not f/k %>B/k2 __- ki'k the expansion to the second 

dimension is less simple than stated above. 
Tellus XI11 (1961). 2 
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speed of planetary waves in the stratified mode 
is comparable to their observed speed in the 
atmosphere. 

5. The structure and dynamics of the pertur- 
bations 

In section 3 we found the following solution 
for the amplitude function of the vertical 
velocity : 

-'Z 
D =  b,e sin r Z  (5.1) 

where r=mn/Z, ,  and m = I, 2, 3, . . . 
Since D is known, the remaining amplitudes 
are readily derived by means of equations (8) 
to (12) in the appendix; we arrive at the 
following expressions for C and E, respec- 
tively : 

C = b 2  - -  s i n r Z + r c o s r Z  e2 (5.2) [:. 1 '= 
('+?) z E =  - 2  - + r 2  sin rZe 2 [P (5.3) 

R 4  b [ l  1 
where, 

b,= - 1  * g'H b, ( i 2 =  - I) (5.4) 
kP0 (c - U )  

It follows from (s.~), (s.z), and (5.4) that 
the 4 and o waves are 90" out of phase in 
the x-direction and that the cc) wave is ahead 
when c - U <  0, whch is the case of greatest 
synoptic interest. Since E is proportional to 
the temperature amplitude, it follows from 
(s .~) ,  (5.3),  and (5.4) that the temperature 
wave is exactly out of phase with the wave 
for the geopotential. Thus, near the lower 
boundary, pressure lows are warm and highs 
are cold; this is reversed in the upper half of the 
layer because of the change in sign of C with 
height. This rather unrealistic pressure-tempera- 
ture relationshp has to be viewed against 
the absence of a meridional temperature 
gradient in the basic flow and against the 
lack of temperature advection that would 
otherwise be associated with such a gradient. 

In order to get an expression for the hori- 
zontal wind divergence we differentiate (5.1) 
with respect to p and utilize the relation 

d ~d ;ii; = - - e z  -; this gives 
Po 
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1 I Z  

do I .  - = - 2 [ - - sin rZ + r cos r Z  et ( 5 . 5 )  dP Po 2 

which is proportional to the wind divergence 
as follows from the continuity equation. We 
infer from ( 5 ,  5 )  that div v has a zero point 
below the midpoint of the layer bounded by 
two successive nodal points for o. For m = I 
this zero point is at 0.4 Z,; for a layer extending 
from 1,000 to zoo mb, this point is close to 
500 mb. Because of the exponential factor in 
( s . ~ ) ,  div v is numerically larger at the to 
than at the bottom. It follows from (5.27 
and (5 .5)  that the amplitude for the geopoten- 
tial reverses its sign at the same pressure div v 
does. Fig. 3 shows the vertical distribution of o, 
div v, 4, and the temperature T for m= I. 

rnb mb 

Fig. 3 .  Shows the vertical structure of w, div v, 4, and 
the temperature T in arbitrary units for m = I .  

The amplitudes A and B for the wind 
components u and v are easily derived from 
(10) and (IT) of the appendix; expressed in 
terms of C they are 

c -  u 
or M = -__ 4 

g’H 

where vg is the geostrophic counterpart to v.6 

We have made use of eq. (3.9) in deriving 
the second expression for A in (5.6). Differen- 
tiation of (5.6) and (5.7) with respect to x 
gives 

and 

(5.9) 

It is clear from the equations above that the 
extent to which the wind is geostrophc de- 
pends crucially on A ,  where, 

A = c -  U + @ / k 2  (5.10) 

the smaller A is, the more geostrophic is the 
perturbation wind. By dividing (5.7) into 
(5.6) we obtain 

div . A - _  - 1  - 
5 Ci 

(5.11) 

The ratio AjC, is dynamically an important 
number in that it expresses the degree to which 
the perturbation flow is solenoidal and to 
whch degree it is potential and, which is 
much the same, the degree to which the pertur- 
bation wind is geostrophic. Figure 4 shows 
t h s  ratio in relation to tR and the three solu- 
tions cl, c2, c3 to (4.1) corresponding to H = o  

It  follows from (5.7) that the v-component is super- 
geostrophic and appears to approach infinity when d 
approaches Ci. W e  recall, however, that A = Ci (inertia 
motion) corresponds to C=o, i.e., there is no pressure 
wave associated with the field of motion. Consequently 
the u and v components must have indefinite amplitude if 
expressed in terms of pressure in accordance with (5.6) 
and (5.7). When one of the primitive equations of 
motion is used instead of the divergence equation in 
deriving the perturbation equations, P corresponding 
to the solution r3 is subgeostrophic and (5.7) is replaced by 

see footnote on p. 160 and “Lectures on Physical Weather 
Prediction”, p. 19, by Arnt Eliassen, University of Cali- 
fornia, Dept. of Met., 1955. 

Tellus XI11 (1961). 2 
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Fig. 4. Shows the curves cR,  and cl, c,. cl) corresponding 
to H = o (see Fig. 2 )  labelled in terms of the number 
d/C i .  Note that d/Ci > I for car  o I d/Ci I I for cg ,  
and d/Ci<  - I for ct. 

(see also Fig. 2). It follows from Fig. 4, and 
what was said in conjunction with Fig. 2 in 
the previous section, that f o r  cl, d/C, I - I ;  

f o r  c2, d/Ci 2 I and f o r  c3, o I d / C i  I I. 
Recalling that cg did not give realistic displace- 
ments of the planetary waves below a certain 
latitude as compared with the atmosphere, see 
p. 163, w e  conclude that in order toforecastproperly 
the movement of very long waves at low latitudes 
w e  may have to allow values of the horizontal 
divergence that are in excess of the relative vor- 
ticity. Observed behavior of the planetary 
waves in the atmosphere certainly implies 
that horizontal divergence has an important 
role in controlling their movement. A corollary 
to the above statement is that the windfield 
that is associated with a planetary pressure 
wave is both solenoidal and potential and may 
therefore not be properly represented by a stream 

function. A related question is whether the 

term - div v in the divergence equation is 

negligible compared with the term -fc in the 
same equation, see eq. (2.2) and eq. (2) in 
the appendix. If not, a stream function derived 
by means of the balance equation would not 

a .  
at 

Tellus XI11 (1961). 2 

be the proper stream function. Since the 

operator - corresponds to - ik(c - U) in our 

case it follows from ( 5 ,  11) that 

d 
dt 

The above ratio varies greatly depending on 
which of the three solutions cl, c2, c3  we are 
dealing with. For c=c3  it is mostly much 
smaller than unity, except for low latitudes, 
and decreases with increasing wave-number n. 
For c=c2 it is small for the combination low 
latitudes and small H (or small c),  but exceeds 
unity with increasing latitude and increasing H 
(or increasing c). It is numerically greater than 
unity for c=cl. It may be added that the 
ratios (5.11) and (5.12) occur frequently in 
the meteorological literature as useful con- 
cepts in dynamical analysis. CHARNEY (1955), 
for instance, distinguishes ocean waves from 

ocean currents by ascribing - < I to currents 

and - > I to waves. BURGER (1958) finds 
from scale considerations that the ratio (5.11) 
may kceed unity for the planetary waves, 
even if the Rossby number, R,, is less than 
unity. We point out that the ratio (5.12) is 
essentially a Rossby number, although not 
expressed in its most conventional form. 

It has been shown on the previous pa es 
that none of the three solutions to the cu t ic 
frequency equation (3.9) agrees fully with 
observed speeds of disturbances for all wave 
lengths and all latitudes. Apparently the root 
c1 can be discarded as not reflecting displace- 
ments typical of the atmos here; but a com- 

realistic displacement at all latitudes and all 
wave lengths including the planetary waves. 

div 
5 

div 
5 

bination of c2 and c3 woud f seem capable of 

6. Possible application to weather prediction 

In this section we shall discuss the possibility 
of applying the stratified model to weather 
prediction on the assumption that the approxi- 
mate solution to the frequency eq. (3.9), 
see also eq. (4.111, 
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represents dynamics that is meteorologically 
meaningful. For the most part c, coincides 
with one of the three roots (CJ of (3.9), 
but at very low latitudes these two may 
differ. In this case the adoption of (6.1) implies 
a solution to the forecasting problem whch 
includes all three roots of (3.9) in accordance 
with the principle of superposition, and whose 
divergence and vorticity are identical with 
those described implicitly by eq. (6.1).’ 

By means of (6.1) we derive the following 
expressions : 

Utilizing (6.2) and (6.3), equations (~.II), 
(5.12) and (5.8) may be written as: 

ci B 
k 2  + kf 

9 
c-uacp B ax Ivy=-- - -  

d’ g‘H ax k2 + k; g‘H+ C; 

where Ci  is defined by (4.10) and g’ by 
(3.10); R,  is the Rossby number. We  have 
omitted the subscript “a” from c and A as su- 
perfluous from here on. An alternative form 
for (6.6) is 

where (div v), is the divergence of the 
geostrophc wind. Thus, the horizontal wind 
divergence compatible with (6. I) is propor- 
tional to the postrophic wind divergence. The 
proportionality factor depends on: a) scale of 
the disturbance, b) latitude, c) static stability, 

d) the thickness of the layer penetrated by the 
perturbation. 

The equations (6.1) to (6.7) above represent 
the main dynamic characteristics of the 
stratified model as it now stands. These may 
be summarized as follows: 
I. The westward displacement of a disturb- 

ance, due to the gradient of the earth‘s 
vorticity, J is always less than in the non- 
divergent, barotropic model and for U >o 
is also less than in the divergent barotropic 
model. 

2. There is always wind convergence east of a - 

trough r$ > 0) and wind divergence west 

of it (2 < 0) ; this is independent of  the 

direction in which the wave moves. 
div v . 

3. The ratio ~ is mostly < I ; this is par- 

ticularly true for short waves occurring at 
high and middle latitudes. At low latitudes, 
the horizontal divergence associated with 
the planetary waves becomes an appreciable 
portion of the relative vorticity; conse- 
quently both stream function and velocity 
potential may be needed for adequate repre- 
sentation of the wind, 

4. The Rossby number is mostly smaller than 
the ratio div v/[ and therefore generally 
< I. As a result one may use the balance 
equation, i.e., the divergence equation 

d .  without the - div v term, for deriving a dt 
stream function.8 
To the extent that we can observe the dyna- 

mics of large-scale disturbances in the lower 
half of the troposphere, they show charac- 
teristics similar to those listed above. Ths is 
best illustrated by the model’s w-distribution 
along the vertical which greatly resembles 
that of the atmosphere as compared with the 
trivial w-distribution of the autobarotropic 
models. On  the other hand, the temperature 
wavc of the stratified model is more out of 

5 

7 Construction of a general solution compatible with 
the three roots of the cubic frequency equation (3.9) 
and satisfying given initial conditions is described by 
HINKELMANN (1951). 

8 W e  note that (6.1) is the only solution to the 
systems of perturbations ( I )  to ( 5 )  in the appendix if the 
divergence equation is replaced by the geostrophic wind 
law. 

Tellus XI11 (1961). 2 
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phase with the pressure wave than we generally 
observe in the atmosphere and for t h s  reason 
the vertical structure of the pressure wave is 
somewhat unrealistic. We infer that the 
stratified model can be useful in predicting 
displacements of atmospheric pressure sys- 
tems only insofar as the phase between pressure 
and temperature waves is not crucial fOr their 
movements. Linear theory of baroclinic models 
capable of development shows that this phase 
is crucial for the development of waves but 
not for their displacements. 

According to the description of waves in 
the Easterlies by RIEHL (1954, pp. 210-234), 
these disturbances seem to resemble the pertur- 
bations of the stratified model. The following 
characteristics are attributed to the waves in 
the Easterlies by Riehl: 
a) An average westward speed slightly in 

excess of the basic flow. 
b) The trough line is preceded by a wind 

divergence ; and convergence, associated 
with precipitation, occurs to the rear of the 
trough. 

c) The wave penetrates the layer I,00*300 
mb and has a maximum amplitude between 
700 and 500 mb. 

d) Near the ground, the east component of the 
wind is strong in the ridges but it weakens 
progressively toward a line a short distance 
east of the trough line (fig. 9.3 in Riehl's 
book). 

These features are qualitatively in agreement 
with those of the perturbations of the model. 
For an easterly basic current (negative U ) ,  
equation (6.1) gives a wave speed toward 
west in excess of U and b) and d) are in 
agreement with point 2 on page 166, and with 
the expression (5.6) for u when it is combined 
with (6.2). The vertical structure of the 
Easterly waves, as described in c), deviates, 
however, from that of a single wave of the 
model. A curious observation reported by 
PALMER (1952) is that equatorial waves appear 
to reverse their phase somewhere between 
5,000 and 25,000 feet. Although the structure 
and dynamics of waves occurring at low 
levels in the Tropics are incom letely known, it 

be predicted by the simple model described in 
this paper. 

is suggested that their disp P acements might 

Tellur XI11 (1961), 2 

We shall now deal with the possibility of 
incorporating the results of the linear theory 
of the stratified model to non-linear forecasting 
for levels below and up to 500 mb. For this 
purpose we write equation (5.8) as follows: 

where k denotes the wave numbers k and k, 
and m denotes the number of half waves along 
the vertical. The quantity g' depends on the 
static stability of the basic flow but not on k, 
and H will be considered a parameter at our 

a 4 k . m  %m disposal. Replacing ck, ~ ax by- 
at 

integrating over all k's, we can replace 
(6.8) by 

where a prime denotes deviation from a zonal 
mean. In order to obtain the total divergence, 
div v, we have to sum over all m: s. This we 
can do only if the observed pressure field 
were decomposed according to m. In practice 
this is not the case; at the best we know the 
heights of a number of pressure surfaces. For 
practical purposes we shall therefore replace 
(6.9) by 

hVV= -i (""+ug) (6.10) g'H at 

where we interpret g'H as a parameter to be 
determined empirically; it may be taken as a 
constant over the whole map or possibly as a 
function of latitude. In approximating the 
expression (6.10) we may write: 

and 

where 

(6.13) 

A bar denotes a zonal mean, y is the stream 
function, and i is a unit vector directed toward 
the East. 



I 68 G E I R M U  N D U R ' A R N  A S  O N  

Substitution into (6.10) by means of (6.11), 
(6.12), and (6.13) results in 

div v =  -I ("" +V. v 4) (6.14) 
g'H at 

We 
into 

and 

a t  

introduce the expression (6.14) for div v 
the vorticity equation 

^ L  

5 + v .  v y + r  d i v v = o  (6.15) 
at 

obtain 

= o  (6.16) 

where [=v2y andq=c+f: 

Equation (6.16) has two dependent variables, 
y and 4. In order to make an iterative forecast 
by means of it we need an additional equation 
relating w and 4. Consistent with the assump- 
tion leading to (6.1) (see footnote page 166), 
we shall use the balance equation 

fV2Y + 2  [YX~YY* - yz*2] + v y . vf- v 2 4  = 0 

(6.17) 

as the second predictive equation. For a 
complete prediction scheme we need the 
additional equations 

V = ~ X  VY+ v x  (6.18) 

and 

v2X=divv= 

The main steps in making a forecast by means 
of the above system are: a) simultaneous 
relaxation of equations (6.16) and (6.17); 
b) derivation of the wind v from (6.18) and 

Considering the simplicity of the proposed 
model, the labor and time involved in using 
the predictive scheme we have just outlined 
may be somewhat out of proportion. A simpler 
scheme is the following: 
a) replace the balance equation (6.17) by the 

geostrophic relation 
v 4 = f V W  (6.20) 

(6.19). 

b) replace (6.18) by 
v = k x  VY, (6.21) 

Substitution into (6.16) then gives: 

(6.22) 
which has y as the only dependent variable. 
Initially the balance equation (6.17) will be 
used for deriving the stream function y from 
4 but is not required in successive time steps. 
Conversion of y to 4, when required, is 
accomplished by solving (6 17) for 4; the 
geostrophic relation (6.20) is used exclusively 
for approximating the expression (6, 14) for 
div v and does not otherwise replace the 
balance eq~at ion .~  

The vorticity equation (6.22) is of the 
same form as given by CRESSMAN (1958) and 
WIIN-NIELSEN (1959) except for the last term 
whch is peculiar to the stratified model. In 
applying (6.22) to the 500 mb stream function 
for the purpose of prediction, its last term may 
be important in that it provides a better 
control over the displacement of planetary 
waves. This is quite ap arent in comparing 

will always have the same sign as the speed, 
cR, of the Rossby wave, independent of the 
choice of gH. On the other hand, (6.1) 
provides for possibility of a wave speed of a 
sign opposite to cR, depending on U and the 
choice of g 'H;  we have here the advantage of 
suppressing the p-term without at the same 
time suppressing the basic current. Ths  feature 
may be quite important in extending the use- 
fulness of 500 mb forecasts to lower latitudes. 
Presently, 500 mb forecasts appear to have 
little skill south of approximately 35' N. 

In applying eq. (6.22), we are, of course, 
not limited to the 500 mb surface. Notwith- 
standing the simplicity of the stratified model, 
its theory does not imply that it would, per se, 
apply better to one level than another. It 
appears, however, that owing to the model's 
inadequate perturbation structure as com- 
pared with that of the atmosphere, its use- 
fulness is limited to the layer SOO-I,OOO mb. 
In application we face the problem of how to 

(6.1) with (4.4). In the P atter the wave speed 

* In deriving v in (6.22) from a stream function 
alone and not including the irrotational component, one 
introduces a spurious vorticity source which may be of 
some importance, cf. WIIN-NIELSEN (IgSg) and 'ARNA- 
SON and CARSTENSEN (1959). 

Tellur XI11 (1961). 2 
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interpret the concept of the basic current U. 
In the atmosphere the zonal wind will vary 
from one level to another, and in using (6.22) 
as a prediction equation to a certain pressure 
surface, we may not wish to use 5 from that 
particular surface. For low-level forecasting, 
it would seem preferable to use an avera e 

thereby implicitly introducing the concept 
of a steering current, familiar from synoptic 
meteorology. Moreover, it may be advisable 
to interpret the basic current as a flow obtained 
by horizontal averaging (space smoothing) 
rather than a zonal flow. Quite possibly the 
choice of g’ and H might differ from one level 
to another. 

along the vertical for two or more leve K s, 
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Appendix 
A plication to the system (~.1)-(2.5) 

of t R e method of small perturbations results 
in the following system of equations given in 
the same order: 

Z + F . . B = o  

where 

F = ( 
P P o  

6 is the potential temperature, R the gas con- 
stant, cp the specific heat for constant pressure, 
and /!? = !f -. Both f and /!? will be treated as 

dY 
constants. A bar over a quantity (e.g., 
refers to the basic flow. 

The perturbation quantities u, v,  o, 4, and 
6, assumed to be independent of y, are ex- 
pressed in terms of x, p ,  and t as follows: 
u = A ( p ) e i k ( ~ - d  i, =B(p)eik(x-cO 

= D(p)eik(x-cC) 4= C(p)eik(x-d (7) 
6 = E(p)eik(x-CO 

where c is the speed (positive toward the East) 
of a harmonic wave, k the wave number, 

- where L is the wave length, and i the 
L ’  
imaginary unit. The amplitudes A,  B, C, D, 
and E may be complex numbers. 

21t 

It follows from (4) and ( 5 )  that 
dD - + ikA = 0 
dP 

and 
dC F . E + -  = O  
dP (9) 

Substitution for u, v,  o, 4, and 6 from (7) into 
equations (I), (2). and (3) leads to: 

( 10) 

(11) 

( c -  U + / ! ? / k ’ ) B + - A = o  if 

( c -  U+/!? /k’ )A--B-  if C=O 

k 

k 

D = o  c - U d C  i ds 
F dp k dp 

__ - 

where E has been eliminated by means of (9). 
Elimination of B between (10) and (I I) gives : 

C’ - A 2  
~ A + C = o  

A 
where 

and Ci=flk, the speed of inertia waves. 
A = c -  U+/!?lk’ (14) 

Tellur XI11 (1961), 2 
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W e  continue the process of elimination and 
arrive at the following second order differen- 
tial equation for D :  

d 6  AF - 
dD2 dP 

Both F and 3 are known functions of p. 
One finds by using the definition for potential 
temperature and the hydrostatic equation that 

F d6 -=- R dT RT] 
(16) dp P2 [ G j  - <- 

We introduce Z =  In 
ent variable; this transforms (IS) into 

as a new independ- 

A R  RT dT 
D“ + D’ - ( c -  U ) ( C ; - A 2 ) ( ~ + ~ )  D = O  

(17) 

where a prime means differentiation with 
respect to Z ,  and p o  is a reference pressure 
(1,000 mb). Equation (17) has constant co- 
efficients for an isothermal atmosphere. When 

T is a linear function of Z ,  a proper coordinate 
transformation will reduce (17) to a Bessel 
equation, KAMKE (1943) p. 440; see also 
BJERKNES, et al., (1933) p. 370. Here we shall 
confine ourselves to an approximate solution 
of (17) in that we write 

RT,, - where z = ~ 2, T, is the mean vertical 
0 
‘\ 

temperature - for the layer considered, and 

Hm= RTm. __ Thus we replace (17) by 
g 

ARH,  . s D” + D’ - D = o  (19) (c  - U )  (C; - A2) 

where 
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