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Abstract 
In a zonal ocean current one sees Stationary or slowly moving baroclinic waves, with a wave- 

length of 1,000 k m  or more. These waves may be equivalent to a type of very long waves 
studied earlier in the atmospheric case. The wave speed is independent of the wave number 
but depends on the speed of the basic current, the stratification etc. For the case of a zonal 
current with exponential vertical profile, stationary waves are found for an eastward current. 
The wave perturbation normally decays downward in an exponential way. The parameter that 

decides the nature of the waves is A= * where U ,  is the amplitude of the basic current, 

A A  the vertical variation of the specific volume, p ,  the scale pressure (the pressure variation 
that corresponds to the scale depth of the basic current), and.f the Coriolis parameter. For a 
westward current travelling neutral waves exist but only for special values of I that are 
not normally expected in the oceans. 

f 2  u, 

1. Introduction 

In the open ocean, far away from the coasts, 
we find a system of essentially zonal ocean 
currents. The vertical structure of the currents 
is relatively uniform, and as a normal form 
we may take a velocity distribution with 
maximum velocity at the surface and an 
exponential-type decay downwards. Also the 
stratification can normally be described as expo- 
nential-type. At great depth we find only small 
motions and the water is practically homoge- 
neous. 

It is of interest to investigate theoretically 
the existence of different waves in such a 
current. The resent investigation deals only 

frequency baroclinic waves having wave- 
with a specia P type of wave, namely low- 

lengths of 1,000 kni or more. These waves 
are the ones mainly observed in synoptic studies 
of the ocean circulation. Theoretically such 
waves have been studied in a resting two-layer 
ocean by VERONIS and STOMMEL (1956). 

The present theory is based on the equations 
for very long waves in the atmosphere used 
earlier by the author (WELANDER, 1961). The 
basic equations are practically identical for the 
atmosphere and the ocean if the so-called p -  
system is used. For the ocean we may replace 
the law of conservation of potential tempera- 
ture by the simpler law of conservation of 
density or specific volume. The boundary 
conditions are that o = o  at the free surface 
(p=o),  andthat rjY +o atgreatdepths ( p + m ) .  
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The effect of the bottom is not considered 
here, and we allow vertical velocities to exist 
at infinity. For applkation to a real ocean we 
should think of the model as a boundary layer 
one describing the conditions in the upper 
stratified part of the water. It is fitted to a 
deep water solution in which the vertical ve- 
locity decreases linearly with depth to a zero 
value at the bottom. Some justification for 
this procedure is found in a recent study of 
the thermocline by H. Stommel (private 
communication). 

In the earlier mentioned paper a simplified 
wave equation was obtained for low-frequency 
waves of lanetary scale (wave-lengths many 
thousand Lometers), when the Rossby num- 
ber (Ro) and the inverse Richardson number 
( R i - l )  characterizing the basic state were 
assumed small. In the atmosphere Ro would 
be of  the order 10-2 to 10-1, and Ri-1 of the 
order I O - ~ .  In the open ocean we find that Ro 
is of the order 10-* to I O - ~  and Ri-l of the 
order I O - ~ .  The smallness of these coefficients 
in the oceanic case means that the same wave 
equation can be a plied also to shorter wave- 
lengths, possibly iown to a wave-length of 
1,OOo km. 

2. General equations 

Let x and y be horizontal coordinates related 
to the latitude 4, the longitude 1, and to the 
radius of the earth R as follows:' 

( 1 )  
dx = R cos +dA 
dy = Rd+ 

Further let p be the pressure, a the specific 

volume a = - , 4 =gz the geopotential of a 

pressure surface, and let u, v, w be the velocity 

components in the x-y-p system thus w = - . 
Assuming that the water is ideal and incom- 
pressible and that a hydrostatic balance exists 

( 3 
( 2) 

Although a 8-plane analysis will give results that are 
correct to the first order, the quasi-coordinates r-y-p 
that depict the spherical geometry correctly have 
been used throughout for the sake of consistency in this 

paper. Thus the term - u is kept in the continuity 

equation. and the Dermutation rule 

tg4 
R 

that is valid for ;he quasi-ioordinates has been applied. 
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in the vertical direction, and assuming further 
that the Rossby number is so small that we 
may neglect spherical acceleration terms of 
the type tg4 - u v  etc., the equations governing 

R 
u, v, o, a and 4 are 

(4 du * 
- - f v =  dt -x 
dv - + f u =  -- 24 
dt aY (3)  

dor 
z = O  

d a a  a a where -=- + u - + v -  + w - .  
dt at ax 2y ap 

The basic current U is assumed to be uniform 
in the y-direction. The basic fields of the 
geopotential @ and the specific volume A 
satisfy the relations 

fu= - Q y  (7) 

A =  -Qp (8) 
(in the following derivatives of the basic quan- 
tities are denoted by a subscript). 

We write 
u =U+u' 1 (9) 
v =v  
w =o 
a =A+a' 
4 =@+$ 

and derive the perturbation equations. Using 
an expansion of the same type as in the 
atmospheric case, but with the Rossby number 
and inverse Richardson number defined as 

where Uo is the amplitude of the basic current, 
p o  the scale depth, and A A the vertical varia- 
tion of the specific volume, a correspondingly 
simplified wave equation is obtained. The 
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values of Ro and Ri-l quoted earlier will be 
obtained by choosing UO-Iocmsec-l,po-~08 
dyn cm-2 (scale depth 1,000 m), dA-10-3 
g-l cm3, f-10-~ sec-l. The simplified wave 
equation is equivalent to the system of pertur- 
bation equations in which the two equations 
of motion are replaced by the geostrophc 
condition for the perturbation: 

a u g  au‘ - + U - + f U,V’ + A,,@‘ = 
Jt ax 

A 

c $ = O  a t p - o o  J 
(These equations can be directly identified 
with the equations (30) and (32) in the earlier 
paper, if we substitute A for A,,.) 

The wave number k does not occur in the 
wave equation or the boundary conditions, 
hence the wave speed must be independent 
of k. Further we note that no y-derivatives 
appear, and this makes it possible to treat 
the y-variable parametrically. 

We  consider in particular the basic profiles 
(Fig. I )  

Solving m’ from (IS) and using (11) and (13)  
we get 

and inserting the velocity values in the conti- 
nuity equation yields 

(17) 
The boundary conditions, requiring that w‘ 
vanish at p = o and that 6 vanish for infinite 
pressures, become 

$ = O  a t p = a o ]  

3. The wave form 

Introducing a wave form 

where k is the wave number and c the wave 
velocity (positive for eastward motion) equa- 
tions (17) and ( I  8) transform into 

p=o 

P=P, 

p=OO 
.I 

Fig. I. Sketch of the basic current. 
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condition we find possible solutions of the 
form 

3 = const { (1  + az) ea ip  - (1 +a1) ezgP 1 (30) 

For 1 <  - the profiles are of exponentid 
4 

type, for 1 > - of oscillatory type. In the real 

ocean il is generally small and we are likely to 
have solutions of the first type. 

where p o  is the scale pressure (thls must 
necessarily be the same for U and A in view 
of the “thermal wind” equation). AA will 
show some variation in the y-direction, but 

y is fixed. With the notation 
we study here only a “local” solution, in which I 

I 

4 

(23) 

5. Travelling neutral waves 

pendent variable 

I 
I 

p = -  P 
Po 

c* = - 
UO 

f” uo 

C 

In the case c + o we introduce the new inde- 

(31) 

a=-- B AAPO 

the equations (20) and (21) change to 

at P = o  (I -c*),,++=o a4 A 

+ = 0  at ~ = m  J 
a4 (1 - c*) - - c*$ = o at 4 4. The stationary waves 

In this case c* =o and (24) and (2s) reduce to 
+ = o  at ( = o  

e - p ;  ( e p $ , )  +1+=o (26) The solution that is regular at (=o is given 
by the series 

Attempting a solution of the form eaP gives 
( a + I )  + A  = o, thus the general solution is 

of the form 

(28) 

The second boundary condition is automati- 
cally satisfied. The solution is not well behaved 
at (=I, except when 1 =-n (n + I), n =I, 2,3, 
-- , and the solution becomes a polynomiall. 

I I 

2 2 
a l =  - - +  I - - 1 , a 2 =  - -  - \/:-A 

(29) 

If 1 <  0, as is the case when V, < 0, the second 
boundary condition requires that C,  = 0, and 
the first condition gives then a2 = - I ,  i.e.l =o. 
No stationary waves occur. If 1 > o the second 
condition is fulfilled and applying the first 
Tellus XI11 (1961), 3 

In other cases, we have thus to restrict ourselves 
to the region C < I ,  and it must be required 
that c* > I, or c > U,. 

The travelling neutral waves can be found 

The general solution to the equation (32) is I(Z~-I)~-I~ 
P,’ @(-I), where P,, is the Legendre function of order v. 

and 1 = - f. Y (v + I). CJ Kamke, Differential-Gleich- 
4 

ungen I, eq. No. 2.231. 
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by the following graphical construction. We 
draw the family of solutions 6 (A, C) given by 
(3  5 )  together with the curves @ = const. 
(5  - I )  and seek for points at which the solu- 
tion curves are tangent to the +*-curves. 

The abscissa of such a point represent -. The 

construction is easily understood if we note 

that qP satisfies the relation ([ - I) ~ - $* = o 

that for c=- is precisely the first boundary 
C* 

condition (3  3).  

- 2, i.e. for a 
westward current. The waves travel westward 
with a speed of the order U,. In the polyno- 
mial case one wave remains stationary rela- 
tive to the surface current. 

A 

I 

C* 

dqP 
(15 

I .  

Solutions are found for I.  

6. Application to the ocean 

With the previously given values for U,, po,  
and AA, and withfand B evaluated at middle 
latitudes we find a value of 1 around 0.1. 
There may, of course, be reasons to choose 
other values. In the surface layer of the ocean 
we may have scale pressures that are one order 
of magnitude smaller, and A will then be de- 
creased correspondingly, or we may consider a 
strong current of IOO cm sec-' that also would 
require a A-value one order of magnitude 
smaller. Larger values of 1 may be needed 
when the current is very weak, or when we 
come close to the equator (in this region the 
theory will, however, break down for other 
reasons). Under normal conditions we should 
expect the analysis for small &values to be 
well applicable. The general conclusions we 
could draw from the investigations are then: 
Stationary baroclinic waves can occur in an 
eastward current while no stationary or trav- 
elling waves are expected in a westward cur- 
rent of the present type. 
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