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Abstract

The development of wave motions in a jet-like westerly current is examined on the basis of
approximate solutions for the wave motions in a two-level, quasi-geostrophic model. Solu~
tions of the characteristic-value equations show that two different types of amplifying waves
may exist. Both types of amplifying wave motions are connected with a transformation of poten-
tial energy to kinetic energy. One of the types is found to be connected with a significant
transfer of perturbation kinetic energy to mean zonal kinetic energy. Changes of the mean
zonal flow caused by the eddy meridional transport of sensible heat and momentum are com-
puted, and demonstrate the existence and the effects of the forced mean meridional circula-
tions, Considerations of the modifications of the generation of perturbation energy connected
with the modifications of the mean zonal flow indicate that the actual motion will have the

character of a fluctuating state.

Introduction

One of the fundamental problems in theo-
retical meteorology has been the explanation
of the origin and dynamics of the large-scale
disturbances in the westerlies. Theoretical in-
vestigations by CHARNEY (1947), EADY (1949),
FyortoFr (1950), KUuo (1952), and PHirrips
(1954) have shown that small-amplitude waves
may amplify in consequence of the instability
of the zonal baroclinic current. For the typical
atmospheric conditions the waves will grow
with a significant growth-rate for wavelengths
of the order 3,000 to 6,000 km, and the
theoretically determined kinematics of the
amplifying waves seems to agree quite well
with the kinematics of many actual developing
disturbances. Espccially the wave motion 1s
connected with an ascent of warm air and a
descent of cold air, and the corresponding
decrease of potential energy must be considered
as the main source for the kinetic energy of
the disturbances.

A fundamental limitation in the theoretical
investigations of the long baroclinic waves
has been the neglect of the meridional varia-
tion of the zonal current. In the atmospheric
westerlies there is normally a considerable
variation of the mean zonal wind with lati-
tude, in typical cases with a pronounced wind
maximum. It is the aim of the present paper to
investigate the mutual interactions between
the mean zonal flow and the long baroclinic
waves by considering the wave motions,
which may develop in a zonal current with an
idealized jet-like variation of wind, and by
considering furthermore the fluctuations of
the mean zonal flow, caused by the wave
motions and the forced mean meridional
circulations (cf. PHiLLIps, 1954). The solutions
for the amplifying wave motions are obtained
on the basis of rather crude approximations,
considering the motion in a two-level, quasi-
geostrophic model, and describing the merid-
ional variation of the waves by a finite sine
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series. In a recent theoretical study by CuarRNEY
(1959) of the general circulation a similar
approach has been used for obtaining solutions
for the wave motions in a broad band of
westerlies, resulting from a simple meridional
variation of heating.

1. Basic equations

In investigating the development of long
waves in a zonal flow with both vertical and
horizontal shear, we shall assume that the
motion is adequately described by the adia-
batic, frictionless, and quasi-geostrophic equa-
tions for a two-level model (CHArNEY and
Priiires, 1952). With some slight additional
simplifications, these may be written

((—%+v1-v>(&'l+f)—zlj—;-,w2=o (1)

2 4949 ) (Gt f) + L g0 (2)
<9t ) dp

2

<%+XIZJ-V>(¢1—¢3)—Z%2%=O (3)

The subscripts 1, 2, and 3 refer to quantities
at the constant pressure levels py, p,, and p,
respectively, with pg— po=p,— p;=%44p. The
motion is described in a cartesian coordinate
system. (x to the east, y to the north), v is the
horizontal gradient operator and v the geo-
strophic velocity vector. w denotes the indi-
vidual time rate of change of pressure, and ¢ is
the geopotential. The relative vorticity is deter-

mined by its geostrophic value, { =2 v2¢. The

Coriolis parameter, f, is considered to be a
constant except in the term v - vf, where we

d . .
assume that jf =f =constant. With ¢ denoting
the potential temperature, the quantity %2 is

given by the formula

fro_h

¢1_¢3 ”1_H3

and is considered as a constant, representing
typical atmospheric conditions. Assuming that
the values of w become relatively small in a
layer a little above the tropopause, we shall
interpret the levels p;, py, and pj4 as the 400-,
600- and 800-mb levels, respectively.
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In the case of a zonal basic current without
meridional shear the two-level approximation
leads to very simple solutions of the pertur-
bation equations for the wave motion, a fact
which has been utilized by Priries (1954)
in a detailed study of the properties of the
growing waves, especially regarding their
effects upon the mean zonal current. In the
following we shall apply equations (1), (2),
and (3) to perturbations of a basic zonal flow
with the velocities U, and U, being functions
of y. Indicating perturbation quantities by
primed letters, and neglecting terms of second
order in the perturbation quantities, equations
(1), (2), and (3) may be combined into the
following two equations

J a
— 24! — 224 Zoved! . _ri
at(v ¢1 x ¢1) + Ul Ix v ¢1 ayz ax +

+,89(%1 - %2 Uﬁ%‘ +x2<2{%3+ Ula;::>=o
(4)

U, 94,

J p’] 22U, I,
a2 d’ —s2d! oo % 393
at(v $a—x"a) + U39xv $a dy? ox +

SR TI Y L SR AW
+ﬂ—9;'—?f Ul—a—x"'*‘% 9t+U39x =0
(s)

These equations are satisfied by wave solutions
of the form
(6)

H=olerema, j-r

with the understanding that the real parts of
the solutions represent the physical quantities.
In general ; and &3 are complex functions of y.
The quantity u is connected with the wave-

length, L, by the relation ,u=zfn. For a fixed

value of u the possible values of ¢ are deter-
mined as solutions of the characteristic-value
problem. If ¢ is complex, c=¢, +ic;, the expo-
nential factor in (6) becomes

eHe;t ex’u (x ~pt)

The second factor represents a wave travelling
in the x-direction with the constant velocity c;.
The first factor means an exponential increase
or decrease of the amplitude, according as ¢
is positive or negative. Inserting (6) into the
equations (4) and (5), we obtain
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+x2(U1—c)} ag—x2(Ug—c)ay=0 (8)

Geometrically we shall represent the zone
of the extra-tropical disturbances by the condi-
tions

osysD

where D is of the order 6,000 km. For the
mean zonal flow it is then appropriate to
consider the following simple jet-like structure

U; = B;(1 - cos 21y), ji=13 (9

£
where B, and B, are constants, and 2———5

As boundary conditions for ¢” we shall require

that
(10)

which exclude any geostrophic inflow or
outflow through the southern and northern
boundaries. In view of (10), the general solu-
tions of the system of equations (7) and (8)
may be written as the series

o= 3 o™ sin (ndy),

n

¢i=¢3=0 at y=o0 and y=D

n=1,2,3, - - ~(11)

Inserting the expressions (11) together with
(9) into (7) and (8), we obtain the following
system of relations

{2(3#2 —/12)31,+%x233 -
—(u?+ 2% + x?) c}.a§1> - o? <% B; - c) o —
- % {(u2 + $72) B, + %2B} & + %;ﬁBl 2P =0
— 22 (% B, - c)a(ll,) + {—;— (3u2-A%) By +

+ %szl — B —(u?+ A+ #2) c}aé” +

+ é #*Byai” ~ i {(u* + s2%) By + %*B,} og¥ = 0
{(42+ 42 B, + B, - f -
— (u?+ 422 + %)} a® — %3 (B; — ) af? —

I I
-3 {(;ﬁ +124%)B; + szs}ai‘” + %8y af’ =0

"MZ(Ba - C) “(12) + {([u‘z + 422)83 +szl - ﬁ -

I
—(u2+ 442 + #?)c} P + 3 #2Bya® ~

- 2 {(u? + 124?) By + #?B} P = 0

—é [{u? + (82 — 4n)A%} By +%?Bg| =2 +

+2Braf P+ {(ut 4 w27 By +

+#2By — B — (u? + 1222 +x?)c}a{™ -

_%2(31 —c)océ") —

=~ [{u® + (12 + 4n)1®) By + 2Byl * ® +

I
+—7{2310(§"+2)=O
2

%szaaﬁ"—z) —2 [{u? + (n® — 4n)A%} By +

+#2By| a2 — #2(Bg — () a{® +

() By 7B -
— ([uZ + nZZQ + %2) [} agn) + % %2B3 “gn +2) _

— I [{p2 + (2 + gm) 22 By +:#2B)|af** P =0
I :

It is seen that this system of equations may be
separated into two independent parts, the one
containing only «{® and o with n odd, the
other only & and «{» with # even. Conse-
quently we may treat separately those waves
for which ¢; is either symmetrical or anti-
symmetrical in y with respect to y=%D. In
the following we shall consider only the
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symmetrical waves, as it is in this case we find
the solutions, which may represent the growing
disturbances.

Breaking off the series (11) at n=N (N odd),
we obtain from (12) a system of N+1 linear
equations, which determine, for a given basic
flow and wavelength, the possible values of ¢
and, apart from an arbitrary factor, the
corresponding values of the N+1 unknowns,
P, of, a®, «f, — —~ —. The exclusion of
all terms with n larger than N from the series
(11) involves the actual assumption that the
characteristics of the long growing waves
can be studied to some extent, even if all com-
ponents with wavelengths in the y-direction

smaller than % are neglected. In so far this

assumption seems to be consistent with the
use of the quasi-geostrophic, two-level model,
as this model is likely to be a usable approxima-
tion only for motions having rather large hori-
zontal scales. A certain justification of the
assumption may be obtained from considera-
tions of the initial-value problem, if we take
into account only initial states of the pertur-
bations having almost all the kinetic energy
in the components with the longest wave-
lengths in the y-direction. The development
of the perturbations according to the equations
(4) and (5) may then be described with a fair
approximation up to a certain time on the
basis of the total set of characteristic-value
solutions, obtained from (12) with a finite
number of terms in the series (11). From this
point of view the problem about the devel-
opment of disturbances in a barotropic flow
was treated in a previous paper (ELIASEN, 1954).

2. Numerical solutions for the wave motion

For the numerical treatment of the equations
(12) it seems appropriate to introduce the
following non-dimensional quantities

B,
q B,
%2
o=
_ B
Y~ 3B,
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Thus the part of (12) containing ™ and af®
with # 0odd may be written in the case N = 5

{2(3k2 - I)q+%a -y —(k®+1 +a)r} ol —
~0<§q—.r> oV —:21—{(1e2 +5)g+o}a®+

I
+3 oqaf¥ =0

—0’(—3— —r>a§” +
2
+{§(3k2 -1)'+%aq —y (k1 +or)‘r}oc§1)+

I o I
+50a‘1‘” —z{k2 +5+oqpad =

—%{(kz—3)q+a}a§1>+§oqa§”+
+{(k2+9)q+a -y —(k*+9 +0)1}a® ~
q

~o(g-T1)o? —2{(k2 +21)q+0}al® +

I
+ oqod’ =0

%o‘aﬁ“ —i{k2 -3 +oqtal’ —o(r —7)a® +
+{k2+9+ag-y - (F+9o+o)1}af® +

I o 1
+—2—aa§5’ —;{k2+21 +oqya =0

- % {(R2+s5)g+o0}of® + % oqosd +

+{(k+25)g+0o-y - (k¥ +25 + o)t} -

~o(g-7)af’ =0
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I I
A oa® - 5 {k*+ 5 +oq}af® -

—o(1 - 7)o +
+{k+25+0q~-p - (2 +25+0)t}f¥ =0
(13)

With U, and U, fixed from the mean zonal
velocities about the 400-mb and 8oo-mb levels,
respectively, we shall assume that g=3. Fur-
thermore the basic state shall be characterized
by the value %%=3 x 10-22 m~2, corresponding
to quite normal atmospheric conditions. Thus,
with D =6,000 km we have ¢ =10.8. Taking
=16 x10"1% sec~! m~}, corresponding to a
mean latitude of 45°, the value of y becomes
equal to the value of o, when B, =51/; msec™,
which from observed zonal velocities seems
to be a quite reasonable value of B,. With the
stated values

4=3, 6=y =10.8

the characteristic values of 7 have been deter-
mined for different values of &, i.e. for different
wavelengths, in the cases N=1, N=3, and
N=35. For k=3(L=4,000 km) we obtain
N=1:

N=3: 1=2.628 £ 0.861{, 0.962 + 0.2271

7=2.026 £0.7361

N=35: 1=2.912 +0.686i, 1.90I £ 0.3521,
0.369, 0.674
and for k =2.4 (L =5,000 km) we obtain
N=1: 7=1.644 +0.579i
N=3: 1=2.335 £0.8541, 0.795 = 0.288%
N=g: 7=2.783 £ 0.7321, 1.624 + 0.508i,
0.363, 0.527.

The solutions in the case N =3 involve a neglect
of the components of the disturbances with
wavelengths in the y-direction equal to and
smaller than 2,400 km, whereas N=5 means a
neglect of components with wavelengths in
]tghe y-direction equal to and smaller than 1,700

m.

According to (6), the growth-rate of the
waves may be expressed by the quantity uc.
Fig. 1 shows for wavelengths smaller than
6,000 km the values of u¢; in the cases N=3
and N=3, computed from uc=kiB,7, still
with D=6,000 km and B;=s!/, msec~L
It is seen that for wavelengths larger than
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Fig. 1. Growth-rate of the waves as function of wave-
length for the solutions obtained with N = 3 and N = 5.

about 3,500 km, we have two groups of solu-
tions representing amplifying waves (cf.
CHARNEY, 1959). The maximum amplification
corresponds in the case N=3 to a time of
26 hours, and in the case N=5 to a time of 33
hours for a doubling of the amplitude. The
velocity of wave propagation, ¢, is determined
as the real part of v multiplied by Bj. For each
group of solutions corresponding to amplifying
waves, ¢, is decreasing slightly with increasing
wavelength. The values of ¢ occurring for
wavelengths from 3,000 to 6,000 km may
therefore be represented quite well by the
numerical solutions for 7 given above.

A likely physical interpretation of the in-
stability conditions may be obtained by a
comparison with the simple case of a zonal
flow without horizontal shear (cf. Pmiruis,
1954). From this it may be concluded that
the absence of instability for the smaller wave-
lengths is due to the stabilizing effect of the
static stability, an effect which increases with
decreasing scale of the disturbances. For the
larger scales, on the other hand, the stabilizing
effect connected with the variation of the
Coriolis parameter becomes dominating. An
increase of the thermal vind, U;,—Us,, results
in a general increase of the instability. From
these physical effects we may infer immediately
about the influence of the different parameters
entering in the above determination of the
amplification of the waves.

In so far it scems most likely that for each
wavelength the wave solution with the largest
growth-rate will dominate statistically the
development of a disturbance. Depending on
the initial formation, however, the develop-
ment of a disturbance may also be influenced
essentially by the wave solution with the
smaller amplification. Especially this may be
the case for the longer wavelengths, for which
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the difference in growth-rate for the two
groups of solutions becomes relatively small.
In the following, therefore, we shall examine
the characteristics of the growing waves by
considering both groups of solutions.

For fixed values of the parameters g, o, 9, k,
and a corresponding characteristic value of 7,
we may obtain from the equations (13) the
solutions for a{® and «{®. In accordance with
(6) and (11) we may write the resulting solu-
tions for ¢; and ¢; in the form

&j = Ager¢ [{aV sin Ay + a® sin 34y +
+a® sin sy} cos {u(x —¢f)} +
+{b§ sin Ay + b{® sin 34y +
+ b sin 54y} sin {u(x — ¢, 1)}]

(14)

As a representative value for the wavelengths
of the long baroclinic waves we shall use L=
5,000 km, corresponding to k=2.4. For the
solutions obtained with N=3 the values of
a™ and b{™ are given in Table 12, and for the
solutions obtained with N=5 in Table 1b.

Table 1a. Values of aj(") and bj(") for N=3.

7=2.335 +0.8541 T=0.795 +0.288¢
»n 1 3 1 3
al” o.60r | -o0.420 2.411 0.710
By - 1.856 0.862 | -1.453 | -o0.428
al” 1.000 -0.418 1.000 0.599
v 0.000 | -o.122 0.000 0.292

The values are given in the way, that A,
becomes the amplitude of the component
with n=1 at the lower level and at the time
t=o. From the values we may realize the

of each solution. In order to represent more
directly the resulting structure of the waves,
the expression (14) may be written

¢} = Agerta;(y) cos [u{x = G;(y)L ~¢8}] (15)

For the solutions given in Tables 1a and 1b,
the values of 4;(y) and &;(y) are listed in
Tables 2a and 2b for y=1D, y=1D, 3D,
and y=1D, 3D. In each case the zero of x is
chosen in the way that 6,=0 at y=}D.
The values in the tables illustrate clearly the
vertical tilt of the waves and the differences
between the two groups of solutions, con-
cerning the meridional variations of ampli-

tude and phase.

3. Energy transformations

The energy equations adapted to the quasi-
geostrophic two-level model has been for-
mulated by PHILLIPS (1954, 1956). As a measure
of the kinetic energy we may define

D L
I i
K=i—Df/g(u§+v§+u§+v§)dxdy (16)
00

where u denotes the eastward and v the north-
ward component of the geostrophic wind. As
representing the potential energy we may
consider

D L
-5 [ [ b drisdy (1)

The kinetic energy and the potential energy
may each be divided up into a part representing
the energy of the mean zonal current and a
part representing the energy of the pertur-
bation, i.e.

relations between the different components K=K+K' and P=P+P’
Table 1b. Values of aj(") and b](") for N=3s.
7=2.783 +0.732¢ T=1.624 +0.508:
n I . 3 1 3 5
a 0.100 —-0.680 0.505 1.599 —o0.224 -0.302
by —1.405 0.834 ~0.306 -2.159 0.224 0.356
al” 1.000 ~0.756 0.271 1.000 0.302 -0.388
By 0.000 —0.134 0.092 ©.000 —0.071 ~0.092
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Table 2a. Meridional variation of amplitude and phase. N==

7=2.335 +0.8541 7=0.795 +0.288:

y }D 4D, 3D | §D. 4D 1D 1D, 3D | D, D
a, 2.90 1.69 0.14 1.09 2.44 2.24
6, 0.00 —-o0.01 ~0.23 0.00 0.00 0.00
a, 1.66 0.87 0.15 0.50 0.87 1.14
8, 0.21 0.19 0.04 - 0.01 0.09 0.13

Table 2b. Meridional variation of amplitude and phase. N =35.
7=12.783 +0.732¢ 7=1.624 +0.508¢

y 1D }D, 3D | 4D, 3D {D }D, 3D | 4D, 4D
a, 2.85 1.02 0.38 2.53 2.73 0.80
4, 0.00 ~0.13 - 0,32 0.00 0.00 - 0.0
as 2.04 0.64 0.15 0.31 1.20 0.62
Js 0.19 0.16 ~0.22 0.14 0.16 0.12

with _
> 0 205, 26E0)
I u T (18) D *h Iy r (23)
D P! a
° D
D .
dp f (61— 4
1 ar 3
=5f; * ot rust +o5t)dy (19) & sz s (p1 —3) Jy dy (24)
0
D d , D
2 d P I
- és) 20)  — wy (P, —d3) dy —
2 D
, I x 7 ,
P ='13f'2‘72(¢1_¢3)2d}’ (21)
0

where the bar denotes mean values with
respect to x.

The time rate of change of the different
energy forms may be obtained from equations
(1), (2), and (3). Leaving out of consideration
any mean merldlonal circulation, we get

_a(ﬁ)
| T

dK’ I SRR
I “D—Apfwz(%-%)d}“f
0

-z }‘Z Jaw =6 2B By o

By adding these equations, we obtain the joint
energy equation

4 K+K +P+P)=

dt ( (26)

expressing the conservation of the total kinetic

and potential energy. In equations (22) and
(23) the expression

D

ifaa(ﬂ _ {ugvy)

DJ " oy TR Ty
0

Tellus XI1I (1961), 1




INTERACTION BETWEEN LONG WAVES AND MEAN FLOW

represents a transformation of mean kinetic
energy into perturbation kinetic energy, in

equations (23) and (25) the expression

D

-5 | A E R dy

0

represents a transformation of perturbation
potential energy into perturbation kinetic
energy, and finally in equations (24) and (25)
the expression

D

_%;_:fmtg 9(¢;;¢3) dy

0

represents a transformation of mean potential
energy into perturbation potential energy.
From these expressions we may study the
energy transformations connected with the
ampﬁﬁcation of the waves considered in the
foregoing. From the solutions for these wave
motions, however, we may also compute
the time rate of change of the perturbation
kinetic and potential energies directly as

dK’ ,
P 2u6K (27)
%:— =2uqP’ (28)

Inserting the expressions (14) for ¢; and
¢; into (19) and (21), we get

2

K’ =}l§ A® % (k2 + 1) {af®" + b" +af™* + bP'} +
+ (k2 +9) {a®* + b + 4 + P} +
+ (k2 +25) {a®" + b + 0" + b8} (29)

47
and

A2 o

F A2 g [{ail) - agl)}2 + {bgl) — bgl)}z +

P P (O - 0P+
P PP+ (69 - 9]

P =

(30)

where A =Age*i*. For the solutions given in
Tables 1a and 1b the distribution of kinetic
and potential energy on the different wave-
lengths in the f/-dircction, indicated by the
upper index, is listed in Table 3. In each case
the values are given with the total perturbation
kinetic energy as unit.

dK’ dp’

— and

dt dr
may be computed from the values of K’ and
P’. With ¢; given by (14), the expressions (22)

According to (27) and (28),

and (24) for ‘Z—If and ‘jl—l:, respectively, become

dK uA?B,

G _ PP 421849 pd — 40 p® 4

dt f2 [q{a® b 101
+2(a® bP — aP bP)} + afP bP - oV b +

+2 (ags) bga) - aga) b§5))] (3 I)

and
o _
dd_l:=/%§! A2 (4 81)6 [3 {aP B - oD b0} +

+2 {aga) b?) - aga) b:(;3) + a:(;5) b(15) _ a§5) b§5)} +
+aD b — aPES + aD B - PP +

+aP B — dP b + aObP — P HY] (32)

For the wave motions given in Tables 1a and
1b the time rate of change of the four energy
forms is tabulated in Table 4. The values are
given in units of total perturbation kinetic
energy per day. It is seen that in each case the

Table 3. Distribution of kinetic and potential energy on the components with different wavelength
in the y-direction.

| K K™ § 740 K p'w P'® P P
N=3 7=2.335 +0.8547| 0.66 0.34 — 1.00 0.80 0.21 — 1.01
7=0.795 +0.288¢{| 0.78 0.22 —_ 1.00 0.58 0.07 — 0.65
N=s T=2.783 +0.7321| 0.34 0.44 0.22 1.00 0.51 0.17 0.04 0.72
T=1.624 +0.5087] o0.79 0.04 0.17 1.00 0.77 0.06 0.03 0.86
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rate of change of the four energy forms in units of total perturbation kinetic

energy per day.

dP dp’ dK’ dK

dt dt dt dt
N=3 7=12.335 +0.854¢ -2.07 1.00 0.99 0.09
7=0.795 +0.288¢ -0.53 0.22 0.33 —0.02
N=5s 7=2.783 +0.7321 -1.78 0.61 0.85 0.32
T=1.624 +0.508¢ ~T1.14 0.51 0.59 0.04

increase of the perturbation kinetic encrgy is
connected with a decrease of the total poten-
tial energy. A part of the loss of zonal poten-
tial energy is restored as perturbation potential
energy. According to (23) and (25) the actual
generation of perturbation kinetic energy
from perturbation potential energy is achieved
by a positive correlation between — w; and
é1— ¢3, Le. by a rising of warm air and a
sinking of cold air. For the wave motion with
the largest amplification a considerable part
of the generated kinetic encrgy is organized
into the mean zonal current, especially when
we consider the solution, in which the com-
ponent with wavelength £ D in the y-direction
is taken into account.

4. Eddy transport of sensible heat and mo-
mentum

According to (24) and (25) the transfer of
zonal potential energy into perturbation
potential encrgy is connected with a meri-
dional eddy transport of sensible heat. In
view of the geostrophic approximation we
may consider.

(33)

I__._—_—___
)-8 = = - Vi

as a measure of this transport. With ¢} given
by (14), we get
v =t 42 Xop  gopm
vagh ’='J‘f Z[{al 3 —dz b+
+a@bP — aPbD + dP b — 4P bSO} +
+{aPbD — gD b + P O — g b +

+aP b — d®bY + aP b - aP b +

+a® P - P b} cos 2y +{a b® - a® bP +
+ a:(33) bil) — a;l)bga) + ail) b(35) — aéﬁ)bil) +

+ a§5) bél) — ai(ll) biS)} cos 42}, + {a‘f’l)b(lﬁ) — a§5) b§1)+

+ a§5) b&l) — agl) b§5) + a:(’(i) bia) _ ai:i) b§3)} cos 6}'}, ER

+ {aé"i) b(15) — a§5) bé(i) + agS)ng) —_ a§3( ng)} cos 8}'},_'_

+{aPbP - aPbS} cos 10ky]  (34)

For the wave motions given in Table 1b
we obtain in the case 7=2.783 +0.732i

vybi =% A?(0.564 —0.976 cos 24y +

+0.651 cos 41y —0.354 cos 64y +
+0.147cos 84y — 0.032 cos 104y) (35)

and in the case T =1.624 +0.508i

vigi =4

f

—~0.414¢C0s 42y +0.348 cos 64y —

A?(0.568 — 0.456 cos 24y -

~0.005 cos 81y —0.041 cos 10dy) (36)

Fig. 2 contains a picture of the two types of
transport of heat. Put together they represent
a cooling of the southern half and a2 warming
up of the northern half of the region.

The transfer of perturbation kinetic energy
into mean zonal kinetic cnergy given by (22)
is depending on the mean northward transport
of momentum #/v;. The correlation between
u; and v} is visualized by the meridional tilt
of the waves in the way that a SW—NE orien-~
tation of the axes involves a positive value,
whereas a SE—NW orientation involves a

negative value of jv}. In this way the values
Tellus X111 (1961), 1
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' 1 1 i A
00.0 0.2 0.8 1.0

Fig. 2. Northward eddy transport of sensible heat. Values
-1 ___ .
of (}.'Lf Az) v, @', in the upper part for the first type

of wave motion, in the lower part for the second type.

of 4; and §; in Tables 2a and 2b may give
an impression of the corresponding values of

ujvi. With ¢/ given by (14), we obtain for
u;v; the expression

7 _ P e @rm @
Ui v; —JTEA [{a® 6" - aP b +

+2(aP b® - a®b®} sin 22y +

I
(1) L.C (
+ {5 (a5 — a® bD) +

+3 (@b - b;5>)} sin 44y +
+ {afb® — o b} sin 64y +

I
(3) (5 (5) 1,(3 3
+ {a®b® — a® b} sin 8 Ay]

(37)

For the values of af® and b given in Table
1b we get in the case T =2.783 +0.732i

Tellus XI1I (1961), 1
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v} =%A2(1.298 sin 24y - 1.454 sin 44y +
+0.679 sin 64y —0.107 sin 8 Ay)
v =-’l—;?l A?(0.2005sin 24y - 0.205 sin 41y +

+0.092 sin 6 Ay — 0.017 sin 8 Ay)

(38)

and in the case T=1.624 40.508i

ujv) =?—if A*(o.1505sin 24y + 0.062 sin 44y —
~0.083 sin 61y - 0.006 sin 8 Ay)

5573:%/12(0.181 sin24y +0.102 sin 44y —

~0.092 sin 61y —0.028 sin 8 iy)

(39)

From these values it is seen that the first type
of wave motion (v =2.783 +0.732{) is producing
an eddy transport of momentum towards the
north in the southern half and towards the
south in the northern half of the region.
The transport at the upper level is about 7
times as large as the transport at the lower
level. For the wave motion of the other type
(r=1.624 +0.508i) the meridional variation of

e momentum transport is somcwhat more
complicated, and the values are essentially
sma]fer than for the first type of wave motion.

In accordance with equations (1) and (2) in
their x-averaged form, the eddy transport of
momentum will contribute to a change of
the mean zonal flow with a time rate of

change equal to —aigjyv—’) The dashed curve
in Fig. 3 shows this change of the mean zonal
flow at the upper level for the wave motion of
the first type (r=2.783+0.732i). As the
corresponding values at the lower level are
markedly smaller, the curve may represent,
approximately, also the change of the vertical
shear of the mean zonal wind determined
from the eddy transport of momentum. The
eddy transport of sensible heat, on the other
hand, involves, in accordance with equation
(3) in its averaged form, a change of the ver-
tical shear of the mean zonal wind with a time
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2 ! ’
2—(;;;5—1) The values
of the change of the mean vertical wind shear
determined from the eddy transport of heat
given by (35) and (36), respectively, are
shown by the dashed curves in Fig. 4. It is
seen that for both types of wave motion, the
change of the vertical shear of the mean zonal
flow determined from the eddy transport of
heat is quite d:ifferent from the change deter-
mined from the eddy transport of momentum
at the two levels. From this fact we may
conclude about the existence of a mean merid-
ional circulation represented in the averaged
forms of the equations (1), (2), and (3) by
the terms containing @, The properties of
such meridional circulations connected with
the large-scale baroclinic disturbances have
been studied by Pririies (1954, 1956). Also
in connection with the development of frontal
waves in a simple two-layer model the induced
meridional circulation is of fundamental im-
portance (ELIASEN, 1960).

I
rate of change equal to =

15F
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I” \‘\
101 {3
[
] 1
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o= {'/\ g
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]
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A\ \\\_'/
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0.0 02 04 06 0.8 10
b

Fig. 3. Changes of the mean zonal flow at the upper
level for the first type of wave motion. Values of

2 -1 9, 2 -1 5(;7 7
(/}—12 Az) % (full curve) and — ("}—2« Az) iu(;;—‘)
(dashed curve).
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Fig. 4. Changes of the vertical shear of the mean zonal
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wind. Values of (ﬁ A2) M
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2
and (% A2)
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per part for the first type of wave motion, in the

lower part for the second type.

(full curves)

(dashed curves), in the up-

5. Changes of the mean zonal flow

Equations (1), (2), and (3) averaged with
respect to x, may be combined into the fol-
lowing two equations

278 s, 3]

= ~fvi -9l +f) + vy v,
b -] -
= —fvy-v(l3+f) —#2vy- v,

Tellus XIII (1961), 1
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In consequence of the quasi-geostrophic
approximation these equations may be written

[2¢ g T\ 1
Ao -5

2(vy )
Iy

7 (v,

P ) + 22

~f

J 32%3 aff. _ 234 -
Z{W”("S“qﬁ”}‘

2ugvy) _ 9 (vio)
apr T Iy )

=f9

Forming further the sum and difference of
these equations, we get

[ —0.02 cos 24y + 1.39 cos 44y ~ 1.02 cos 64y —0.42 cos 84y +

o (3-)

SI
J _  _ —~ 7, Tt
Z(1'41 + ) = _9—}' (w301 +ugv3)
{2, _ _
(-77{(7}'—2 (ul - “3) —ZMz(ul - “3)} = (41)
[ — — I =
= 9——)-’ {9—},2 (“1 vy — Uy VS) + 2’%25-};(1/3¢1)}

The solution of equations (41) requires
boundary conditions at y =0 and y =D. From
the first equation of motion in its averaged
form, we find that the kinematic boundary
condition, v;=0 at y=0 and y=D, implies
the further condition that

5;

o

(42)

From the values of vyd; given by (35) and
the values of u/v; given by (38), we get as
solutions of equations (41) and (42) the fol-

. . i
owing expressions for d—t]

o at y=o0 and y=D

o f? 4

+ 0.28 cos 104y — 0.20
o7y _pi?
at  f2

A? [ -2.98 cos 2y + 5.25 cos 44y — 3.60 cos 64y + 1.42 cos 84y -

cosh {n\/; (% - i‘)}_

cosh {;—E Vv Z)’}

—0.28 cos 104y +0.20

cosh {.;_z \/—2;} _J

For the other type of wave motion with the transport terms given by (36) and (39), we get

Jduiy _ uA?

Il

Az [ 0.44 cos 22y + 1.61 cos 4Ay — 1.84 cos 64y +0.11 cos 8Ay +

cosh{n V2o (—1}% - %)}—

+0.37 cos T0Ay — 0.69

iy

e

pr

e Al [ - 1.10 cos 24y — 2.27 cos 4 Ay + 2.90 cos 64y +0.17 cos 8 Ay —

calei (53

cosh {g \/ZT}

(44)

- 0.37 cos 10dy + 0.69

Tellus X111 (1961), 1

cosh {Zz-z \/E}
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The values of 99%1 determined by (43) are

shown by the full curve in Fig. 3. In accordance
with equations (1) and (2) in their averaged

. u; Iulv}
form, the difference between —9?’ and ~ -((7—’}")
is due to the contribution from a mean me-
ridional circulation. From the values in Fig. 3
it is seen that the effect of the mean meridional

circulation is to reduce strongly the effect of .

the eddy transport, quite in agreement with
the result obtained by PriLies (1956). At the

q du
lower level the contribution to —a—t—s from the

eddy transport given by (38) is relatively
unimportant, and the change of #; is caused

mainly by the mean meridional circulation.

It follows from (43) that %%3 has a pronounced

maximum at y=3} D.

The fundamental difference concerning the
change of the mean zonal flow produced by
the two different types of wave motion,
appears clearly from Fig. 4, showing the values
of the time ratc of change of the mecan zonal

(it = g)

wind shear with height, . From

the figure it is scen that the change of the
vertical shear of the mean zonal wind, which
would result from the eddy transport of
sensible heat (represented by the dashed curves)
is reduced considerably. Also this effect of
the mean meridional circulation was found by
PHiLLIpS (1956).

The magnitude of the change of the mean
zonal flow produced by the wave motion and
the associated mean meridional circulation is

2
seen to be proportional to 'I—MT A% With D=

6,000 km, L=5,000 km, and f=10"% scc™?
we have

pa?

+0.28 cos 104y — 0.20

i (32)

%5 =3.0x 1078 m~3sec® day—1

From the values of 4, given in Table 2b it
is seen that for both solutions the maximum
amplitude of the perturbation of the height
of the pressure surface p; is about 2.8 g~14,
where ¢ is the acceleration of gravity. Har-
monic analyses of the height of the s00-mb
surface at 40—s50° N (cf. Erasen, 1958) in-
dicate that A =250 m? sec—2 may be taken as a
reasonable mean value for the waves with
wavelengths of the order 5,000 km, corre-
sponding to wavenumber § or 6. With this
value of A we have

72
'I}T A%~ 0.2 msectday!

as unit for the numerical values shown in
Fig. 3 and Fig. 4.

In the two-level model the equation of
continuity in its x-averaged form may be
written

(45)

Combining these equations with the equations
(r) and (2) in their x-averaged form, we get by
integrating with respect to y

9% _ _2(u)

It oy

+f7;

(46)

From the valucs of % given by (43) and the
¢ 2050
Iy

values o determined from (38), we get

v, = —§3=f—3/12 [2.58 cos 2Ay — 4.43 cos 44y +3.05 cos 64y — 1.28 cos 84y +

— (47)
cosh; V20

Fellus X1I (1961), 1
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and from the values of % given by (44) and

53
2ujv;)
Iy

the values of

determined by (34), we get

2
V=~ 173=%A2 [0.74 cos 24y +1.86 cos 44y — 2.34 cos 64y +0.06 cos 84y +

cosh {n V2o <

Y

3)

+0.37 cos 104y — 0.69

These values of v, as function of y are shown
in Fig. 5. From the figure it follows that the
first type of wave motion (v =2.783 +0.732i)
is connected with a mean meridional circu-
lation with an indirect cell in the middle area
and two weaker direct cells to the south and
north. As shown by Paiues (1954, 1956) a

(48)

hZ Vo
cos 2\/20

similar meridional circulation is connected
with the amplifying waves which may deve-
lope in a zonal current without horizontal
shear, and also with the large-scale disturbances,
developing in his numerical experiment. From
the lower part of Fig. s, however, it follows
that the other type of wave motion (v =1.624
+0.508i) is connected with a quite different

A

mean meridional circulation, consisting of
five cells, a direct cell in the middle area, an
indirect cell on each side, and further two
direct cells farthest to the south and north.

In order to estimate the strength of the

/\

meridional circulations, we note that with the
numerical values used previously
pA?

7
For A=250 m?sec—2 it then follows from the

values in Fig. s, that the mean meridional velo-
cities are of the order of magnitude 0.1 msec—1.

0.35 x 10"5m~3sec®

6. Combined fluctuations of the wave motion
and the mean zonal flow

The generation of perturbation potential
and kinetic energy was considered in section 3
for the wave motions in the original mean

VARV

zonal flow, Uj, given by (9). In the following
we shall consider for each type of amplifying
wave motion the modifications of the energy
transformations connected with the changes
of the mean zonal flow caused by the wave

0.0 0.2 0.6

Fig. 5. Mean meridional circulations connected with

a2 —1_
(% Az) vy, in the up-

per part for the first type of wave motion, in the lower
part for the second type.

Tellus XIII (1961), 1

0.8

the wave motions. Values of

motions. For the change of the mean zonal
flow produced during the time from ¢, to ¢,
we may write

(49)
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where % is determined as solution of equa-
tions (41) and (42). From the formulae (23)
and (25) we may compute the time rate of
change of the total perturbation energy for
the wave motions in the changed mean zonal
flow, u;=U;+4u;. At first we consider the
changes of the mean zonal flow caused by the
first type of wave motion (7 =2.783 +0.732i),
i.e. the changes given by (43). In this case we
get for the wave motion itself the following
rate of conversion of mean zonal potential
energy to perturbation potential energy

{p.P} =/;%‘2A2(22‘7B3 -35.7Q) (s0)

22 ¢
where Q= ‘u—2 J A%dt. For the rate of conver-

o
sion of perturbation kinctic energy to mean
zonal kinetic energy we get

Consequently we get for the rate of change of
total perturbation energy

d,_, , A2

7@ +K)=jﬁf12(18-633— 45-5Q) (s2)
From (s52) it follows that the wave motion
of the first type will cause a change of the
mean zonal flow, which will diminish the
generation of perturbation energy for this
type of wave motion. As long as we may
consider the solution of the form (14) as a
valid approximation for the wave motion, the
amplitude will grow exponentially with
time. In this case we may write

QAP
T ft 2uq 21 f? By

With the numerical values used inthe forego-
ing, equation (52) then becomes

(53)

2
%(P’Jr K =’%— A%B;(18.6 - 30.5 x 107 A2)
(54)

where A is measured in m?2 sec—2. For Aa250
m? sec? the decrease of the generation of
perturbation energy is seen to be about 10 per

cent. Quite formally we obtain from (54)
that the gencration of perturbation energy will
stop, when A~800 m? sec~2, corresponding
to a maximum amplitude for the perturbation
of the height of the pressure lcveIpp1 equal to
about 220 m, a value which is, after all, of the
same order of magnitude as the observed
upper limit for the amplitude of the actual
waves in the atmosphere. From the results
of the foregoing section it also follows that
values for A of the order of magnitude 800
m? sec? are just the values for which the
changes of the mecan zonal flow, produced
during a time as short as 1 day, are of the
same order of magnitude as the values assumed
for the original mean zonal flow.

Still considering the change of the mean
zonal flow caused by the first type of wave
motion, we get for the second type of wave
motion (T =1.624 +0.508i) the following ener~
gy transformations

{TJ-p'}J}—fAz(m.zBﬁs.IQ) (s3)

{K'-I?}=’Li2/12(o.633— 1.8Q)

7 (56)

1. e.

d, 0 on pA?
o +K)=%A2(16.6Bs+7-9()) (s7)

From this expression it is seen that the wave
motion of the first type involves a change of
the mean zonal flow, which will increase
the generation of perturbation cnergy connect-
ed with the second type of wave motion.

For the change of the mean zonal flow
caused by the second type of wave motion, we
obtain quite similar results. The energy trans-
formations connected with the first type of
wave motion become

{p.-pP} =’fi.};—21‘12(2z.7B3 +14.4Q) (58)

{K’.E}='%—2A2(4.1B3+6.4Q) (59)
1. €.
ﬂ(p'+K’)=’£A2(18.6Bs+8.oQ) (60)

dt f?

Tellus XIII (1961), 1
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which means an increase of the generation of
perturbation energy. The energy transforma-
tions connected with the second type of wave
motion become

{p.-r}-= ’%ﬁ A?(17.2B3-21.5Q) (61)

{k-K} =‘?"§A2 (0.6B; +0.8Q)  (62)

Le.
d, ., N

‘—1—t(P +K')= ¥l A%(16.6 B3 - 22.3Q) (63)

which means a decrease of the generation of

perturbation energy. Using (s53), the ex-

pression (63) becomes

where again A is measured in m? sec~2. The
formal determination of the upper limit for
the amplitude of the wave motion based upon
the expression (64) leads to a value slightly
larger than that determined from (s4).

As a general result of the above computa-
tions it may be concluded that each type of
wave motion, represented by the two ampli-
fying solutions of the characteristic-value
equations, will be connected with changes of
the mean zonal flow, which will brake the
growth of that type of wave motion, and
simultaneously favour the growth of the
other type of wave motion. So it seems (cf.
also CHARNEY, 1959) that the actual wave
motion will have the character of fluctuations

2
é(p'.;. K')___/i%_ A?B,(16.6 - 21.4 x 10-42)  between two extreme forms, associated with
dt e ' f th 114
(64) two extreme forms of the mean zonal flow.
4
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