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Abstract 
Standard errors of harmonic analysis have been calculated by three different methods. These 

methods are discussed and numerical calculations have been carried out from the results of 
harmonic analyses made on data from the neutron monitors in Uppsala and Murchison Bay. 
Periods covering from single days up to the mean of three years have been used for the com- 
parison between the results. Although the standard error calculated according to the three 
methods include different types of variations, the results show good similarity. One of the 
methods also gives indications that only in some cases the addition of a second harmonic will 
be an improvement of the fit. 

Introduction 

Studies of cosmic radiation consist to a great 
extent of time series analysis. One important 
problem is the study of periodic intensity 
variations, such as diurnal, semidiurnal and 
27-day. Very often harmonic analysis is used 
to approach these problems. Naturally it is 
important to make correct estimates of the 
standard errors in such analyses in order to 
interpret particular results. 

Mathematical representation of intensity 
variations 

Let u be the true intensity of the cosmic 
radiation and xk the intensity value from a 
particular recorder, where k indicates the time. 
X ,  will then be distributed around the mean u 
and with the standard deviation cr. The distri- 
bution will be theoretically equal to a 
Poisson distribution and we have 

a = \ i u  

This is generally used in calculating standard 
errors. However, as our instruments w d  
certainly have some sources of error, data 

,- 
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from the various detectors will not give an 
exact Poisson distribution. Calculations have 
shown that for the nucleonic component meas- 
ured with an international standard neutron 
monitor the distribution is approximately 
normal with the standard error 1.3 dii (Mc 
CRACKEN 1958,  DYRING 1960). We may write: 

where ek is a random variable with known 
distribution and with expectation 

E (ek) = o 

If we assume that the true variation during 
one z4-hour period consists only of first and 
second harmonics, we have for the true varia- 
tion 

f & = # d + R I s i n ( @  +al) f 
+ R, sin ( 2 0  + E,) = ud +f(O) ( 2 )  

where 
2 zk 

@=-, k=o ,  1 , 2 , 3 . .  . . . n- I 
tt 



E R I C  D Y R I N G  A N D  B E N G T  R O S B N  114 

and #d is the mean of the true intensity during 
24 hours. From a single recorder we would 
actually obtain: 

If the assumption cf. eq. 2 is correct in all 
respects the random variable f?k will have a 
distribution identical with that of el, in eq. I .  
This cannot be expected to be exactly true. 
W e  make the new approach: 

&k is a residual, about which we do not make 
any other assumptions than that it does not 
behave too irregularly (see method B below). 

Very often we want to estimate the average 
daily variation for a long period. This is usu- 
ally done by making a harmonic analysis on 
averaged data. When taking a mean over N 
days according to eq. 4 we get 

Iff(@) is constant from day to day we get: 
- 
xk = i d  +f( @) $. Ek (3 '1 

2 1  

E N  
where G- = - 0:. 

Iff( 0) is not constant we may assume the same 
model as in eq. 4 but for averaged data: 

- xk = i d  +f( 0)  + (4+) 

Harmonic analysis procedure. W e  have data con- 
sisting of n equally-spaced observations X,, 
X,,  X,. . . Xfl-l. By the common method of 
least squares we get estimates of tld and the 
harmonic coefficients a and b in a diurnal com- 
ponent when making Q a nliniinum in: 

Q =  
k = O  n n 

The amplitude R and the phase angle cc are 
then estimated by 

where A indicates estimate. 

mates of (T, and Gb. 
The approaches (I)  and (4) give different esti- 

M e t h o d  A 

With the assumption in (3) and (3f) we have 

x k  = #k + e k  

If the sampling distribution of x k  is true 
Poissonian we have for the m: th harmonic 
(Kendall) , 

I- 

and if we take care of the correction constant 

M e t h o d  B (Compare BARTELS 1935) 

& = U k  + & k  (Cf. eq. 4 and 4') 

W e  assume no a priori information other than 
I. E(eJ = o and the variance G, (independent 

of k) 
2. &k is normally distributed. This assumption 

should not be taken to literally as long as the 
distribution of &k is not too irregular. 

According to the theory of least squares we 
can estimate 0," as 

n - 1  

k=O 

(7) 

The function f(0) is assumed to consist of a 
1st harmonic. W e  know that i d r  i, b, are 
independent random variables, normally dis- 
tributed with resp. means Lid, a, b, and that 

( n -  3 ) X  
0," 
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is &distributed with n -  3 degrees of free- 
dom. Eq. 7 can be shown to be equal to: 

If our functionf(O) consists of first and second 
harmonics we get in the same way: 

and the estimates 

As the methods A and B give the estimates of 
on and bb, the next step is to get the estimates 
of U R  and ua. 

Let F be a function of a number of uncor- 
related random variables a, /?, y - - - - . By 
approximating F(a, /I.. .) by the linear part 
of its Taylor development the following for- 
mula for u: is given: 

u;= (?E)2 0: + 0; + . . . (10) 

It can easily be proved that for the harmonic 
coefficient a and b 

cov (a, b) = O  

Eq. 10 gives the estimates of U R  and a, 

tions : 
From eq. 6a and 6 b we get the approxima- 

b 
\iaz + b2 

+- ( b -  b) 

U ( t i  - a) - - ( b  - b) CC w arctag - + - a b  
b a 2 + b 2  a2 + b2 

which give 

and 
cov (k, a )  = 0 
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Method C 

A third method, which differs from the meth- 
ods A andB can be used. It is built on the problem 
of “cloud of points” (BARTELS 1932, DORMAN 
1957) and can be used only for long eriods. 

for each day during the period. In the general 
case, is .  when a and b are correlated over the 
period error limits for the pair (a, b) are ob- 
tained by a probable error elhpse. 

If we assume non-correlation between a and 
b the probable error ellipse will become a circle. 

In this case UR and u, can be calculated from 
eq. 10 with: 

The harmonic coefficients u and b are ca P culated 

where Nis the number of days. 

Discussion 

If we use method A, we get from eq. 3 the 
random variable e k  the standard deviation of 
which wdl be estimated by dG (cf. eq. I). 
U R  and u, will then depend only on the uncer- 
tainty of the individual observations, i.e. the 
distribution from whch they are drawn will be 
wholly decisive. The magnitudes of U R  and a, 
will not be affected by the closeness of the fit. 
Ths means that if we have a number of ob- 
servational series, where all observations are of 
the same order of magnitude x k  and drawn 
from a Poisson distribution, then U R  and a, 
will be constant for the different observational 
series. 

The residual &k in eq. 4 may be interpreted as 

Ek = e k  + rk 
e k  = random variable as above. 
rk = specification error. 

Method B will give us UR and u, which will 
be dependent both on all sources of variation 
and on the closeness of fit. There may be some 
difficulties in interpreting UR and u, as stand- 
ard errors, as they take into account all 
actual variations, for example the day-to- 
day variability in the true form of the daily 
variation, and there is a question whether 
this can be regarded as random. At least 
for long periods these variations may be 
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Acc. to eq. 11 

assumed random and CR and a, will be stand- 
ard errors. This is also supported by the 
numerical comparison between the methods 
below. 

Method C will give us UR and a,. These 
estimates w d  be dependent on all the variations 
as in method B. The very tedious calculation 
will make this method unpractical. 

Method A offers: 
I .  Standard errors of the fitted harmonic 

2.  The statistical fluctuations of the individ- 

3. U R  and a, are independent of the closeness 

Method B offers: 
I. Standard errors of the fitted harmonic 

2. O R  and O, depend on all variations during 

3 .  O R  and 0, are dependent on the closeness 

Method C offers: 
I. Standard errors of the fitted harmonic 

2. O R  and O, depend on all variations during 

parameters R and a. 

ual observations alone are decisive. 

of fit. 

parameters R and a. 

the period of observations. 

of fit. 

parameters R and a. 

the period of observations. 

1:st and 2:nd har- 
monics fitted, Stand. 

ard error acc. to 
eq. 9 

1:st harmonic fit- 
ted. Standard error 

act, to eq. 

3 .  CTR and a, wdl be independent of the 
closeness of fit. 

0.240 
0.240 
0.240 
0.240 
0.240 
0.240 

Comparison with numerical results 

To make a comparison between the methods, 
results from harmonic analysis of neutron 
monitor data from the two cosmic ray stations 
at Uppsala (60" N, I 8" E) and Murchison Bay 
(80" N, I 8" E) have been used. Different periods 
from single days up to the mean of 3 years 
have been examined. 

Bihourly values have been used. The data 
are corrected for trend and atmospheric effects 
in the usual way. Each observation is expressed 
in per cent of the daily mean. Values are 
obtained for the amplitude of first and second 
harmonics in per cent of the daily mean and 
for the time of maximum in hours and minutes. 
The standard errors according to the three 
methods are shown in tables I and II. Some 
periods are chosen according to distinct phase 
shfts, which are shown by a vector sum diagram 
made over solar rotation periods (SANDSTROM, 
DYRING, LINDGREN 1960). The single days are 
randomly chosen during a cosmically calm 
period 20 Dec. 1958 to Jan. 1959. To get a 
rough information of method C when assum- 
ing a and b non-correlated, we have calcu- 

0.315 0.211 
0.217 0 .172  
0.264 0.258 
0.231 0 .214  
0 .163  0.115 
0.140 0.093 

Table I. Numerical results from the two methods A and B for the neutron monitor in Uppsala. 

0.027 
0.021 
0.021 
0.017 

0.063 
0.021 
0.010 
0.012 
0.011 

Type of period 

0.026 
0.023 

0.015 

0.072 
0.023 

0.020 

0.011 
0.01 I 
0 , O I  I 

Single days 

Period s with typi- 
cal phase shifts 

Periods of differenl 
length 

Time 

The standard error of the amplitude of 1:st harmonic in 
per cent 

I I I1 I I11 

0.017 
0.021 
0.016 
0.013 

0.041 
0.021 
0.013 
0.010 
0.007 
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Table 11. Numerical results from the three methods A, B and C for the neutron monitor in 
Murchison Bay. 

I I I The standard error of the amplitude of 1st harmonic 

117 

Single days 

Periods with typi- 
cal phase shifts 

Time 

22/12 I958 
26/12 1958 
29/12 I958 
30/12 1958 

311 1959 
7/I I959 

IO/9 57-218 58 
318 58-18/11 58 
19/11 58-29/5 59 

0.018 
0.044 
0.026 

0.044 
0.008 
0.016 

0.017 
0.025 
0.018 

0.025 
0.006 
0.016 

i 

Periods of different 
length 

Acc.to eq. 11 

0.234 
0.234 
0.234 
0.234 
0.234 
0.234 

0.014 
0.025 
0.019 

0.025 
0.013 
0.010 

3/8 58-18/11 58 
12 months (1958) 
26/8 57--10/4 <O 

in per cent 

I1 I I11 
1st harmo- 
nic fitted. 
Standard 

error acc.to 
eq. 8 

0.214 
0.406 
0.171 
0.178 
0.196 
0.180 

1st and 2:nd 
harmonic fit- 
ted. Standard 
error acc.to 

eq. 9 

0.212 
0.388 
0.164 
0.195 
0.211 
0.191 

lated ?rl, as only one-day values of R, from 
Murchison Bay neutron monitor are available. 

The calculation of the standard errors is 
made in four ways. 

I. Method A 

(11) 

where X is the total of the observed 
values over the period, U R  is expressed in 
per cent. 

11. Method B. Fitting first harmonic. 
111. Method B. Fitting first and second har- 

monics. 
IV. Method C .  

Z(Ri -x)2 (12) 
. a  I 
0- IJ 

R N(N-I)  

in per cent. 

Conclusion 

A comparison of the results shows that the 
magnitudes of the standard error obtained by 
the three methods are surprisingly similar. 
This seems to hold for both single days and 
long periods. From this we can conclude that 
our approach with harmonic analysis is good, 
Tellus XI11 (1961), 1 

IV 

lcc. to eq. I 

0.020 
0.034 
0.023 

0.034 
0.018 
0.014 

i.e. the specification errors are small. As the 
neutron monitor will measure the cosmic ray 
intensity with a big opening angle, which will 
mean that a shar ly defined anisotropy will be 

the earth, the result can be expected. 
Method C seems to be more similar to meth- 

od B than to method A. This can be expected 
when the closeness of fit is good, as they 
both take account of all variations occur- 
ring during the time from which the data of the 
analysis are taken and method A does not do 
this. 

By comparing II and I11 in the tables we can 
have information about the existence of a 
second harmonic. In only 6 of the total 2s 
different cases the second harmonic causes a 
marked reduction of the standard error, indicat- 
ing the existence of an important semidiurnal 
component. These 6 cases are distributed on 
both single days and long periods. For the two 
stations Uppsala and Murchison Bay the semi- 
diurnal component in most cases produces very 
little improvement in the fit. 

As only the single days and the calendar year 
1958 give identical periods for the two stations 
the material is too small to make possible any 
conclusion concerning a correlation between 
the two stations. 

smoothed out a uring a 24-hour rotation of 
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The question of which method will be the 
best to estimate the standard errors of the har- 
monic coefficients is still open. It depends on 
the use of the results. Method A with a correc- 
tion of the Poisson standard deviation is favour- 
able according to practical calculating aspects 
as long as the fit is good. A further comparison 
between the methods will be carried out not 
only for neutron monitor data but also for 
meson telescope data. 
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