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Abstract

The equations of motion are developed in a form appropriate to flow parallel to a uniformly
sloping bottom. Some cases of two-layer flow are considered in which the flow is concentrated
in the lower layer, as in the overflow over a submarine ridge. Whereas in the absence of friction
such currents would tend to follow the contours of the bottom, the effect of bottom friction
is to deflect the current to the downslope side of the contours. Numerical solutions show that
in some cases the angle of deflection might be as large as 30° but in most circumstances it is
probably less, of the order of 5° or 10°. An indication is given of how the theory may be
applied to the case of density varying continuously with depth, as in a real ocean. Some general
conclusions, which are relevant to the interpretation of observational data, are drawn.

1. Introduction

The flow of water over a submarine ridge
into an oceanic basin is frequently the source
of supply of an important water mass. The
overflowing currents differ from other oceanic
currents in that they appear to reach their
maximum velocity at, or near to the bottom,
the overlying water being almost at rest.
The flow of such currents is likely to be in-
fluenced to an unusual extent by the contours
of the bottom and the effect of bottom friction.
Observations indicating the presence of such
flow into the North Atlantic over the Iceland-
Faeroe and Greenland-Iceland Ridges have
been described by DierricH (1956, 1957).
STEELE (1959) has also described observations
of deep overflow across the Iceland-Faeroe
ridge. The process of cascading (Coorer
and VAuUx, 1949) would also seem to imply
the existence of currents of this type.

The equations of motion will be developed
in a form appropriate to flow parallel to a uni-
formly sloping bottom. Solutions will be
given for some cases of two-layer flow, the
water in each layer being of uniform density

and the thickness of the lower layer small
compared with the total depth of water. The
net flow in the upper layer will be assumed
to be zero. An indication will be given of
how the method may be applied to the case
of density varying continuously with depth,
as in a real ocean.

2. Equation of motions

Consider, in the first instance, flow on the
side of a ridge with a straight horizontal crest
and a downslope at a constant inclination « to
the horizontal. Let rectangular axes XYZ be
taken, with OY along the crest of the ridge,
OX down the slope, at an angle « to the hori-
zontal, OZ perpendicular to OX and OY
and directed upwards, as in Fig. 1. Let OY
be orientated at an angle @ to the west of
north.

Let #, v, w be the velocity components,
p pressure, o density, ¢ latitude, w angular
velocity of the earth’s rotation, X, Y and Z
the components of external force, other than
gravity, per unit mass.
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Fig. 1. System of co-ordinates: OY is parallel to crest of
ridge; OX is parallel to line of greatest slope.
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in the form

D4 o
Dt

+ sinasin @ cos ¢) + wcos @ cos b }=

1Jp

—éa_x

- v (cosasing +

+gsina+ X

Dy 4 ool (cosasing + sinasin® cos¢) +

Dt

+ w (sin e singp — cos asin® cos qS)} =

=—E9—p+Y
edy
%u;}—Zw{ucos@c05¢+V(sinocsingb—
- _ 1%
—cosrxsm@cosgﬁ)}— 272 geosa+ Z

with the equation of continuity
ou + 2 + dw _ o (2)
Ix Jdy dz

Tellus XII (1960), 4

419

In considering low near the bottom, w will
be small and terms in w may be neglected.

If, also, the inclination « is small enough (of
order 107 say) for terms in sin « on the left
hand side of (1) to be neglected compared
with those in cos «, and if cos « is taken as 1,
equations (1) reduce to

Du 19p .
i = —éa—x+gsmoc+X
Dv 1Jp
TS LY T 3
- 2wcos ¢ (ucos @ — vsin®) = _1op
pdz

—geosa+ 2Z

where f=2w sin ¢.

If the terms on the left of the third equation
of (3) and the external force Z are negligible
compared with the main gravity component g
cos a, this equation reduces to

J
Bopens W

corresponding to the normal hydrostatic
equation.
Allowing for shearing stresses tangential to
lanes perpendicular to OZ but neglecting the
ﬁtcral shearing stresses, the force components
may be written

x_1 IF .

Py 19Ey
p dz’

T 2z’ Z=o (s)

where F,, and F,, are the components of
shearing stress by which water above a plane
z=const. acts on the water below that plane.

3. Equations for two-layer flow

Consider an upper and a lower layer of
density g, and g, respectively, the thickness
of the lower layer being 5 (x, y). Let the free
surface be given by

z=hy+xtanae+{

as in Fig. 2. Let p,= atmospheric pressure.
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Fig. 2. Co-ordinates for two-layer flow: 7 = thickness
of bottom layer.

Then, from (4), the pressure is given, in

the upper layer (z >7), by

P1=patgoicosa(hy+xtana+{ -z) (6)

and in the lower layer (z <#) by

p=pa+gcosa{o,(hy+xtana+{ —n)+
0:(17 - 2)} 7
From (6) and (s5) in (3), and integrating

throughout the depth of the upper layer,
it is found that

Du, d
Dt _ﬁl— ——I‘Z—gCOSlxa—xﬁ'

(8)
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where hy =hy+x tana -7

n+h

— I
Uy =h_
1

n

u,dz etc.

F,, and F,, are the components of surface
stress and Fyy, Fy, those of stress at the interface.

It will be assumed now that p, is uniform,
the surface stress zero and that the mean
motion in the upper layer vanishes. Then (8)
reduces to

coso— = — Fix

g x oy
. ©)

cosq — = — —~

£ oy erhy

In the lower layer, from (7) and (s) in (3)
and then integrating throughout the depth of
the layer and using condition (9),
Di_ o fing 90 Fru(1, |
E—jv—g <smcx axcosac>+ 92(77+

I FOx
+ —_— —_—
hl) Q27
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_ Koy
027
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where ¢ = (%ﬁ) g u= :—qudz, etc., and
2

Fox, Foy, are the components of stress at the
ottom.

If hy>n, the frictional terms in (10) reduce
to

(Fyx ~ Fox)lan and (Fyy ~ Fy))/0an-

. 1%
Since w =0 at z=0 and w=9—7t]atz=n, the

equation of continuity for the lower layer
gives

2, 9, o
5. (1) +93, (nv) + 5, =0 (11)
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4. Form of the frictional terms

Let the resultant mean velocity in the lower
layer be V, i.e.

Ve =it 4 p?

and let the combined shearing stress at the in-
terface and at the bottom be related to V' by a
quadratic law, so that if F is the resultant fric-
tional stress,

F=kp,V?

If it is assumed also that the stress F is in a
direction directly opposed to the mean velocity
V, then the stress components on the lower
layer are given by

Fox — Fope = k@2 Vu
Foy — Fyy =k@2V1_’

Thus in (10), with h; >,

Du_ g (sina-"cosw _kVu
Dr JUTEET O 7
(12)
Dy ,on kVy
Dt IHT T8,y

There is little experimental evidence to in-
dicate the magnitude of k in thesc conditions,
i.e. a bottom current flowing below water
sensibly at rest. From a number of observations
of tidal currents in comparatively shallow
water, values of k in the range 1.5 to 4 x1073
and averaging 2.5 x10~2 have been derived
(summarised data have been given by Proun-
MAN, 1953, and BOWDEN, 1956). From wind-
induced currents in the Straits of Dover,
superimposed on tidal currents, BOWDEN (1956)
found k=3.8 X 1073 and RossITER (1958)
found k=3.5 to 4.5 x1073. WYRTKI (1956)
has summarised a number of observations in
which the friction has been estimated from
wind drift in the surface layer in the open
ocean. The corresponding values of k are
mostly in the range 1.0 to 2.7 x107%, apart
from some rather doubtful values of 10 to
12 x10~3 for the Atlantic.

In dealing with the flow through straits, De-
FANT (1955) proposed the value k=3 x10-2
and found that this led to estimates of velocity
of the correct order of magnitude for flow
Tellus XII (1960), 4
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through passages such as the Dardanelles,
Bosporus and Straits of Gibraltar. The flow
in these cases differs from the bottom currents
envisaged above in that the current in the
bottom layer is bounded above by a current
flowing with comparable velocity in the oppo-
site direction. The resistance to the bottom
current is likely to be greater, therefore, than
if the overlying water were at rest or if the
current extended to the free surface. The
irregular bottom topography in the straits
probably increases the resistance further.

DierricH (1956) has used the value k=
3 X102 in estimating the rate of flow down
the southwestern slope of the Iceland-Faeroe
Ridge, from density data obtained in the
“Anton Dohrn” cruises. The flow on the
Iceland-Faeroe Ridge has also been considered
by Steele (1960), who has suggested that the
high apparent value of k may be due mainly
to the loss of energy from the bottom layer,
associated with turbulent mixing of the bottom
water with that in the layer above.

At the other extreme, STONELEY (1957),
in dealing with turbidity currents, has suggested
a valuc as low as k=2 x 1074 for a turbidity
current with velocity of the order of 28 m/s.
This value is based on an extrapolation of data
obtained by Keulegan, in model-scale experi-
ments on the flow of saline wedges, in which
he found that k decrcased with increasing
Reynolds number.

5. Solutions for steady motion

If all accelerations relative to earth are
negligibly small compared with the other
terms in (12), one may put

%=%=o, and then
- . n kVu
-fv =g <smoc— é)—xcosoc>—7
_ (13)
n kVv

Putting 57(713 =0 in (11)

ﬁ%+fz@+n<9—u+a—v>=o

v (14)
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(a) Layer of uniform thickness
If the thickness of the bottom layer is uni-

. dn_dn _
form, i.e. 7% Iy =0 (13) becomes
-fv =g'sinoc—%
! (13)
kv

i=
/ Y

Let tany= -ufv, so that u=Vsiny, v=
= —Vcosy.
Then, from (15),

tany=ﬁ (16)
BV g
(o) =57 W

Thus V' may be calculated, given g, sin «,
f, m and k and hence, also, tany, u and v.
From (16) and (17),
el (s
£ fn Sfin?

_gsina (1 N ’i‘”f)“
f S

Since u and v, as given by (18), are inde-
pendent of x and y, equation (14) is satisfied.
Thus flow in a layer of uniform thickness,
with uniform velocity given by (18), is a
possible form of motion.

If conditions are uniform parallel to the
crest of the ridge, i.e. dn/dy=o0, Iv/dy=o,
and if Ju/dx is negligibly small, it follows
from (14) that 25/dx =0 also, so that the prob-
em reduces to that just considered.

The case of flow in a bottom layer of uni-
form thickness has been treated by Steele
(1960), who obtained a solution essentially
the same as that given above.

In the frictionless case, k=0, the above
solution becomes

and

=l

(18)

<
Il

_gsina
f

The flow is then purely geostrophic and
parallel to the crest of the ridge.

=0, v=-V=

K.FFBOWDEN

If, on the other hand, the friction is very
great, so that

|4 _ _
——>1, then #—>V, v—>o0

fn
’ - 1
and u="V= (g__n o “)"’

k

so that the flow is directed down the slope
and its velocity is limited by the friction
coeflicient k.

(b) No transverse component of flow

If there is no flow parallel to the crest of
the ridge, i.e. v=0, u=V, and if u/dx is
negligibly small, then from (14), Jn/dx=o0.

Hence in (13)

. ku?
o=g'sinoe ——
(19)
_ .o
fi= -4
Thus
;o N
a=<gnsmoc)2 (20)
k
and
7 u

Thus, in order to maintain a flow directly
down the slope, a transverse gradient, given

by (21), is required.

(c) More general case

If the slope is small enough for the approxi-
mations discussed in § 2 to be valid, the axes
OX and OY may be taken in any two perpen-
dicular directions in the plane of the bottom.
In this case, let OX and OY be inclined down-
wards at angles « and f respectively to the
horizontal. Then equation (13) would be

replaced by

fomgi, M
! (22)

- . kv

fu=gli, - n
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J
i,=sinfl —9—;7 cosf.
ir and i, represent the components of slope of
the upper surface of the bottom layer in the

OX and OY directions.

If the OX axis is taken in the direction of the
resultant current in the bottom layer, then u =
V, v = o and (22) becomes

: .. P
where i, =sinea — 2 cos a,
Ix

N 1%
gitx= 7 (23A)
fv=gi, (23B)
(14) becomes
]
5o V) =0 (23C)

Thus V can be computed from ¢ and the slope
i, of the interfacc in the OY direction only.
Then, if i, and # are known, (23A) enables an
estimate of k to be made.

From (23A) and (23B)
(24)

This equation, corresponding to (16) for the
case of a layer of uniform thickness, gives the
angle y between the current vector and the
contours of the upper surface of the bottom
layer.

6. Numerical solutions

To obtain an order of magnitude for the
quantities involved, consider the values given
by Dierricu (1956) for section IIIb across the
centre of the Iceland-Faeroe Ridge. In the
above notation, for a position at a depth of
700 m on the south-west slope, g, =1.0277,
©2=1.0280, sin & =1/125, =50 m. Then g'=
0.29 cm/s?, and taking ¢ =63°, f=1.30 x1074
571

Considering solution §(a), i.e. the bottom
layer of uniform thickness,and withk =3 x 1072,
equations (16) and (17) give

V =14.5 cm/s, tany =0.67, y =33.8°
so that
u=_8.1 cmfs, v=12.0 cm/s.
If k=3 x1073,
Tellus XII (1960), 4
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then

V=17.5 cm/s, tany =0.081, y =4.6°,
#=1.4 cmfs, v=17.5 cm/s.

In the purely geostrophic case, i.e. k=o,
V=17.6 cm/s, tany=o.

Even with the higher value of k, 3 x 1072, the
component of flow parallel to the ridge is
greater than the component down the slope.

Considering solution 5 (b), ie. with no
transverse component of flow, and taking k=
3 x10°2, equation (20) gives #=19.6 cm/s

o .
and then (21) gives 9—7? = —0.89 x 102 With
k=3 x1073, (20) gives u=62 cm/s, and from
(21), 9—;7 =—2.82 X 1072,

Thus the flow can be directed down the
slope only if the thickness of the layer increases
to the right of the flow with a gradient of
order 1072, i.e. 10 m per km. This could be
maintained in a narrow channel or canyon
but not on an open slope. A comparison of
Dietrich’s sections IIlb and IIla does indicate
an increase in the thickness of the bottom
layer from southeast to northwest, but only
of the order of 100 m in 100 km, i.e. 1073,
which is too small by a factor of 10 to maintain
a purely downslope flow. It appears, therefore,
that the interpretation of a section such asIIIb
should be based on solution (a) rather than
solution (b), with the major component of
flow parallel to the contours of the ridge.

The conditions postulated in solution {c),
equations (23 A) and (23 B), appear to resemble
those reported by DierricH (1957) in the
bottom current flowing southwards at the
foot of the continental slope off East Green-
land. From the velocities computed by Dietrich
across sections off Cape Dan and Cape Fare-
well, the mean velocities in the bottom layer
may be taken as 10 cm/s and 5 cm/s respec-
tively. The increase in depth of the isosteric
surface, o, =27.9, from the C. Dan to the C.
Farewell section is about s00 m in s00 km,
ie. 1073 Taking Ac;=o0.1 gives g'=0.095
cm/s%, and putting i,=10"3, u=7.5 cm/fs in
(23 A), leads to

- =1.7x10"% cm1,
n
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n may be estimated at 200 m, corresponding
to k=3.4 x1072,

Thus if the flow in this current may be
assumed to be in a steady state, it is consistent
with a value of k of the order 3 x 10-2. Then,
in the C. Dan section, taking #=10 cm/s,=
250 m gives tan y=0.105, ¥ =6°. In the C.
Farewell section, with #=5 cm/s, =150 m
the values tan y =0.087, y =5° are obtained.

It is of some interest to compare the features
of the bottom currents considered here with
those of a turbidity current. Taking the
values

01=1.0, @,=1.4, corresponding to g’ =280
cm/s?, k=3 x1073, =100 m, V=28 mfs,
f=1.1x10"% 571, then tan y=7.6, ¥=82,5°.

If the current is constrained to low down
the line of greatest slope, the transverse gradient
of its upper boundary, from (21), is Jn/dy=
1-1X10-3, which is about 1/10 of that as-
sociated with a bottom current of the type
considered above.

7. Density varying c.ontinuously with depth

Let it be assumed that there is some surface,
at a distance 2’ from the bottom, on which
the velocity and the shearing stress may be
taken to be zero, as in Fig. 3. Then from equa-
tion (3), at z =2/,

Z

X

Fig. 3. Co-ordinates for density varying with depth:
velocity and shearing stress zero on the surface z = 2’

K.FFBOWDEN

1dp . dp
—a—x——gsmcx, é—

=0
Y

(25)

If p./=pressure at the point (x, 2'), then the
pressure at (x, 2) is given by

P=px+gcosap, (2’ —2)

44
where g, = 7 I_z f odz

4

Hence, using (25),

1dp . , 100,
an—gsma—i-gcosoc(z z)ex
Then in (3),
Du , Iaéz
E—fv— —-gcosa (2 —2)225; +
10F,
dz
) (26)
Dv .. . 108,
E+fu— -gcosa(z z)él—); +
+ 198y
o dz

If the accelerations relative to earth are zero,
integrating from the bottom to z =2’ gives,

_ gcowcflaéz ,
—fvdz— - 1% (0 Vg -
Ix
0 f 5 ¢
B,
of
, , (27)
gcosaflaéz ,
fudz=— - =2 -z)dz -
J
. fJedw
_Foy
ef

since Foro= Fory= 0.

The terms on the left hand side of (27) rep-
resent the components of volume transport
by the bottom current. The first terms on the
right hand side represent the components of
transport in the absence of friction, while the
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second terms may be regarded as correction
terms due to friction. Then (27) may be written

T,=Ty+ 4T,
Te=Tou+ AT,

(28)

z’ z’

where T, = f udz, Ty= / vdz,

0 0
Tox= —&s—a‘jz@(z'—z)dz
o f Jeoy ’

0

’

T, =802 (1% _ g,

f_ p Ix
0
AT, = ~-F°—fy
. e
(29)
47,

of

Thus the transport correction terms depend
only on the components of bottom friction
and the Coriolis parameter. The numerical
examples discussed in § 6 suggest that in many
cases the correction terms will not exceed
about 10 % of the transports computed neg-
lecting friction.

A procedure for the analysis of observational
data may now be outlined: —

(i) Assuming that the position of a surface
of no motion parallel to the bottom may be
- estimated, the velocity componeats across
two mutually perpendicular sections, each
perpendicular to the bottom, may be com-

uted, neglecting friction. This may be done,
?or example, by Helland-Hansen’s method
and the terms Ty, Ty, determined.

(i) From the computed velocity at the
bottom, the frictional terms Fo,, Fy, may be
estimated, assuming a value of the coefficient k.

Tellus XII (1960), 4

425

(iii) The transport correction terms AT,
AT, may then be computed from (29).

8. Conclusions

The following conclusions, relevant to the
interpretation of observational data, may be
drawn.

(i) In bottom currents, flowing on a sub-
marine slope, the effects of bottom friction are
likely to gc appreciable and should not be
neglected. At the same time, the geostrophic
effects must also be taken into account.

(i) In the absence of friction, the currents
would tend to follow the contours of the
bottom. The effect of friction is to deflect
the current to the down-slope side of the
contours. The angle between the current
vector and the contours might be as great
as 30° in some cases, but it seems probable
that in most circumstances it will be less, of
the order of 5° or 10°.

(ifi) It is unreliable, under these conditions,
to attempt to estimate the velocity of flow
from data in a single vertical section. Observa-
tions in two sections at right angles should
be obtained.

(iv) There is at present considerable uncer-
tainty in the value of the friction coefficient k.
It is desirable, therefore, that in as many
cases as possible, direct measurements of
bottom currents should be made at the same
time as the density data are being obtained. If
reliable estimates of k could be established, it
might then be possible to compute bottom
currents satisfactorily from density data alone.
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