
O n  Critical Regimes and Horizontal Concentration of 
Momentum in Ocean Currents with Two-Layered System 

By TAKASHI ICHIYE, Florida State University, Oceanographic Institute 

(Manuscript received August 20, 1959) 

Abstract 
The principles of minimum momentum transport and minimum energy which are commonly 

used in hydraulics of an open channel are applied to the current in a two-layered ocean, in which 
the geostrophic relation holds. For a flow of a finite width over the motionless lower layer 
these principles with the constancy of total volume transport predict the critical values of current 
width and upper layer thickness which will be attained by the flow after losing momentum or 
energy by friction. The two principles lead to critical regimes with almost similar order of 
magnitude. The critical width thus determjned is less than IOO km and the upper layer disappears 
at the left edge of the flow in the critical regime, being in good agreement with the Gulf Stream 
and the Kuroshio. The analysis is also applied to a model of vertically continuous density 
stratification. Further the momentum transport of double jets often observed in actual currents 
is shown to be the minimum among multiple jets, next to a single jet corresponding to the 
critical regime. 

I. Introduction 
Many synoptic surveys done recently have 

confirmed the fact that ocean currents such as 
the Gulf Stream and the Kuroshio remain 
narrow and well defined not only along the 
coast but also as far offshore as at least 3,000 km 
from the continent. (FUGLISTER and WORTH- 
INGTON, 1951; ICHIYE, 1956). This is rather 
remarkable when it is recalled that frictional 
forces due to strong shear at the boundaries 
have a tendency to dissipate such narrow 
currents. In order to explain t h s  fact, the late 
C. G. ROSSBY developed a novel theory of the 
concentration of momentum (195 I) based on 
the momentum principle which has long been 
used in hydraulics of an open channel. As a 
remarkable result of his theory, are obtained 
vertical density and velocity distribution of 
ocean currents which agree well with observed 
ones in the Gulf Stream in spite of the very 
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simple basic assumption. Thus he explained 
the strong current at the upper layer of the 
Gulf Stream as the result of vertical concen- 
tration of momentum transport. However, 
h s  promising theory had not yet the final 
goal, when his sudden death in 1957 prevented 
appearance of the second part of his paper 
which was expected to discuss the horizontal 
concentration of momentum. 

The author does not pretend to succeed to 
Rossby’s first paper, but does an application of 
the momentum principle and similar energy 
principle, to explain this horizontal concen- 
tration of the current as a critical regime of 
a jet-like current. In Rossby’s original paper 
and Craya’s subsequent paper (CRAYA, I95I), 
the density stratification of ocean currents is 
derived from the principle of minimum mo- 
mentum or energy flux, which gives the verti- 
cal velocity distribution similar to the observed 
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one in the Gulf Stream as a final stage of the by two principles are shown to be of a compar- 
current. The basic idea of their argument able order of magnitude. Further a critical 
which has introduced these principles primarily regime in ocean currents “may be only 
used in hydraulics to oceanography is that the hypothetical terminus” which indicates only 
ocean current may reach the final stage or the sense of direction in future change of the 
critical regime specified by these minimum state, as pointed out by CRAYA (1951). There- 
principles after it loses momentum or energy fore it is useless to discuss the difference of 
through dissi ative forces. The critical regime critical regimes determined by the two prin- 
is determine B from the condition of minimum ciples in details. 
momentum or energy with the assumption of 
constant volume transport, specifying a critical 
velocity in an open channel with a uniform 
density distribution.When the density of fluid 
is variable and thus the velocity is not uniform, 

2. Momenm transport of a two-layered 
ocean and minimal momentum condition 
in a uniform jet 

the minimum condition leads to a critical A two-layered system is considered, in 
regime which specifies a critical density distri- 

Both authors considered gravity currents as 
a basic flow, in which a pressure gradient, if 

which the current flows Only in the 

and lower layer is 
is Put to 

layer 

to be ‘Onstant and bution and corresponding current. with the depth D (Fig. I). Density of the upper 

C? and eo? The 
any, exists in the direction of the flow. 
However, actual ocean currents are strongly 
geostrophic, that is, a pressure gradient across 

Further, thev are mostly confined in a rela- 

coordinate x is positive downwards from the 
equilibrium sea surface and 5 means the devia- 
tion of the surface from the equilibrium state. 

the current per unit width is given by the flow has to balance the Coriolis’ force. According to CRAYA (‘9-5‘) the thrust Of 

p =  ( D  + 5I2ge (eo - e)/2eo + (D + 5)  e v 2  (1) 
tively shallok layer of finite width. Thus a 
two-lavered svstem with a motionless lower 
layer &ell represents a model of the actual 
ocean in spite of its simplicity. When each layer 
has a different uniform density, the velocity of 
the upper layer is proportional to a gradient 
of thickness of the upper layer across the current. 
Then the total volume transport of the current 
with a finite width becomes proportional to 
the difference of the square of thickness at the 
sides. The energy or momentum transport is a 
function of the width of the current, thickness 
of the upper layer and its lateral gradient. 
Therefore these quantities, width and thickness 
instead of density distributions in the previous 
authors’ argument, are considered as variables 
in the variational problem for momentum or 
energy transport. Their critical values specified 
by the minimum condition of energy or 
momentum transport under the constancy of 
total volume trans ort correspond to a critical 
regime which wilfbe attained by the current 
after its energy or momentum is dessipated by 
frictional forces. 

The critical regime determined from the 
minimal energy principle are generally different 
from those from the minimal momentum 
principle, as discussed by CRAYA (1951). 
However, critical values of width and thickness 

for a flow whch has a uniform velocity w at 
the upper layer with thickness D+ 5 and is 
motionless at the lower layer (in Craya’s 
original equation, flux w(D+[)= 4 is used 
instead of w). This equation can be derived 
directly from the definition of the thrust 
which is the variable part of the integral of the 
sum of pressure and momentum transport 
from the bottom to the surface. The pressure 
of upper and lower layer p and po are given by 

p = g e ( z +  C), po=ge(D+ 5 )  +geo(z- D) (4 
Since there is no current in the lower layer, the 

4 
lli 
Fig. I. Block Diagrams of a Current in a Two-layered 
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pressure at the bottom pb is constant and is 
given by putting z = H i n  (2)’ where H is the 
total depth. 

The integration of pressure from the surface 
to the bottom gives 

n H 

- c  D 

+ C ) ( H -  D)+:ge0(H- D)2=p32ge*+ 

+ ( D  + 5)“e (eo - e)/zeo ( 3 )  

in which the first term of the last expression is 
constant. Thus the thrust of the equation (I) is 
the sum of the momentum transport and the 
second term with ( D  + c)z, as shown in the 
equation (I). 

From the geostrophic relation the velocity 
of the upper layer is 

= (aP/ax)lf@ = ( g l f )  (ac/ax) 

in which x is taken across the current. The 
assumption that the lower layer is motionless 
gives i)po/ax = o or ac/i)x = (de/e)aD/ax,  in 

Therefore the equation (I) becomes 
which de=eo -e. 

p = (D + 512 eg4?/2eo + 
+ ( D  + e (gd (Jw42 (4) 

Since c is of an order of one meter and D is 
of hundreds meters, we can put D + C = D. 
Further de M z x 10-3 and also we can take 

g’ = gd el e o  = gd ele. 
The equation (4) becomes 

When the current flows only in a belt 
extending from x=o to B as is the case in 
ocean currents, the total thrust is given by 

0 

which tends to decrease always through the 
loss of momentum. On the other hand the 
total volume transport V by the upper current 
remains constant and is given by 
Tellur XI1 (1960). 2 

by substituting the geostrophicrelation for velo- 
city w, where Do and D, are the values of D at 
x = o  and B, respectively. The equation (7) 
indicates that V is independent of the width 
B. The critical regime for the monientum 
principle can be obtained by making M 
minimum under the condition of constant V. 

When the velocity w is constant within the 
belt, D becomes a linear function of x and is 
given by 

D =  Do+ (Dl - Do)x /B  

Then M becomes 

I 

2 
M = - .  

>I 
( 8) 

in which d D = D, - Do and 

Df= 0:- D;=zfV/eg‘ 

In ROSSBY’S or CRAYA’S model (1951) the 
minimum condition 6P = o leads to the critical 
velocity (g’D)+ under the constant transport. 
On the other hand, in the present minimum 
problem the variables are B and Do (or 0,). 
Thus the total thrust M is a function of these 
two variables and its minimum can be deter- 
mined from two conhtions. 

Since 0, is constant, we can introduce non- 
dimensional variables such as 

E = B/D,  and qt = Di/D,, ( i  = O,I) 

where qo and ql are related with 

q:-q;=1 (9) 

Then the equation (8) is expressed by 

I M = - Qg‘ D:[ * 
6 
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The total thrust M is a function of E and 
qo since ql and qo are related by (9). Thus the 
minimum condition for M becomes 

i)M/iJt = 0 or E2 (q: + 7: + 7 0  71) = 3Y (.I1 - q o )  
(1 1) 

(12) 

These two relations (11)  and (12) with the 
condition (9) give the critical values of 6 and 
q;. If the width or the depth of the upper layer 
is specified, (12) or (11) separately leads to 
critical depth or width with (9). In general 
cases, (11) and (12) should be satisfied simul- 
taneously. Therefore we have qoql = 0, which 
gives qo=o with the condition (9). Thus in 
critical regimes the lower layer comes up to 
the surface at the left edge as often observed 
in the Gulf Stream and the Kuroshio (ICHIYE, 
1956). The critical width B, is given by 

and 

dMla%=o or 52(q:+q?+4qoqi)= 3Y(qi - To) 

B, = (3s'Q)'f-1 or t c  = = (3y)' (13) 

E : =  P(q0 + rl)(I + 2 q;+ q0qJ 

The equation (I I) is expressed by 6, as 

This gives 5, >, 5, indicating that 5, is the 
maximum of the critical f under the condition 
that the depth of the current is constant. Simi- 
larly, when 5, is put into (12), it is concluded 
that the  give^ width 6 must be smaller than 
6, in order that real critical value of qo or ql 
may exist. Using numerical constants such as 

A @ =  z x I O - ~ ,  f= IO-* (sec-I) and 

0, = 800 (m) (14) 

which correspond to the volume transport of 
64 x I O ~  M3/sec. about equal to that of the 
Gulf Stream, the critical width becomes 70 
km. This width almost agrees with that of the 
swiftest part of the Gulf Stream and the 
Kuroshio as revealed by recent surveys (VON 
ARX, 1952; ICHIYE, 1956). 

3. Variational problem for the minimum 
momentum condition 

In the preceding section a constant velocity 
is assumed in a belt of width B. Generafly the 

velocity is a function of x. Introducing non- 
dimensional variables x = x/Ds and q = D/Dr, 
the minimal condition for M requires the 
integral 

F 
I =  S(q2 + 2yq (dr/d.u)2} dx (1 5 )  

to be minimal by taking a suitable function 
q(x) and upper boundary 5 under the condi- 
tion (9). In (IS)  8 and y are as defined in 
Section 2. 

In order to avoid the bothersome variability 
of 5, the funtion 7 and an argument x are inter- 
changed. The equation ( I s )  becomes 

0 

'io 

in which x' = dx/dq.  The variation of the 
integral (16) is given by 

(COURANT and HILBERT, I953), in which 
F = F (q, x') is the integrand of the cquation 
(16), F,, is a partial derivative of F with x' 
and [ F ] ,  is an Euler's differential form. The 
condition that d I  = o  leads to 

[F],  = o or Fx, = q2 - 2y7,7(~')-~ = c (IS) 

Further the second term of the right side of 
(17) must vanish and this boundary condition 
gives 

c ( d q l - ~ q " ) = c ( ~ ] o q l - l  - I )dqo=o  (19) 

using the condition (9) and the relation (18). 
When the boundary value of qo (or ql) is 
specified, 67, = o and any value of c is pos- 
sible. However, when it is not so, c must 
vanish. Thus integration of (18) with q gives 

x = 2 w* - ?of) (201 

E = 2 by)* (714 - 709 

The width of the current 5 is expressed by 

(21) 

The equation (20) indicates that the thckness 
D is represented by a quadratic function of the 
distance x. When the relation (9) is substituted, 
the critical width E,  becomes a function of qo 

Tellus XI1 (1960). 2 
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only. It reaches maximum 2 (2y)* for qo = 0, 
giving 

B, = 2 (28' DS)*f- 

This is equal to 113 km for the numerical 
constants of (14) and is larger than that of the 
previous section. 

In more restricted case of fixed T~ the 
critical depth distribution is given by 

n 

x = ( 2 Y ) * . h / ( $  - W r  (23) 

The critical width 5 is obtained by putting 
q =ql in this equation. It should be noted that 6 
in this case reaches maximum for c = q02 
because for any c which gives positive q2-c 
we have 

t lo  

7 2  - c > 7 2  - ?$ 

When a function q1 (x) and yII (x) are 
assumed to correspond to dlfferent integral 
constant cr and cII in the integral (231, (1 
and 611 are determined from (23) for c1 and 
cII. Further assume that tl> 5". The varia- 
tional problem which requires making the 
integral (IS) minimal in an interval (0, 51) 

has a solution (x). On the other hand, the 
function (x) satisfies the Euler's equation 
only in the partial interval (0, 5"). Then the 
integral I given by 7' (x) is smaller than that 
of $1 (x) in the range (0, f1) (Courant and 
Hilbert, pp. 199-200). Therefore the function 
corresponding to c=r$ is the real solution 
of the variational problem, because this gives 
the maximum value of 5. 

The integral x (7) of (23) with c =  qo2 is 
expressed by the elliptic integral of the first and 
second kind, F (v, k) and E (v, k) (BYRD and 
FRIEDMAN, 1954, p. 82) as 

x w-* =I(d = (2110)) (F(v9 k) - 2E(W 4 + 
+ 2 tan Q)(I - k2 sin2 y)*} (24) 

in which 
I 

2 
k2 = -, v = sin-l(q - q,/q)) 

Corresponding critical width is given by 

B c  = (4 W f -  'I(%) (2 5 )  

in which (2 g' Ds)tj-l is equal to 57 km for 
the constants of (14). 
Tellus XI1 (1960), 2 
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Fig. 2. Curves of x (7) (2y)-) for different values of qo 
(in full lines) and corresponding (2y)-) (in brokenlines) 
obtained by the momentum principle. (Heavy lines are 
for the functionJ(7) and correspondingJ(r],). Fine lines are 

for the function of (20) and E (2y)-f of (21). 

The curves of] (7) are plotted for different 
values of qo in Fig. 2. The curve for qo= o 
corresponds to the solution (20). The values of 
] (ql) are proportional to the critical width 
B ,  as shown in (25) and the curve for qo=o 
gives the maxiLLium value 2 of J (rl) as ex- 
pected. In this figur; the curves of x (2 y -* 
and 6 (2y)-* from (2b1 and (21) are dso 
indicated. When qo = 0, ] (q) becomes equal 
to the curve of (20). When qo is finite, ] (7) 
is larger than the corresponding function of 
(20) for the same q, and thus the critical width 
5 from (24) is larger than that of (21). The 
curves ] (7) are interpreted as the thickness of 
the upper layer which is attained by the current 
after the loss of momentum under the condi- 
tion that the depth of edge of the current qo 
(or ql) is maintained constant by some mecha- 
nism. On the other hand, all curves from (20) 
except one for qo=o do not represent the 
critical regime which gives the minimum 
momentum transport. Thus even if the current 
system eventually has a thickness distribution 
expressed by one of these curves, it will change 
further downstream through the loss of 
momentum and tend to approach the regime 
corresponding to the curve for qo = 0. 

4. Energy principle 

According to CRAYA (195 I) momentum 
principle and energy principle lead to a 
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different critical regime for a stratified current. 
It is necessary to compare the results obtained 
from both principles in the present model. The 
energy flux per unit width E is defined by Craya 
(1951) as 

I 

2 
8 = p  - @gz + - eu2 

in which p and u are pressure and velocity in 
the general sense. This is given in the two- 
layered system by 

I I 

2 
E =g@@ ( D  + ()/eo + ; eu2 =g’@D + - @u2 (26) 

in which u is the velocity at the upper layer 
as defined in section 2. 

It is the total energy flux defined like M 
that should become minimum. In a model of 
uniform current within a belt x = o to B, 
computation similar to ( 5 )  gives 

B 
2 ~ =  2 ~ E a X = g ’ e ( ~ O +  D J B +  

+ e (m2 ( A  Q2 /B  
0 

(2 7) 

By introducing non-dimensional parameters, 
E is expressed by 

Therefore there is no critical regime which 
satisfies both of these conditions. However, the 
relation (29) gives the critical width tc for a 
fixed qo such as 

t c  = (71 - 70) { Y h  + rlo))’ 

This attains maximum y+ for qo = 0, giving 
an actual critical width B, = 40 (km) which 
is smaller than that derived from the momen- 
tum principle. Further the equation (30) gives 
the critical depth qo or qI under the constant 
value of 5. 

In case of variable v corresponding to 
Section 3 the total energy E is given by 

Introducing non-dimensional parameters, this 
quantity is proportional to 

Interchange of q and x leads to 

The variational problem becomes 6L = o 
under the condition q 1 2 ~ 0 2  = I. The first 
integral of the Euler’s equation is given by 

2q - (ax/dq) - 2  = d (3 4) 

with an integral constant d. 

ql, d = o and we have 
In a case of unfixed boundary values qo and 

This equation indicates that the thickness D is 
also a quadratic function of x, but it gives a 
half of the critical width given by (20). 

In a case of fixed qo, 6 = x(qJ becomes 
maximum for d = 2 qo. Thus the criterion 
about the comparison of functions satisfying 
the Euler’s equation in different ranges of 
(0, 6) leads to the critical depth distribution 

x (11) == (2Y)* (7 - VO)’ (3 6) 

corresponding to (24). This equation also gives 
the maximum critical width 6, for qo = o 
as in Section 3. The curves of x (2yj-t from 
(35) and (36) and corresponding E (2y)-* are 
shown in Fig. 3 in the same way as in Fig. 2. 

Comparing these results with those of Sec- 
tion 3, it is found that the critical widths 
derived by the energy principle are smaller 
than those derived by the momentum prin- 
ciple. However, critical regimes themselves 
are highly idealized state for the ocean currents 
as pointed out by CRAYA (1951). Therefore it 

Tellur XI1 (1960), 2 
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Fig. 3. Curves of x(q) (2y)-+ (in full lines) and E (zy)-+ 
(in broken lines) obtained by the energy principle. (Heavy 
lines are for the function of (36) and fine lines are for 

(351.1 

is almost impracticable to compare them with 
actual ocean currents. 

5. A system with continuous density 
distribution 

The minimum momentum principles can 
be applied to a two-layered ocean with con- 
tinuous density distribution. This is more 
realistic than the previous models. The most 
appropriate distribution in middle latitudes is 
given by STOMMEL (1954) as 

e =@,(const.): 

Po = eb - 6e exp {Y  ( D  - z)}  : 

for D >  z >  o 
for .El> z > D 

( 3  7) 

in which 6e =Q& - eS and Y is a constant equal 
to 3 x 10-5  (cm-l). Since His assumed to be 
very large, we can put 

exp { Y ( D  - H ) }  = o 
Tellur XI1 (1960), 2 

The pressure at the lower layer p o  is given by 
pOlg= @.s(D + c) + @ b  (z - O) + 
+ 6e [exp { Y ( D  -z)} - I] Y - I  = 

( 3  8) 
in which p b  is the bottom pressure assumed 
constant and is equal to 

P b  = @s ( D  + c) + @b ( H -  D) - 6eY-l 

The integral of pressure from the surface to 
the bottom is given by 

I D H 
spdz +JpOdz =-g@s 2 6 @ D 2 / @ b  +'P:/@bg 2 + 
0 

+g6@v-2(I  -6@/2@b) (39) 

in which we put c < D as in Section 2. 
Owing to the condition that there is no current 
at the bottom or that pb is constant, we have 

@, ( a r p )  = 6@ ( w a x )  

The geostrophic relation with this equation 
gives the velocity at the upper and lower layer 
v and vo such as 

] (40 )  
tJ = (g"l f )  (aD/% 

vo = ( g " v )  (aD/Jx) exp {Y  ( D  - z)} 

in whch g" = gde / eS. By the approximation 
simdar to the Section 2 we can put g" = g d @ / e b  
in the equation (39). Further, with the approxi- 
mation 5 + D - D, the integration of mo- 
mentum transport from the surface to the 
bottom gives 

D H 
f p 2 d z  + Jeovidz  = 
0 D 

This relation is different from the one in the 
previous model only by the term (2v)-' which 
is due to the finite velocity at the lower layer. 

Since the first term of the right hand side of 
(39) is variable, the thrust becomes the sum 
of this term and (41) .  The total thrust expressed 
by non-dimensional parameters is then propor- 
tional to 

in whichu = (2v DJ-l and y' = g"lf2DS. 
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The total volume transport corresponding 
to (7) is given by 

I 
2 

I/= -g”(D, - Do) (Dl + Do + 2/v)/j= 
I 

= - 2 g”Dyf  (43) 

or in non-dimensional form 

7: -7: + 4a(% - 70) = I (44) 
The variation problem which makes 61 = o 

for the integral of (42) under the condition 
(44) is solved by the method similiar to the 
previous cases. In the case of non-fixedq,, the 
solution of this variation problem is given by 

x ( ~ y ’ ) - a  = J(7 + a)* T-ldq  = 
tl 

I10 

= 2 ((7 + a)* - (To + a)&> + 

- log{(v + a)’ + a*} + log { (To  + &)* + 41 (45) 
+ a& [log ((7 + a)* - a*} - log {(qo + a)* - a*}- 

When vo or rjl is fixed, the same discussion 
about the integral constant of the Euler’s 
integral as in Section 3 and 4 leads to the solu- 
tion such as 

1 

x ( w ’ ) - * = K ( d =  S ( r + a ) ( r 2  - r 3 - * 4  (46) 
7 0  

The critical width 5, can be obtained by taking 
7 = ql in this equation. The function K(q) is 
also expressed by elliptic integrals (BYRD and 
FRIEDMAN, 1954, p. 82) as 
(For To < 4 

K(T) = 2 (To + 4*{% k) - E(y9 k) + 

+ t a n y ( I  -k2sin2y)+} (47) 
where 

k2=(a-qo) / (a+qo) ,  sin?= 

{(T - To) / ( T  f 170))’ 

K ( r )  = (To + 4 b/TO)*  ( K ’ )  - ( ( K ’ ) 2  F(% k) - 
(For To ’ a) 

- E ( q ,  k)+tany(r  -k2sin2y)*) (48) 
where 

k’ = ( T O  - a ) /  2q0, (k)’ = I - kz 

sin v = ((77 - To) / (T + 415 

1.5 fi 
Fig. 4. Curves ofX(q) (zy’)-) for different qo (in fulllines) 
and 5 (zy’)-* (in broken lines) for the system with con- 
tinuous density distribution. (Heavy lines are for K (7) 
and K (qJ and fine lines are for the function of (45).) 

The function K(q) and factor K(ql) of the 
critical width t are plotted in Fig. 4. It is seen 
that for the same value of 7 and r ] ,  K(r )  is larger 
than] (7). However, the values of K (ql) are 
smaller than J (qJ, except for the curves 
corresponding to ql less than 0.1, since values 
of 7, determined from (44) are smaller than 
those from (9). As expected from the equation 
(46) the integral K(7) becomes infinite for 
qo = 0. In this case there is no critical width 
and only the critical depth distribution can be 
obtained by taking suitable integral constant, 
say b, instead of T$ in the integrand of (46) for 
a given width t. This indetermination of 
critical width for a limiting case qo = o is due 
to the finite velocity at the lower layer. When 
qo 4 o the slope of the upper layer dq/dx 
near 9 = q0 has to be proportional to v0 in the 
present model, whereas it is proportional to 
qo+ in the model of motionless lower layer. 
This requirement leads to an infinite value of 
x, since 

- 70-l or x - log To 

In Fig. 4 the curves expressed by the equation 
(45) are also shown. The values of K(q) and 
K(ql) for the same qo and q are larger than 
those of the integral of (45). This integral also 
becomes infinite for qo = 0. However, the 
critical depth distribution can be determined 
even for q0 = 0. Since x becomes infinite very 
slowly near qo = o according to its asymptotic 
equation ~ 4 o g  qo, the critical width can be 
determined for qo very close to 0. 

Tellur XI1 (1960). 2 
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corresponding to n = o or that given by (a), 
the value of M, for general n can be expressed 
by 

6. Momentum principle applied to a multiple 
current system 

It is assumed that the energy or momentum 
is dissipated from the current in the present 
model. However, there is an evidence that the 
ocean current also receives momentum or 
ener y from the surrounding water (ICHIYE, 
19577. Therefore the results of the present 
theory cannot be applied directly to the actual 
condition of ocean currents. 

For instance, it is shown by FUGLISTER (1951, 
1956) that the Gulf Stream and the Kuroshio 
have a multiple structure consisting of a series 
of overlapping currents after it leaves the 
continent. In such a system the theory has to 
be applied to each branch of the multiple 
current. Then it is understood that each branch 
has a critical width and depth distribution 
predicted by the theory. 

On the other hand, it was observed often in 
the Kuroshio that the split of the current into 
two branches was caused by the intense 
dissipation of the momentum (or energy) of 
the current due to storms traveling along the 
current (ICHIYE, 1954. 1955). Further in some 
cases it was confirmed that the total energy of 
the current decreased after the split but its 
volume transport was almost unchanged 
(ICHIYE, 1958). Such examples suggest to us 
that the momentum or energy principle may 
be applied to the possibility of occurrence of 
the multiple structure. 

In the application of the momentum prin- 
ciple, the distribution of the thickness of the 
upper layer is assumed to be given by 

D = Do + AD - x / B  + D, sin (nnx/B) (49) 

in which o < x <  B. 
When n is an integer, this distribution yields 
the same volume transport for fixed values of 
Do and D owing to the equation (7). Yet the 
velocity distribution has a multiple structure 
for n larger than 2.  Then the total momentum 
for different N is computed and is compared 
with each other. The argument similar to the 
previous sections leads to the conclusion that 
the most probable mode of the thickness 
distribution is realized by the one which has 
the minimum value of momentum transport. 

The momentum transport for each mode of 
n can be computed by elementary calculation 
similar to (8). When Mo means the value 
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in which 

A = z g ' ( ~ l D ) 3 f - ~ B - ~ ,  rl = D,/dD 
ro = Do/AD 

$(n) = o (for even n) 

+(n)=z  (for odd n) (51) 

Since only the relative magnitude of M,, is 
important, the values of (M, - M0)A-l are 
shown for different n in the next table, in which 
the following numerical constants are used 

B =  5oo(km), D,=o,I (km), A D =  I (km) 

D , = d D  or - A D  (52) 

n~ 2 3 4 5 6 7 8  
I 5.06 -1.56 2.16 -0.21 2.01 0.72 2.45 1.71 

11-4.38 2.42 -1.00 1.78 0.00 2.04 1.08 2.70 

The first line corresponds to the case D, = 
A D  and the second to D,= - AD. In the 
first case the minimum is attained for n = 2 and 
M, for even n is smaller than for odd n. On the 
other hand, in the second case MI is minimum 
and M, for odd n is larger than for even n. The 
thickness for n = I in II gives the minimum of 
all M,, because this is very similar to that of 
the critical regime determined in Section 3. 
The modes n=2  in I and n = 3  in I1 yielding 
the velocity distribution consisting of two ets 

it is concluded that the double jets are the 
most probable state except a single jet corre- 

to a critical regime. The result 
spOndinf obtame from the energy principle is almost 
similar. Thus the split of the current into double 
jets can be attributed to the condition that they 
represent the second critical regime which the 

give the minimum M, next to this. There i' ore 
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current reaches aftei the loss of momentum or 
energy. 

7. Conclusion 
The principle of minimum momentum or 

cnergy applied to the geostrophic current in a 
two-layered ocean gives the critical regime 
which will be attained by the current as it loses 
momentum or energy but conserves volume 
transport. The critical width corresponding 
to this regime is less than IOO km. This effect 
explains qualitatively the fact that the Gulf 
Stream or the Kuroshio remains narrow and 
well-defined far from the coast. Further the 
critical depth distribution of the current deter- 
mined from the momentum principle redicts 
the vanishment of the depth at the le fp  t edge, 
being in good accordance with the observed 
structure of ocean currents. 

The multiple structure of ocean currents 
often observed off the coast is also principally 

attributed to the second critical regime which 
is represented by double jets, because this state 
has the second minimum energy or momen- 
tum transport. However, the present theory 
indicates only the probable state of the current. 
Thus, for instance, it gives no information 
about the condition for occurrence of double 
jets, which may be treated from a different 
approach about the stability of the current. 
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