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Abstract 
The three-dimensional quasi-nondivergent prognostic equation derive previously by Kuo 

is integrated over the hemisphere, the vertical distribution being represented by four levels. 
The effects of the mean radiational heating. friction and heating from the ground, and that 
of the turbulent diffusion have been included in this investigation. The initial disturbance con- 
sidered is a random combination of ten wave components in x and seven wave components 
in y. The result of the integration is that at the end of the fourth day at 850 mb, three closed lows 
have been formed, all around latitude 60". while the pole is occupied by a high. These lows have 
the dimensions of the semi-permanent lows in winter. 

1. Introduction 

This investi ation is an attempt to integrate 
the quasi-non & 'vergent equations develo ed by 
KUO (1956, hereafter referred to as I 7  over 
the entire hemisphere by Green's method, so 
as to eliminate the errors introduced by 
placing arbitrary side boundaries. In this 
computation, the effects of the average radia- 
tional heating and cooling, the heat exchange 
between the atmosphere and its lower bound- 
ary (continent and ocean) and turbulent heat 
transfer, are all included. 

The vertical distributions of the various 
quantities are represented by vaIues at four 
levels, at 850 mb, 550 mb, 250 mb, and 50 mb. 
The 250 mb surface is taken as the mean level 
of the tro opause, so that the stratosphere is 
representefi by one additional layer. 

Because of the limitations of the electronic 
computer, it is impossible to include both 
hemispheres conveniently. Therefore we were 
compelled to take the vertical plane along the 
equator as a plane of symmetry and consider 
one hemisphere only. Furthermore, the non- 

linear potentiaI vorticity equation demands 
the stream function to be an odd function of y, 
which implies the vanishing of the north- 
south velocity along the equator. Thus any 
communication between the two hemispheres 
is excluded in the present computation. Such a 
condition would be a severe limitation for 
actual forecasting in low latitudes, and there- 
fore only arbitrary artificial initial disturbances 
are considered in this investigation. Since a 
larger computer will be available in the near 
future, it will be possible to include both 
hemispheres in the computation and this limita- 
tion be removed. 

2. Fundamental equations 

As is well known, any horizontal velocity 
vector v can be separated into a nondivergent 
part v l  and an irrotational part v2 so that 

+ 
+ -+ 

+ +  + 
2 

v = v l + v  
- + +  + 
v l =  k X Vy, v,= vX, 
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where y is the stream function for v l  and x 
the potential function for v 2 ,  and k is the 
unit vector along the vertical. In I, Kuo 
discussed the class of motions in which lv21 
remains much less than lvll at all times, so that 

3 + 

-+ 
4 

of motions is called the’ “quasikondivergent” 
flow, and is considered to be representative of 
the large scale atmospheric motions. Since 
the vertical velocity is small and the horizontal 
dimension is large, the hydrostatic approxima- 
tion holds at all times and the horizontal 
equation of motion may be written as 

3 - f  ($ t- cc) ;)< + (f + () k x = - 

- v(#+f.,’) +; (1) 

where the (A, 9, p )  system is used, 4 = gz is 

the geopotential and o = 2. Thus the dynamic 
d 
dt 

-+ 
dw 

at dt equations do not contain and -; these 

quantities can only be obtained indirectly 
from the Tl field. 

Since v l  is determined completely by the 
stream function y, it is convenient to apply 
the curl operator to (I) and obtain the equation 
for the vorticity (= v ‘y ,  given by 

-+ 

-+ 
-+ av -+ + k *  ~ 0 x 1  + V 2 *  v (C+f)  

aP 

where t ( a ,  b)  = a(a, b) /a(A,  9). 

equation 
In addition, we have the thermodynamic 

T a@ 
where r=- -, 0 being the potential tem- 

perature, and Q is the rate of the nonadiabatic 
addition of heat per unit mass. Thus (2) and (3) 
are the two fundamental equations. In these 
equations, the transport of heat and vorticity 
by v 2  is of minor importance; therefore we 
may replace v 2  by its first approximation. 

Assuming that the motion vl and the 
pressure distribution are always in a nearly 
balanced state, represented by the relation 

0 2p 

-f 

+- 
-+ 

we may then obtain the distribution of y or 4 
when one of the two is given, by integrating 
this equation. Furthermore, we may also 

obtain a rough a proximation of v2 by 

motion (I), to give 

-+ 

substituting this re P ation in the equation of 

where Jis a mean value off which will be 
defined below, and Aj is the eddy viscosity 
coefficient in the direction of xj and the 
summation convention over the repeated 
index j is being used. In this ap roximation, 

while the second term represents the frictional 
wind, respectively. We note that in this form, 
both terms are expressed in terms of y alone. 
These quantities can be simplified further. 
For exam le, in the first term, we may replace 
”/at  by t K e past tendency, and in the second 

the first term represents the isal P obaric wind 

a 2  v y 22 v y 
term, replace the sum A j T  by A x ,  

- I  

or even by -kl v y .  It seems that this simple 
way of including the effect of ;2 is a reasonable 
procedure and does not require much extra 
computation. On the other hand, we could 
also solve the equation (I IS) for o and then 
obtain x from the continuity equation 022, 

Jill 3 
- - -- . The divergence velocity v = OX can 

aP 
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then be obtained. Since this procedure will 
increase the computation time enormously we 
shall not follow it in this computation. 

We separate the temperature into two 
arts, a normal temperature To, taken as a 

function of p alone, and a departure T'. In 
t h i s  way, we may replace "/ap in equation 

(3) by-= 26 - RT'/p, whch is assumed to be 
3 

related to y by the integrated thermal wind 
relation 

where fis a certain mean value off: By making 
use of the approximations (4), ( 5 )  and (6), 
the two equations (2) and (3) reduce to two 
equations in y and w. Eliminating w from these 
equations and neglecting some of the less 
important terms we then obtain 

+ +  
- u cos F k - V  x F- Me (8) 

are the horizontal coordinates in the Mercator 
projection. This projection is used in order to 
transform the Laplacian o erator to the simple 

function, and also to facilitate the enumeration 
of the grid points in the coding. The subscript 
e in H and in the two Jacobians denotes that 
the horizontal differentiations are with respect 
to x and y. We note that the two Jacobians in 
He represent the effects of the transports of 
vorticity and heat by vl ,  and the last term 
Me denotes the effect of transports by v 2  
and is given by 

form so as to facilitate the P mding of the Green's 

+ 
+ 

where k, is the coefficient of friction. For more 
details of the function He, see I. 

The boundary conditions at earth's surface 
p = p o ,  +=+*is 

3 + 5- aw + t ( y, ;;) - - ; - t (y ,  +*) + 
atap at 

I ao 
0 a p  

where 5 = - - -. For the top of the atmos- 

phere p =o we have w = 0, we will also assume 
that the kinetic energy per unit volumevanishes 
there. A deduction hereof is 

which provides us with the upper boundary 
condition, e being the density. 

3. Green's Function for the Multi-layer System 

In I the integration of the system (7) and 
(9a, b) by Green's method was discussed. To 
simplify the Green's function, a normal static 
stability is assumed and is given by 

The value of C is taken to be I I O O  C and the 
value of a is a = o . ~  for the troposphere and 
a = o for the stratosphere, which corresponds 
to a nearly constant To in the troposphere 
and an isothermal stratification in the strato- 
sphere. The latter assumption is necessary in 
order to satisfy the upper boundary condition 
w = o  at p = o  if we assume T, V and Q to 
remain finite at the top of the atmosphere, as 
can be seen from the thermal energy equation 
(3). A very small but yet finite a may also be 
used for the stratosphere, representing a nearly 
isothermal condition in the lower strato- 
sphere and T+ o asp -+ 0. 

ilt 
Writing - aY as the sum of two functions, 

aw 
R r  ap ap  at at 

M e w  --- 'f o e 3  -ve.(Jv, + k , e )  (8a) 2 and 2 we then have 
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where d A :  = a2 cos e,de,dA = a2 cos2 e, d x d y ,  &(a) = H,/a2 cos2 e,, and K (P, Q) is the 
Kern function and is given by 

I '1. 
I ,  r' = ( x  - x')2 + ( y  - y')2 + - ( 4  T 4 , [ 12 

I 
( x  - x')2 + (y - y')2 + p (4 + f Y ) 2  

q=in[-], I + a  l=afcos ~ / V R C ,  ,- (12a) 
PIP0 + a 

I aln 0 h = -  +(I+a)p0-, 
2 a P  

W 

Details of the K function are given in I. Since 
K(P, Q) depends only upon the relative posi- 
tions of the source point Q and the field point 
P under consideration, the integral in (11) 
may be evaluated in any coordinate system. 
However, both the derivation of K and the 
evaluation of 5' are greatly simplified by the 
use of the Mercator projection because of the 
simpiification of the Laplacian operator v ,. 

2% The second part of the solution - which 
at 

comes from the nonhomogeneous terms of 
the boundary condition (ga), is given by 

I W  W 
2% A m ,  - - = ( p / p o +  a ) - x  -. 

m = - w  n=--50 h - A,,,,, at 

and 

The subscript s in the Jacobians indicates that 
the differentiations refer to spherical coordi- 
nates. Thus B* represents the effects of heat 
transfer and nonadiabatic heating at the ground 
level and the effect of topography. 

To facilitate the computation, we shall also 
JY put 2 into an integral form and try to at 

combine it with 2% -. Thus substituting A,, 
at 

into (13) we obtain 

* B*(t,q) d t  d q  (14) 

where K2 is another Green's function for the 
surface disturbance, and is given by 

To evaluate K,, let us put m = k  cos a, n = k  
sin a , - n < a  sn; x - t = e  cos 0, y - q = e  

sin 0; we then have A;,, = - + - and 
I k2 

4 l2 

b4b) . e i k ~  cos (a--B) 

The limits of k and a are now o s k 5 00 and 
- n i a 5 n. Changing the sums into integrals 
we then obtain 
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Putting w =a - 0, we have 

a1 W1 I = Seikp cos Ca-@)da = j’eike cos m d o  = 2n 1 (& ) 
1 - 0  e 

whereJ, (he) is the normalized Bessel function 
of order zero. This integral is made to be 
independent of 0 by allowing the imaginary 
part of w to go to infinity. Thus the Green’s 
function K, is given by 

0 0  

0 

Note that both for large and for small values 
of k/l, we have 

Therefore the integral above is given by 

s e-41. 
K2 = --I e-kq/fJo (ke)d& = 

27c 
0 

where r, = (ez + q’/p) ’ / l  is the effective dis- 
tance from the source point Qo (t, 7, 0) on 
the earth‘s surface to the field point P (x, y, 4). 

The complete solution av - is . thus given by 
at 

where &:=a2 cos2 pd&fq is the spherical 
area element and 

and 

for a plane earth, and c = p / p o .  
The Green’s function G, for the surface 

effect is nearly equal to the value of (Gl)p=, 
for the near-by oints, but decreases at a much 

comes more than twice as large as (Gl);~-I 
at greater distances from the source point. 

We note that the heating factor appears 
in the forcing function H, in the differentiated 
form 

slower rate wit i increasing distance, and be- 

+-. .fa] 

and in undifferentiated form in the surface 
forcing function E,. Putting H, = Hl + H,, 
where Hl denotes the other part of H, given 
by (8), we may write the solution (17) in the 
following form 

where G,, is the value of G, for (’=I and 

Here the heating effect appears in undifferen- 
tiated form in ever integral. However, 
although equation (I7ar gives a better physical 
insight into the heating effect, equation (17) 
is more convenient for computation since 
only one volume integral is involved. 
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In actual ap lication, the atmosphere is 

the horizontal coordinates are replaced by the 
grid oints x = i d x ,  y = j A y .  The integrals 
in (177 are then replaced by summations of 
the products of the Green’s function and the 
forcing function at the grid point, each result 
representing the mean value in the volume 
element dt’di!dn. For convenience sake. 

divided into tl P ayers of depth dp. Similarly, 

we shall put the ‘thickness factor A t ’  
the Green’s function and obtain 

into 

(19) 

Average values of the function G, may be 
obtained in a similar manner. Replacing the 
integrations by summations the solution (17) 
may then be written in the form 

where b = G, dc’/cl, which is nearly equal to I 
for the near-by points and is larger than I for 
far away points. Since the surface effect is not 
very important, this ratio is replaced b I in 
the present preliminary study to avail the 
use of two different Green’s functions. 

In the com utation, the surface forcing 
function E,(QJ is calculated from an inter- 
polation formula and the lower boundary 
condition. It is considered to be distributed 
in the lowest layer, and that Eb = o for all the 
other layers. Thus the object of the computa- 
tion is simply to find the sum of the function 
H, and E ,  at each “source point” Q, then to 
multiply by the influence function C , ( P ,  Q) 
and to add the resulting products together for 
all sourcc points Q to obtain the rate of change 
of the stream function ap/al at the field point 
P. The value of y at time t + A t  is then ob- 
tained by extrapolation, using a centered time 
difference to avoid computational instability. 
Tellur XI (1959), 4 

It may be remarked that the value of the 
influence function G,(P, Q) decreases rapidly 
with the distance between P and Q, so that 
the contribution from the far away points is 
relatively small. We may therefore use a 
larger area element for the far away regions 
and a mean value of the influence function 
for t h i s  larger area element. In this way 
the computation time can be reduced greatly. 
It may be remarked that in the numerical 
form (19) in which the integrations have been 
replaced by summations, the function Ci 
(P, Q) is finite at every point, including the 
field point P itself. This is because C, now 
represents the average value of G, for thewhole 
volume element d5dydc’ centered at P. 

4. The Side Boundary Conditions 

In the above only the boundary conditions 
at earth‘s surface ( p =  ,) and at the top (p=o) 
have been considere< and no side boundary 
has been assumed, and therefore the re ion 

the whole atmosphere. Since in the actual 
atmosphere there is actually no side boundary, 
such an approach is really necessary in order 
to make forecasts for an extended time and 
area. Such a study has actually been attempted; 
the urpose was to take into consideration 
all t i e interactions between different parts of 
the atmosphere and to get away from the 
artificial restrictions implied by imposing side 
boundary conditions. 

However, since we approximate the ver- 
tical structure of the atmosphere by dividing 
it into four layers, the inclusion of the entire 
atmosphere requires too many grid points 
and was difficult to handle in the computing 
machine available at the time. Therefore only 
one hemisphere will be included at the moment. 
This is physically possible if we consider the 
two hemispheres as being exactly similar, 
and taking the equator as a line of symmetry. 
Now the terms in the Jacobian t ( y ,  v%) of 
eq. (2) always introduce odd y-functions 
because of the nonlinearit . We must there- 

metry at the equator is supposed, implying 
t sG? t the north-south velocity is zero at the 
equator, so that there will be no communica- 
tion between the two hemispheres. Since 
the rate of change of the vorticity 5 is then 

of integration in (17) and (19) must inc B ude 

fore assume y to be an o B d function of y if 
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equal to zero, "/dl will also vanish at the 
equator. We  shall therefore require 

_ -  ''-0 a t y = o .  
at 

Since eq. (7) is an elliptic equation in " / J ~ ,  

this condition together with the conditions 
(9a) and (9b) at p = p o  and p = o are sufficient 
for the determination of av;dr for the hemi- 
sphere. 

The condition (21) is satisfied if we assume 
that for every disturbance ff, at the point Q 
(x, y, p )  there is a disturbance equal to - H, 
at the point Q'(x, - y, p )  which is the image 
of Q with respect to the equator. Denoting 
the Green's function for the points P and Q' 
by G, which is obtained from El, by replacing 
y-7 by y + 7 in the distance Y = { (~-6)~ + 
(y-q)2 - + ( q  - q')2//2}'/a and putting F= Cl - 
- G: , the solution that satisfies the boundary 

conditions (9a, b) and (21) is then given by 

We note that in formula (22), both the quan- 
tities ff, and E, and the (area element dA: 
refer to the spherical earth, and therefore it is 
possible to evaluate the integration in spherical 
coordinates. 

It may be remarked that even though we 
have assumed that y does not change at the 
equator, the mean zonal velocity at the equator 
may still change with time, because of the 
turbulent friction and vertical motion, accord- 
ing to the equation: 

~ 

a2u a2u 
+ A  -+A,-(23)  

at ap2 ay2 

However, such changes must be exceedingly 
small because of the lack of disturbances in 
lower latitudes as a consequence of the side 
boundary condition (21). 

5. Effect of friction 

Frictional effects appear directly in the non- 
homogeneous term He of (8) in the form of 

+ -+ 
k- v x F, and indirectly in the form of the 
frictionally driven cross isobar and isallobaric 
flows in the transport terms. W e  shall analyze 
the former first. 

Since the atmospheric motion is always 
turbulent, the frictional effect in the dynamic 
equation may be written as 

where A, is the horizontal turbulent viscosity 
and z, is the turbulent stress in the vertical 
planes, due to disturbances smaller than those 

3 

3 

J V l  
3 

under consideration. Since rz = -gep z, we 

have 

Setting ,u = KQ, K= KO (g)2, and applying 

the operator k * v x we obtain 

where 5 is the relative vorticity, and 

where K,= 3TT! g2K w 1.6 x 10-7~ec-~ifwechoose 

KO = 105 cm2 sec-1. This corresponds to ,LA = 
IOO gm cm-1 sec-1. The value of A, is taken 
to be 105 m2 sec-l, after PHILLIPS (1956). 

In addition, there exists the ground friction. 
For simplicity this frictional effect is assumed 
to be roportional to the wind speed at the 
grounf level, instead of proportional to the 
kinetic energy. Thus we shall assume the 
surface stress is given by 

3 -+ -+ 
xe lVOl1.'0 fi: h e  1.'0 (26) 

and take k, = 3 . 0  cm sec-l. In the numerical 
integration the lowest level is taken at p =  
p o  - - dp. Assuming that this frictional effect is 

I 

2 
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uniformly distributed in this lowest layer, we 
obtain the coefficient of ground friction k,= 
k, /Az .  For A p  = 300 mb, this gives k,= 1.0 x 
10-6 sec-1. 

It may be remarked that if these frictional 
terms are evaluated at the centered time t =  
nAt, they will produce computational in- 
stability; therefore we shall evaluate them at 
the previous time step t = (H - I) A t  ( 
communication from Dr. N. A. Philips) Ynal 

6. Nonadiabatic Heating 

The nonadiabatic rate of heating Q occurs 
in the nonhomogeneous term H, in the 

fom; (F), and in the boundary effect E ,  

in the form of Q. The important physical 
processes determining Q are radiation, eva- 
oration and condensation and conductive 

Reat transfer, including that due to turbulent 
heat transfer produced by the disturbances 
which are smaller in scale than those under 
consideration. The heat transfer produced by 
ordinary thermal convection will also be 
included in this turbulence effect. 

The atmos here receives only a fraction of 

the solar radiation; the rest is received from 
the earth through long wave radiation and 
through evaporation and condensation. Since 
the atmosphere emits and absorbs the long 
wave radiation mainly through its water 
vapor content, and since the presence of 
clouds has a very large effect on the distribu- 
tion of the radiative heat transfer, both the 
long wave radiation and the release of latent 
heat depend very much on the water vapor 
distribution and on vertical motion. Thus in 
order to take into consideration these processes 
it is necessary to add new dependent variables 
and new equations to our system. Such a sys- 
tem will become extremely complex. Since 
we are still at the very Yliminary stage 
of the investigation, we shal include only the 
statistical effects of the radiational and evap- 
oration-condensation processes so as to fur- 
nish the system with a thermal energy 
supply which is roughly comparable with 
that in the atmos here. 

whole, the air is gaining heat in lower latitudes 
and losing heat in higher latitudes through 

its heat supp ! y through direct absorption of 

Taking the tota P depth of the atmosphere as a 

TeIlus XI (1959). 4 

the processes of radiation and evaporation- 
condensation. This total gain or loss is meas- 
sured by the difference between the effective 
incoming solar radiation E and the outgoing 
long wave radiation A. When the quantity 
E -  A is integrated over the area from the 
equator to the latitude y we obtain the accu- 
mulation of heat T through radiation in this 
area. This also represents the amount of heat 
that must be transported across the corre- 
sponding latitude circles in order to maintain 
a steady mean temperature distribution. 

Fig. I summarizes several computations 
of the required latitudinal energy transport T. 
The values represented by the circles are those 
of HOUGHTON (1954) and the crosses are those 
of ALBRECHT (1931). Values obtained by 
others ail lie between these two limits. 

In eq. (zz), what is needed is not the total 
heating E - A for the whole air column but 
the vertical distribution. At present no such 
vertical distribution has been computed. There- 
fore we must make a plausible assumption. 
It is assumed that the zonally averaged rate of 
heating Q, produced by the combined effect 
of radiation and evaporation-condensation 
decreases upward, and is directly proportional 
to the pressure p .  The latitudinal variation is 
also represented by a simple function of y ,  
and is given by 

This represents a heating from the equator to 
35" 15' and a cooling from 35" 15' to the 
pole, while the total heating over the hemi- 
sphere is zero. The constant B is determined 
by the mean rate of heating at the equator. 
Supposing this is equal to 0.05 cal cm-2 min-', 
which corresponds to a heating of 0.3" C per 
day at the equator, we then obtain B = 2.4 x 
x I O - ~  cal gm-l sec-l. 

Integrating (27) over the total pressure 
depth of the atmosphere and over the area 
from the equator to latitude y we obtain the 
total gain of heat T per unit time. This is 
given by 

Po 
3 2  

T= - - B sin 2 y cos y (28) 

where a is the radius of the earth. This function 
is represented in Fig. I by the curves T, and 
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LATITUDE 

Fig. I .  Required poleward transport of heat across latitude 
circles to balance radiational excesses in the annual mean. 
Units are I O ~ O  cal day-'. Circles and crosses are values 
obtained by Houghton and Albrecht, respectively. 
Curves Ta and Tb are values computed from eq. (28). 

Tb, corresponding to B = 2.4 x I O - ~  ca1 gm-l 
sec-1 and B = 3.7 x 10-6  cal gm-1 sec-1, re- 
s ectively. It is seen that the curve Tb fits 

closely, while the curve To lies between 
Houghton's and Albrecht's values. 

In the actual atmosphere, a large portion 
of the poleward transport of energy takes 
the form of latent heat. Since we are disre- 
garding the water vapor content of the air, 
we may take a somewhat smaller value for 
the constant B so that less sensible heat need be 
transported poleward by the motion. The 
value of B used in the present computation 
is B = 2.4 x 1o-O cal gm-' sec-l, corresponding 
to the curve T, in fig. I .  

The effect of lateral turbulent heat transfer 
on Q is given by 

t K e values of T obtained by Houghton very 

Assuming AT is given by 

p 2 (  I + U)Z 
(P + uPo)2' 

AT= A,  (30) 

we then have 

Ths is of the same form as the vertical tur- 
bulent diffusion of vorticity given by eq. (zs), 
and therefore, we may combine them into a 
single term. Taking A , = I o ~  m2 sec-'=A,, 
C= 110" A ,  J= I O - ~  sec-l. u=o.s we obtain 
K ~ = 0 . 7  x 10-7 sec-'. This is about one half of 
the value of K, in (2s). Thus if we are to 
include the effect of the lateral diffusion of 
heat, we should also include the vertical 
diffusion of vorticity. 

Another effect of the smaller scale turbulence 
is the vertical transfer of heat. Since the poten- 
tial temperature is more conserved than the 
actual temperature, this heat transfer is expected 
to be proportional to the vertical gradient 
of the potential temperature. Since the mean 

otential temperature increases upward, the 
[eat diffusion equation expressed in terms of 
the otential temperature will give a down- 
war % heat transfer. However, if the small 
scale turbulence is thermally driven, the heat 
transfer should be directed upward. Because 
of this uncertainty about its direction, we 
shall disregard this effect at the moment. 

Still another heating factor is the heat ex- 
change between the air and the ground. This 
effect can be represented by 

where Tg is the temperature of the ground 
and T o  is the temperature of the air at ground 
level. This heating appears as a surface effect 
in the function E ,  in (22). The value of the 
coefficient koT may be assumed to be the same 
as the frictional coefficient k,, which is taken 
as I O - ~  sec-l. 

In considering the surface heating, we may 
assume Tg to be a known function of x and 
y at all times. On the other hand, the air 
temperature T o  is unknown and is determined 
by the motion. Using the approximate rela- 
tion (6) ,  this effect is expressed in terms of the 
vertical gradient of y at the ground and Q3 is 
given by 

In t h s  study, the ground temperature Tp is 
assumed to be given by 

Tg = 24s" + 48" cos2 v + 14" sin - sin zil (34 )  3v 
2 
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in absolute degrees. The first two terms rep- 
resent the zonal average and the third term 
the temperature departures due to two land 
and two ocean sectors, each 90" in extent. 

7. The Grid Points 

The size of the electronic computer and the 
available time determine the maximum num- 
ber of grid oints we can use to describe 

used was the I.B.M. 704 at the General Electric 
Computation Laboratory, Lynn, Mass. It had 
an internal rapid-access memory of 8,192 3 6  
binary digit words, together with 10 tape 
units and no drum. In order to make the time 
of computation for each time step of extra- 
polation not too long, and yet to have the 
vertical structure of the atmosphere described 
somewhat more accurately than by a two 
level model, we represented the atmosphere 
by four levels, namely 850, 550,  250, and 50 
mb. Each of the first three levels represents 
the conditions in a layer of 300-mb thickness, 
while the 50 mb level represents the layer 
from zero to IOO mb. The reason for this 
division is that it was desired to have one 
level to represent the conditions in the more 
stable stratosphere, and another one for the 
tropopause level. These are assumed to be 
re resented by the 50 mb level and the 250 

at 850 and 550 mb represent the lower and 
middle tropospheric conditions. 

Since one purpose of this study was to in- 
vestigate the character of motion without in- 
troducing artlficial boundaries, the spherical 
shape of the earth must be taken into considera- 
tion. We shall therefore use the conformal 

the motion o P our atmosphere. The Computer 

m f: level respectively, while the two levels 

Mercator projection x =A,  y =/%. The 
,cos a 

- v  

advantage of this transformation is that it 
reduces the Laplacian operator to the simple 

form (u cos y)-2 (& + 6) and renders the 

finding of the Green's function more easy. 
However, it also has the disadvantage that by 
taking 6 x 6 ~  constant the corresponding area 
on the earth becomes smaller and smaller 
as the latitude y increases, and it requires too 
many grid points to represent the motion 
in higher latitudes. To avoid this difficulty 
we use one constant value for Ay in lower 
Tellur XI (19S9). 4 

latitudes, from the equator to latitude 60°, 
and increase the values of Ax and Ay as 
increases. For the region between the equator 
and v=60°, we take Ax= Ay=o.1309, so that 
there are 48 grid points around the latitude 
circle, the distance between two grid points 
being 7.5". For middle latitudes this corresponds 
to a linear distance of about 500 km. For 
simplicity the value of dx ( = dy) is doubled 
at j = I I ( y  = 60"), doubled again at j = 14 and 
j= IS, so that we have 48 points along the 
latitude circles for o 5 j 5 10, 24 oints for 
j = I I ,  12, 13 ,  12 points forj=14 an86 points 
for j = 1 5  (y=88.5"). Because of the cyclic 
requirement along the latitude circle, two 
auxiliary points are added for every j, one on 
each end, to facilitate the Computation. 

In order to compute the vorticity and the 
Jacobians for j = IS ,  we need another row of 
six points at j= 16. These points are very 
close to the pole indeed, although the pole 
itself is at infinity on the Mercator projection 
and therefore cannot be reached. Since we 
only want to use these six points along j =  16 
as auxiliary points, and since they are so close 
together on the actual map, we may take 
the average values of the stream function y 
and the temperature 7' of the six points along 
j =  15 for the values at every one of these 
points. These mean values are also supposed 
to represent the values of the y and T at the 
ole. Thus we have 656 grid points for each 

Eve1 and 2,624 points altogether for the system. 

8. The Initial State 

For the study of the development of the 
general circulation of the atmosphere it may 
be desirable to take the atmosphere as being at 
relative rest and having a uniform temperature 
at the initial moment, and then begin the 
heating and investigate the development of 
the motion. However, such an approach is 
too time consuming and was beyond the 
monetary facilities of the project, we shall 
therefore start from a somewhat idealized 
state. 

In this idealized initial state we assume that 
there already exists an average temperature 
gradient from north to south comparable to 
the mean state of the atmosphere, but no tem- 
perature contrast from west to east. The air tem- 
perature in contact with the ground is the same 
as the mean temperature of the ground and is 
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represented by the first two terms of (34). 
The temperature decreases upwards with a 
lapse-rate given by (10). There also exists a 
mean zonal wind U at all levels. The vertical 
variation of ii is in accordance with the ther- 
ma1 geostrophic wind relation in the trop- 
osphere, but with no vertical shear in the 

stratosphere (omb < p < 250 mb). The variation 
of tr with y is very small initially. The maxi- 
mum zonal wind at the 250 mb level is 30 m 
sec-l. Superimposed on this mean zonal flow 
is a somewhat random disturbance, represent- 
ed by the stream function yl. This y1 is com- 
posed of nine wave components in the x- 

2 v w  
-1- 

Fig. 2. Distribution of 8 5 0  mb stream function at time t= o 
at I O ~  m2 sec-l intervals. 

Fig. 3 .  850 mb stream function distribution at t = 24 
hours. 

i 

Fig. 4. 850 mb stream function distribution at t = 48 hours. Fig. 5 .  850 mb stream function distribution at t = 72 
hours. 
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Fig. 6. 850 mb stream function distribution at t - 96 

hours. 

direction, the wave number m ranging from 
I to 9. The variation of y1 with y is represented 
by sine and cosine function in y,  the wave 
number ranging from I to 7. The amplitudes 
of the various wave components are deter- 
mined so as to give the same amount of 
kinetic energy per unit mass for each wave 

component in x. The total kinetic energy of 
this disturbance corresponds to a mean per- 
turbation velocity of 20 m s e c l .  The zero 
points of the various wave-components are 
shifted so as to give it a more random distri- 
bution. However, the disturbance so obtained 
is not very random, or shapeless, as we might 
like to assume. There is s t i l l  large scale features 
present, as is indicated in figure 2 which gives 
the initial distribution of the total y at 850 mb. 
The rominent feature of this map are the 

and 75' E. 
The disturbance represented by yl is assumed 

to be the same at all levels, so that the total fy 
becomes more zonal at upper levels. 

two P arge troughs along the meridions 15" E 
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9. Development of the Flow 

The rate of change of the composite stream 
function y is forecasted by eq. (22) through 
numerical integration. The time interval 
used in the integration is one hour and a half. 
The integration has been carried out for six 
days. The 850 mb flow pattern at 24, 48, 72, 
and 96 hours are represented in Figures 2 - 6 .  
The following features of the developments 
may be noted: 
a) The situation represented by Fig. 2, where 

the most prominent features are the two 
troughs situated along the longitudes 15" E 

Fig. 7.550 mb stream function distribution at t = 48 hours. 
Tellus XI (1959). 4 
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Fig. 8 .  ~ S O  mb stream function distribution at t = 96 hours. 
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and 7s0E1, must be highly unbalanced 
because of the very short distance between 
them in one direction and very large dis- 
tance in the other direction. Therefore it 
must undergo a readjustment of the 
distances. This adjustment takes the form 
of a rapid regression of the western trough. 

b) The narrow ridge between the two troughs 
expanded into a fullsized high and moved 
toward the pole. 

c) The two troughs developed very rapidly 
into two large centers, look more like the 
semi-permanent lows rather than the 
ordinary cyclones. Their latitudinal posi- 
tions also corres ond to the normal latitu- 

in winter. 
d) On the third day (72 hours) the high has 

split up into two. The northern one moved 
over to the pole and stayed there. 

e) Another closed low center is formed at 

dinal position o P the semi-permanent lows 

The longitudes are for reference only and bears 
no fixed relation to the real earth. 

the northern end of the weak trough along 
155’ W. Thus at the end of the fourth day 
there is a definite tendency to have three 
separate large lows developed. 

Because of the much stronger zonal flow 
at the upper levels the changes of the flow 

atterns are not so pronounced as at 850 mb 
fevel. Figs. 7 and 8 represent the flow patterns 
at 550 mb after 48 and 96 hours, respectively. 
The general features of the developments are 
the same as that at the 850 mb level but be- 
come obscured because of the stronger zonal 
flow. The changes at 50 mb level are small 
during t h i s p d .  

At the en of the 5th day, a certain computa- 
tional instability has developed and it becomes 

ossible to carry the computation to a r ~ c f  longer eriod. Ap arently this is 

j = I I and j = 14. It is hoped that this difficulty 
can be removed in the near future and we 
shall be able to extend this work further. 

connected with t t e change o F grid distances at 
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