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Abstract

A simple graphical method for determining the vertical velocity from a simplified, but
consistent form of a diagnostic equation for this quantity is developed. It is shown that the
main term in the equation is the advection of temperature in the vorticity field. Section 2
contains simple rules from which the sign of the vertical velocity may be determined.

An approximate solution to the equation is found in section 3, while section 4 contains an
investigation of the accuracy of this solution as function of the scale of the motion. Different

types of approximate solutions are investigated.

Section s contains an example of the use of the method.

1. Introduction

The vertical velocity is one of the most
important quantities in the atmosphere and one
of the most difficult to determine. It is hardly
necessary to stress the desirability of methods
for its computation. The role of the vertical
velocity in large-scale conversion of potential
energy into kinetic energy is well-known.
In predictions of large-scale precipitation
patterns (SMEBYE, 1958) we need methods
for a determination of this quantity.

By a numerical integration of the equations
for two or multiparameter models designed
for physical weather prediction we obtain the
vertical velocity as a by-product at one or
several levels in the troposphere. There seems,
however, to be some time to go before these
maps are available almost immediately to
every meteorologist in the weather services.
It seems therefore worth while to consider

¥ Most of the work in this study was done while
attached to the International Meteorological Institute in
Stockholm.

methods which allow us to compute an in-
stantaneous value of the vertical velocity by
simple graphical methods.

The methods which so far have been
available for research work have been based
upon an evaluation of all terms except those
containing the vertical velocity in the vorticity
equation or the adiabatic equation. The other
possibility, to compute the ascent or descent
directly from the continuity equation, has
usually been avoided because of the great
sensitivity of this method to errorin the observ-
ed winds. The former methods can at best
give a mean value for the time-period between
observations and give therefore not instan-
taneous values. A method which can give a
good first approximation is therefore needed.
The method reported here is believed to
fulfil this requirement.

In the solution of equations for the vertical
velocity in two or multilevel models we need
usually a good first guess in order to decrease
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the number of relaxations to solve the equation
accurately. The approximate solution given
here can be used with advantages in such
problems.

2. The method for determination of the
vertical velocity

The following procedure for determination
of the vertical velocity, w=dp/dt, consists in
finding an approximate solution to the so-
called w-equation, which is obtained by an
elimination of the local time derivative between
the quasi-geostrophic vorticity equation and
the adiabatic equation. The w-equation has
earlier been considered, first by FjorTOFT
(1955) and later by Eriassen (1956). Although
it is possible to derive this equation from a very
general form of the vorticity equation we shall
here restrict ourselves to the most simple con-
sistent form of the equation, which is

J o
FvICeN=hg

where f, is a standard value of the Corioli’s
parameter. The different consistent forms of
the vorticity equation has earlier been consider-
ed by the author (1959).

The adiabatic equation will be written:

2(% +v-v ¢ +ow=o0,
It \dp dp
2ln @ (2.2)
p
We shall in the following assume that the
static stability, o, is constant in any isobaric

surface, i.e., 0 =0 (p) and shall further compute
the relative vorticity by the formula:

(2.1)

o= —

(2-3)

-7 v

Using (2.1), (2.2) and (2.3) we obtain the
w-equation in the form:

Pw a
=2 2 _ T = - . -
gV CU'anz f;)(? (b V??)
g(ﬁ
— v 7 ) =
v <V V() ) F(x, y,p) (2.4)

The forcing function F(x, y, p) may be
expressed in a number of different ways. We
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shall here choose to express F (x, y, p) with the
aid of the height.and temperature in an
isobaric surface. We will further neglect varia-
tions in the Corioli’s parameter in the evalua-
tion of F, because this simplifies the procedure
to a great extent. By doing so we naturall
restrict the latitudional extent of the field.
Using the approximations stated above we
can write the forcing function in the following
form

F@, pp)= f—’} (@22, T) + A@T)} (2.5)

J(V 2z, T) represents the usual Jacobian, while
A («, ) is a notation for the operator

. P 9205) < 1B )
Ix% 9y J \oxdy

It is seen that A(x, ) is related to the
deformation properties of the two fields «
and B. It will consequently be called the
deformation function. The deformation func-
tion obviously vanishes, if « is proportional
to B. There is a general tendency for the
isoterms in the midtroposphere to be parallel
to the contour lines. At most places A(z, T
will therefore be small compared to J (V 22, T

A direct computation of A(z, T), using
finite differences at 500 mb, shows the follow-
ing characteristics:

1. The deformation function is locally of a
smaller magnitude than the Jacobian in (2.5).
A mean value of the absolute values of A
turned out to be less than half of the corre-
sponding mean value of J (V2z, T).

2. The deformation function is generally
on a smaller scale than the Jacobian.

In view of the two statements above it is
suggested that the deformation function can
be neglected in comparison with the Jacobian,
if we are interested in a fast method to obtain
a first estimate of the vertical velocity. The
statements I. and 2. do not hold in general for
levels above or below the s00 mb level, where
vf find a greater baroclinicity in the atmos-

ere.

g We may derive a “geostrophic” expression
for A(z, T) which clearly show how it is
depending upon the deformation properties

(2.6)
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of the fluid. Introducing the expressions for
the geostrophic wind and the geostrophic

thermal wind in the form:
u_R T v_ R IT
dIp fop 9y’ dp  fop 9%
in the expression for A we can, after some
manipulations, arrive at the expression

(z-7)

_P_fi{ 9B _ J_A}
A(z,T)~2gR Aap Bap (2.8)

where

dv  Iu du v
A=tay B @9
are the two deformation expressions for the
wind. (2.8) shows first of all how the geostro-
phic estimate of the deformation function
depends on the deformation expressions for
the wind. It shows further that the deformation
function will be small if 4 and B do not vary
greatly with pressure.

In the following we shall approximate the
forcing function by

F(x, y, p)=%g](v2z, T) (2.10)

Let us next in order to get a first crude idea
about the solution to the w-equation consider
a single component of the w-field, say

(2.11)

where k, | and m are wave numbers in the x,
y and p direction, respectively. We have then
ftPw

L(w)=v2w+; W = —stw=

w = A sin kx sin ly sin mp

=i%§](vzz, T) (2.12)

where s*=k?+ 2+ fZm?/o is a measure of
scale. Approximating the Laplacian of Z in
the usual way:

viz = —%(z—-E) (2.13)
we get the following solution:
R
28 41—, T) (2.14)

w=sz_ﬂ,pa'd_§
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which also may be written in the form:

w=av;-vT (2.15)
where a is a positive quantity and
v = —‘g;v(z—'z')xk (2.16)
fo

The solution (2.15), which of course only
may be considered as a first approximation,
shows that @ <o (upward motion) if we have
warm air advection by the “wind” in the vorticity
field, while w > o (downward motion), if cold
air is advected by v;.

The above rule may be used to locate the
regions of upward and downward motion
directly on a weather map, where an isotherm
analysis is made, and when the vorticity field
is represented by isolines for (z - 2). It should
be mentioned that the reversed rule applies if
the vorticity field is represented by v2z=4/d?
(z- =), which is the usual finite difference
approximation.

Although the above rule may be good enough
to determine the sign of the vertical velocity,
we need something better if we want to go
beyond this. We are here mainly interested
in the horizontal distribution of w, and shall
therefore represent the vertical distribution
as simple is possible. The representation.

o, 7,0.0=({p-p)(p-pIM®P (2.17)

where p,=100 cb represents the surface of
the earth and p«=20 cb a level in the lower
stratosphere, where w =o, is the simplest repre-
sentation which gives a reasonable distribution
of convergence and divergence in the vertical
direction. From (2.17) it follows that

w w
52— = I——‘——— (2. I 8)
;(P "Ps) (P _P4)
and (2.4) can be written
V 20—bw=h (x, y) (2.19)
where
2f3
b= .
G-pe-p °
and

Tellus XI (1959), 4



GRAPHICAL METHOD FOR AN APPROXIMATE DETERMINATION

hx, y) =f20%§](vzz, T) (2.21)

The equation (2.19) is of the Helmholz type
and is similar to equations used in numerical
rediction of two parameter models. It is
urther of the same type as the equation used
by SMEBYE (1958) in his investigation of large
scale precipitation forecasting. In his solution
of the equation he approximated

v = —%(m—@) (2.22)
and got the equation in the form
w — Bw = hd? (2.23)

where however the term containing @ was
neglected. This procedure corresponds to the
solution given in (2.15) and may in many
cases lead to an underestimate of w as shown
in the next section. It actually only gives an
accurate solution for one particular scale,
while the accuracy rapidly faﬁs off, when we
remove ourselves from this scale. We shall
return to the form (2.19) and in the next
section discuss a procedure for an approximate
solution and its accuracy.

3. Solution of the Helmholz equation

FjorTOFT (1952) has discussed approximate
solutions to Poisson and Helmholz equations.
It is shown by Fjertoft that the speed of con-
vergence of the series solution increases rapidly
in the Poisson case, if an increasing gridsize is
used in the smoothing operators used for
evaluation of the terms in the formal solution.
Further, it is pointed out that the convergence
of the solution in the Helmholz case may be
speeded up in the same way, but that this is
not necessary, because already applying the
same gridsize in all terms leads to a fairly
accurate solution including only a few terms
in the scries. Although this is true it may still
be desirable to investigate whether a varying
gridsize will increase the accuracy to such a
degree that still fewer terms give the same
accuracy.

The method depends upon the use of a
varying gridsize. Let dy, d,.. .d, ... denote a
steadily increasing series of gridsizes. The finite
Tellus X1 (1959), 4
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difference form of the Helmholz equation
can now be written in any of the forms
Vo0 - bd2w=d2h

(3.1)

where
I
20y~ — 2
Viw =% V30
D
It is convenient for the following computa-
tions to define a smoothing operator:

Viw - bdiw

w[P] = () +4-
oty + bd?

(3.2)

where «, so far is an arbitrary constant. We
shall later relate this smoothing to the well-
known operator.

2
0@ = + Y2 °

(3-3)

%p

which for «,=4 is identical with the Fjertoft-
operator. By formal computations we get by
repeated use of (3.2) for different values of
the gridsizes:

_Vie-bo (V- bdjo)d

% + bd? oz + bd2
(V2w — bd2)itl - o-11
- + .. [p] )
P o (3.4)

where the last term is the rest term.
Substituting from (3.1) we obtain:
_ d3h _ FHAS L
o+ bdd a2+ bdi 7
d:h[ﬂ...[p-ﬂ
T+ bd?

+ w[l]'-- [p]

(3.5)

The next problem is to bring the solution
(3.5) into a t%rm which is easier to handle in
practice. This is done by relating the two
smoothing operators (3.2) and (3.3) to each
other. Eliminating viw between (3.2) and
(3-3) we obtain

w[ﬂ] =

“pbdz '@ (3.6)

op + 0dy

(3.6) shows that @l act in principally the
same way as w®. The only difference is a
further reduction of the amplitude of the
different Fourier-components by the propor-
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tionality factor. When fmally (3.6) is inserted in
(3.5) we obtain:

L S S ST R
oy +bd? T ay+ bd: a4 bd?

Xy
B -
/ oty + bd?,]
=1 .

v=p
Ay
*[/ m]wm'“‘” (37
1

y=

o=

T o, + bd}

A truncated form of (3.7) may be used as
an approximative solution, when we have
decided which values we will ascribe to the
series d, and «,. Many possibilities exist in
this respect depending on what we want to
obtain. If we for instance want to use the
approximate solution as a first guess for a
relaxation procedure it may be convenient to
choose the values «, in such a way that a fairly
accurate solution is obtained over a large inter-
val of wave-numbers. It is not the purpose
here to give any complete discussion of the
solution (3.7). We shall be satisfied by showing
that for the specific choice

a1=a2=....=ap=4.
and

I I
2 _ % g2 _ — 2
di=—di=....= = d

we can obtain a rather accurate solution to
the special form of the w-equation discussed
here.

The accuracy of the solution is of course
also depending on the particular value of the
constant b, which appears in the Helmholz
equation. Generally speaking we obtain a
more accurate solution with the same number
of terms the larger b is.

4. Accuracy of the approximate solution

This section will contain an evaluation of
the accuracy of the approximate solution. In
order to be able to compute numerical values
we shall decide upon the units to be used.
A convenient unit for @ is mb per 12 hours.
We shall further use a value for d, =6 x 10° m.
Les us finally assume that the right hand side
h(x, y) has been computed with a usual finite
difference procedure, i.e.

A. WIIN-NIELSEN

=2Rg
Joop
2Rg 1 ¢
“fp 1) T D 40

1

J(v32, T)=

where
_2Rg

~ foor’

Using MTS-units and the above unit for w
we obtain for the 500 mb surface

H=J(v%%,T) (4.2)

(4-3)

The finite difference equation to which we
want to find an approximate solution is

¢
Viw - bdiw =-—5 H(x, ) (4.4)
44
We shall investigate the accuracy of the
solution by assuming that w can be written
in the form

A (X X
® = const. + ZdApme. (‘m+”m) (4.5)

In this problem we shall assume thatw —o0
for (x, y) = co. This means that we are allowed
to put the constant in (4.5) equal to zero.
From the expression (4.5) we may ecasily
find the Fourier expansion for H by inserting

in (4.4).

2 mifXeX
H= - leZanez (l"+y") (4.6)
with
B,,= (4 -2 cos ﬂZdl -2 coszi.[d1 + ba’f)A,,m
A Yy
(4.7

When we now insert the series (4.6) in the
approximate solution (3.7) we can investigate
with which accuracy it is possible to reprofuce
the series (4.5) with a truncated form of (3.7)

We note then first that for any quantity

S=Some (7)) (4.8)

we have

2ni (ﬁ + 1)
o =32 R1(rf7: 6mn e An (4-9)
with
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Rﬁ,{’,{=(1 —i>+ = (cos i—y—tdp+cos zv_n d,,)

2
o, o
(4.10)

With these notations we can derive an
expression for the ratio between wy,, which
is the amplitude of the general component in
the series, and w,,,, which is the corresponding
amplitude in the complete development of w.
The ratio w},/w,,, Will be used as a measure
of the accuracy of the approximate solution.
In order to have the possibility to express
the accuracy in numbers for a rather general
case, we shall select the case, where 4,,= », and
where «, and d, have the values stated above.
We arrive at the following expression for the
accuracy:

, d
Z::= [4<1 - cos 2nfn> + bdf] .

gt ey Ru®
{a1+bd§ d) a+bd2 agt+bdi
(B T | B8
dy oy + bd? oy + bd?
v=1
(4.11)

With our special selection of the parameters
(An="a, dy, @,) we have

R®) = cos 2ngﬂ (4.12)

If A,=4d;, we see immediately that
R,,=0. Consequently we will have complete
accuracy, ie. {wn/w,} = 1 for this wave

A=4d,
length, independent of the number of terms.
Next we want to investigate the accuracy
of the solution for other wave lengths, when
we incorporate a certain number of terms in
the approximate solution. The number of
terms 1s characterized by the index p. p=1
means that we include two terms etc. The
accuracy of the solution for p=1 and p=21s
given in table 1, which shows that p=2 will
give an accuracy which is sufficient for most
diagnostic purposes, especially when we con-
sider the other approximations in the formu-
lation of the prog em. Also, it is worth while
mentioning that p=1 gives a solution with an

Tellus XI (1959), 4

Table 1.

A 4d}|5d]6d[8d|1odj12d|14d|16d

oh/w., p=1 |1.00[1.03|1.00/0.93|0.86]|0.830.80]0.79

wh/w., P=2 [1.00]1.00|1.02|1.03|1.01|1.00|0.99]0.98

error less than 10 %, up to a wavelength close
to 6,000 km.

We shall next compare the accuracy of the
solution given above with the one obtained
without varying the gridsize in the Helmholz
case. The derivation is made in a completely
similar fashion as before. The approximate
solution takes now the form:

-t 1
T 4d? oy +bd?

o -t _(D
+<31+—bff) .Hu)(n...u)] (4.13)

The accuracy, measured in the same way
as before, is now given by the formula:

*

o
» [H+ L _HO4 ..

oty + bd?

. 4<1 - cos znﬂ) + bd?
) z )

m __ m

W, oy + bd?
; _ % <1) “1__Rpw p-l}
{I+a1+bdiR’" +"'+<a1+bd§R”‘>

(4.14)

Table 2 gives the accuracy for different
values of the wave length for p=1 and p=2.

A comparison between table 1 and 2 shows
clearly that the former method is an advantage.
This is particularly so, because it is not followed
by any extra work, if the computations are
made graphically. It should further be pointed
out that the two formulas are different for
p=1. Only for p=o0 are they identical.

The reason that we obtain such a high
accuracy already for p=1 and 2 is due to

Table 2.

Am 4d|s5d|6d|8d[1od|12d|14d|6d

wh/w,, P=1 |1.00/0.96/0.91]|0.83|0.76[0.72]0.60[0.68

wnfwa P=2 [1.00/0.99/0.97/0.94/0.87/0.85/0.83[0.82
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the fact that the coefficient to w in the Helm-
holz equation in this particular case is as great
as 2.5.

It is at this point worth while to mention
that Helmholz equations which with advantage
may be solved graphically appear in other
problems. The prognostic equation for the
thickness field, derived by Fyortorr (1955)
and tested by SiceTRYGGSSON and the author
(1957), also leads to a Helmholz-equation.
Denoting the thickness field between 1,000
mb and 500 mb by ¢, we can write the pro-
gnostic equation in the form

Vidr - edipr=dih (4.15)

The value of ed?, to be used in (4.15) turns
out to be about 4. The accuracy of the solution
with varying gridsize is shown in table 3
for this case. Again the value for p=1and 2 are
given. p=I gives a good accuracy, while p=2
1s remarkably good due to the large value of
the coefficient.

A. WIIN-NIELSEN

Table 3.

A 4d|5d|6d|8d|rodjr2d|r4d}164d

o/, p=1 [1.00[1.02|1.00/0.95[0.92]0.900.88{0.87

Wnfw,, p=2 (1.00{1.01|1.01(1.00|1.00[1.00[0.99[0.98

We shall finally comment a little on the
numerical values used in the practical applica-
tion of the w-equation. When we introduce
the numerical values of bd? and c¢/4d? and
measure @ in mb/12h as before we obtain:

®w=g+0.884® +0.504W®@ +

+021qV@G 4+ | (4.16)

where ¢= -2/65 H.

In graphical work it is extremely convenient
if the coefficients are simple numbers. It will do
no harm, if we replace (4.16) by

no- 00" T w0

BE
2

Fig. 1. Horizonta] distribution of vertical motion in cm sec~* computed from heights and tem-
peratures for the 500 mb sutfaces by approximate formula. January 2, 1956, 0300Z.
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Fig. 2. Horizontal distribution of vertical motion in cm sec—* computed 850, soo, and 300 mb
heights using a two-parameter baroclinic model. Time as in figure 1.

I 1
w=q+ q(l) + ;q(l) (2) +; q(l) @3 (4.17)

and compute g by the approximate relation
4= - = J(V*2, T) =2 J(2-%T) (4.18)
65 4

where it is understood that (z - 2) in the last
expression is measured in decameters.

5. An example of horizontal distribution of

A test of the formula developed in the
preceding section was made by computing w
using the method and compare the obtained
distribution with the corresponding distribu-
tion obtained from a barocﬁnic model.

The two data fields used for theapproximate
solution were the height and temperature
fields for the soo mb surface for January 2,
1956, 0300Z.

Tellus XI (1959), 4
5—906053

The baroclinic vertical velocity was ob-
tained from a model using the height fields
for 850, 500 and 300 mb as initial data.

Fig. 1 and 2 give the two distributions,
where fig. 1 is the approximate solution. It is
seen that all maxima and minima which
aﬁpear on one of the figures can be found on
the other. There are some differences in the
configurations, but the agreement is in general
good, when it is realized that the two fields
are computed from different, although not
independent, data.

It should finally be mentioned that the
graphical method naturally also can be for-
mulated in such a way that the two fields used
in the computation are a height field and a

thickness fields.
6. Summary and conclusions

A simple, but consistent form of an equation
for the vertical velocity is analyzed in section 2.
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It is found that the dominating term in the
forcing function is the advection of temperature
in the field of isolines for relative vorticity.
A simple rule from which the sign of the
vertical velocity may be determined is for-
mulated.

Section 3 contains a method for solving a
Helmholz-equation similar to the one devel-
oped by Fjgrtoft for a Poisson-equation and
using a variable gridsize.

The accuracy of the solution is computed
in section 4, which also contains a comparison
between the solution and one obtained without
varying the gridsize.

An example is shown in section s.

The method developed in this paper to
obtain the horizontal distribution of the
vertical velocity will be of use in cases, where
the distribution is not available from integra-
tion of a baroclinic model of the atmosphere.

A. WIIN-NIELSEN

The main advantage of the method is that it
can give instantaneous values of the vertical
velocity. Local values of the vertical velocity
can easily be obtained without laborious
graphical manipulations.
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