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Pesome

Ha ocCHOBe pemeHmMA 3aNa4¥ O MaJbBIX HKolleGaHMAX GaPOKIMHHONK aTMocdephl maerca
o6masa KiracCHPEKANUA OCHOBHLIX THIOB NMHAMHYECKHX IDOIECCOB B aTMocepe (ropm-
30HTANbHBE BAXPEBLHIE [IBIKEHAA, IPABUTALHOHHHIE M AKYCTHYECKHMe BOJNHH). Halinen
o6mnii By EHBADHEAHTA, ¢ IOMOIIBI0 KOTOPOro MOKeT OKITh PACCUYAMTAHO NIPH NPOHM3BOJLHRX
HAYaNbHKX MNAaHHHEIX NIpEJeNbHOEe CTANEOHADHOE COCTOARme aTMocdepn Oe3d aHAJHM3aA BOJ-
HOBEIX IIPOIECCOB, 00YCIABIMBAIIINX NePECTPORKY moJei, IIpOrEOCTAYECKNE YPaBHEHAA
MOryT OHITE BHBeZeHBI ITyTeM BHUMCIEHWA NPOHM3BOMHON IO BpPEMeHH OT ,,MHBADPHAHTAS
C YYEeTOM KBaJpPATHYHEIX 4YJJeHOB. BHACHAETCA ,,pHIBTPYIOIAA DOJb KBABHCTATAYECKOIO
npabauHeHna; OHO ,,0TOHUILTPOBHIBAET BHYTPEHHNE AKYCTHYECKHE BOJIHH M HECKONBKO
3aBHIIAET YACTOTH IPABATAMOHHBIX BoJH. IToKa3zaHO, B WaCTHOCTH, YTO BpPeMA YCTAHOBJE-
HHEA KBA3UCTATHYECKOI0 PaBHOBECHA B aTMocdepe COCTABIIACT BCETO JIMINL HECKOJIBKO MAHYT.

Abstract

In the present note we make an attempt to classify the basic types of dynamical pro-
cesses in the atmosphere such as gravitational and acoustic waves and horizontal eddy
motions by solving the problem of small oscillations in the baroclinic atmosphere.

We have found a certain invariant with the help of which one can estimate the final
stationary state of the atmosphere under arbitrary conditions without the analysis of the
wave processes which cause the field change. The most natural way of obtaining the spe-
cial equations for the numerical forecasting is that of computing the first derivative in
time of the invariant in the second approximation (quadratic terms being taken into
account).

The filtrating role of the quasi-static approximation is being investigated in the note.
Quasi-static approximation filtrates the internal acoustic waves and somewhat increases
the frequencies of the gravitational waves.

It has, in particular, been shown that the time required for establishing the quasi-static
balance in the atmosphere is equal to some minutes.

For hydrodynamical weather forecasting
the simplified dynamical equations resulted
from “quasi-static” and “‘quasigeostrophic”
approximations are used (KiBEL, 1957). The
equations are of the first order in time while
the basic system of the hydrodynamical equa-
tions is of the fifth order. In the process of

Tellus XI (1959), 2

simplifying the basic equations some solu-
tions, and namely those corresponding to the
rapid wave processes, are excfuded (or “fil-
tered”’). Charney who introduced the term
“filtration” was the first to indicate this
circumstance (CHARNEY, 1948).

To justify the above mentioned simplifica-
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tions one needs to find out the nature of the
rapid wave motions and show the mechanism
ofP a field “adaptation”. “Adaptation” is the
process when the atmosphere changes for a
short period from an arbitrary state charac-
terized with five independent functions (a
velocity vector, pressure and temperature)
into quasibalanced state with certain fields
agreeable to each other. The term “adaptation”
has been introduced by OBukHOV (1949) for
consideration of dynamical processes in the
two-dimensional model of the atmosphere.
Similar consideration has been given to the
three-dimensional atmosphere by Kibel and
Monin in the works (MonIN, 1958) and
(KiBeL, 1955), the hypothesis of “quasi-static
character” being used ad hoc.

In the present note we make an attempt to
classify the basic types of dynamical processes
as horizontal vortices and gravitational and
acoustic waves by solving the problem of
small oscillations of the baroclinic atmosphere;
the filtering role of the quasi-static approxima-
tion is being investigated.

Let us write the system of dynamical
equations as follows:

du p) dy p) ]
95=_§f}+19”" QI=—9—§—IQ“;
dv  Jp
“Q dt _a—z_ge (I)
do_ _(s0n dov dow\ dp_ ,do
on <(7x+3y+(72 T d

where x, y, 2 and ¢ are Cartesian coordinates
and time; #, v and w are the velocity com-
ponents; p is the pressure; o is the density, g
1s the acceleration of gravity; /=2w, is the
Coriolis parameter (a constant); cZ=xp[g is
the adiabatic velocity of sound squared;

x=£—” is the specific heat ratio. Into the third
v

dynamical equation we introduce the auxi-
liary parameter the actual value of the pa-
rameter is equal to unit, but putting formally
#=0 we might obtain the equation system
in a quasi-static approximation.

Let us take the relatively motionless state
of the atmosphere with regard to the rotating
coordinate system as the “main state” for
which u=v=w=o0, p=p(2) and g=p(z) are
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given functions of the height z connected by
the static equation. Let us consider small
deviations from this state which can be charac-
terized with y, ¢, 7, ¥, ¢ having the following
sense:

0 _224.22-
Cox 9y’ (2)

ow=y; W=p-p; 6=0-¢

o= — =+ =,

Using the linearization method for the dyna-
mical equations (i. e. eliminating the quadratic
terms from (1)) the below equation system
can be obtained:

e - lp; —(77—11/) 7;
an J
S ‘624199*575_523—2 - (3)
I In L do 24
x* <9—z+ )’ o oz
where
”?  I? dc?

A1=9—x§+ﬁ; B=(x-1)g+7

Note that §= %R (y,—v) is the main charac-
teristic of the stratification of the atmosphere

%=1 g, aT
(y“— x R 7 0z
is of the fifth order in time as well as the basic
system (1) is. It approximately describes
the evolution of disturbances in time*). The
boundary conditions according to the coordi-
nate 2 can be given in the tollowing form:

x=0 (z=0); (4);
x>0 (z > o) (s)

. The system (3)

(the conditions of the vanishing of the vertical
velocity on the lower boundary and that of
the mass flux at the infinity).

For solution of the Cauchy problem five
initial conditions should be given if t=o:

P=v4(%, 1, 2); P=@o(x, 1, 2); 1=20(x, 7> 2);
n=my(x, 1, 2); T=04(x, y, 2) (6)

* The stationary values in the linear theory are actually
quasistatic characteristics the changes of which in time
are determined by the quadratic terms of the basic
equations. In the forecast theory they play a very im-~
portant role.
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ON CLASSIFICATION OF MOTIONS

The system (3) admits a family of the stationary
solutions dependent on one of the arbitrary
functions ofP the coordinate y,(x, y, 2). The
relations given below are valid for each sta-
tionary solution:

1 o
m=1lp; o= o S =05 xs=0 (7)

In other words the stationary solutions are
horizontal and nondivergent. The geostrophic
wind equations and the static equations are true
for them®*):

woe LW 1 Om M (8)
T ooy UTlgox’ 92 8%

For the system (3) there exists the invariant-
function which is linearly expressed by means
of the basic field characteristics and does not
depend upon time:

-t 2(5)]

It is casy to verify that due to the equation (3)

‘%2___0, The invariant for the three-dimen-

sional case found by us is a well known con-
ception of a potential vorticity (OBUKHOV,
1949). It is also easy to verify the invariancy of
§* determined in the plane z=o0 by using (3)

and (4):

S*—7* _ 2g*

(10)

(the asterisc denotes the values when z=0).

Note that £ and S* are independent of the
Earamctcr # and consequently, they keep on
eing invariant even when we come to quasi-
static approximation (u - 0).**
Let us call disturbances of a wave type those

disturbances for which 2=0 under an addi-
tional condition on the boundary S*=o.

* The solution of the equations (3) under the initial
conditions (6) can be statiopary only if these conditions
are valid for the initial stat®
1 9y,

7o = lyo; o =.—§~3;; Po =05 Xo= 0.
** The corresponding invariants of the quasi-static

approximation have been found by A. S. MoniN (1958).
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The main characteristics of the disturbances
of the wave type @ and y satisfy the system of
the fourth order:

Py _ , 9 a2
bﬁ—cdl<p—lq)+ﬂ,g+c W

Py I R L (11
”atz’az<ﬂ7‘+‘9z+‘A1‘p (1)

J
+g <£+A1(p>

It is casy to see that if u=o0 (a quasi-static
hypothesis) the order of the system reduces
by two and the number of independent field-
characteristics correspondingly <fecrcases. The
system (11) is solved under the boundary
conditions (4) and (s) and under the initial
condition

P/
P =@o; ;%=1%—ﬂo; X=1Z0s
Iy dm,
Bo= —<9—z> +8£0,

The wave solutions have the property of
disappearing without any “trace”. It means
that if at the initial moment the characteristics
of the wave field are different from zero in a
certain finite area then if ¢ — oo they will
tend to zero.

Let us suppose that the initial field charac-
teristics Y, P, Mo, Xo» Op Satisfy the conditions
(7) everywhere except some finite area in
which the field-characteristics mentionedabove
are given independently of each other. The
initial field can be represented as the sum of
the stationary and wave components. As time
passes, the wave disturbance disappears and at
any finite area of the field it approaches
the stationary type corresponding to the stream
function y, and the pressure m,=ly,. That
is the process of the field adaptation of the
atmospﬁere.

In order to determine the function
corresponding to the final state the fact that

the value of 2 for the initial state is equal to
the one for the final state, can be used. Hence,
taking (7) into account the equation of the
elliptical type can be obtained:

(if t=0)
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It is to be solved under the boundary condition
resulting from the invariancy of $*:
Iy, 1 .

w;+§ a—z =7 (7o — c®0y) (if 2=0) (13)
The differential operator in the left part of
(12) is known in the theory of a pressure
field in the baroclinic atmosphere (KIBEL, 1955
and MoNIN, 1958).

The estimation of the scale of time for the
adaftation process requires a more detailed
analysis of the wave disturbances in the atmos-
phere. The system (1) may be solved by
means of separating the variables. For the case
of isothermal atmosphere (G*=const, =
const) the solution is obtained as the sum of
the particular solutions of the form

exp [ - /3;2‘9 z+i(kyx +kyy +mz - wt)]
The frequency o is determined for each three
of the wave numbers (k,, ky, m) from the
characteristic equation of the fourth order.
For w? we can obtain two values corresponding
to the two types of the waves:

5 B m2 1/f+4\° {
=+ B2 (EES
w”} 2[k+fz+ﬂ+ﬂ(252>] e

14
2 212
L2 [2 <Eig>]6_
/I_4g/3, 1M\ ) 1 gp
[k2+l_2+r12+£ ﬂ_+g 2]2
& u u\ 20

w, corresponds to the sign + and w, corresponds
to —. It is natural to call the waves of large
frequencies w, (with large propagation speed)
acoustic waves nad the slower oscillations with
frequencies w, the gravitational waves*.
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K =P
&%

w

2 :g —_—
T H 2 !
K% 4 m?* + 4_Hz

Besides the solutions with m + o which can
naturally be called internal waves there exist
special solutions when m=o for which y=o,
@ *owith the frequency spectrumw? =k%2 + 2,
These waves can be called two-dimensional.
They are similar to the acoustic oscillations.

If 4 tends to zero (quasi-static approxima-
tion) the internal acoustic waves disappear
(i.e. their frequencies tend to infinity). The
frequencies of the gravitational waves keep
on being limited. Note that the change of the
spectrum is not sufficient for the large scale
disturbances (the horizontal scale is much
higher than the height of the homogeneous
atmosphere)-—So the quasi-static approxima-
tion is the method for filtration of the internal
acoustic waves.

The duration of the adaptation process of
the atmosphere to the quasi-static state is of
the same order as that of the sound wave
passing through the entire atmosphere**. It
takes several minutes. After the static balance
has been accomplished the adaptation process
is progressing to the geostrophic balance. On
average along the vertical such a state establishes
after two-dimensional waves have disappeared.
Somewhat later after the internal gravita-
tional waves have disappeared the geostrophic
balance is established at all heights. The
second step of the adaptation process can be
investigated with the help of approximate
“quasi-static”’ equations that has been done
by A.S. MonIN (1958).

* Acoustic oscillations are mainly dependent on the
medium’s compressibility {c?) and to a less extent on
the Arkhimed forces (f). For the gravitational oscilla-
tions the main factor is stratification although the com-
pressibility of some importance too. For the case [ =0
if %—> o0 that corresponds to the incompressible stratified
medium we get the equation (PRANDTL, 1949):

** The sound wave passes through the layer of 20 km
per min.
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