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Abstract

On the basis of a comparison between the results so far obtained by the usual numerical
methods in physical weather prediction and the graphical methods it is likely that certain
defects in the present forecast methods are due to the Eulerian technique. The possibilities for
the use of a quasi-Lagrangian technique are investigated, and it is found that such a technique is
possible and becomes especially simple when combined with a space-smoothing which elimi-
nates the shorter fast moving waves in the spectrum. The Lagrangian method of compu-
tation is described in the barotropic case and also for a simplified two-parameter baroclinic

model.

1. Introduction

The numerical method, which so far has
been used in physical weather prediction, has
been the Eulerian one. Only the graphical
technique developed by FjertorT (1952, 1955)
is essentially Lagrangian. The author has
together with HLYNUR SicTRYGGSSON (1957)
made a number of barotropic and semi-baro-
clinic forecasts based on the theories developed
by Fjertoft. With respect to the numerical
rocedure used in these forecasts we have,
ﬁowever, not deviated from the usual one,
and the difference between our forecasts and
the earlier time-integration of the simplified
vorticity-equation consists mainly in the
assumption that a field obtained through a
space-smoothing of the initial height field has
been assumed constant in time over several
houts.

The results of the barotropic forecasts,
which could be compared with barotropic

! On leave from the Danish Meteorological Institute.

forecasts computed without the smoothing
technique, showed the result that the two
methods were very closely of the same accuracy
in the mean. An astonishing fact was, however,
that even the more restricted method could in
certain individual cases result in a better fore-
cast as measured by correlation coefficients
between observed and computed height
changes and by the mean error over the fore-
cast region. It is furthermore known that the
models at present in use in numerical fore-
casting show a too large development in the
sense that the forecast change in the mean
exceeds the observed change (BoLN, 1956
and Do6s, 1956). This erroneous develop-
ment is visible in the forecasts essentially as an
exaggeration of the gradient in the height field,
or in other words: the Highs are too high and
the Lows too low. A part of the fictitious
development in the first barotropic forecast
is due to the application of the geostrophic
assumption as for instance shown by SHuMAN
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(1957). It may easily be shown that the mean
roduction of vorticity in a non-divergent
£arotropic forecast over a closed region
vanishes, while there in general exists 2 mean
production, when the geostrophic assumption
1s applied. This latter production is due to
the divergence of the geostrophic wind and is
measured by the correlation between the
(geostrophic) absolute vorticity and the merid-
ional component of the horizontal wind.
Consequently it is also found (BowLN, 1956)
that the development is somewhat but not
completely surpressed by the use of the
balance equation.

There may be found a number of reasons
that the models at present in use contain char-
acteristic defects. The most natural causes
are probably found by pointing to a number
of physical processes not yet included in
the models. We should, however, also have
in mind that the particular numerical methods
used in the time-integration are not unim-
portant. Several experiments have shown this
(compare for instance KNIGHTING et al., 1957).
The content of the barotropic theorem 1s
simply that the circulation per unit area is
conserved following the area during its motion
in the fluid. This formulation of the baro-
tropic theory is a Lagrangian one. However,
when we compute the forecasts we make no
efforts to follow the small areas initially
occupying the space and represented by the
grid-points. The vorticity in a grid-point rep-
resents the circulation around a square with
the side equal to As. when As is the grid-
size. A number of investigations has shown
that the region which initially is a square under-
goes large deformations in the course of
time (WELANDER, 1955). The greatest deforma-
tion can of course be expected in the regions
of saddle points, but also along a jet-stream
with a large horizontal shear we find large
deformations. In these regions and to some
extent also in other regions there is a tendency
to deform the initial rather regular pattern
into the structure of elongated bands. This
holds not only for the initial squares, but is
also true for the isolines for absolute vorticity.

When we make the barotropic and baroclinic
forecasts by the use of the Eulerian technique
it will be impossible to take the large defor-
mations into account. The stretching is in
some regions so large that the bands disappear
Tellus XI (1959), 2
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between the grid points, and the distribution
of vorticity or any other parameter which
carry the history of the flow is not at all or
only very approximative caught by the grid-
point values as computed by finite differences.
We neglect therefore to some extent the
deformation properties of the flow when
computing with the Eulerian method. Now,
it has been argued that this is not so im-
portant for the following reason. Any time
we construct or compute for instance the
field of absolute vorticity we obtain a rather
smoothed arrangement of the isolines. Con-
sequently, it is argued, there is no tendency
for these isolines to be arranged in bands,
because we would then observe these bands
on the weather maps. Answering this argu-
ment we have to bear in mind that the net
work of observing stations on the Northern
Hemisphere and to an even larger extent on
the Southern has such a small density in space
that we can not represent phenomena which
are on a scale smaller than, say, 1,000 to 1,500
km. We are therefore bound to get a smooth
picture. This does, however, not mean that
we should neglect the deformation properties
of the fields. It has been shown by Fjorrorr
(1955) that the mutual deformation proper-
ties of the height and temperature field in
the atmosphere are in an integrated sense
responsible for a net flow of amplitude
squared in one or another direction of the
energy spectrum. The practical experience
with the graphical prognostic technique which
is essentially Lagrangian has also shown that
the displacements of isolines, which are ini-
tially smoothed, ends up with “energy” on
smaller scales. These smaller scale phenomena
can in general also be verified.

Investigations made by VEDERMAN and Hu-
BERT (1957) have further shown that the abso-
lute vorticity is not conserved during a non-
divergent barotropic forecast. They find
changes in absolute vorticity during a forecast
which amount to about 40 %, of the initial
values in extreme cases and a change amount-
ing to 15—20% is common. It is further
observed that certain isolines completely dis-
appear during the forecasts. This is not the
case during a Lagrangian forecast. It seems
therefore reasonable to fry to develop a
numerical technique which is closer to the
Lagrangian, because the graphical technique
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has not shown the fictitious development. There
may, however, be one reason which partly
explains the less strong rate of development
which is shown by the graphical technique.
This is the method which is used for the
solution of the Poisson or Helmholz equation,
which must be solved in order to obtain
the height field from the vorticity field.
The approximate solution obtained with the
aid of Fjertoft’s method will give a consider-
able underestimate of the amplitude of the
large waves. This may at least act in the
direction of decreasing the change on the
longer scales (FjorTOFT, 1952). This may,
incidentally, be an advantage, because the
recent experiments with barotropic forecasts
on a hemispheric basis has shown that the
planetary waves are not at all well forecasted
by our present methods (MARTIN, 1958). It
has in fact been shown by numerical experi-
ments at the Joint Numerical Weather Pre-
diction Unit in Washington that a large im-
provement in the hemispheric barotropic fore-
casts is obtained by keeping the first four
wave-numbers constant through the fore-
casts. The space-smoothing technique as devel-
oped by Fjertoft does essentially the same
partly because of the technique used in the
solution of the Poisson and Helmholz equa-
tions where a considerable underestimate of
the change in amplitude on the planetary
scale is made, and partly because of the
assumed time independence of the smoothed
field. The barotropic case will because of its
simplicity be treated first.

2. The quasi-Lagrangian technique in the
barotropic case

The barotropic vorticity equation applied
to an isobaric surface expresses simply that
the absolute vorticity is conserved along the
path of a particle. This theorem is not e)iﬁlic-
itly used in the Eulerian integration method,
where we always compute the local change
of vorticity, in this case, only due to hori-
zontal advection of absolute vorticity. As
mentioned in the introduction we shall try to
devise a method, where we explicitly make
use of the essence of the basic barotropic
vorticity equation, i.e. that the absolute vor-
ticity is conserved during the trajectory of
the particle.

A. WIIN-NIELSEN

When we want to follow a particle during
its motion in the isobaric surface, it is not
evident that a rectangular grid is the most
convenient to use, because the successive
positions of the particle in general will run
between the grid points. The relaxation
methods which are used to the solution of
the finite difference form of the second order
differential equations are, however, well suited
for the rectangular grid. We shall in the first
instant try to arrange the numerical procedure
in such a way that we can still use the relaxa-
tion methods without major changes. This is
obtained if we ask for the positions of the
particles which after a certain time end up
in the grid points of the rectangular grid.
Let the Lagrangian coordinate be denoted
(x, y). Let further the Lagrangian coordinates
coincide with the Cartesian coordinates fort=o.
These latter coordinates are denoted (4, b).
The trajectory is then expressed by the two
equations:
dx d
=0 7}; =0 (1)

We shall solve these equations by the Eule-
rian method, i.e.

— = -V VX,

o o_
ot Fr

-v.vy (2)

Provided we know v=v(x, y, ) the
solutions of these equations will give us the
coordinates for the particle which to =T
end up in a certain given point. The problems
regarcfing the finite difference form of these
equations and the boundary assumptions made
for a and b shall not be considered here. A
number of considerations in this respect have
been made by Djuric and WiN-NIELSEN
(1957). It suffices here to say that a number of
experiments have resulted in the conclusion
that the Eulerian solution of the equations
will give the trajectory with a good accuracy,
provided the time-integration not is extended
too far. This is due to the fact that the initial
grid is a rectangular grid, and that the trun-
cation error in the computation of Vx and
Vy in the beginning therefore is extremely
small. Later, however, the initial rectangular
grid is deformed to such an extent that the
truncation error in the gradients of the coor-
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dinate field will play a larger and larger role
besides the truncation error which always
exists, when the wind vector is computed
from a height-field or from a stream function.
It is worth while to notice that the truncation
errors play a smaller role in these equations
because only first order differences are nec-
essary, and also because the scale is large of
all quantities which enter the computations.
It is further an advantage that the truncation
errors enter in the coordinate fields (i.e. the
positions of the particles) and not in the
physical parameter (here: the absolute vortic-
ity) which determine the dynamic develop-
ment of the flow.

By computing trajectories from the equa-
tions (2) in a stationary field it was found
that the truncation errors are quite small.
A particle, which initially has a position on a
certain isoline, should in a stationary field
stay there. The tests show that it is very
nearly so.

Let us then to a time t=T consider the
particles which are in the grid points of a
rectangular grid. From the solutions of the
equations (2) we will know the coordinates
o% these particles to t=o0. The positions to
t=0 will in general not be in grid points.
In the barotropic case we are then faced with
the problem to determine the absolute vor-
ticity for the particle which to t=T arrives
in a grid point. We shall first compute the
relative vorticity.

Let now A, B, C and D to t=0 be the posi-
tions of the particles which to t=T occupy
the grid points Ar, By, Cr and D (see fig. 1).
The trajectories are denoted AAr, BBr etc.
Any trajectory can as a curve be characterized
by the three parameters 4, b and t where 4
and b are Lagrangian coordinates. A para-
metric representation of a trajectory can there-
fore be given in the form:

x=x (a, b, 1), y=y (a, b, 1) (3)

Fig. 1. Schematic picture showing the initial positions
A, B, C, and D of the particles, which to the time =T
arrive in the position Az, By, Crand D,

Tellus X1 (1959), 2
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Let the coordinates forAr, Br, Crand Drbe:
Ar: (ar, br), Br: (ar+0a, br),

Cr: (ag+8a, by + ), Dr: (ag, by +0b).

The particles which to t=T are on the line
through Ar Br, are to t=o0 situated on the
curve through AB. The parametric representa-
tion for this curve is:

x=x(a, br, 0), y=y(a, br, 0)

The coordinates for A and B are especially:
A: (x(ar, br, 0), y(at, bT, 0))
B: (x(ar+6a, br, 0), y(ar+0a, br, 0)
The infinitesimal vector AB is:

- [Ix, Iy

AB= (;7-;&1, 2 6a>

In a similar way we obtain:

e dy
Bc_<{-7; 56, %ab)
oo (%0, 2
CDh= <9a6a, 3a6a>
_ X dy
DA- - <%6b, %611)

The coordinates of a particle are:
(x (a, 5,6,y (ab,0)

The velocity for a particle is therefore:
oy
o ot

With these expressions we are now ready
to compute the relative vorticity by the aid
of the circulation thereon:

=5j—‘1 §v-or
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The circulation is:

(5 g (22
v 6r_<(7t 9a>P6a+< . a>P6a
05\ 4y (97 oy
*(35 %>Qab+( / b>oab
(X% s <@’ 2\ 6a
t da /g t da/r
2\ (2 9y

_{i("_x‘?_x 9 (Iy9y

R AR A Y

_ 9 (xax\ 2 &'9_7}
9b<at9a> 96(9! 9a) 8adb

(7> Iy }

—{j<9t,x> +]<2t,y> dadb

If the flow is considered non-divergent,
there will be no change in area, i.c.

0A=23a 8b=const.

Consequently:
J Jd
g (G ) a(Fr) W

It should be noted here that

da If Ja IB
](“’/3)=(7—a 3% " 9b 94

The derivation has been given in details
here, because the Lagrangian system seldom
has been used in numerical forecasting. It
has further been preferred to use a geometric
representation instead of the formal derivation.

In actual computations it is necessary to
use a certain wind-approximation. We shall
in the following suppose that a stream function
or a quasi-stream function has been computed
from ecither the complete form or a simplified
form of the balance equation. This stream
function will be denoted yp=1yp(x, y, ).

A. WIIN-NIELSEN

3. On the application of space-smoothing
in the barotropic case

As mentioned in the preceding section we
want at first to keep the relaxation methods
essentially unchanged. We must therefore find
the initial positions of the particles, which
after a certain fixed time T end up in the
grid points of our rectangular grid. Further,
in view of the results obtained earlier by the
use of constant space-smoothed fields, and in
order to keep the numerical computations
rather simple, we shall first outline a method,
where the trajectory method can be combined
with the space-smoothing technique. The use
of this procedure will simplify the computa-
tions and will probably not decrease the
accuracy of the forecasts very much.

In the carlier experiments it was in the
barotropic case considered necessary to neglect
certain variations of the Coriolis parameter in
order to obtain the most simple forecasting
equation, containing only one Jacobian. We
shall in this case define a smoothing operator
which is slightly different, but avoids the
difficulties with the variable Coriolis param-
eter.

The barotropic vorticity equation is in the
non-divergent case:

‘;—f= (9) n="p+f (s)

Let us define an operator:
) !
PN =yp+ 7 (6)
N

When (6) is introduced in (s5) we obtain:

(;—f=J (n, ) (7)

or

%f= — VN vy, v =k x 7y

which is equivalent to:
o, —=3 +viN .7 (8)

(8) says that the absolute vorticity is conserved
in the velocity field determined by the smooth-
Tellus XI (1959), 2
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ed field. The smoothing operator (6) can in
finite differences be written:

(45 (

aN

I
M =yp+ a5 W2w+f>

or

A 2
N IN

where apn has been written an/(4s)?, an being
a parameter, which determine the smoothing.
Tlge last term has a zonal distribution only
depending on f and corresponds to the J(g)-
function used by FjortOFT (1952). The term
is easily computed when f is known in the
grid points.

It 1s probably worth while to point out that
although small the effect from the last term
should not be neglected, because it is system~
atic. The isolines for the term have a pure
zonal distribution with a high value on the
North Pole and zero at the Equator and
represents therefore an anticyclonic circulation
around the pole. The strength of this circula-
tion is measured by the wind in this circum-
polar anticyclonic vortex. The wind is

L2 ()@

—_(—7; aN R.x

cos @
For a value of As=600 km and an=4 we
obtain #p~1.5 m sec~? in middle latitudes.

The author has earlier investigated a smooth-
ing operator defined by the two first terms
of the expression for ™. A value an=4 is
generally used and represents an optimum
value in the sense that an <4 gives amplifica-
tion on certain wavelength. For later use in
this paper it is interesting to investigate the
effect of different values of an. Assuming a
Fourier expansion

2ai (i+ l)
rw = z'wm”e Am  ¥m

we get for the reduction factor A for the differ-
ent wavelengths:

A=<1——4—>+i cos é 27
an AN A.

where it has been assumed that 4, ~ v, ~4
Tellus XI (1959), 2
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Fig. 2. Curves showing the degree of smoothing as a

function of wavelength for different values of the con-

stant gy=1n the smoothing operator. The full curve with

open circles corresponds toay =4, with black circles to

ay=6. The dashed curve corresponds to av=8 and the
full curve without marks to oay=16.

Fig. 2 gives A as a function of wavelength
for different values of o

When p™ now is assumed constant in time
for some hours, we need not to recompute
the stream function in every time step. We
can then integrate the trajectory equations in
the following form:

xT+I =xT" ! 4 ZAtJ(x1’ W(N))
yr+I =y"‘l + ZAtJ(yrv ’P(M)

The computations can be performed using
these equations until we have the positions of
the particles to a time ¢t=T (T~12 hours).
We know then the initial positions of the
particles which to ¢= T occupy the grid points.
Equation (4) is not direct{)y suited for the

. .. X
computation of the vorticity, because =~ and

at
dy -
¢ are not explicitly known. We get, however,
an expression for the relative vorticity, when

we eliminate % and %% by the aid of the

equations:
Ix D
5 = Jx ) 5 =)

We obtain:
E=J U v, )+ U@ ¥), )

When this expression is evaluated we obtain
the following formula for ¢:
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This rather complicated expression is easily
transformed into finite differences, if only
the values of ¢ are known in the initial posi-
tions of the particles. These positions will in
general be between the gridP points, but an
interpolation between the known initial values
in the grid points will probably be sufficient.
This interpolation can be performed in the
following way: Let us for simplicity denote
the grid size by 1, and let P=(p, q) (see fig. 3)

i 4 o

- "
|

q {

|

}

15 I
Fig. 3. The points and notations used in the interpolation
of the streamfunction.

be the point in which we want an interpolated
value of the stream function. One finds then
easily that:

yp=(1-p)(1-Qpi+p(1-qQyu+
+ pqym + (1 - p) qyv (10)

The complicated expression (9) needs to
be used only every time we are forced to
solve for the stream function either because
we no longer can assume that the smoothed
value is quasi-constant in time, or because the
deformation in the coordinate fields x (a,
b, t) and y (a, b, t) has been so great that the
finite difference form of (9) will give too
great values for the truncation errors.

It is interesting to note that (9) is always an
elliptic expression if o is considered as the
unknown, because:

G- GIGY- @)
_ [ax dy I Q]2= [g)_c Iy x 9y]2

Ja b 92 9 Ja 96 b 7a

NIELSEN

dy oy 92_'/’_[ ox\* (9 2]2”&,

da b | dadb Ja da ob?
[9257_’_@221&’_225 Z’f_ﬂa_y]‘l'/’ (9)
J6% Ja T bt da Jadb 96 Jadb b |9 VO

This property is unimportant in the present
formulation of the problem, but will be im-
portant, if we want to follow the particles
which initially occupy the grid points. In
this case we will have to solve (9) for y with
the left side equal to &y+f,—f.

The computation of the relative vorticity
from (9) may of course be replaced by a

. . dx J .
direct evaluation of J (—a—t, x)+] :7%" y) if
this is more convenient from the computa-
tional point of view.

The steps in a numerical integration of

the system put forward in this paragraph
would follow the scheme:

1. The stream function is found.

2. Smoothing of the stream function by the
aid of (6).

3. Evaluation of x® and y* keeping 3™

constant in time. This process is continued

up to approximately T'=12 hours.

Interpolation, using expression (10).

. Evaluation of the initial relative vorticity

¢y using (9)

Computation of f, —

Solution of v2ypT={,+f,—f

Next, the steps are repeated from step 2.

v

6.
7.

4. Boundary conditions in the Lagrangian
integrations
Special problems appear concerning the
boundary conditions in the cases treated in
section 3. A number of experiments regarding
the boundary conditions in the trajectory
problem has been performed by Djuric and
the author. Other experiments are reported by
BENTON (1957). The best results were obtained
by Benton in the cases when the boundary
values were computed using an extrapolation
from the values inside the region. If this
system is adopted, one should have the same
boundary conditions for p, x and y. If we,
however, use the first system, in which y is
kept constant on the boundary, we need
boundary conditions for x and y, which are
in consistence with the one for y. The most
Tellus XI (1959), 2
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convenient conditions are probably those
proposed by Benton.

5. The general barotropic case

In section 3 we have taken advantage of
the assumed constancy of the space-smoothed
field. By this assumption we could keep
track of the individual particle which ended
up in the grid points by computing “back-
wards” in the constant field and obtained in
this way the knowledge of the relative vor-
ticity after the time T in the points of the
rectangular grid. This procedure cannot be
directly transformed into the general baro-
tropic case, when we do not use the space-
smoothing. It should be noted that the method
in section 3 is only quasi-Lagrangian in the
time interval T. When a new period is started,
we do not follow the same particles any
longer, but ask then for the positions of the
particle which after the next period arrive
in the grid points.

A more general, but also more complicated
numerical scheme can be arranged, when we
give up the smoothing technique and the
“backward” computation. We try in this
case to follow the particles, which initially
are situated in the grid points. Initially we
can therefore compute the relative vorticity
by the usual finite approximation formula.
The different steps in the general time step
may then be the following:

1. The displacement is computed from the
following equations:
X7 = &7+ 248 ] (7, x7)

Y=y 28] (v )
2. The Coriolis parameter f*** in the point
(x*+1, y*+1) is computed.

3. The relative vorticity in the new position is
computed:

C1+I=¢t+fz_ft+1

4. The field y*** is computed by solving
the equation:

187

This equation is closely connected with (9),
only are the signs of the different terms
changed, because the formula now appears
by developing the expression

1(5) (30

Ix dy .
and o and > has changed sign.

5. The next time step is then started from
step I.

It is obvious that this system will work
rather slow because the solution of the equation
in step 4 for y will be rather complicated.
The equation is, however, as mentioned
always elliptic, and a generalization of the
usual relaxation method will most probably
converge.

When the boundary conditions are treated
in a way similar to the one discussed in the
last section we will after a number of time
steps end up with the information of the posi-
tion of the particles and the corresponding
values of the stream function. The stream
function value must then be plotted in the
point of position of the particle and the
resulting map has to be analysed as a usual
meteorological chart, when the points of
position act as the sounding stations.

It is not necessary to recompute the height
field, when the forecast is finished. The wind
values in which we are mostly interested can
be computed directly from the stream function.
It is naturally important that the regions of
interest are removed sufficiently from the
initial boundaries in order to be sure that the
final forecast will cover the region, and also
such that the region of interest because of
boundary errors are in some distance of the
final boundaries.

(&) (2) ) 2o 2 e ) 2o [ (2)' (2)] 22 -
Ib ) | oa® da b Ja Ib | dadb [a—a da) | ob?

(Zroe oy e x ey oo
da

92 96 T 9@ b Jadb Ja  9adb da
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6. The baroclinic case

It is essential for the application of the
methods outlined in the preceding sections
that a conservation theorem forms the basis
for the time integration, and it has further
been used that the horizontal flow can be
assumed non-divergent. The baroclinic case
may be treated in a similar way if we can
formulate the prognostic equations as con-
servation theorems.

We shall in the following derive a two
parameter model, which physically is equi-
valent to the greatest part of the models
which have been used in numerical forecasting.
The essence of this model was given by Fjor-
toft on the conference on numerical fore-
casting in Stockholm, June 1957. The treat-
ment given here will be somewhat more
general in one respect. It was assumed by
Fjortoft that the same smoothing operator
with the same value for the parameter oy
(eq. 7) could be used for the space-smoothing
of the height field and the thermal field. It is,
however, not a priori given that it is the
same scale which we want to eliminate in
the two fields. Unfortunately, there exist no
detailed investigations of the spectral distri-
bution of the kinetic energy on different
pressure-levels in the atmosphere, and especially
of the flow of energy from one scale to
another. Kuo (1953) has from perturbation
theory shown that the smaller scales will
dominate at the lower levels, while the
larger scales will occupy the higher levels
in the troposphere. This distribution coincides
with the general synoptic experience, al-
though one should be careful with the con-
clusions, because our knowledge of the flow
at higher levels is still limited because of the
sparsity of data at these levels. The larger
scale is obviously the one which is represented
most accurately on our maps for 300 and 200
mb, while the density of the surface observa-
tions makes it possible to represent also the
smaller scales. Untill more information is
obtained regarding this question it seems
reasonable to keep the possibility open, that
different scales should be removed from the
height field for the mid-tropospheric level
and the thermal field. If Kuo’s results can be
applied, the thermal field will contain the
smaller scales, because it in the model 1s

A. WIIN-NIELSEN

obtained as a difference between the height
fields at a high and a low level.

It has been shown by THOMPsON (1956)
and is inherent in the SAwyER-BUsHBY model
(1953) that the vertical velocity has a zero point
approximately at the level where the hori-
zontal wind assumes its maximum value close
to the tropopause. We shall adopt these results
and assume as boundary conditions that w ~ o
for p=1,000 mb and p=200 mb, the 200 mb
level being the level where the horizontal
wind most likely has the maximum.

We shall denote the levels in the following
way: The pressure levels 200, 400, 600, 800
and 1,000 mb will be denoted by subscripts
o, 1, 2, 3, and 4. The vertical boundary condi-
tions are then:

®y=0 and w,~0
The vorticity equation shall be applied in the
following simplified form:

In

dw
Z+V'V7]=f(7—P‘ (IZ)

where the vertical advection of vorticity and
the “twisting” term has been neglected, and
further the absolute vorticity has been approxi-
mated by the Coriolis parameter when it
appears undifferentiated. These neglections
and approximations are consistent with each
other, when certain integral constraints have
to be satisfied (WnN-NIELSEN, 1959).
We shall further apply the adiabatic equa-
tion:
dn@ d 9

J
HET_O,EE_Z+V.V+Q)7)}—7

(13)

and the hydrostatic equation:

9% _

——=—q

P (14)

The adiabatic equation (13) can by the aid
of (14) be written in the following form:

§t<§_¢> +v-v<§—¢> —wcxal;—@=0 (15)
P P P

Tellus XI (1959), 2
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If we now further introduce a geostrophic
stream function! y by the two relations:

2 =£ V2 _._I. vj
Vip f ‘ﬁ fz V¢ f
dp_194
dp fop

we can write (15) in the form:

ot \Jp ) CF o T

which is the form in which we will use the
adiabatic equation.

The vorticity equation (12) is applied at
the levels 1 and 3 and vertical derivatives are
approximated by finite differences:

(16)

(17)

J w
*;7?1+V1‘V7h=f?2

(18)
where P= 400 mb, and

an 1)
7;3 + Vg V3= _sz

(19)

The adiabatic equation is applied at level 2.
We use here

M Y-y YT B
I =5 =~ p where yr =19, — y, (20)
and obtain:

(71/!'[‘

7+v2-vzpr=k'1éw2 (21)
where

Pz 9In@
k= 5 a o (22)

The quantity k is closely related to the
vertical stability and will in accordance with
the approximations used in most baroclinic
modei be assumed quasi-constant.

The velocity v, in the horizontal advection
term in (21) can be replaced by either v,

1 The two relations (16) are not consistent with each
other which can be seen by differentiating the first rela-
tion partially with respect to pressure and taking the
horizontal Laplace-operator by the second. The incon-
sistency is not considered important.
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or v, if it in consistency with our evaluation
of vertical derivatives is assumed that
vy == (v +Vy)

(23)

I
2
We get then:

Vo VYT =V, VYT
and

Vo VYT =V3 VYT

We may therefore write equation (21) in

the following form:

dy (vr d. T

§)-40) 4o o
where

é=2 +v, -V é'=—41~v v

d Y T dt o P

The equation (24) may now be combined
with (18) and (19), respectively, and we get:

d d
j(m—%) =o, j(ﬂﬁ%) =0 (23)

Again, in accordance with our assumptions
about the vertical variation of the horizontal
wind we can write:

P P
=1+ <§ ET"%)
B=1; +w_]:=52+f_§' g+t =

e (tir%)

The equations (25) are now the two con-
servation theorems which expresses that the
quantities A and B as defined above are indi-
vidually conserved in the horizontal flow at
the levels 1 and 3, respectively. We may
shortly write:

4ha_oA
dt ot

ds5_o8
dt ot

+v,-vA=0

(26)

+vy-vB=o0

(27)
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The development at the two levels 1 and 3
is coupled through the close relationship
between the two quantities A and B. It will
in the numerical integration of the equations
(26) and (27) be most convenient to use the
flow at the level 2, determined through the
stream function #, and the flow in the ther-
mal field characterised through the stream
function yr as the two parameters, which
carry the history of the flow.

7. On the application of smoothing in the
baroclinic case

The introduction of smoothing may in
the baroclinic case be performed in a way
analogous to the barotropic case. As men-
tioned in section 6 we shall keep the
possibility open to apply different smooth-
ing parameters on the two fields y, and yr.

Provided that the thermal field yr contains
more energy on a smaller scale than the field
, it is most convenient to define the smooth-
ing operators by the following expressions:

(N) — 7]2 8
v, Y2 + an — ¢ (2 )
and
¢
y =ypr+ (29)
aN

o has the same meaning as before, while ¢
is an arbitrary positive constant.

The introduction of the smoothing opera-
tors (28) and (29) into the forecasting equations
(26) and (27) is demonstrated below for (26).
We write (26) in the following form:

JA I
2= (A, Yot WT>=

- I ta
_J <A, 1/’2+2 ’(PT+aN A)

when ¢, is an arbitrary parameter to be deter-
mined later. When the expression for A is
substituted into the last term of the second
component of the Jacobian we obtain:

JA ) S
lngit Ny fI_tAN,
It (A’ v <2 kaN> vro

ty 1 ta I ta
L)t (- — + 2y
an an-—-¢ 2any  2an  kan

A. WIIN-NIELSEN

The parameter f, is then determined in such
a way that the coefficient to {7 becomes
zero, 1.c.

kax

fg= —p—
4 2+feaN

The local change of A can with this value of
t4 be written:

a4 I
L e L

. k k
kaN+ 2 - kax— k( 2

Denoting now:

kan+ 2

and
k k

U= AN <kaN+ 2 kax - k)

we can then write the formula above as:

24 _
o

I
A, (N) + (NY _
< Y qyr 2r an 772)
Noting now that

J(A, B)=](A, A+B)=2 J(4, n,)
we can also write:

94 _ ) o _, L
5= <A,wz +qve =1 — B (30)

(30) expresses that the quantity A is individ-
ually conserved in the field:

1
) )
+ -r— B
(2 ®¥Yr N

With the usual assumption that 9™ and
v§ are varying so slowly in time that this
variation can be neglected for some hours
the only rapid varying term in the advection
field is the ﬁst one.

The second forecasting equation (27) assumes
the following form, when a derivation sim-
ilar to the one demonstrated above is per-
formed:

JB 1
> (B, v gy -1 A) (31)

Tellus XI (1959), 2
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The equations (30) and (31) form the basis
for the forecasts. The simplicity of the equa-
tions make them extremely convenient, if an
Eulerian procedure can be used. In that case
it is only necessary to solve the different
equations once in the time-period T, in which
w® and @ can be assumed constant. If,
however, a quasi-Lagrangian system should
be used the procedure becomes more compli-
cated. A possible numerical scheme for the
integration is given below.

1. The fields 3§ and 4§ are computed, and
Y + gy and ¥ — qyiare formed.

2. Initially 4 and B can be computed from
the finite difference expressions and the
two advection fields can be computed.

3. Two coordinate sets (x;, y;) and (xg, y3)
are introduced. In the general time step
the changes in the coordinates are com-
puted from the formula:

I
xf“=x’{‘1+2At_]<x'l, Y + gl - ra—z_vB>

and the formulas analogous to this one.

4. The next problem is to compute the values
of A***and B**! in the points (x?*1, y7*1)
and (x%*1, yi*1), because these values have
to be used to correct the two advection
fields in the grid points. The fields A and B

are, however, of such a large scale, because

i

they contain the term f, that an inter-

polation directly between the grid points
probably is sufficiently accurate. If this
should not be the case, an interpolation in

the fields o, +§ wr and vy, —; yr must

be made, and a procedure similar to the
one outlined in section 3 has to be used.

5. The advection fields are corrected by add-
ing the term

a—r- (BT - B *1) to the upper field and the term
N

—'—(A’— A1) to the lower field
an

6. If the time T is not used, the computation
is started from step 3 again and repeated
up to the time T. When this time is used,

Tellus X1 (1959), 2
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we have the values of A and B in the grid
points. In order to compute the correspond-
ing stream functions we have to solve
the two simultaneous equations:

I vr
V2y)2+f+—2—V2‘l[)T—?=

I T
vy, +f—;v21pr+1%=B

Adding and subtracting the two equations,
we get:

V= —(4+B)-f  (32)

2
viypr-pyr=>(4-B) (33)

These equations may then be solved by the
usual relaxation methods.

It has been found convenient not at this
stage to complicate the derivations by the
additional problems which arise, when the
formulae will be applied to actual computa-
tions. Finite differences have only been in-
troduced at a few places, when necessary,
and no attention has been paid to the map-
magnification factor. It will, however, ﬁc
illustrating to compute the numerical values
in the baroclinic formulae in order to see
that they have a convenient order of magni-
tude.
2ln @

Ip
the standard atmosphere a value of approxi-
mately 1.88 m3 t~! cb~1. With this value the
parameter k takes the value k=30,08 x 1010 m?,

The vertical stability 6= -« has in

o I
ay = A_Isvi =—x30"1 m-2? when As~ 600

6
km=6x10® m. When we finally put c=
=¢,/(45)?, ¢, =2 we obtain for the two con-
stants which determine the smoothed advec-
tion fields
~0.36

and 1

r~0.40

oy =6 and ¢; =2 mean that a wave with the
wavelength L=2,400 km is smoothed com-
pletely in the field y,, while the most effec-
tive smoothing in the thermal field appears
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on a wavelength L=1,800 km. The practical
application og the quasi-Lagrangian method
will give information about the most appro-
riate values for ay and ¢,.
The finite difference form of the quantities

L Aad 1B are given by the following
aN an

expressions, where again the map-magnifica-
tion factor is neglected:

T a1 o2 (ds)?

aNA anw2+ o f+
I ey (A9

+2aN v ¥r (ZNk yr

g 1T (As)?

an aN N

(4s)*
—_ 2 +
20N VYT ank ¥r

(4s)?

&N

The numerical value of the coefficient

is with the value above approximately I

It is further of interest to find the numerical
value of the coefficient to yr in the Helmholz
equation in (33), when this equation is brought
on the finite difference form. We get then:

,A-B
2

WZWT_

2L yr(a9

With the values mentioned above we obtain
2 (ds)?
k
the convergence of the relaxation for equation

(33) will be rather fast.

Finally, it should be mentioned that a com-
putational scheme corresponding to the one
in section § has not been constructed for the
baroclinic case, when no smoothing is applied.
The procedure becomes somewhat complicated
in this case and it remains to be seen whether
the technique will give any improvement in
the barotropic case.

~ 2.4, a value which assures us that

8. On the influence of the space smoothing on
the phase speed of simple harmonic waves

The extensive use which has been made

of the graphical technique in physical weather

A. WIIN-NIELSEN

prediction in the last years makes it interesting
to investigate in which way the speed of the
atmospheric waves is influenced by the assumed
constancy in time of the space-smoothed field.
In the following we shall try to deal with
this question in the barotropic case for cer-

tain simple flow-patterns.
In section 3 it was shown that the baro-

tropic vorticity equation
X’

N - (3 4)

(n, ), n="2p+f

exactly may be replaced by the equation

i 1
A (N) (N) — —
5 J(n, ™) g Yo

(35)

(34) will have solutions of the form

y(x, pt)=-Uy+Asink (x-cf) (36)
when ¢=U-B/k?, and B=20f/dy is considered
as a constant.

It is the purpose in the following to investi-
gate the solutions to (35) and especially to see
which difference there exists between those
solutions and the solutions (36) for different
values of the wave number k when the space-
smoothed flow p™ is kept constant over a
certain time interval.

For this purpose we need first to compute
the space-smoothed flow. We shall not at
this moment be concerned with the differences
which are introduced because of finite differ-
ence operations. With this in mind we obtain

from (36)
¥y = - (U- )y

+A<I—E> sin k(x — cf) +const.  (37)
an,

In the derivation of (37) we have treated the
Coriolis parameter as f=f*+fy, where f*
and B are assumed to be constants.

Suppose further that any=Fk;, where k, is a
certain wave-number. The displacement field
is then

P =y (x, y, 0)= - (U—-,f%) y+

1
L2
+A<I—k_"’> sin kx (38)
1
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The procedure which will be used in the
following is similar to the one which is used
in the practical application of Fjgrtoft’s meth-
od. The displacement field »™ is used to
find the approximate trajectories. We know
then the position (x, y) of the particles which
to t=0 is situated in a certain point (x, y,). In
the next step we use the condition that the
absolute vorticity is approximately conserved
along the computed trajectory, and we know
therefore also the distribution of absolute vor-
ticity to this time. From this knowledge we
will be able to compute the streamfunction
by solving a Poisson equation.

The first step is to compute the trajectories
in the field (38). The analytic expressions for
the trajectories is obtained as solutions to the
two equations:

dx

-y = -
A '=U-33=¢

= (39)

d k2
Hlt VM =kA (1 - k—§> coskx  (40)

The solution to (39) is
(41)

xXx=xo+¢t

while (40) has the solution:
y k2 3
Jdy=1kA (I - P) J cos k(xy+c,t)dt (42)
Yo 1/ 0
which leads to

}'=}’o+é (1 _Ez> {sin kx - sin k(x—clt)}
Cl k].
(43)

The next step is then to equate the absolute
vorticity which to t=o0 is situated in the point
(%o yo) to the absolute vorticity which to
t=t 1s in the point (x, y). This condition is ex-
pressed in the equation

vip* +f= (v29)e +fo
which leads to
vip* = — k2Asin k(x — ¢ f) -

/:-Tﬁ (I - lz-;>sin kx +%§ (I - le,;—;)sin k(x — 1)
(45)

(44)
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Apart from a possible linear function in y we
can directly integrate (45) and obtain:

y*(x,p,1) = A(I - g[@ - é])sink(x- af) +

A1 .
+ —c?ﬂ [k—z - kif] sin kx (46)

From the solution (46) we notice first that
if k="Fk, we obtain the correct solution because
in this case we have

y* = A sin k(x —¢t) (47)

which coincide with the x-dependent part of
(36) for k=k,.

Next, we notice that the solution also be-
comes correct if the wave number coincide
with the one corresponding to the stationary
wave, i.e. k=k, when k, satisfy the relation

k.= (p/U) (48)

For this choice of k& we obtain
E[i_i]_ﬁ[g_i]_
oLk K —‘1 B k3 -

B
_ﬁ[cﬁg I]_
TalTE RITT

and (46) reduces to

yp*= A sin kx (49)

For all wave numbers different from k, and
k, we will not obtain a correct solution. In
order to obtain measures of the error introduced
by the assumption ™ (x, y, £) =™ (x, y, 0)
we shall for convenience introduce the nota-

tion
_B _k_2>
“‘clkZ(‘ i

The expression (46) may then be written

(s0)

p* = A(x —a) sin k(x —¢,t) + Aa sin kx (1)

By the aid of ordinary trigonometric for-
mulae (51) may be written in the form

p*=R-A-sin k(x - ut)

(s2)
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Table I
L km 3.000 | 4.000| 5.000| 6.000| 7.000| 8.000| 9g.000 10.000 12.000 14.000
R 0.92| 0.88| o0.89{ 093 | 1.00 | I1.07 1.15 1.24 1.43 1.55
m sec~t 16.8 | 14.0 9-5 4.5 04 |—49 | —104 | —150 | —272 — 395
m sec? 16.4 | 13.6 | 10.0 5.6 0.4 |— 5.6' —12.4 — 20.0 — 37.6 — 58.4

The expressions for R(f) and u(f) are given
by

R =[(1—20+26%) + 2a(x - ) cos ks (53)
and

(1-a)sinke t
a+(1—a)cosket

tg (uky 1) = (s4)

To a certain fixed time, which in the following
numerical computations is put equal to 12
hours, R measures the error in the amplitude,
while g, according to (s2) gives the apparent
phase-speed. A comparison between u and ¢
will show the error in phase-speed.

Table I contains numerical values for R, u
and ¢ as a function of wave length. The values
in the table are computed for L, =2,400 km,
Ly=2n/k;, U=20m sec! and §=1.6 x 10711
m~? sec™], corresponding to 45° N. z and ¢
are expressed in the unit: m sec-1, while R
is non-dimensional.

It is seen from table I that the error in
amplitude is at most 12 9, for L=4,000 km
for the waves with a wavelength between
2,400 km and the stationary wavelength. For
these waves it is also seen that the difference
between p and ¢ is numerically smaller than
0.5 m sec~l. However, when we consider
waves with a wavelength larger than the statio-
nary one, we observe that the errors in ampli-
tude may become quite large. With regard
to the apparent phase speed we observe also
quite large differences. The general tendency
is, however, that the negative values of u
are numerically smaller than the values of c.
This means that the retrogression of the
longer waves will be smaller in Fjortoft’s
method than the computed retrogression in a
numerical integration of the barotropic vor-
ticity equation.

The fast retrogression of the long waves
predicted by the barotropic theory is, however,

not observed in the atmosphere. We should
therefore not be too concerned with the large
values of R and the large difference between u
and ¢, which appears for L> L, Different
“stop-gap”’ methods has been suggested to
correct empirically for the large errors due
to the retrogression of these planetary waves
(WorLsr, 1958).

For values of L < L, we find that the errors
due to the main assumption ¢ =¥ are rather
small, especially with regard to the phase-speed.
Althoug]fl the present elementary computa-
tion does not allow nonlinear interactions,
because U is constant, and because we only
consider simple sinusoidal waves, it still shows
that the results of integrations, performed
with Fjortoft’s methods probably will be of
about the same accuracy as a time-integration
as they usually are performed on an electronic
computer. Earlier comparisons (FjerTOFT,
1956 and SIGTRYGGSSON and WIIN-NIELSEN,
1957) have in fact shown a close correspond-
ence between such different integrations.

The considerations in the precec%ing sections
have assumed that the smoothed field was
computed using the differential form of the
smoothing operator. In actual practice this is
not the case. On the other hand, ™ is com-
puted using a formula of the form:

f4

f(ds?
an

(ss)

. 1
PN =y +— T2+
AN

In order to investigate which effects this
fact may introduce in the computations we
shall consider a case where the assumption @™
=y is exactly fulfilled. We consider a
streamfunction

yx )= -Uyr+
+ A, sin ky (x — ¢f) + A, sin kg
with k= (B/U)*.

(s6)
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L
For an=2 and As=—- =21 we find that

2k,

the smoothed streamfunction becomes

wom (024 .

+ A, cos ks sin kyx +f°($)—2

(56)

which is independent of time. Denoting ¢* =
(4s)?

=U-—+ B we find as before the trajectories

in the smoothed field from the equations

ke _
dt

*, x=x,+*t

(57)

‘%= Vo =25 sin (ak,ds) cos kox (s8)

where V™ also has been computed by finite
differences in the usual way. The integration
of (58) leads to

A, .
Y=Yot gz, S0 (2k;Ads) -

. [§in ko — sin ky(x - ¢* - £)]

(59)

We may now again integrate the equation
corresponding to (44), and we obtain in this
case:

vip* = — kA, sin kyx, — kA sin kg +
+ B(yo~7) (60)

This equation has a solution which apart
from a linear function in y may be written:

B

*_ A o _x .
p*=A, sin ky(x-¢ t)+2k§’c*As

y | b
sin (2k,4s) A; sin kx + A, ( I 225 A,

-sin (zk,As)> sin ko(x—c*r)  (61)

In the comparison between the solution (61)
and the exact solution (56) we notice:
Tellus XI (1959), 2
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1. Because of the finite differences we get a
wave-speed

*= U—(A—;)—z B (62)
which shall be compared with
_u_ By aldsp
cl_U_kf_U - B (63)

From (62} and (63) it is seen that

& <q (64)
indicating that the wave-speed is too small due
to finite differences.

The percentual error for different values of
U and for a value of § corresponding to 45° N
is given in table II below.

Table II

U msec™? 10 20 30 40 50

—k
x clﬂ <100 %l 7.5 33 2.1 1.5 1.2

2. From (61) we notice further that a wave
with wave number k; but moving with the
speed ¢* is introduced. The amplitude of this
wave is, however, in most cases considerably
smaller than the amplitude of the stationary
wave. The ratio R4 between the two ampli-
tudes, measured in per cent, is given in table I1I
for different values of U.

Table III gives at the same time the amount
with which the amplitude of the stationary
wave is decreased in the forecasts.

Table III
U msec? 10 20 30 40 50
R, 8% | 5% 3% | 2% 2%

The considerations mentioned above shows
that only small errors are introduced because
of the finite differences. We have therefore
been justified in the application of the differ-
ential formulae in tﬁe first parts of this
section.

9. Conclusions

It has been shown that a quasi-Lagrangian
technique can be used in the models at present
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most commonly used in operational numerical
forecasting. The procedure becomes extremely
simple when combined with the space-smooth-
ing technique.

An advantage of the method is that it assures
us that the properties of the fluid which should
be conservative also remain so during the
forecast within the accuracy of the finite
difference approximation used, and further the
method assures that the deformation properties
of the flow are taken intonsideration in a
better way than in an Eulerian technique.

The possibilities of the technique need to be
investigated by application to practical cases
which also have geen treated with the usual

A. WIIN-NIELSEN

numerical technique. Numerical interations
using a system which in many respects is
similar to the one outlined here is being
prepared by Mr. @kland at the Norwegian
Weather Service, Oslo (oral communication).
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