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Abstract 
A theoretical study is made of the size distribution of small particles or drops in the atmosphere 

as produced by vertical motion and coalescence. It is demonstrated that a power-law distri- 
bution is a possible solution both in the time-dependent case, when conditions are assumed 
to be spatially homogeneous, and in the steady state case. The theory is in special applied to 
cloud droplets falling and coalescing under the effect of gravity and Stokes friction. In this 
case it is found that the frequency distribution falls off as in the time-dependent case and as 
r r S  in the steady state case, r being the radius. A comparison with observed size distributions of 
droplets in the range 20-80 microns given by WEICKMANN and AUFM KAMPE indicate that, 
on an average, the r-6-distribution and the r-a-distribution are reasonable approximations for 
fair weather cumulus clouds and for cumulus congestus- and cumulonimbus clouds, respec- 
tively. In the time-dependent case the theory predicts that the concentration of droplets of a 
given size should change inversely to a linear function of time. After a definite time T, infinite 
concentrations are reached and the model breaks down. This characteristic growth time is in- 
versely proportional to the initial concentration of particles. For the mean concentration of 
cloud droplets given by Weickmann and aufm Kampe, T takes on values of the order 150 
seconds, assuming that only droplets which differ in radii less than 10 times coalesce. 

I. The basic equation 
Consider a distribution of particles or drops 

in the atmosphere having the frequency distri- 
bution n(m, z, t ) .  n(m, I, t )  d m  should then 
ive the number of particles per unit volume 

faving a mass between m and m + Am, at a 
height z and at a time t. The distribution is 
assumed to change in time due to falling and 
coalescence. The total change of ndm is given 
by the equation 

dn an a1 I - d m  = - d m  + w(m)  - Am= 
dt at a2 

=. /p[ r (mJ  2 +r(m,)lZE(m,, m,) lyrl. 

- J H m d  + r(412E(m,,  m) [;;;I. 

m 5 ml+ m, 5 m +  Am 
- (m1, m,) n (4 12 (m2) dm1, dm, - 

nil - o 

- (ml, m) n (m,) n (m) dm, d m  (1) 

Here r is the radius of a particle, E is the 
collection efficiency (the fraction of articles 

tive speed between two colliding particles, 
on colliding paths that coalesce), vr  is t ?l e rela- 
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averaged over all occurring directions, and w 
is the fall velocity. A and w de end on the 
mass of the particle considerel E and u, 
are assumed to depend on the masses of the 
two colliding articles. 

Equation (IP is arrived at in the following 
way. Consider a particle of mass m, moving 
at a velocity u, .  In a time dt this particle 
sweeps a cylinder of volume n<v,dt, and 
will then, on an average, coalesce with 
E (m,, m2) n< v1 n (m,) dm2dt particles in the 
range m2 to m2 + dm,. The number of particles 
of the first kind n(m,) dm, produce thus, in the 
time dt, E (m,, m,) n< ul n(m,) n(m3 dm, dm2dt 
new particles in such collisions. The total posi- 
tive gain of particles to the range m to m + d m  
is obtained by integrating thelast expression over 
all collisions for which m, + m2 lies in this range. 
The above reasoning gives the correct order 
of magnitude, but it is not quite exact. To 
be correct one should replace the factor n<v, 
by n ( r ,  + r 2 ) z [ i 4 ,  since a collision between two 
molecules of radii r, and y2 occurs, in the 
pcesent model, as soon as the distance between 
their centres is smaller than tl + r2, and since it 
is the average relative velocity of the colliding 
molecules rather than the absolute velocity u , 
that determines the number of collisions. Fi- 
nally, the integral should be divided by 2, since 
each collision situation is counted twice, as can 
be seen by interchanging m, and m2. 

The negative contribution of particles to the 
range m to m + A m  is obtained by integrating a 
similar expression as derived above, considering 

m2 
4 

m2 = 

Fig. I .  

m,=m 

Integration range in the coalescence integral. 

the collisions between particles in the range 
m to m + A m  and the other particles outside 
that range. The dfference between the re- 
sulting two coalescence integrals constitutes 
the total change in n(m) d m  as made up 

by local change - A m  dt and fall-velocity ad- 

vection w - - A m  dt. Dividing this equation by 

dt gives finally the form ( I ) .  
One may transform equation (I) by putting 

m 2 =  m -m, in the double integral and re- 
placing the integration element dm,dm2 by 
the element & , A m  (Fig. I).  After division 
by A m  one obtains then 

an 
at 

an 
at 

an an 
at a2 - + w(m) - = 

= I 2 / n I ~ ( m , )  + r(m - m,)], E(m,, m - m,) * 

IF1 (ml, m - m,) n(m,) n(m - m,) dtnl - 
m,=o 

00 

This equation is of the same r p e  as the coales- 
cence equation studied ear ier by MELZAK 
(1953) and HIRSCHFELD (1957). 

In the following we make the speclfic 
assumption regarding the function E(m,, m 3  

m2 

This means that all droplets on colliding 
paths coalesce unless the mass-ratio (smaller 
mass to larger) is less than E ,  in which 
case no coalescences occur (one may assume 
that very small particles approaching a larger 
particle simply follow the air flow around the 
latter one and thus become deviated out from 
their collision paths). In reality conditions seem 
to be somewhat more complicated and there 
may be a decrease in E also for articles of 

of the present investigation we will be satis- 
fied to use (2). 

almost equal size. However, for t fl e purpose 
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For I, w and we write 

w = - Czma ( 3 )  

161 @l* m,) = c3 Im; - m;l 
where C,, C,, C, are constant and u, b are 
pure numbers. The assumption that w and v, 
vary with a power of the mass seems to apply 
to most cases of interest. 

2. The time-dependent case 
It is assumed that the conditions do not 

vary over the vertical so that - = o in equation 

(Ia). Attempting a solution of the form 

where LY is a pure number, one finds after 
insertion of (2) and (3) and by introducing 

the new integration variabie x=> that the 

equation may be written on the form 

an 
az 

n = N(t) ma (4) 

m 
m 

where 
I 

I + C  
- 

I=-  ' p + ( I  [ -x )+ ]z [Xb-  (I - x ) b l -  
2 

B - 
I t&  

I 

P( I - x)Oldx - i ( x t  - I), Ixb - 1 1  X a  dx 
J 
8 

I has a value which only depends on the 
numbers E ,  b and a. 

One must now re uire that the expression 

of m. This condition determines directly the 
exponent a: 

in the right hand si 3 e of ( 5 )  is independent 

a =  - ( b + f )  (7) 

Equation (5) can now be solved to give N: 

with 
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Fig. 2. Concentration of particles of given size as a func- 

tion of time. The time unit is I kN, . 

N is thus found to vary inversely linear with 
the time. To sustain the increase of N there 
occurs, of course, a mass flux through the 
spectrum from the small size end to the large 
size end. After a finite time interval 

(9) 

which value is inversely pro ortional to the 

break down since N takes on infinite values 
(see Fig. 2). In reality the break-down cannot 
of course occur, since only a limited mass is 
available. It is seen, however, that the time T 
is only a little larger than the time needed to 
increase N by a factor of, say, 10 or 100, 
and so T may represent with good approxi- 
mation a real growth-time. How much N 
actually increases in a real situation depends, 
of course, on the available mass of the smallest 
particles. It should perhaps be pointed out 
that the violent increase in the concentration 
when approaching the time t =  T is entirely 
due to including in the model a cascade 
coalescence process where all particles interact 
mutually. Such a result is not found in linear 
models, such as the one studied by TELFORD 

initial concentration, the 4 stribution will 

(1 95 5). 
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3. The steady state 
an 
at 

In the steady state case we put - = o in 

equation (Ia). Inserting (2) and (3) and at- 
tempting a solution of the form 

n=N(z) ma (10) 

gives this time 

where 1 is again given by (6). 
In this case the condition that the expression 

on the ri ht hand side should be independent 
of m lea B s to the exponent value 

The solution for N is then 

(13) 
I 1  - - - = - k,(z - zO) 

ATo N 
with 

The concentration varies here inversely linear 
with the height, and increases downwards. In 
analogy with the previous case one may define 
a characteristic growth-distance 

which varies inversely proportional to the in- 
itial concentration. 

In applying the model it should be kept 
in mind. 

4. Application to cloud droplets 
As a specific application of the previous 

theory we study the case of a cloud droplet 
spectrum. It is generally assumed that the 
smallest dro lets grow mainly by condensation. 
At a size o[ say, 10 i 20 microns one may, 
however, expect that the coalescence process 
becomes important. Assuming that coalescence 
occurs onl due to the variation of fall-velocity 
with the ro size we ma put 11111 (ml, m2) = 

termined by balancing the gravity force and 
= jw(m,) - “p w m,)]. The fa T 1-velocity w is de- 

Stokes friction: 
6n7wr = mg 

Here 7 is the coefficient of viscosity for air 
and g is the acceleration of gravity. This 
law could be applied to droplets of radii up 
to 60 A 80 microns without too lar e errors. 
Using the values given above one &ds 

where e is the density of a droplet. Inserting 
the values e = I g/cm3, g = 103 cm/s2 and 7 = 
1.7. I O - ~  gcm/s one finds 

C, = 0.62 
c, = c3 sz 5.0 * I06 

With the values of a and h given by (16) 

one finds a= -- 111 the time-dependent case 

5 and a= -- in the steady state case. The 
3 

corresponding power-laws for the frequency 
distribution of the radsi are r-6 and r-8, 

respectively. 
This result may be compared with observed 

cloud droplets spectra in the range 20-80 
microns, where coalescence processes are ex- 
pected to be important. In Fig. 3 the theo- 
retical power-laws have been com ared with 

MANN and AUFM KAMPE (1953). 
It is seen that the r-5-law is a fairly good 

approximation to the mean droplet s ectrum 
found in fair weather cumulus clouJ, while 
the r-s-law could fit the mean spectra found in 
cumulus congestus and cumulonimbus clouds. 
It seems, of course, reasonable that the tran- 
sient model leading to the r-3-law should 
apply best to the “young” clouds and the 
steady state model to the “older” clouds. 

One must, however, be careful not to claim 
too much from this comparison. The spectra 
given by WEICKMANN and AUFM KAMPE are 
obtained by averaging both in space and time, 
and this averaging procedure may certainly 

7 .  
3 

some mean droplet spectra reported g y WEICK- 

Tellur XI (1959). 2 



A T H E O R E T I C A L  P O W E R - L A W  20 I 

microns is 3 0 0  per ~ m - ~ ,  this corresponds to 
the figure given by WEICKMANN and AUFM 
KAMPE for fair weather cumulus. Integrating 

(4) with a=- over all sizes larger than 5 

microns one may determine No, its value 
becomes 1.6 10- l~  gal3 With regard 
to the collection efficiency we assume E = 10-3, 
E ,  = I .  This means that all droplets on collid- 
ing paths that differ in radii less than 10 
times coalesce. With the values of b and a 
given, Idepends only on E ,  its value may be 
computed using the asymptotic formula 

7 
3 

n/ cni3 

t 

in microns 
Idy\ 20 40 60 80 

Fig. 3. Observed mean droplet spectra in fair-weather 
cumulus (o-c-o-), in cumulus congestus (---), and in 
cumulonimbus (. -. - . - .) after Weickmann and aufm 
Kampe, compared with theoretical r r 3  andr6-laws (-) 
The theoretical curves may be displaced in the direction 

of the n-axis. 

distort the spectrum form. Also, it is difficult 
to separate the coalescence effect from the 
condensation effect whch occur at the small 
size end of the spectrum (10-30 microns). 

To see whether the theory can give a coales- 
cence growth of the droplets in a reasonable 
time a numerical computation of T may be 
of interest. We assume that the total number 
of droplets having a radius larger than 5 

which is valid for sufficiently small E. With 
the numerical values of E,, C,, C3 and I 
the constant k in (8) takes on the value 4.2'107 
g-4/3 cm3 s-l. The valuefor T is about 1 5 0  sec- 
onds. The value will not depend very critically 
on E. Increasing E to I O - ~  gives a value of about 
70 seconds, decreasing E to 10-4 a value of 
about 300 seconds. As seen from (17) I goes 
to infinity when E goes to zero, and so the 
growth time becomes zero. This result is of 
course unrealistic. In the model the power- 
law is assumed to hold even for the infi- 
nitely small droplets, which will take over 
the whole contribution when E goes to 
zero. In reality this cannot occur since the 
distribution curve falls off again for the 
very small drops. When the mass-range over 
which the collection efficienc has finite values 

range over which a single power-law can 
be expected to give a good approximation 
the theory should anyway function all right. 
Luckily enough, it seems as if this case is also 
realized in practice. 

is of the same order or sm d er than the mass- 
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