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Abstract

World-wide oscillations generated by the sun are examined by applying the hydrodynamical
equations to a rotating spherical model atmosphere. The oscillations are described as small
perturbations on a static state in which the atmosphere is at rest relative to the earth's surface.
Let qdenote the heat supplied per unit mass and unit time. Let p and ex denote perturbations in
pressure and specific volume of a particle of air and let the displacement of the particle from
its equilibrium position be given by 0, "P, z; i.e. the variations of its colatitude, longitude and
height, respectively, Consider the simplest oscillation of za-hour period rotating with the sun:

q= Cq sin ('P + 1'Jq), x = Cx sin ('P + 1]x),

where lJ' denotes local time reduced to angle and x denotes anyone of the variables p, ex, z,
"P, 0. The amplitudes and phase angles are variable with latitude and height. q, p, ex, Z, "P are
symmetric with respect to the equator.

It is shown that, if Cq, 1'Jq are given as analytic functions of latitude and height, then the
quantities Cx, 1'Jx are determined by the equations of motion, the equation of continuity and the
first law of thermodynamics.

Considering in like manner the simplest oscillation of r z-hr, period rotating with the sun:

q= C q sin (2lJ' + 1'Jq), x = Cx sin (2lJ' + "Ix)

we find that, when Cq, 'TJq are given, the Cx,"Ixsatisfying the above mentioned equations contain
an arbitrary function of height,f(Z).

The absence in the first case of an arbitrary function which might be adapted to boundary
conditions, may partly explain the weak development of the 24-hr. wave asa global phenomenon
in spite of the marked diurnal period in the heat supply q.

A special case of non-linear equations is considered in order to study certain relations between
the 24-hr. and the rz-hr. wave. A heat supply of za-hr. period of the form q= Cq sin (lJ' +'TJq)
can generate a wave of rz-hr. period.

I. Introduction

The sun and the moon generate in the
atmosphere certain oscillations of world-wide
character resembling the oceanic tides. The
expression "atmospheric tides" is widely used
for such oscillationsalthough they aregenerated
to a large extent by the thermal action of the
Tellus X (1958), 4

sun, whereas the oceanic tides are due to purely
gravitational causes.

Among the atmospheric tidal waves caused
by the sun we shall consider here a progressive
wave W rotating with the sun (i.e, moving
with the speed of local time from east to west).
It will be assumed that the sun is in its equinoc-
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Fig. T, a. Isobaric surface of W2 • b. Oceanic tidal wave.

tial posmon and that W is symmetric with
respect to the equator and composed of two
harmonic components WI and W 2 having
periods of 24 and 12 hours, respectively. In the
atmosphere we find waves of this kind and
also a lunar tide L. The wave W2 iswell known.
It is often called "the semidiumal barometric
variation". In amplitude it exceeds by far the
other oscillations. Briefly we may indicate this
by writing W 2 > WI and W 2 > L.

Fig. ra) indicates an isobaric surface of W 2

in equatorial section. S is the direction to the sun.
The surface has no motion relative to the sun.
An observer at sea level finds maximum pres­
sure two hours before noon at all latitudes.

If W 2 were excited gravitationally like L,
it would be weaker than L. The fact that W 2

by far exceeds L in amplitude led Laplace to
assume that the thermal action of the sun must
outweigh its gravitational action in the genera­
tion of W2• This is also supported by compar­
ing the position of the crest of the wave in
W 2 and in the oceanic tide, as shown in Fig ra),
and b), where M is the direction to the moon.
On the other hand the assumption of a thermal
excitation seems to be in disaccord with the
fact W 2 > WI' since the temperature variation
is diumal rather than semidiumal. In order to
explain this discrepancy Lord Kelvin offered
the suggestion that the atmosphere has a period

of free oscillation near to 12 hours so that Wz
is amplified by resonance.

In more recent years important contribu­
tions to the theory have been rendered by
Chapman, Taylor, Pekeris, Bjerknes, Wilkes,
Haurwitz, Siebert and others.

The theory of Lord Kelvin has been accepted
by most authors, although it involves certain
difficulties. In order to obtain the requisite
degree of selective resonance it is necessary
to postulate a freeleriod of almost exactly 12
hours. WEEKES an WILKES (1947) have com­
puted oscillations in atmospheric models hav­
ing the required 12 hr. free period combined
with vertical temperature distributions con­
forming to the facts at present known about
the upper atmosphere. It is important to note
that the free period is quite sensitive to the
exact form chosen for the temperature varia­
tion with height between 70 and 90 km. This is
a weakness of the theory since it seems un­
likely that the temperature distribution should
always be maintained in the exact form re­
quired for a rz-hr. free period.

The theory of atmospheric tides was orig­
inally based on and developed from the theory
of oceanic tides and attention was, therefore,
focussed on the gravitational semidiumal effects
and the possibility of a thermal semidiumal
effect. The predominating oscillation W 2 was

Tcllu5 X (195g\, 4
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The effect of dissipation has not been entered
explicitly in (5), but the quantity qmay be
taken to include dissipation. By hypothesis
q, S, P are zero in the static state. In the state of
perturbation e=e(a, b, c, t) will be considered
as given.

In order to deduce equations of perturbation
we introduce into the equations (3, 4, 5) the
following expressions:

Putting P=Q+ ip and having regard to (2)
we may write Eq. (I) in the form

[ii - Re2- R sin2 8 (2QtjJ + tjJ2)] \l R +

+~[R2 sin2 8(Q+tjJ)] \llJ'+

+ [~(R2e) - R2 sin 8 cos 8 (2QtjJ + y,2)] X

X \l8+S\lP+g\lR+F=0 (3)

This equation is valid in the vicinity of the
earth, where g can be considered as constant.

The equation of continuity and the first law
of thermodynamics may be written

In spherical coordinates the general equa­
tions of motion in Lagrangian form may be
written as follows (V. BJERKN£s 1930).

(R - RFY - R sin2 8 p2) \l R +
J .

+ Ji (R2 sin2 8 lJ1) \llJl +

+ (!!. (R2e) - R2 sin 8 cos 8 p2) \l 8 +
dt

+ S \l P + \l (jJ + F = 0, (1)

where \l {,I d d} d F' fri I= da' Jb' JC .an IS a icnona

term. In order to apply this equation to the
model atmosphere we introduce the apparent
gravity g, writing in the usual manner;

(5)e = (x - I) q= xPS + SF.

R2 ' QD(R,lJI,8)_S 2'
S111 t:7 D (a, b, c) - eoa S111 c,

investigated, but very little attention was de­
voted to WI' In the present paper WI will be
examined with a view to finding a possible
explanation of its weak development. Further
the relation between WI and W 2 will be
considered.

The solar wave of 8-hour period nearly
vanishes at the equinoxes and will be neglected
in the present paper.

2. The model atmosphere and the fundamen­

tal equations

The model atmosphere is assumed to consist
of an ideal gas having a stable stratification at
all levels and being originally at rest on a
spherical rotating globe. On this "static state"
is superposed the forced oscillation W = WI +
W 2 described in the previous paragraph.
WI is generated thermally by the sun, while
W 2 is generated thermally and gravitationally.
The oscillations are supposed to be sufficiently
small to permit the use of equations of perturba­
tion. The mutual attraction of the air particles
is neglected.

Let R denote distance from the earth's centre,
lJIlocal time reduced to angle and 8 co-latitude.
An individual air particle M will be identified
by Lagrangian coordinates a, b, c, chosen in
the following manner. In the static state the
coordinates R, lJI, 8 of M take the values
Ro' lJIo, 8 0, We put Ro=a, lJIo=b+Qt,80=c,
where b is the geographical longitude of M
in the static state, Q the angular velocity of the
earth's rotation relative to the sun and t time.
c may be limited to the interval (0, n). Let P
and S denote pressure and specific volume of
M. Their values in the static state will be
denoted by Po and OCo' respectively. In the
state of oscillation R, lJI, 8, P, S are functions
of a, b, c, and t. For the time differentiation
following an individual particle we write
() .
J!(a, b, c, t)=f Other symbols used in the

following are:

Cl" Cv = specificheat at constant pressure, volume,
% =cplcv

,I? = acceleration of gravity,
q =heat per unit mass entering the air,
e = (x - I)q, v=b+Qt, fl=COS c,
Uo = 1 loco = density in the static state,
To= absolute temperature in the static state,

(jJ = potential of extraneous force.
Tellus X (1958), 4
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R=a+z, 1JI=v+'ljJ, e=c+o,} (6)
p = Po+p, S = 0(0 + 0(,

and add a "tide-producing potential" q;. We
assume that z, 'ljJ, fI, p, 0(, s, q; are small quanti­
ties, functions of a, b, c and t. The equations
contain linear terms and product-terms in these
functions. Considering for instance the
first term in (3), R\J R, we fmd that one

. R" dR .. ( dz) hi hcomponent IS da = Z I + da w 1C con-

tains one linear term and one product-term
("second-order term"). As regards the deduc­
tion of the linear terms reference is made to
V. BJERKNES (1930).

When deducing from (3) the equations of
perturbation we shall at the same time assign
to F a definite value. The horizontal velocity
relative to the earth is determined by 1jJ and
iJ and the horizontal acceleration by 1P and iJ:
We introduce a simplified frictional force
("Rayleigh friction") proportional to the hori­
zontal velocity. This can be done as follows:
We replace ijj by (1P + fJ1jJ) and jj by (i/+ fJ H)
where fJ is a "friction coefficient" which may
be assumed to be negligible except in a layer
near the surface.

Collecting now all linear terms on the left
side of the equations and all product-terms on
the right, we may write the equations of
perturbation as follows:

.. n' 2' dp dZZ - zssa sm C'ljJ + 0(0 -;;- + g -,------) - g!?olX +
aa ca

drp
+ -) = G I ,

(a

a2 sin'' ( (ijJ + (Jip) + 2Qa sin'' c Z +
. d

+ zQa2 sin c cos c II + 1X0 (11 +

(8)

(
.. .) (7p

a2 fJ + fJ tI - 2Qa2 sin c cos cip + OCo -;;- +
(I(

dZ (7.rp G+g-+--=d( (Ie a,

2 dZ (hI' ,)lI
z + -::;- + -,------)/ + -:-) + cotg (·0- (joY. = G4 , (ro)

t1 aa (, ac

e - ~Po~ - O(oP = Gs. (II)

where the G, are sums of product-terms which
are small of the second order of magnitude
when the terms on the left are of the first
order. It is seen that the equations contain the
following components of F:

The tide-producing potential of the sun has

the form q;,= KR2 (~- cos2 f}) where K is

constant and f} is the angular distance from the
sun. Since the sun is in the equatorial plane we
have cos f} = sin g cos 1JI and we may write

q;,= gH (~- ~ sin" e - ~ sin'' g cos 21J1) (12)
3 2 2

where H may be considered as constant (LAMB
1932, p. 359). Putting in (12)g = C+ fI, 1JI = v +'ljJ
we get linear terms and product-terms. The
latter may be included in G 2, Ga. Writing only
the linear part we may consider q;, as the real
part of

1 . ( .) 1 ()rp = - - gH sm2 c 1 + c2
'
V + - gH. 13

2 3

3. Forced oscillations of 24-honr period

Putting in Eqs. (7 to II) Gi=o we obtain
linearized equations which will be used in this
paragraph to study certain properties of the
oscillation WI'

We consider first the general form of a 24­
hour wave travelling with the speed of local
time. Each of the significant variables in (6)
must be a function of the form F (a, v, c).
They are assumed to be finite for all values of
v, c and a :> ao, (ao-radius of the globe). Further
they must be periodic in b with period 2:7l,

which involves periodicity in v with the same
period and in t with periodto=2:7l/Q= 24hours.
Bearing this in mind and having regard to the
theorem that any function of the position
(b, c) on a sphere can be expanded in a seriesof
surface-harmonics we may write

00

F(a, v, c)= 'LSn
o

Tellus X (1958). 4
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and introducing these expressions in the last
term of (16) we obtain expansions of the form:

Series of this kind were used by MARGULES

(1892,93). The form (19) of Ali follows from
the equations (8, 9, 10) having regard to (18).
The coefficients Xj, ()j are functions of a.

The formal mathematical operations leading
from (16) to (18, 19) do not ensure the uniform
convergence of these series. It is known from
mathematical analysis that an analytic function
f(c) with period 2n- can be expanded in a series
of the form

f(c) = Ao+ Al sin c+ A 2 sin2 c+ + } (20)
+ cos c(Bo+ BI sin c+ B2sin2 c+ .

It has been assumed that the longitude bvaries
in the interval (-71:, 71:) and c in the interval
(0,71:). However, the equations (7 to II) would
not be altered if b had the interval (0, 71:) and
c the interval (0, 271:). We may, therefore,
regard (18, 19) as special cases of (20) and
conclude that the former are valid at least when
the A r , Ali are analytic functions of c.

It is seen that (18) contains only odd powers
and (19) only even powers of sin c. This is
due to the properties of Legendre functions
and would not be immediately apyarent if we
had started from (20) instead of (Is, 16).

It is of interest to observe that all amplitudes
in (17) vanish for c=o sincePin +1(1) =0, whence
it follows that a particle Mo which, in the static
state, is situated on the earth's axis, will remain
there and will undergo no change in height,
pressure and density. This is also confumed by
the following considerations: For particles on
the earth's axis b is arbitrary and the values of
p, DC, Z, s must therefore be independent of
b when c=o. According to (17) this is only
possible if the amplitudes A p, "'. z •• vanish for
c= o. Let us next consider A" and A(j. An
expansion of the form (16), which has been
applied to x =tp, is evidently valid also for
y=sin2 c' ''P by a suitable choice of the coef­
ficients. Taking again only the last term of (16)
we are led to the following series

(18)
Ax = Xl sin c+ X 3 sin" c+ ... +

+ X2n+1 sin2n + I c+ ...
Au=cos c(fl2 sin2 c+f/4sin

4c +

O . 2n )+ ... + 2nsm c+ ...

00 00

x = ~ q;) P2n(p,) + eiv~KJ~)+IP~n+1 (p,) (16)
o 0

(x=p, DC, Z, "p, c).

Noting that the Legendre associated functions
have the form

P~+l (p,) = sin c (ko+ k2p,2+ ... bnp,2n)

Tellus X (1958), 4
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S; = CnPn(p') + ~ Ks,neisv P~(p,), (15)
s- I

where p,=cos c, Pn denote the Legendre poly­
nomials and P~ the Legendre associated func­
tions of the first kind. It is important to note
that Legendre functions of the second kind
must be excluded since they are infinite for
c=o (p, = I). The quantities Cn> K; n are func­
tions of a. We shall assume that the K; n are
complex quantities. The real part of Ks. neisvp~

may then be written as B, sin (sv + 17s) where
B, and 17s depend on a and c. Each term in
(15) thus represents a partial wave which
generally has a "tilt" with height and with
latitude.

The expression (14) represents the most
general oscillation with za-hr, period, rotating
with the sun. The particular oscillation ~l

is obtained by taking only the term With
S=I in (15). The variables p, DC, Z, e, "p must
be symmetric with respect to the equator.
(15) can be made symmetric by discarding
the terms containing the asymmetric functions
P2n+ 1 and Pin· We then have for WI:

with

The remaining variable, (), is asymmetric. Its
form is determined by the equations (8, 9,
10) having regard to (16).

Abbreviating (13) and (16) we may write
/ji=/jis+A'I'e2iv, x=xs+Arejv and in like man­
ner tI = tis +A(jejv. The potential e has a rz-hr.
period and affects the oscillation W 2 which
will be examined later. We shall consider the
total effect of /ji in connection with W 2• When
treating WI we therefore put in (7,8,9) /ji=o.
Assuming that e, = 0 we may then satisfy (7 to
II) with Gj=o, /ji=0 by choosing x.. fls =0
together with suitable values of A r , AI!.

We now therefore neglect the first term in
(16) and seek solutions of the form
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A y= sin- cAtp= V'-I sin c+ V'l sin" c + ...

If V'-l * 0 this gives an infinite value of Alp
for c= 0 (but a finite linear velocity V' sin c).
However, the linearized equations of perturba­
tion were based on the assumption that product­
terms could be neglected, e.g. ipz was neglected
in comparison with 2Q1jJ. Therefore the equa­
tions would not be valid if V' became infinite
at any point. We must have then V'-l =0 and
we thus come back to the expansion (18) for
Atp. Similarly we might at first thought as­
sume an expansion of the form

sin cA o= cos c (fJo sin c+ f)2 sin" c+ ...)

If flo *0 this would make the term cotg c- fI
in (10) infinite for c=o, all the other terms on
the left in (10) remaining finite. We must
have, therefore, flo = 0, which leads back to
(19). Thus it has been shown that Atp and An
vanish for c= o.

By means of the expressions (17, 18, 19) and
the equations (7 to II) we shall now prove the
following proposition.

If e = A.eiv is given, then the variables
p, z, <X,V', II of the form Aciv can be de­
termined by the equations of motion, (
the equation of continuity and the first 2I)
law of thermodynamics, provided that
the series (18, 19) converge uniformly.

In (7 to II) we put Gi=o, q;=o and intro­
duce (17), whereby eiv drops out and equations
between the Ax, All are obtained. Introducing
then the series (18, 19) (Ap=PI sin c+ ... ,
A z = Z I sin c+ . .. etc.) we easily find that
each of the equations (7, 8, 10, II) may be
written in the form

oo

L F~~+l sin2n
+ l (= 0, (i = 1,2,3,4), (22)

o

and equation (9) in the form

00

coscI:F:wsin2nc=0, (23)
o

where F~~+l and F2n are functions of a. Obvi­
ously they must all be zero. We write first
the equations Fin = 0, Fo= 0 by collecting in
(7, 8, 10, II) the terms containing the first

power of sin c and in (9) the terms in cos c.
Denoting differentiation with respect to a by
a prime we obtain:

from 7: Fill = - QZZI + IXoP; +

+gz~ - g!?oIXI = 0, (24)

from (8) and (9): Fi2l =Fo=

IXoPI+gZI=O, (25)

£ () F( 3 ) 2 ,.
rom 10: 1 = - Zl + Zl + 'V'l +

a

+ 3 fJ2 - !?oIXI = 0, (26)

from (II): Fi4l = f l - jQ ("'PolXl + <XOPI) = 0.

(27)

Since Fi)) and Fo are identical we have obtained
only four independent equations for n = o.
Using the equation obtained by differentiating
(25) we may replace (24) by:

[Fill, F?l} = Q2Z 1 + IX~PI + g!?oIXI = 0 (28)

If f l is given it is always possible to determine
IXl> PI' Zl from (25, 27, 28). The determinant of
these equations may be written (using the
equation of state PolXo= RoTo).

o, = g2 -[g",polX(~ + Q2"'p)0IXO ) (29)

= ",Ro - g T~ +t + Q2 To

If we neglect the last term, which is very
small compared with the others, it is seen
that DI=o when T~= -g/cp (approximately
10-2 centigrade per metre), i.e. when the
atmosphere is in the indifferent static equili­
brium. As we have assumed static stability we
have everywhere DI 0/' o.

The remaining two variables "PI' flz are
connected by Eq. (26). Another equation be­
tween them can be found as follows: From (8)
and (9) we compute

F~2l = a2Q ( - Q + if3) V'l + 2Q2aiz 1+
+ 2Q2a2ifJ2 + i(lXoP3 +gZ3) = 0, (30)

F2 = a2Q ( - Q + if3) 82 - 2Q2a2iV'1+

+ 3 (<XOP3+gZ3) = 0 (3 I)

Multiplying (30) by 3i and adding we obtain
Tellus X (1958). 4
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[F~2\ F 2] = (5i + 3~) 1pl + (7 -i £) 82 +

6
+-Zl=O (32)

a

The equations (26, 32) determine 1pl and
H2 (Zl and IXl being already determined).

Let (PI' lXI' Zl' 1pl' f}2) be called "the first
set"of coefficients, (P2n _ 1, ... 1p2n-1, H2n) "the
nth set" (n 5' I). We have seen that the first set
is determined when 101 is known. If all sets up
to the nth have been found the (n + I)th set
(P2n + i- .• 1p2n + l' f}2n -+2) can be determined. The
first set was found by futting the expressions
P<2) F(3) F<4l [F(l) P<2) and [P2) F] equal to
1'1'1,1'1 1'2

zero. In like manner the (n + I)th set will be
found by putting the analogous expressions

F:n F~~+l' F~~)+l> [F~~)+l' F~~)+l],

[F~;'>+3' F2n+ 2] (33)

equal to zero. (The meaning of the brackets
will be defined below). We have

F~~+l = - Q2Z 2n+ 1 - 2Q2ia1p2n_1 + IXoP;n t l +
+ gZ~n+l- geolX2n+1 = 0, (34)

F (2 ) 2 ( "2 '(3n) n2 .2rl+1 = a - ~4 + I ~4 1p2n-1 + 2~4 alZ2n-l +

+ 2Q2a2j (82n - 82n _ 2) +

i(IXoP2n+1 +gZ2n+1) = 0, (35)
F 2n = a2 ( _Q2 + i{3Q) 82n - 2Q2a2i1p2n_ 1 +

+ (2n + I) (IXOP2n+1 +gZ2n+1) = 0, (36)

F(3 ) _2 ,.
2rl+l - - Z2n+1 + Z2n+1 + t1p2n+ 1 +

a

+(2n+ 3)H2n+2-(2n+2)82n-eoIX2n+1=0,

(37)

Differentiating (35) we find an expression for
(IXoP;n+l +gz;n+l)' Introducing this into (34)
we obtain

[FJ~+l' F~;'>+1] =Q2z 2n+ l + IX~P2n+1 +

geolX2n+1 = Lm (39)

where L n is a known quantity depending on
1p2n-1> Z2n - 1> f)2n, f)2n - 2 and their first deriva­
tives. From (36, 38, 39) we can find Z2n+ i­

Tellus X (1958), 4

p2n+l' IX2n+1' The determinant of these equa­
tions is equal to D l in (29) which is different
from zero in the stable atmosphere.

It remains to find 1p2n+l' H2n+2' If in (35, 36)
we change n to (n + I) we get the equations
F~~\3 = 0, F 2n+ 2 = 0. Eliminating here the ex­
pression (IXoP2n+3 +gZ2n+3) we obtain the equa­
tion

[F~;'>+3' F 2n+ 2] =

= ((2n + 5)i + (2n + 3)~) 1p2n+l +

+ ( 4n + 7 - ~ j)82n+ 2 +

+ (4n + 6)GZ2n+ 1 - 02n) = o. (40)

From (37) and (40) we can always determine
1p2n+l and f12n+ 2 since the determinant D 2 =

= 4(n + I) (n + 2) (i + A) is different from zero.

Thus the (n + I)th set of coefficients can be
determined when the previous sets are known
and as the first set is known it follows that all
coefficients in (18, 19) can be determined when
10 is given. If the series thus obtained converge
uniformly the amplitudes in (17) are determin­
ed. The proposition (21) is thereby proved.

It will be assumed that 10 is an analytic and
regular function of the position on the sphere.
It can be shown by means of Eqs. (7-II) that
the other significant variables must then also
be analytic, although not necessarily regular
everywhere. (This point will be considered
more closely in a later paragraph.) In special
cases singularities may occur, whereby the
variables become infinite for certain values of
c,and no oscillation of the form WI is possible.
Generally, however, all variables will be ana­
lytic and regular, whence it follows that they
can be expanded in convergent series of the
form (18, 19) and determined by 10 as stated in
proposition (21).

It is important to note that the value thus
found for Z will generally not satisfy the
boundary condition Z = 0 for a= ao. We may
affirm, therefore, that, if 10 is given as an
analytic and regular function, an oscillation
of the form (17) is generally not possible.

Since the above considerations are based on
the expansions (18, 19) derived from (16) it is



422 P. THRANE

of interest to inquire whether the latter formula
can yield expansions for the significant vari­
ables other than (18, 19).

The formula (16) can be applied not only
to the functions x but also to other symmetric
functions of the form y = Ayeip. Applying the
second part of (16) to Y= X sin2nC we are led
back to series of the form (18) for Ax (after
deleting terms which are infinite for c= 0).
For y = X sin2n+ lC the case is different. Consider
for instance y = x sin c. Here Ai' takes the form
(18) and consequently x takes the form

--('2 )i.x- XI sm C+ ..• e .

It is possible to satisfy the equations (7 to II)
by expressions of this form (with X=p, lX, Z,

e, "P) together with H=cos c (Hs sin3c+ ...)tip,
but here the following important point should
be noted. The x in (17) are analytic functions
of b and c in all points of the sphere, whereas
the x in (41) have a singularity for c=o.
Considering for instance the termf=x2sin2c eiv

h d2f . hich i diwe ave dc2 = 2X2 cos 2 ce", w c IS scon-

tinuous for c= 0, changing its value from
h= 2X2 eip to - h,when bis replaced by (b +;11;).
(Generally the function sinnc eim• is analytic
for c=o when and only when (m+n) is an
even number.) Although solutions like (41)
are mathematically possible there is no reason
to suppose that e, which determines the given
heat supply, should have this form. It seems
natural to assume that e is analytic and regular
everywhere, i.e. of the form (18), which leads
to the same form for p, z, lX, "P.

4. Forced oscillations of rz-hcue period

The most general oscillation of rz-hr. period
rotating with the sun is obtained from Eqs.
(14, IS) by discarding the terms with s= I.

The simple oscillation W 2 is obtained by dis­
carding all terms except those with s = 2. In
order to have symmetry with respect to the
equator we further delete in (IS) those Le­
gendre functions which are asymmetric. We
thus obtain

00 00

x = L Q;?P2n("") + e2iPI: K4~)P:n (,.,,), (42)
o 0

(x = p, lX, z, e).

(It is seen from (7) that "P sin2 c must have the
same form as z, p and lX). The asymmetric
variable () might be expressed by a correspond­
ing formula with asymmetric Legendre func­
tions in the second part.

Abbreviating these formulae we may write
x=xs+axe2ip, H=tls+a/le2iv and from (13)

qJ =qJs +Acpe2ip. The term qJs= gH (i -;; sin2 c)
causes a slight permanent modification of the
static state so that, for instance, the static
pressure will be (Po +Ps) instead of Po' etc.
This modification is of secondary interest and
will not be studied here. We put, therefore,
qJ= Acpe2ip and consider only the timevariable
part of (42) seeking solutions of (7 to II) of
the form

y = aye2iP, (y= p, lX, z, e, "P, f/). (43)

Writing the Legendre functions in the form

l1n (,.,,) =

= (1-,.,,2) (ko + k2,.,,2 + ... + k2n _ 2 ,.,,2n - 2)

and introducing this in (42), last term, we
obtain

ax = X2 sin2 c+ X4sin4 c+... (44)

(x = p, lX, z, e). Since a>p sin" c must have this
form, we have

a>p="Po+"P2sin2c+"P4sin4c+ •.. (4S)

The form of all is found from (8, 9, 10):

ad = cos c (HI sin c+ tissin" c+ ...). (46)

It is of interest to note that, for c= 0, A>p in
(18) is zero, whereas a>p in (4S) is different from
zero. The amplitude of linear velocity, a>p sin c,
is zero for c= o.

We shall prove the following proposition:

If e = a.e2ip and qJ= Acpe2ip are given
then the variables p, z, lX, "P, tJ of the form
aye2iv which satisfy the equations of (47)
motion, the equation of continuity and the
first law of thermodynamics, contain an
arbitrary function f(a).

Putting in (7 to II) G, = 0 and qJ=

_!.gH sin"c e2ip according to (13) and hav­
2
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ing regard to (44. 45. 46) we may write the
equations (7. 8, II) in the form

00

l;F~~+2 sin2n +2e = o, (i = I. 2. 4) (48)
o

while (9) and (10) have the form

when e and "Po are given. It will be shown that,
when all sets up to the nth (Pan, Zan' 1X2n,
H2n- I> "Pan-a) are known then the (n + I)th

set is determined. The procedure is very similar
to that given by Eqs. (34 to 40) and will be
indicated briefly here. We use the five equa­
tions

00

cose l; F211 +1 Sin2n + 1c= 0,
o

00

l; F~::l sin2n C = 0,
o It is easily verified that the equations

respectively. Starting with n = 0 we get:

from (7) F~l) = - 4.o2z a -- 4.oaai"Po +

+ lXoP~ +gz~ - geolXa = 0, (50)

from (8) F~2) = ( - 4.oa + 2i.o{J) aa"Po +

+ 4.oaaai(/] + zi (IXoPa +gZa) - igH = o, (5 I)

from (9) F] = ( - 4.oa+ 2i.o{J) aafJ] -

- 4.o2aai"Po + 2 (lXoPa +gZa) - gH = O, (52)

from (10) F~3) = i"Po + 8]= o, (53)

from (II) F~4) = Ea - 2i.o ("PolXa+ lXoPa) = o.

(54)

It is seen that iF~a) +F1 =0 is identical with (53)
so that we have only four independent equa­
tions. Introducing in (52) fJ= -i"Po we obtain

Differentiating this and introducing the ex­
pression thus obtained into (50) we get

4.oaza + IX~Pa +geolXa =

= - 4.oaai"Po +.0~ ({Jaa"Po)' (56)

If ea and "Po are given the equations (54. 55. 56)
determine Pa. lXa• Za' The determinant of these
equations is

Da = - "Rg (T~+t) + 4.oaRTo• (57)

which, like D] in (29), is different from zero
when the atmosphere is statically stable.

Thus the "first set" of coefficients (Pa, Za.
lXI' 010 "Po) is determined by (53, 54, 55, 56)
TeIlus X (1958), 4

always determine "Pan, lIan+ ] . These bein~
found, we derivate the third equation in (58)
and introduce the expression thus obtained for
(lXoP~n+1 +gz~n+1) into the first. We obtain

[F~)+a. Fan +1] = 4.oaZ2n+2 + IX~P2n+2 +

+geolXan+a=L2n+ 2• (59)

where Lan +a is known. This equation together
with F2n + I> F~+2=o determine p2n+2. Z2n+2'
1X2n+2' Their determinant is Ds (57).

Thus the (n + I)th set has been determined by
means of the previous sets, whence it follows
that all coefficients in (44, 45, 46) can be
found when e, qJ, and "Po are given. "Po = "Po(a)
must be a small quantity. Apart from this
condition "Po may be chosen arbitrarily. Pro­
position (47) is thereby proved.

It is of interest to observe that the boundary
condition Z = 0 for a= aocan always be satisfied
by a suitable choice of the function "Po(a) as
follows:

Let e and "Po be analytic functions of a and c.
We have seen that the "first set" (Pa, lXa, ZI' fJ1,

"Po) is determined by ("Po, "P~, ea, H). The second
set is determined by the first set and its first
derivatives and e" i.e. by ("Po, "P~, "P;, ea, e2,
E" H). Proceeding in this manner we find
in the nth set for instance

_ r ( , (n) ,
Z2n - J2n "Po' "Po, '" "Po , ea, Ea, ...

(n-]) H)••• e2 ••. e2n.

The conditions Z2n = 0 for a"';ao render an in­
finite number of linear equations

L ( , (II»)-Mn "Poo, "Poo.··· "Poo - II

where the subscript 00 indicates the values for
a= ao and the Mn are known. If the constant
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"Poo is chosen arbitrarily, "Poo IS found from
L 1 =MI, "P~o is found from L 2 =M 2 etc. Since
we have

"Po (a) = "Poo + "P~o (a - ao) + ~ "P;o (a - ao)2+ ...
2

it is seen that "Po(a) is determined, save for an
arbitrary constant.

5. Further remarks on the linear theory of

the 24-hr. and the rz-hr. solar wave

In the foregoing paragraphs we have sought
particular solutions of the hydro-dynamical
equations, of the form Aeimv, by direct inser­
tion in the given system of first-order linear
equations (7 to II). An alternative procedure
would be to base the theory on a linear partial
differential equation of the second order, de­
duced from the system (7 to II) by suitable
eliminations. This procedure presents certain
features of interest which will be indicated
briefly here.

Let Pe> a. denote deviations from the equi­
librium values of pressure and specific volume
at a geometrical point P. At a certain moment
a particle M(a, b, c) with pressure (Po +p) is
situated at P at the level (a +z), where the
equilibrium values are Po +P~z, ao+ex~z. We
then have

P = pe +P~z, ex = a. + ex~z (60)

Introducing these expressions in (7 to II),
putting G, = 0 and y = AyeimV, (y= P« ex" z,
"P, H, E, (j!), we obtain a linear system from
which it is possible to eliminate z, "P, fl, a,
whereby we obtain an equation of the form

J2Pe J2pe J2Pe Jpe
All~ + 2A12~- + A 22 -::;2 + Al -;--) +

ua aaac ac fa

where L((j!) is a linear form in (j! and its first
and second derivatives. The coefficients of (61)
are generally complex. It can be shown that
we have

A R2 Q2 2 A 4Q2.
11 = Pm - 4 cos C, 12 = -- SIn C cos c,

a

where

{Jm = - mQ + i{J, K = g ~ In 1?O - m2Q 2 (63)

('l?0 = potential temperature in the static state).
It has been assumed that the given periodic

heat supply, represented by E, is an analytic
function of a and c. The right side of (61) is
therefore analytic, and P« must be analytic.
Since the other variables can be expressed as
linear functions of pe, (j!, E and their derivatives,
they must all be analytic. Thus the statement in
paragraph 3 is confirmed.

It is further of interest to note that, in the
case of no friction ({J =0) the coefficients of
(61) are real. It can then be seen from (62) that
the equation (61) is of the hyperbolic type
when m= 2 (rz-hr, oscillation). When m= 1

(24-hr. oscillation) Eq. (61) is hyperbolic at
low, elliptic at high latitudes, the latitudes of
transition being very near to c=600, (= 120°.

6. Relation between the 24-hr' and the 12­
hr. solar wave. Non-linear equations

In the following we shall start by considering
the solutions (17) and (43) (WI and W 2) of
the equations (7 to II) without regard to
boundary conditions. The effect of the bounda­
ries will be discussed at a later stage.

In the previous paragraphs linearized equa­
tions have been used to study each wave
component separately. Although this method
is useful for the study of small oscillations it
cannot lead to a complete theory, however
small the amplitudes may be. Important fea­
tures of the motion are lost in the linear theory.
For instance, a heat supply of the form q=Aq

sin (v+?]q) means that the heat entering a unit
mass during one half-period is completely
rejected during the next half-period and no
energy seems to be left to overcome friction.
Nevertheless the equations yield a solution in
the form of an undamped oscillation. This
apparent contradiction is solved by noting that
the loss of energy per unit mass and unit time
due to friction is of the second order of
magnitude. It does not appear in the linearized
equations but it is included in the expressions
G, of (7 to II).

Further, the linear theory can give no in­
formation on the relation between the waves

Tellus X (1958). 4



ATMOSPHERIC SOLAR TIDE 425

WI and W 2, although a relation obviously
must exist.

In the following the second-order terms G j

in (7 to II) will be taken into account. They
contain a great number of product-terms,
which it is unnecessary to write out here. For
the purpose in hand it will suffice to know the
form of the Gj •

The values of the significant variables found
in the previous paragraphs may be considered
as a first approximation to the correct values,
which may be written:

X=X(I) +X(2), (x=p, IX, Z, "P, tI, e) (64)

where the X(I) are the values satisfying the
linearized equations, while the X(2) are "correc­
tions" of the second order of magnitude. It is
immediately apparent that every product-term
containing a quantity X(2) is of the third (or
higher) order of magnitude. For instance
pIX = p(l)IX(l) + third-order terms. If we neglect
third-order terms, the G, may thus be con­
sidered as depending only on the X(I) and their
derivatives.

In connection with the linearized equations
we have used complex variables for con­
venience. When treating product-terms we
must revert to real variables. Considering the
za-hr, oscillation WI we may then write
X(l) = Bx cos 'V+ ex sin ", whence it follows
that the Gj, being sums of product-terms have
the form:

G j = H, +Mj cos 2'1' + N; sin 2'1', (65)

where the coefficients are functions of a and c
which can be computed if the X(I) have been
determined.

Writing the equations (7 to II) in the
abbreviated form Lj=Gj (i=l, 2, 3, 4, 5) and
introducing x = X(1) + X(2), (x=p, IX, Z, "P, tI, e),
we may write L; = Ll11 + L~21, where L~11 denotes
the expressions on the left of the equations
with p(1) , 1X(1) ••• e(1) in the place of p, IX •.. e

and Ll21 the corresponding expressions with
pc'2), 1X(2) •.. e(2). (Ll21 does not contain fP.)
According to the definition of the first-order
variables X(1) we have LPI = 0, and consequently
in virtue of (65):

L~21 = H, + M, cos 2'1' + N; sin 2'1'. (66)

In (7 to II) the individual terms on the left
side were of the first-order of magnitude.
'fellus X (1958). 4
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Replacing p, IX ••• 8 by p(2), 1X(2).,. 8(2) we
have obtained the system (66) where each
term is of the second order.

At first thought one might expect all the
variables X(2) in (66) to be of the same form as
the expressions on the right. However, this
would not satisfy the second equation. The
equations (66) can be satisfied by putting:

"P(2) = klpt+ hlp + mlp cos 2'1' + nlp sin 2'1' }
(67)

y(2) = hy + my cos 2'1' + n y sin 2'1'

(y= p, IX, Z, (/, e)

where the coefficients are functions of a and c.
The periodic and the non-periodic part of (67)
can be found separately. If we replace in (7 to
(II) "P by k,t+h;p and (p, IX ... 8) by (hp , • .. h.)
and delete the periodic part of the Gi we
obtain a special case of the system (66). We
write here only the first of the five equations:

n . 2 k Jhp Jhz h H (
2~4a sm c 'I' + 1X0 Ja + g Ja - gQo IX = I' 68

It can be shown from Eq. (I) that, owing tc
the symmetry of the oscillation, the quantities
HlJ 2' 4' 5' must be of the form f(sin c) = aj

sin c+aa sinac+ . . . and H a of the form cos c
r (sin c). Correspondingly we can find hll in
the latter form and the other variables in the
formf(sin c).

The non-periodic terms k'l't, h'l' may be con­
sidered as permanent modifications of the static
state. Thus the pressure will be Po +ps +hp ,

where ps (defined in paragraph 4) is of die
first order, hp of the second order of magnitude.
The rotation velocity of the atmosphere will
be Q + k'l" On this modified static state the
oscillations of first and second order are super­
posed.

Turning now to the periodic part of the
solution we neglect in (67) the terms k'l't, h"" hI'
and delete in (66) the terms Hi, We then have
a forced oscillation of rz-hour period. Again
it is convenient to write the periodic solution
in the complex form mxe2 j• and the right
side of (66) in the form Mje2j., where mx and
Mj are complex,

In the general case the "heat function" has
the form
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where the indices (I), (2) indicate the order of
magnitude. (The amplitudes are complex,
h~")=h. is real.) It is of interest to consider the
following particular case

B = A~)ej· + he, and rp = o. (70)

Even in this case we generally have M j , N,
Mj * 0 and the equations (66) still render a
forced rz-hr. oscillation which vanishes only
in the case A~') = o. Thus the heat supply of
za-hr. period (70) generates a rz-hr. oscillation
of the second order. (A similar phenomenon is
known from tidal theory where a tidegenerat­
ing force of rz-hr, period generates both a
rz-hr. and a o-hr. wave.)

It is important to note that h. cannot be
given arbitrarily but is determined by A~').

If we introduce in Eq. (5) p = Po +p(1) +p(2\
S = 01:0 +OI:U) +01:(2), the equation may be written
(neglecting third-order terms):

L~2) = xp(l) &(1) + 01:(1)P(1).

Introducing the real valuesp(l) = Dpsin (v + 'YJp),
01:(1) = D", sin (V+'YJ") we get

L~2) = QDpD" [; (x - I) sin ('YJp - 'YJ") +

+;; (x +I) sin (2V+ 'YJp +'YJ")]

and we thus have

D p , D", are determined by A~ll according to
(47). The corresponding heat supply per unit
mass and unit time q=h./(x - I) is the source
of energy which is necessary to maintain the
undamped oscillation against friction. We note
that we cannot have 'YJp = 'YJ" everywhere, since
no energy would then be available. Pressure
and density must therefore be out of phase, at
least in the lower layers. This is connected with
a lag of phase with height, which isan important
feature, as shown by J. BJERKNES (1948) for the
wave W2•

We shall now consider the boundary condi­
tions. A heat supply of the form (69) must
generate some kind of wave motion in the
model atmosphere. At first thought one might

expect this motion to be of the simple form
WI + W 2• However, this cannot be the case,
since WI has been found to be incompatible
with the boundary condition at the ground.
The motion that actually takes place cannot
be computed by the method described in the
foregoing paragraphs. What probably happens
is that the first term in (69) tends to create the
wave of the form WI' but that this breaks
down and the resulting motions of the particles
interact in such a manner as to strengthen the
component W 2, the available energy determin­
ed by h. being transferred from WI to W 2•

If second-order terms are neglected the air
particles in a simple wave of the form WI or
W 2 have elliptic orbits. In WI' for instance,
the horizontal linear displacements of a particle
would be of the form

a sin C'1p = AP) cos v + A~l) sin v,

aN = Bil ) cos V + B~l) sin v.

Taking the case (70) and including in the solu­
tion the second-order terms of rz-hr. period
obtained from (66) we get

a sinc1p = Ail) cos V + A~l) sin v +
+Ai2) cos 2V + A~2) sin 2V,

and a similar expression for aN, and the orbit
becomes a slightly deformed ellipse as indicated
in Fig. za).

An oscillation set up by the heat supply (70)
far away from the earth's surface would have
orbits like Fig. za). We have seen, however,
that such an oscillation is incompatible with
the boundary condition at the ground. It seems
possible that this may cause the flow of energy
to be diverted to the second-order part of the
oscillation (of rz-hr. period). This would cause
the orbit to take a form like Fig. zb) or even 2C)
which is very close to a pure rz-hr, oscillation
(the particle passing from A to B during 12

hours and continuing from B to A in the
following 12 hours). In this process of transi­
tion the equations (66) would cease to be valid,
since the rz-hr. component would no longer
be of the second order of magnitude, and a
mathematical treatment would have to revert
to the general non-linear equations (3, 4, 5).

The rz-hr. oscillation of the case (70) would
of course be further amplified in the case (69)
by the second part of B and by the potential rp,

Tellus X (1958), 4
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A

( a ) ( b) (c)

Fig. 2. Paths of an air particle in the oscillation W= WI + WZ'

but these terms are small and cannot alone
account for the predominance of W 2 (save
for the case of a high degree of selective res­
onance).

During 24 hours a flow of heat passes
through the air masses, each particle absorbing
heat during one half-period and rejecting heat
during the following half-period. The hypo­
thetical diversion of the heat flow in such a
manner as to increase the loop of the particle
orbits may be illustrated roughly by a simple
mechanical model shown in Fig. 3.

A fluid is circulating in a closed system of
tubes situated in a vertical plane. The part ABC
is heated while the rest iscooled. The motion
indicated by the arrows is stationary and main­
tains a constant flow of heat from the wann to
the cold source. The arrangement is such that a
particle making the big circuit BCEFB com­
pletes this in the time to' while a particle making
the small circuit ABCDA takes the time 1/2 to'
Suppose now that the big circulation is partly
hindered, for instance by an obstacle in the
tube EF. The wann and cold sources being
unaltered, the small circulation must then be

accelerated, and if its circulation time shall
remain equal to 1/2 to the tube AD must be
moved to a position A'D'. Thus the small
circuit gains importance relative to the big
circuit.

Although the analogy between the systems
of Fig. 2 and Fig. 3 is obviously incomplete it
indicates the possibility of an increase of the
loop in Fig. 2 because the "big circuit" of
Fig. za) is hindered by the boundary condition,
while no such hindrance prevents the develop­
ment of the rz-hr, wave causing the loop in
Fig. 2 b), c).

7. The upper boundary condition

In the model atmosphere we may envisage
three main possibilities as regards the upper
boundary condition, namely (i) infinite exten­
sion of the atmosphere, (ii) a rigid spherical
upper boundary, (iii) a free surface.

Let us consider first the infinite model
atmosphere. Let 81 denote a sphere, concentric
with the earth, with radius a= a1 chosen such
that all wave-generating sources are inside SI

C D DJ

~ ~

T 1

~ ~

B A A'
Fig. 3. Circulating fluid.
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and that the atmosphere outside SI does not
take part in the earth's rotation. In the outer
atmosphere the density is

where R is the gas constant, (! and T density
and temperature. Their values at SI are (!1'

T1• g is proportional to a-2• If T> T. > 0 the
integral remains finite when a-+oo, and there­
fore we have (} > (!. > 0 (T2 and (!2 constants).
We may assume for simplicity that (! approaches
a constant value. It is known that, in waves
propagating outwards from a centre in a homo­
geneous medium the particles have a velocity
amplitude proportional to Iia eika(k real con­
stant), thus approaching zero when a-+ 00. It
may be concluded that, whatever the wave­
generating energy sources inside SI may be,
the waves propagating into the outer atmos­
phere will always satisfy the boundary condi­
tion at infinity. The oscillation W 2 will, there­
fore, always be possible in this case.

Let us next consider the cases (ii) and (iii)
of a finite atmosphere. We have seen from the
linear theory of paragraph 4 that, if e is given
arbitrarily in the form a.e2i' , the oscillation W.
is determined by the fundamental equations
and the lower boundary condition. The bound­
ary condition at the upper rigid or free surface
will therefore generally not be satisfied. This
result seems to conflict with the classicaltheory
of tides in a homogeneous incompressible
ocean where the conditions at the lower and
upper boundary can always be satisfied. The
reason for this discrepancy may be seen by
applying the equations (7 to II) to the latter
case. We then put (xo =const., (X~ = 0 and re­
place Eq. (II) by (X=o. The classical theory is
quasistatic, which entails the deletion of the
two first terms in (7). Frictional terms are also
deleted. Accordingly the equation (54) is re­
placed by (X2 = 0 and the two first terms of
(50) are deleted. The system (50 to 54) with
fJ = 0 then reduces to the following four equa-

. " I H' {}nons (XOP2 +gZ2=0, (XOP2+gZ.=:;,g ,'VJo= l'

(X2=0. Here we may choose both VJo(a) and
z.(a) arbitrarily. With two arbitrary functions
we can satisfy both boundary conditions. It is

of interest to note that this result depends on
the quasistatic approximation, which has not
been applied in the above study of WI and Ws-

Turning now from the model to the real
atmosphere we meet with two main difficulties
in determining the boundary condition at the
upper limit. One difficulty is that of taking
account of the physical conditions which pre­
vail in the upper regions and the other is due
to the great particle velocities which the oscilla­
tion causes there. As regards the latter PEKERIS

(1951) has pointed out that the linearized
theory of atmospheric oscillations ceases to be
valid at heights greater than 80 to 100 kilo­
metres because at those heights it is no longer
permissible to neglect the tel ms which are
quadratic in the velocities.

It seems then that the above considerations
concerning the upper boundary condition in the
model atmosphere cannot be applied to the real
atmosphere, for which no satisfactory mathe­
matical treatment of the upper boundary condi­
tion seems to be possible at present.

Wilkes has pointed out that, owing to molec­
ular viscosity and molecular thermal conduc­
tivity, one must think of the air at high level
(120 km) as having distinctly sticky properties
as far as large-scale oscillations of long period
are concerned, so that any oscillatory energy
which finds its way up to these heights will be
degraded to heat. On the other hand he has
shown that the greater part of the energy in
the oscillation W 2 is probably reflected before
reaching this height. These results seem to indi­
cate that the upper boundary condition may
be a condition intermediate between that of the
infinite and that of the finite model atmosphere.

8. Concluding remarks

The theory of the solar waves considered
here is incomplete. The main obstacles in the
way of a satisfactory theory seem to be the
mathematical difficulties involved in the appli­
cation of non-linear forms of the hydrodynami­
cal equations, and difficulties associated with
the upper boundary condition. In reference to
the latter point it is of interest to observe that
the propositions (21) and (47) are independent
of the upper boundary condition. Further they
are independent of assumptions concerning re­
sonance. In any case the formation of the
semidiurnal wave W2 is favoured at the expense

Tellus X (1958). 4
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of the diurnal wave WI' If, in addition, there
exists a free oscillation with a period not far
from 12 hours, this will contribute to the
growth of W 2• It may not, however, be
necessary to assume a very high degree of
selective resonance.
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