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Abstract

It is shown that if the streamfunction is specified over an Eulerian region R (x, y) at t=o0,
and on the boundaries of R (x, y) at ¢ > o, a solution of the vorticity equation which satisfies
certain conditions of continuity will be unique. If vorticity is also specified at the inflow boundary,
such a solution is excluded. In the latter case, an internal discontinuity propagates into the
region along a material surface, and in principle solutions should be obtained separately for
each sub-region and “matched’” kinematically and dynamically at the interface. The associated
analytical or numerical problems are prohibitive.

The problem of obtaining stable methods of numerical integration, specifying only the
stream function on the boundary, is considered. Numerical integrations of a non-linear first
order differential equation indicate that such stable methods may exist, in contradiction to
linear theory.

The integration of the vorticity and associated equations for the first time-step is also consid-
ered. A method is presented which is not only simple to apply, but also maintains the same

accuracy as succeeding time-steps for which centered difference techniques are used.

1. Introduction

In recent years, the numerical integration of
non-linear partial differential equations has
played an increasingly important role in
scientific research. T%is is, perhaps, particu-
larly true of meteorology. Since the early
studies of CHARNEY, FJORTOFT, and voN NEU-
MANN (1950) numerical methods have been
extensively used not only in meteorological
research but also in operational forecasting.

The equations to be integrated have taken
various forms, depending on the physical
“model” to be studied and the degree to which
simplifying assumptions are introduced. Ne-
vertheless, many of the equations—and in
particular the barotropic models — can be placed
in the form:

1 The research reported in this article has been spon-
sored by the Geophysics Research Directorate, Air
Force Cambridge Research Center, under Contract No.
AF 19 (604)—916.
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where A is Laplace’s operator, and the de-
pendent variable y is a streamfunction or a
uasi-streamfunction which determines or is
closely related to the field of fluid motion.
It is to be noted that (1) includes as a special
case the unsteady state, two dimensional vorticy
equation for a homogeneous fluid:

Ape=—] (p, M)+ vA% (2)

where v is the kinematic viscosity and J rep-
resents the Jacobian with respect to an orthog-
onal cartesian coordinate system in the plane.

The numerical integration of equations of
this class involve many mathematical problems
which are at present only imperfectly under-
stood. For example, the accumulation of
truncation errors, and the associated problem of
numerical stability, have not been adequately
treated for these non-linear systems. A host
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of additional unsolved problems could be
mentioned.

In the present paper three problems in par-
ticular will be discussed. First, a statement of
sufficient boundary conditions will be devel-
oped for the uniqueness of solutions to differ-
ential equations of class (1). In order to
simplify the notation, the derivation will be
Ercsented in terms of the vorticity equation
or a perfect fluid (i.e., (2) without the viscous
terms). This equation is, of course, of funda-
mental importance in many fields of fluid
dynamics. However, it must be emphasized
that the method of proof developed for the
vorticity equation can be applied with only
trivial modification to most equations of class
(1) as well as to certain systems of such
equations.

A second problem considered involves a
definition and discussion of overspecification
in numerical integration. It will be shown
that in recent meteorological research, bound-
ary conditions have been overspecified. Some
of the consequences are considered; the rela-
tion between overspecification and numerical
stability is discussed; and two possible means of
avoiding overspecification are proposed, one
in terms of an Eulerian and one in terms of a
Lagrangian analysis.

The third problem investigated is the error
in the first time step of a numerical integration,
given the value of the dependent variab%e ypina
region R (x, y) at time r=o. It is pointed out
that the conventional method of using an
uncentered difference for the first time step
involves an error one order of magnitude
larger than for all subsequent time steps. An
alternative procedure is advanced which is
simple to apply and which eliminates this
increased error.

Throughout the text, numerical examples are
included. For this purpose it is desirable to
use a simplified non-linear partial differential
equation for which the anaYytical solution is
known. One convenient equation is:

3)

U,+u,=0
This equation, which has the solution:

u=¢ (x—ut) (4)

provided J (x —ut, f) is not zero, is of a type
thoroughly discussed by LicHTHILL (1955). Nu-~
merical integrations of (3) have been used to
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illustrate the effects of certain types of over-
specification and of uncentered differences in
the numerical procedure.

2. A Definition of “Overspecification’’ and of
«Admissible Solution”

The concept of “overspecification” is so
fundamental to the discussion which follows
that it seems desirable to clarify its meaning at
the outset. This concept is essentially related
to the solution of differential equations, for
which the dependent variables are to be
determined everywhere within a specified
region. Although it is possible to extend the
meaning to difference equations, this will be
deferred to a later section. In the discussion
which immediately follows, the mathematics
of continuous rather than of discrete systems
is at issue.

It is interesting to note that even with regard
to differential equations, there is much confu-
sion in the literature concerning what con-
stitutes “overspecification”. Of course, “over-
specification” occurs when the system of
tﬁe differential equation and boundary condi-
tions has no admissible solution. However,
the fact has frequently been overlooked that
to determine when a system is “overspecified”,
it is necessary to define “admissible solution”.
Usually, an “admissible solution” must satisfy
not only the differential equation and the
boundary conditions, but also additional re-
strictions as well.

This can be illustrated by a simple example.
Consider the ordinary differential equation:
dyldx = 1. Most of us would agree, almost
without thinking, that it would be an over-
specification to demand that the solution pass
through the two points: x=o0, y=0; and x=
1, y=3. Yet such 2 solution-in fact, an in-
finite number of such solutions — can be found
provided we are willing to allow the depend-
ent variable y to be multi-valued m x.
Figure 1 a shows such a solution: namely,
(y—x-1)?=1. Furthermore, an additional
infinite set of solutions can be found provided
we are willing to allow the dependent variable
to be discontinuous (i.e. provided we are
willing to let dy/dx =1 except at one or more
points where the derivative is not defined).
An example of a single-valued solution of
this type is shown in Figure 1 b. Even in this

Tellus X (1958), 3
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Fig. 1. Multivalued and discontinuous solutions of dy/dx
=1 passing through the points (0,0) and (1,3)

simple example, then, we can say the boundary
conditions overspecify the differential equation
only if we set up the arbitrary restriction that
admissible solutions must be single~valued,
continuous functions of x. Whether this limita-
tion is a useful one or not depends upon the
objectives of the investigator. Perhaps this is
why the term “overspecification” appears so
infrequently in mathematics, but is found so
often in the literature of applied science.

In most physical probfems, solutions are
required in which the dependent variables are
single-valued, continuous functions of the
independent variables. This is not invariably
the case, however. Obvious exceptions occur
when the dependent variables are defined in a
multiply connected region: e.g. the potential
of the electromagnetic force field set up by
current flowing in a wire of finite diameter.
In other cases, dependent variables are delib-
erately allowed to be discontinuous on a
given surface: e.g. the discontinuity in density
and tangential velocity component at the
interface between two homogeneous fluids, as
in Helmholz waves. In the latter example,
however, other requirements must be satisfied
—namely, the kinematic and dynamic bound-
ary conditions for the surface of internal
discontinuity. In general, when discontinuity
surfaces (in the dependent variables or their
pertinent derivatives) occur within the region
under consideration, solutions must be ob-
tained independently for the regions on either
Tellus X (1958), 3
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side of the surface, and the solutions must
then be “matched” in some suitable manner.
We will have occasion to refer to thisprocedure
in more detail below.

With these preliminary remarks in mind,
let us return to differential equations of class (1).
In meteorology, equations of this type are of
primary interest in initial value problems.
Values of the dependent variable y are specified
over a region R (x, y) at a time f=o0. The
task is to determine wﬁat additional boundary
conditions (if any) are necessary and sufficient
to determine a unique admissible solution for
the dependent variable y (x, y, f) within
R (x, y) over a certain time intervalo < t < 7.

Before this question can possibly beanswered,
it will be necessary to decide what additional
restrictions are to be imposed in the definition
of “admissible solution”. In this, we must be
guided by the nature of the physical problem
and by tﬂc objectives of the investigation. In
the following paper it will be assumed that
an admissible solution o (x, y, #) satisfies the
differential equation over the region R (x, y)
within the time interval o < ¢ < 7, and also
meets the following requirements:

(1) The function y (x, y, ) must be a single-
valued, continuous, real function of the inde-
pendent variables. This assumption is justi-
fied since we shall generally be interested in
regions R (x, y) which are simply connected.
In addition, ify a “shock” develops (i.e. if y
becomes multiple-valued within the region
at t=1) the solution ceases to have physical
validity. In such cases, no admissable solution
of the differential equation may exist for ¢ = 7.

(2‘ The derivatives of p that appear in
the differential equation are defined everywhere
an admissible solution exists. This restriction
is justified since we shall not generally be
interested in the propagation og surfaces of
discontinuity within tlI;e region R (x, y). We
shall, therefore, be permitted to sol)\/'c the
differential equation over the entire region,
without matching solutions at some moving
internal boundary.

(3) An admissible solution 9 (x, y, #) can be
expanded in a convergent power series in
time. For every point with R (x, y) and for
—e<t<T;E> 0

peand=Z by (9
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The desirability of this restriction is by no
means as obvious as the first two. However, it
will be useful to investigate solutions which
are very well behaved. The effect of relaxin:
the requirement that (5) be valid will be
considered in a later section.

With the above definition of “admissible
solution” we are now in a position to attack
equations of class (1). Unfortunately, it has
not been possible to determine the boundary
conditions which are necessary and sufficient
for a unique solution to exist. Nevertheless,
if we assume an admissible solution exists
over some range, sufficient boundary conditions
for uniqueness can be established.?

3. Sufficient Conditions for the Uniqueness of
Solutions to the Vorticity Equation

The following proof will be developed for
the two-dimensional vorticity equation for a
perfect fluid:

Ayi= =] (p, Ay). (6)
The proof can, however, by a trivial modifica-
tion be extended to most equations of class (1).
It will be assumed that the following boundary
conditions are specified: (a) the value of y
over R (x, y) at t = 0; and (b) the value of y
at the boundaries of R (x, y) for o <t <7.
It will be shown that there exists no more than
one admissible solution which satisfies these
boundary conditions. In other words, the
boundary conditions are sufficient to establish
uniqueness.

The proof is straightforward. Assume two
solutions %’ and %" which are admissible.
Define a function @=y'-y". Then O is
zero over R (x, y) at t=0, and also is zero at
the boundaries of R (x, y) for o <t < 7.
Substituting 4" and 3" in (6):

A== ]y, AY) ()
2= =] (¥, oY) 7

1 Note that (5) is not equivalent to requiring that
¥ (x,7.¢) be analytic, since the functions @ (x, y) are not
necessarily analytic. A simple example of a non-analytic
solution which satisfies the above conditions follows.
Consider the linear equation Y Y+, =0 where
is to be determined in the regiono < x <1, 0 <y <1I-
One solution is given by equation (s) where: @, = (—1)"
(nD)~I (¢ — y)3/2 exp [{(x+7y)/2]. Note that the second
and all higher space-derivatives of y are not defined along
the line x=y, which bisects the region R(x, y). The
solution is clearly not analytic throughout the region,
yet it is “admissible’ according to the above definition.
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Or, subtracting:
AO= ~ J (¥, ay) + J (¥, Ay")  (8)

The right hand side of (8) is identically zero
over R (x, y) at t=o0. In addition, &, =0
at the boundary of R (x, y) at ¢t = o. There-
fore, from a well known theorem concerning
Laplace’s Equation, it follows that @;= o over
the entire region R (x, y) at t=o0. In addition
differentiation of @, with respect to x and y
leads to the requirement:

Hy')y+r

Ay")r+r OVer R(x,y) att=0
P N T N

o<m<mn (9)
o<n<3

Equations (7) can now be differentiated with
respect to time, and the difference again taken.
This leads to the relationship:

AOy= — J(’P’t, ”Aip') ’"J”("P,» A”wlt) +
+ J¥"s AY) +J(Y", AY)

However, from (9) the right hand side of this
equation is again idcntical%y zero over R (x, y)
at t=o0, and in addition @, = o at the bound-
ary of R (x, y). Therefore, @,=o0 over the
region R (x, y) at t=o.

Repeating the above process, it can be shown
that 9@ /9P =0 over R (x, y) at t=o0, for all
integral values of p. However, from (5) ¥’
and y” can be expanded in a Maclaurin Series
in time, Thus, for any point X, Y, T within
R (x, y) where o < T < 7:

X, Y, T) = O(X, Y, o)+ T, (X, Y, o) +
T2
+—2—!@,,(X, Y, 0)+.... (r1)

(10)

All terms on the right hand side of (11) have
been shown to be zero. Hence @ (X, Y, T) =0
and 9’ is identically equal to " within the
region and time limits considered. If a solution
exists which meets the specified conditions,
this solution must be unique.

4. Meteorological Implications of the Unique-
ness Theorem

The implications of this uniqueness proof
are of particular meteorological interest. In
considering the problem of numerical inte-
gration of the equations for large scale atmos-
pheric motions, CHARNEY ET AL. (1950) discussed

Tellus X (1958), 3
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the vorticity equation and on the basis of a
heuristic argument concluded that the vorticity
Ay must be specified on those portions of
the boundary along which the fluid was
moving into the region under consideration
(the socalled “inflow” boundaries). This
argument has generally been accepted in
subsequent literature dealing with problems
or large scale atmospheric motions. In fact,
some authors refer to this heuristic argument
as a “proof” - fpresumably of the sufficiency
and necessity of specifying the vorticity along
the inflow boundaries. Yet it is clear from the
discussion in the previous section that if a
well-behaved solution exists, which is admis-
sible according to the definition of Section 2,
this solution will in general be excluded by
specifying the vorticity on the inflow bounda-
ries. In other words, the system will be over-
specified.

This dilemma can be avoided in one of
two ways. First, the boundary conditions can
be reduced by assuming only the value of
the stream function ¢ on the boundaries of
the region R (x, y) at ¢ > o. If a solution exists
over a region 0 < t < 7 which is admissible
according to the definition of Section 2, this
solution will then be unique. Alternatively,
the definition of admissible solution can be
relaxed in some specified manner — forexample,
the first two limitations of Section 2 could be
retained, but (5) could be relaxed and the
solution could be required to satisfy some
less restrictive continuity requirement. A
solution of the differential equation may then
exist which satisfies not only the assumed
values of y at the boundaries of R (x, y),
but also the assumed values of Ay at inflow
boundaries.

These alternatives can be illustrated by con-
sidering the simple non-linear differential
equation:

(12)

This equation can be written in the form du/dt
=0, and in this sense is analogous to the vor-
ticity equation d (Ay)/dt=o0. In this one di-
mensional problem, we will assume that u is
specified along a segment of the x-axis, R (),
at t=0. The value of u is to be determined
within R (x) foro <t < 7.

Let us first consider a solution which is well-
behaved, according to the definition of Sec-
Tellus X (1958), 3
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tion 2. It is not difficult to show by an obvious
extension of the method of the previous sec-
tion that if solutions are sought for which u,u,,
and u, are single-valued and continuous, and
for which # can be expanded as a power series
in time, no additional boundary conditions
should be specified. In particular, neither 4 nor
its time variation should be specified along
the inflow extremity of R (x). Let us present a
specific example. Let #=1.0+0.5 cos x at t=0
for - #/2 < u < +=n/2. The unique admissible
solution, applying the definition of Section 2,
is: u=1.0+0.5 cos (x—wut), and u and its de-
rivatives are finite, single-valued, and contin-
uous within the segment R (x) for o<t <.97.
At t = .9 a “shock” enters the region. Be-
yond the shock line the solution is not
admissible, since in such regions the depend-
ent variable 4 becomes multi-valued. This in-
admissibility corresponds to a lack of phys-
ical reality, since ('fuid velocity cannot have
two or more values at a single point. This
solution is shown in Figure 2 a. The straight
lines are characteristics, of slope 1/u, along
which the velocity u is conserved.

Les us now consider solutions of (12) which
can be obtained by specifying additional
boundary conditions, and by relaxing in an
appropriate manner the definition of an
admissible solution. First, let us require a
solution for which u, u,, and u, are defined
and single valued in the region R(x). Note
that the restriction corresponding to (s) has
been climinated; however, the differential
equation is valid everywhere in the region
and an internal “matching” of dynamic or
kinematic boundary conditions can be avoided.
With this less restrictive definition of ad-
missible solution, additional boundary condi-
tions must be specified for uniqueness to exist.
One possibility is to define u at inflow bound-
aries gor t > o. However, this must be done
in a very particular manner: such that u, and u,
are always defined at the characteristic passing
through the lefthand extremity of R(x). In
the particular example considered previously,

this would require that:

0.5 u sin (x— ut)
U= i
I1-0.5 ¢t sin (x — ut)

(13)

— 0.5 sin (x—uf)

= o5 tsin (x—ut)
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Fig. 2. Characteristic lines for three solutions of u,+uu, = o, when u(0, t)=1.0+0.5 cos x for—n/2 < x <+ m/f2.
Value of u at inflow boundary obtained: (a) from analytical extension; (b) by setting u,=0; (c) by setting u,=1.

along the characteristic x=2x,+#uyt, where x,
and u, are the values of x and u at the left-
hand extremity of R (x). Finding a distribution
of u at the inflow boundary which satisfies
(13) ~and which differs from the result of
Figure 2 a ~is not difficult. One simple example
is obtained by adding a function (x — x, — u,t)",
n> 1, to the previous analytical solution,
and by evaluating the result at x =0 to obtain
# (o, t). However, the particular function
selected for an additional boundary condition
is not at issue. The major points to be made
are: (1) if the differential equation is to be
valid everywhere in the region over an
appreciable time interval, the choice of
tlgc dependent variable at the inflow boundary
is limited in a rigid manner, and (2} it is
virtually impossible to meet these limitations
a priori if the analytical solution is unknown.

The choice of u at the inflow boundary
becomes simple a priori onl}' when the defini-
tion of “admissible solution” is further relaxed
so that u, and u, may be undefined at some
internal boundary. In this case one has con-
siderable freedom in specifying u at the in-
flow extremity. An obvious choice is to let
u; be zero at the inflow boundary for all ¢ > o.
Such a solution to the previous example has
been presented in Figure 2 b. Note that u,
and , are discontinuous along the character-

istic passing through x=-—m/2, t=0, which
has been entered as a heavy line. The differen-
tial equation is, of course, not satisfied along
this characteristic. The solution in Sub-Region
I (restricted to the fluid within the segment
R (x) at t=0) is, as before, u=1.0+0.5 cos
(x —ut); the solution in Sub-Region II (fluid
which entered the segment at £ > 0) is u=1.
These two solutions are matched kinematically
at the characteristic line passing through the
inflow extremity. Note that in this case no
shock phenomenon occurs.

The importance of the choice of u; on the
boundary is indicated in Figure 2 c. In this
case it was assumed that 4, was a non-zero
constant at X =—7/2: namely, #,=1. A shock
forms rather quickly, as indicated. Before
the shock forms (as f less than about 7/2) the
solution may again be divided into two sub-
regions separated by the characteristic passing
through the inflow extremity. At ¢ > x/2, the
kinematic boundary condition can no longer
be satisfied at the surface of discontinuity
and the dependent variable 4 becomes multi-
valued at that point.

The implications of the above discussion
with regard to the vorticity equation are evi-
dent. The alternatives are: (1) to specify only
the streamfunction on the boundary of R (x, y)
at ¢t > 0, to assume a solution exists according

Tellus X (1958), 3
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to the definition of admissibility of Section 2,
and to attempt to obtain this unique solution
by some acceptable procedure; or (2) to
specify in addition the value of the vorticity
at the inflow boundary, and to relax the
definition of admissibility. The latter alterna-
tive will in general mean that derivatives of
the vorticity will not exist along an internal
surface: namely, the boundary between the
fluid originally within the region at t=o,
and the fluid which moves into the region at
a subsequent time. This discontinuity will
propagate into the region, and at a later
mnstant will define the boundary of two
sub-regions. To solve the system analytically,
solutions of the vorticity equation should be
obtained separately for each sub-region, and
the solutions should be matched along the
material boundary so that the kinematic and
dynamic boundary conditions are satisfied.
In this process, the equation f (x,y,f) = o of the
material boundary on which the discontinuities
occur must be determined. The associated
analytical problem —or its numerical analogue
—is formidable.

These questions can be avoided by accepting
the definition of an “admissible solution™
presented in Section 2. Fortunately, this poses
no difficulties in meteorological problems, for
the dependent variable and its dgrivativcs are
not squcct to control at ¢ > o, and can only
be estimated for use as boundary conditions
by subjective means at best. Certainly if the
techniques of solving large scale meteorologi-
cal equations were analytical rather than nu-
merical, there would be nothing to gain and
much to lose by arbitrarily introducing internal
discontinuities. Unique solutions could be
obtained by specifying the streamfunction at
all boundaries; the vorticity would not be
specified either at inflow or outflow boundaries
for ¢t > o. Whether these conclusions need be
modified when numerical methods are applied
will be considered in the following sections.

5. Boundary Conditions for Numerical Inte-

gration

When differential equations are translated
into difference equations, and solutions are
attempted by numerical means, it is found
that a variety of methods of integration can be
devised - each of which will yield a specific
numerical result. Furthermore, these methods
Tellus X (1958), 3
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can be adapted to all sorts of different boundary
conditions. Thus, in the case of the vorticity
equation, methods of integration can readily
be developed for which the vorticity is specified
at all boundaries at ¢ > o, at only the inflow
boundary, or at no boundary at all. In the
sense that each of these procedures leads to a
particular answer, the methods can easily be
made unique.

For this reason, the concept of necessary and
sufficient boundary conditions for the exist-
ence and/or uniqueness of an admissible solu-
tion has meaning in the numerical problem
only in terms of the differential equation we
are attempting to solve by approximate
methods. We can therefore arbitrarily define
“overspecification” of a system of difference
equations as a statement of boundary condi-
tions which would constitute overspecification
in the continuum, as the grid spacing approach~
es zero. Similarly, “necessary’” or “sufficient”
conditions can also be defined in terms of
the associated differential equation. This ter-
minology will be followed below.

One additional fact must be pointed out.
Since numerical methods are an attempt to
obtain approximate solutions to a differential
equation, the integration procedures devised
must not be in conflict with theory applicable
to the continuum. This is of importance in
the present discussion in connection with the
occurrence of discontinuity surfaces prc;fagat—
ing into the region R (x, y). We have already
seen that in solving the differential equation
under such circumstances, solutions must be
obtained separately in each sub-region and
matched at the moving surface of discontinuity.
If numerical methods are applied under similar
conditions, an equivalent procedure should
in principle be followed. This would, of course,
be extremely difficult to do - especially since
the discontinuity is a Lagrangian surface mov-
ing in a finite Eulerian grid.

In practice, the discontinuity introduced by
specitying vorticity on the inflow boundary
has been ignored. The discontinuity cannot
be detected with a finite grid, and application
of a differencing procedure across the discon-
tinuity results in an arbitrary “smearing’’.
Although such a process can possibly be
rationalized on purely pragmatic grounds,
little theoretical justification exists. When we
integrate numerically across discontinuities
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along which the differential equation (and
hence the difference equation) is not valid,
we have no way of knowing what errors are
introduced. If numerical methods are to
achieve an adequate scientific basis, such ar-
bitrary procedures must be carefully avoided.

In the numerical integration of the vorticity
equation, therefore, it is extremely desirable
to develop a method which will not require
the specigcation of vorticity on either the
inflow or the outflow boundaries at ¢t > o.
Another problem must be faced, however.
To be useful, such a method must be simple
to apply; must not accumulate errors too
rapidly; and must remain numerically stable.

The latter two requirements have so far
proved to be a substantial stumbling block.
According to PLATZMAN (1954) two methods
of estimating vorticity at the outflow boundary
were used by the research group at the Insti-
tute for Advanced Study at Princeton. The
first method involved setting the vorticity
at an outflow point equal to the vorticity at
the first interior grid point; the second in-
volved a linear extrapolation from two interior
grid points. These methods were used only at
the outflow boundaries, the vorticity on the
inflow boundaries being specified in accordance
with the conclusions of CHARNEY ET AL. (1950).
Nevertheless, a rapid accumulation of errors
occurred near the outflow boundary, and (in
some cases at least) numerical instability re-
sulted.

An analysis of this behavior must involve an
investigation of truncation error and stability
criteria in non-linear systems. This is beyond
the scope of the present paper. However, it is
certainly not proper on the basis of these
experiences to taie the negative point of
view that overspecification is necessary if in-
stability is to be avoided. Certainly, some
numerical methods may exist which do not
overspecify and which are not unstable. One
(a Lagrangian approach) is discussed in Section
75 a second possible procedure (in Eulerian
form) is presented in Section 8. Neither of
these procedures may at present be feasible
for operational forecasting. Each will have
value as a research procedure.

6. A Numerical Example

In order to provide a partial check on the
effect of non-linearity on stability and trunca-

I
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tion error, a numerical solution of a first
order equation (u.+uu,=0) was undertaken.
The investigation of PraTzmMaN (1954) on
the linear form of this equation (u,+ku,=0
where k is constant) made the attempt partic-
ularly interesting. Platzman found that com-
plete overspecification (i.e. assigning the value
of u at both inflow and outflow extremities
of the segment R (x)) assured numerical sta-
bility, while either of two methods of com-
puting the value of u at the outflow extremity
resulted in numerical instability. It is impor-
tant to determine whether these surprising
conclusions are applicable to the non-linear
model.

The non-linear equation (4 + uu,, = 0) assures
the formation of shock phenomena somewhere
in the x—t plane if u, is not everywhere posi-
tive. An example was therefore chosen for
which the analytical solution showed all
shocks occurred downstream from the seg-
ment R (x) considered. Numerical integrations
are therefore unaffected by multiple-valued
solutions of the differential equation.

The solution chosen was:

u=1/, exp [(x—uf)? In 0.2/144]. (14)

The distribution of u at t=0 was in the form
of an error function. The initial values were
computed on the x-axis at unit intervals for
—12 < x < 12; the time increment was set
equal to unity. At t=0, 4 was 0. at each

200

150

u=0.!

100

50

10

X —
Fig. 3. Graphical solution of u,+uu, =o. Straight lines

are characteristics along which u is conserved. The distri-
bution of # at t=0 is an error function with maximum
at x=o.

Tellus X (1958), 3
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extremity and o.5 at the origin. The charac-
teristic solution of (14) is shown in Figure 3.

Numerical integrations were performed
using five different procedures:

(1) u was held constant at both inflow and
outflow boundaries.

(2) u was held constant at the inflow boundary,
and was computed at the outflow bound-
ary using a quadratic extrapolation from
two interior points. (This is a “first order”
procedure as defined below.)

(3) u was computed at both inflow and out-
flow boundaries using a quadratic extra-
polation from two interior points. (A “first
order” procedure.)

(4) # was computed at both boundaries during
the integration, using values of u, on the
boundaries obtained from interior values
of u. (A “second order” approximation,
discussed below.)

(5) # was computed at both boundaries using
a somewhat different “second order” pro-
cedure, described below.

At the inflow boundary in Method 2, and at
both boundaries in Method 3, the following
equations were used:

U1p=2 11 ~H1+0O («?)
Uoyp=2U_y1—t_1o+O (a?) (1)
where « is the increment in x, and O(a?)
indicates that terms involving o2 and higher
have been dropped from the appropriate
Taylor Expansions. Note that although (15)
is accurate to a2, this is a first order procedure
since #, is the quantity actually used in the
numerical integration, and the corresponding
values of u, at first interior points are:

(1)1 =221 6(a)
(16)

(1)as =221 1 0y

321

Methods 4 and s involve second order
approximations for u,. The respective rela-
tionships near the outflow boundary are:

Method 4: (ux)m.;““_ll:_i‘;:_?__“}_o +6(a?)
(17)
Method §: (4,) 11 =2(2) 10 — (#2) +O(2?)

The first expression can be derived from Taylor
Expansions about x = 12. Similar expressions
are used near the inflow boundary.
Integrations were carried out for 20 time
steps, and for ¢ = 1, 5, 10 and 20 the root-
mean-square difference between each numeri-
cal solution and the analytical solution was
evaluated and expressed as a percentage of
the average value of u. The results are pre-
sented in Table I. In general, there is not too
much difference between Methods 2, 3 and 4.
However, one second order procedure (Meth-
od s5) shows signs of accumulating errors
near the boundaries. The strongly overspeci-
fied procedure (Method 1) is definitely in-
ferior to all others, with an average error of
35 % at the end of 20 iterations. Strong
corrugations appear near the outflow bound-
ary, and the maximum value of 4 has in-
creased from 0.50 to 0.85 (clearly an error,
since the value of u should be conserved).
At this stage it appeared that a moderate
extension of the computation would result
in the onset of numerical instability in Method
1, although if Platzman’s conclusions were
applicable to the non-linear system this should
have been the only stable metﬂod of the group.
To see whether instability would develop,
the numerical integrations were extended to
200 iterations for Methods 1, 2, 3 and 4. The
second order procedure (Method 4) became
unstable after about 110 iterations. Interestingly
enough, the other three methods remained
stable, although in Method 1 the maximum
value of u exceeded unity for 21 consecutive
iterations (from ¢ = 22 through f = 42). The

Table 1. Root-Mean-Square Errors for five methods of numerical integration, expressed as percentage of
mean value of dependent variable

Method of Numerical Integration

? 1. 2.
I 0.3 0.4
5 1.3 0.8
10 3-3 1.5
20 349 37

Tellus X (1958), 3
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3. 4- 5.
0.5 0.2 0.2
0.5 0.3 0.3
0.9 0.6 1.3
3-0 35 11.7
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Fig. 4. Average root-mean-square errors of four methods
of numerical integration of the equation u,+uu_=o,

expressed as percent of average value of dependent
variable 4. Time scale is normalized: ¢ equals number of
iterations.

root-mean-square errors for each method are
shown in Figure 4: (a) for the entire set of
25 points; and (b) for those points occupied
by fluid originally within the region R (x).
The latter graph is terminated at ¢ = 120,
since beyond this most of the original fluid has
left the Eulerian region. Method 3 remains
amazingly accurate, while Method 2 has
greater limitations. As a result of numerical
“smoothing” across a surface that is an in-
ternal discontinuity in the continuum, Method
2 is slightly less accurate than Method 3 even
for the portions of the x—t plane where the
analyticzﬁ solutions are identical. This is
shown in Figure 4 (b). On the other hand,
Method 1 is so inaccurate as to be virtually
useless after about 20 iterations. By =80,
corrugations of wave length two extend
throughout the entire set of 25 points. Method
4 starts out well, but is unstable and becomes
virtually useless after about ss iterations.
Obviously, not too many conclusions
should be drawn on the basis of a single
example. Nevertheless, several points are
evident. First, the stability criteria developed
by PratzmanN (19s54) for a linear system
cannot be applied to a non-linear system.
The method of integration which showed
earliest signs of instability was the one which
{according to linear theory) should have been

flab)=] (xx)+] (5 7)

BENTON

the only stable procedure. Furthermore, the
best method was one which (according to
linear theory) should have been unstable.
Second, increased stability cannot be assured
by higher order difference approximation near
the boundaries. This is not too surprising,
since after a large number of iterations the
truncation error may be extremely large
compared to the differencing error. Third,
using a first order approximation the depend-
ent variable was successfully computed at
both inflow and outflow points, and this
method was definitely superior to the one
which involved overspecification at the in-
flow boundary.

These results may not, of course, be appli-
cable to third order differential equations in
two dimensions. Nevertheless, when con-
sidered in connection with the theoretical
results of earlier sections, they indicate a
careful re-evaluation of current practices is in
order.

7. A Lagrangian Method of Integration

The discussion of sufficient boundary condi-
tions would not be complete without mention
of a Lagrangian solution. The difficulties in
the Eulerian methods arise from the propaga-
tion into the region R (x, y) of a material
surface, separating the fluid within the region
at t = o from the fluid which enters at a
later time. These difficulties can, of course,
be avoided by conducting the numerical inte-
gration in terms of a Lagrangian grid. In
the case of the vorticity equation, this approach
completely removes one question of over-
specification, since the vorticity is known
throughout the Lagrangian region at all time.

In terms of three dependent variables (x, y,
and y) the vorticity equation of a perfect
fluid becomes:

xe=J (y, %)
ye=J (. 7)
(18)
=Waa (%62 + 15%) +2 Yap (XaXp + YaPs)
+ Pob (Xa® + ¥a?) = Pa (Xa¥pb = XeXab
+ YaYvb = }'b}'ab) ~ ¥ (Xbxaa = XaXab

+ YbYaa = YaYab)
Tellus X (1958), 3
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Here J is the Jacobian in terms of the inde-
pendent variables (a, b) — where (a, b) are the
values of (x, y) at £=0. Use has been made
of the Lagrangian equation of continuity:
J (x, y)=1. The function f (4, b) is the known
distribution of vorticity at the initial time.
It is important to note that the third equation
is always elliptic, with constant characteris~
tic slopes + 2i. Thus, if the streamfunction
is specified at the boundary points at all time,
ancf if the coefficients remain finite, a unique
single-valued solution exists in the interior.

Equations (18) can be re-written in differ-
ence form for numerical integration without
difficulty. The procedure for integration is as
follows:

(1) Values of x, and y, are computed every-
where in the interior at t = ¢,.

(2) From this, values of x and y are computed
at each interior grid point (a, b) att; =15+,
where y is the time increment. Values of
x and y are computed at boundary points
using an equation of the form (15).

(3) The coefficients of the third equation of
(18) are evaluated at t;, using centered
differences in the (a, b) grid.

(4) The elliptic equation is solved for the
streamfunction at all points.

(5) The above procedure is repeated.

In addition to theoretical advantages, such a
numerical solution will yield particle trajec-
tories, since the position (x, yf of a particle
(a, b) is explicitly evaluated as a function of
time. Difficulties include the increased storage
to carry the values of three dependent variables,

ossible increase in truncation error, and prob-
fcms in converting to an Eulerian system for
purposes of plotting weather charts. However,
with continued improvements in high speed
computers, at least some of these difficulties
are becoming less serious. Until Eulerian inte-
grations can be conducted on a hemispheric
scale, the Lagrangian system offers many
unique advantages.

8. The First Time Step in Numerical Integration
One additional problem will now be

considered: the errors introduced in inte-
grating from t=o0 to t=y (where y is the time
increment in the integration). The conven-
tional method employs a forward (uncentered)
difference for the first step. This introduces an
Tellus X (1958), 3
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error of the order of y2 in v, whereas all
subsequent steps in centered time difference
form introduce errors of the order 93, For:

PP =90 +y (p)O+ O (»?)

(19)
D = gl + 2y (w)® + 0 ()
One immediate consequence of this in-
creased error can be noted. In the vorticity
equation in Eulerian form:
(20)

Ay= ~] (v, AY)

the i!‘acobian is zero at maxima and minima
of the streamfunction field (i.e. at centers of
cyclones and anticyclones). If a forward time
difference is employed, the vorticity at these
important points cannot change in the first
time step, although in actuality a significant
variation may occur. This difficulty would be
avoided by a higher order approximation,
since even though Ay, were zero, the vortic-
ity could pass smoothly through a maximum
Oor minimuim at {=0.

Various methods have been suggested for
avoiding the increased error of a forward -
difference in the first time step, but none have
been generally accepted because of their
difficulty of application. The method suggested
below, however, is very simple to apply and
requires a minimum of additional program-
ming.

Let us differentiate the vorticity equation
with respect to time. Then:

(21)

Aye= — J (i, AY) =] (v, Ap)

A program of computation can now be
devised which only makes use of centered
differences and higher order Taylor Expan-
sions:

(1) From (20) compute A, at each interior
grid point at ¢=o.

(2) Given (as boundary conditions) y, on
the boundary of R (x, y), compute g, at
each grid point.

(3) From (21) compute Ay, at each interior
grid point at t=o. In this step it will be
necessary to evaluate first space derivatives
of A, at first interior grid points using a
method analogous to (16).

(4) Given (as boundary conditions) y.; on
the boundary of R (x, y), compute p, at
each grid point.
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() Using the values of 9, and y., from steps
(2) and (4) compute p at t=y using a
Taylor Series expansion:
2
(¥ + 6 (%)

VRV Ve

(22)

Note that this method results in the same
accuracy in the first time step as in each
succeeding step. The procedure will be simple
to program, since steps (1) and (2) are used
throughout the entire computation, and the
relaxation (or matrix inversion) in step (4) is
identical in procedure to that in step (2).
The method can be generalized easily to any
equation in which only first time derivatives
appear.

In order to check the improvement resulting
from the application of this method, the
simplified equation (4.+uu,=0) was again
considered. Six examples were considered,
with u chosen as sine waves of various wave
lengths and amplitudes at f=o0. An interval
of 27 on the x-axis was selected, in order that
cyclic continuity would be preserved and no
errors would be introduced at the boundaries
of the segment. Numerical integrations were
carried through ten time steps, using two
methods. Method (a) used forward difference
at t=0; Method (b) solved numerically the
equations:

Hy = — U,

(23)

in centered difference form at =0, and used a
Taylor expansion similar to (22). At all later
time steps, identical procedures were em-
ployed for both methods. Differences between
the results could therefore be attributed en-
tirely to the first step.

After 1, 2, 5 and 10 iterations, the root-
mean-square error was computed for each
method, using the analytical solution as a
standard. The average results, normalized in
terms of the error in the first time step for
Method (b), are shown in Figure 5. The error
in Method (b) increased regularly with time.
The error in the first time step of Method (a)
was about five times as great as in Method (b).
Some recovery occurred at the second itera-
tion, but beyond that the error curves be-
came parallel, and the difference between the
two curves remained essentially constant

Upe = — Ully — Uy = 20,2+ U,
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Fig. 5. Average root-mean-square errors of two methods
of numerical integration of the equation u,+uu_=o.

Method b is identical to Method a, except that a higher
order forward difference is used at f=o.

through the tenth iteration. At ¢ = sy, the
average error in Method (a) was about 30 %
greater; at t = Ioy, it was about 15%
greater. In view of the small additional effort
required to achieve this increase in accuracy,
it is believed the method is worthy of routine
application.

One final possibility suggests itself. Equations
(20) and (21) can be used at any stage of the
integration to the same order of accuracy as
the centered difference form. This may not be
operationally profitable, since two relaxations
or matrix inversions are required at every
time step. However, there are certain advan-
tages which make this method of interest for
research purposes. Thus, as (23) shows for
the simplified equation, a certain “smoothing”
is introduced by terms of the form u2u,, in
the expression for the higher order time deri-
vative. This should make the numerical inte-
gration more stable, while not causing the
result to change appreciably from the analytical
solution (which identically satisfies both
equations in (23)).

This idea was tested using the numerical
example of Section 6. Equations (23) were
integrated through 200 iterations, using the

Tellus X (1958}, 3
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Table 2. Root-Mean-Square Errors for two methods of numerical integration, expressed as a percentage
of mean value of dependent variable

Entire Region

Original Fluid

t Method 3 Method b Method 3 Method b
20 3.0 2.0 2.8 0.6

40 2.3 1.3 1.9 0.2

60 2.7 2.0 1.8 0.2

8o 4.0 2.6 2.8 0.2
120 10.3 39 9.6 0.2
160 23.9 5.0 20.2 0.2
200 28.4 6.1 21.5 0.3

Method (b) discussed above at each time step.
The root-mean-square errors are compared in
Table II with Method 3 of Section 6, which
was by far the best procedure previously
tested over this extended period. It is interesting
to note that Method (b) was definitely supe-
tior, both in the region occupied by the orig-
inal fluid and over the entire set of 25 grid
points.

In addition, absolutely no sign of instability
appeared in Method (b), even after 200 itera-
tions. Careful examination of the results show
that centered difference estimates of u,, u,,
#ee and u,, remain consistent in sign from
one grid point to the next (except at appro-
priate maxima and inflection points). On the
other hand the results of Method 3 show
oscillations in sign of u,. after the second
iteration; in #,, after 16 iterations; in u, after
17 iterations; and in u, after 27 iterations.
These oscillations persist, although they do
not grow to substantial magnitude. The re-
sults seem to indicate clearly that the new

method may have research value in numerical
integrations for which stability is difficult to
achieve.

It is important to emphasize that this method
is equally applicable to the full vorticity
equation. If the results of the non-linear first-
order equation are any guide, it should be
possible to use this method to integrate the
vorticity equation for an Eulerian grid,
without overspecification. Such an integration
- and comparison of the results with the
overspecified system —will throw more light
on the effect of the current practice of assuming
vorticity on the boundary of a fixed region.
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