Statistical Forecasting Operators Based on
Dynamical Equations

By DUANE S. COOLEY, Air Force Cambridge Research Center

(Manuscript received August 19, 1957, revised February 14, 1958)

Abstract

Statistical forecasting operators are derived on the basis of a simple two-parameter model
of the atmosphere. In the course of this investigation, the predictability of pressure-height
changes due to the various physical processes specified by this dynamical model is investigated.
It is found that the contribution of the non-linear processes to the 12 and 24 hr predictability

is small.

1. Introduction

In recent years, dynamical forecasting by
the numerical integration of partial differen-
tial equations describing the fluid motion in
certain simplified models of the atmosphere
has become a common practice. Among the
many mathematical models which have been
investigated is that expressed by the equations
of thermotropic flow as derived by THompsoN
and GATEs (1956). A statistical study of the

hysical processes expressed by these equations
ﬁas been undertaken with a view to deriving
suitable statistical forecasting operators based
directly on the dynamical equations and also
with a view to examining the importance
of these physical processes for prediction pur-
poses. By this procedure, a forecasting tech-
nique is synthesized from the stastical and
the dynamic approaches. The statistical ap-
proach is similar to those discussed by WiENER
(1949), WaDswoRrRTH (1951), WHITE and
PALSON (1955), MALONE (1955) and MILLER
(1956). The form of the statistical solution to
this prediction problem will be shown to be
loosely analogous to that of the solution of
the dynamic equations by Green’s method.
Tellus X (1958), 3

2. The Dynamic Equations

The thermotropic equations derived by
TrOMPSON and GATEs (1956) characterize a
two-parameter model of atmospheric flow.
In this model along with the usual assump-
tions of hydrostatic, adiabatic and geostrophic
flow, the vertical shear of the horizontal wind,
or the so-called thermal wind, is assumed to
remain constant with height. For flat terrain
the equations take the form
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where the bar represents an average with
respect to pressure in the vertical, y=gzf-1,
@=RTf~*, J is the Jacobian operator, V2 is
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the Laplacian operator, K and L are functions
of pressure only, u? is a positive constant
determined by the static stability, R is the
gas constant for air, and g, 2, T, fand B
have their usual meanings. In solving these
equations numerically, » is taken as pro-

portional to the soo mb height and ¢ as
proportional to the 00—1,000 mb thickness.
These equations were solved numerically for a
square grid of points about 280 km apart
over the United States and Canada. For details
of the work, see THOMPSON and GATEs (1956).

The solution of partial differential equations
(1) or (2) could, presumably, be carried out
by Green’s method (HILDEBRAND, 1952). Let
equation (1) be represented as

Iz

L—(7?+F(x,y)=o (3)
Then the solution to the equation at any point
x, y can be represented formally as

Iz 1%
25 N =SS F(Em) G pi & ) s dn (4)
where G is the Green’s function for the prob-
lem, & and % are dummy variables of distance
in the x and y directions respectively. If the
integral solutions are obtained in finite differ-
ence form over q grid points on the earth,
one may write { X} = A {F} (s)
where {XD} is the column vector of the ten-

dencies (%Tz) in this dynamic model at the ¢

grid points, {F} is the column vector of the
values of F at each point and A4 is the matrix of
coeflicients representing finite-difference forms
of the appropriate Green’s function for the
problem. In the equations (s) the boundary
dz

ot
convenience.

values of — have been incorporated in F for

3. The Statistical Equations

Iz ..
Consider the prediction of = by statistical

means. It may be treated as a linear least
squares multiple regression problem in the
Jz

multiple time series of =

and F at the ¢
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grid points. For simplicity we will consider

Iz . .. .
that S s a deviation from its mean value.

For a given point f, (%%) can be approximated
by

Iz 2
(5),E e ©)

The regression coeflicients b; in (6) are to
be determined from n (>q+1) simultaneous

observations of (%) and F;’s in such a man-
1

ner as to minimize the etror sum of squares at
point i given by

re-2[(5)-Zvrl o

where 2 denotes the summation over n ob-
n
servations. When 2 e? is minimized with

n
respect to by, the following general equation
for the coeflicients b is obtained:

q

Iz
ZI by 2 FjFe=2 F, (5). k=1.2...4(8)

This can be written as

[— 7
2 b F Fe=F, (-{%) k=1.2...q (9)
J=I i

where the bar indicates an average over
the n observations and the barred terms now
represent covariances. This system of linear
equations can be solved for the b; by inverting
the matrix of covariances [F; F,|=A and
multiplying by the covariance vector

BOIES

The predicted values of (;_j at the ¢ grid

points are simply given by the set of equations
{X:}=B{E} (10)
where {Xs} is the vector of the predicted

tendencies Z in the statistical model at the
ot

q grid points, {F} is the vector of predictor

Tellus X (1958), 3
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functions and B is the matrix of regression
coefficients.

Equation (10) is a statistical analogue of
equation (5). The matrix A of the coefhicients
o? equation () representing a set of theoretical
Green’s functions is determined by the form
of the equation governing the model and the
characteristics og the gnd system used. All
mathematical models used for weather predic-
tion are highly idealized representations of
the true atmosphere. They usually do not
include the effects of heating, accelerating
wind fields, topography, etc. Those physical
processes which are represented by the model
cannot be evaluated accurately due to a lack
of data over large areas of the globe or due to
insufficient accuracy of the available observa-
tions. To some extent, statistical prediction
suffers from the same inaccuracies and in-
completeness of information.

The matrix B of the coefficients b; in the
matrix equation (10) represents a set of
empirical Green’s functions. Because of its
empirical nature, it results from the effects
of all physical processes acting on or in the
atmosphere. The effects of physical processes
which are linearly related to the function F
of the initial conditions will be included.
This is a result of the fact that in the least-
squares sense the procedures by which the
bi; were derived result in the best linear com-
binations of the function F obtainable from
the data used.

In actual practice it is necessary to stretch
the analogy between the systems represented
by the equations (s) and (10). This 1s because
instantaneous values of the contour height
tendencies are not available to derive the
truly analogous empirical Green’s functions

of equation (10) and 9—7 must be approxi-

mated by finite height changes over 12 or 24
hours. The Green’s functions derived here
were not intended primarily for preparing
routine forecasts but for studying the relative
importance of certain linear and non-linear
information about the lower troposphere in

making predictions.

4. Procedures

The effects on - predictability of pressure-
height changes due to the physical processes
Tellus X (1958), 3
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Fig. 1. Grid of 15 points at which values of the predictors
were observed.

represented by certain non-linear terms of
equations (1) and (2) were studied from the
evaluations of finite difference approximations
to these terms. First, the predictability of
heights obtainable from certain linear com-
binations of heights was determined. Then in
various ways the linear combinations of
heights were used jointly with the non-linear
functions as predictors and differences in pre-
dictability were noted.

The predictor functions F were evaluated
over a grid of 15 points of the form shown
in fig. 1. The positions of the predictand
points are circled. The data were gathered
for various positions of the grid over the
United States and southern Canada. However,
the relative positions and orientations of the
grid points were maintained.

The predictor functions F at the 15 grid
points were of the following form:

F, through F;: Z;, soo mb height

Fyg through Fyq : Z,4, 1,000 mb height

Fy, through Fy, : ], = J(Z;, V2 Zy)

Fyg through Fyy : J5 = J[(ZsZ10),V (Zs-Z10)]
Fg through Fp @ J3 = J(Z14, V2 Zyp)

Fpq through Fy, : J, = J(Z;, Zs-Z,,)

These represent geostrophic approximations
to the terms appearing in equations (1) and (2).
J, expresses the advection of the vorticity of
the s00 mb geostrophic wind by the 500 mb
geostrophic wind. It is an approximation to
the term representing the vorticity advection
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in a barotropic model. J, is a measure of the
advection of the vorticity of the thermal
wind from 1,000 to 500 mb by this thermal
wind. J; expresses the advection of the vorticity
of the geostrophic wind at 1,000 mb by the
1,000 mb geostrophic wind. Finally, J; is a
measure of the vertically averaged tempera-
ture advection in the lower troposphere. It is
evaluated from the 500 to 1,000 mb thickness
gradient and the soo mb geostrophic wind.

Statistical operators were derived for the

rediction of the 12 and 24-hour contour
Eeight changes at 1,000 and 500 mb. Calcula-
tion of the linear regression equations and the
associated multiple correlation coefficients
was performed using data provided by the
Joint Geophysics Research Directorate—Air
Weather Service Numerical Prediction Pro-
ject. These data were abstracted from sixty
weather maps at the 1,000 and soo mb levels,
0300 and 1500 GCT, I to 31 January 1953.
Five or six sets of observations were taken
from each of the maps, making a sample
size of 336 observations. Dr. W. L. Gates
made available his IBM 701 EDPM program
for computing the initial values of the Jacobian
terms of equations (1) and (2).

If the regression analysis were carried out
using all of the predictors, a 90 x 90 predictor
covariance matrix would have to be inverted.
Because of the limitations of the machine
storage capacity and the cost of such calcula-
tions, and also for reasons of statistical stability,
no more than 60 predictors were used simul-
taneously. The following combinations of
predictors were used:

1) : Zs, Zoo Linear case, 30 predictors
2): Zs, Barotropiccase, 30 predictors
3) + Zs, Zuo o 45 predictors
4) : Zs, Zyo, Ji Je 60 predictors
5) 2 Zsy Zyos J1s Ja 60 prcdictors
6) : Zs, Zio» J1» Ja 60 predictors

If the covariance matrix of any particular com-~
bination of predictors is designated as A,
then equation (9) can be expressed in simple
matrix form as

AB=P (11)
where B is the matrix of regression coefficients
and P is the predictor and predictand covar-
iance matrix. Then as indicated previously,
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the coefficients in B can be obtained by in-
verting A, since

B=A"P (12)
The basic matrix inversion program used
(employing the von Neumann—Goldstine
method of matrix inversion, 1947) was ca-
pable of inverting soth order matrices. Since
three of the matrices (A4, to 4;) are of 6oth
order, it was necessary to use a partitioning
procedure and to obtain the inverse matrices
by the escalator method (HOUSEHOLDER, 1953).

5. Results
The predictability of the dependent variables

as a function of the various predictor combina-
tions is readily measured by the percent re-
duction of the variance of the predictands as
determined from the sample of data studied.
(This percent reduction of the variance ex-
plainedP in the dependent data is equal to the
square of the multiple correlation coefficient
R between all the predictors and the predict-
and and will henceforth be designated as R2.)
From such comparisons we can deduce infor-
mation about the relative importance of
physical processes described by the terms of
the thermotropic equations as they affect
the statistical predictions.

The percent reductions of the variances of
the forecast height changes at the central fore-
cast point (point 9 in fig. 1) using various
combinations of predictors are listed in Table 1.
Comparison of the first two lines of this
table indicates that the linear terms Z;, Z,,
yield better predictions of the 500 mb height
changes than does the combination of infor-
mation from Z; and the non-linear barotropic
term J;. The suggestion here is that linear
baroclinic information is more important
than non-linear barotropic information in
predicting soo mb height changes. When the
predictors Z;, Z,o, J; are combined as in A,
some improvement in the 500 mb forecast is
obtained indicating that the non-linear baro-
tropic vorticity advection term does appear
to add some useful information to that ob-
tainable from the simple linear combination
of heights at two levels.

In the fourth line of Table 1 are shown the
effects of adding 15 values of J,, the term
representing the advection of the vorticity

Tellus X (1958), 3
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Table 1. Reduction of variance (R?, percent, where
R is the multiple correlation coefficent) of predicted
height changes at the central forecast point using
various predictors.

Predictands
Predictors  A13Z5 NgaZs NsZis Dslio
A2 Zg, 24 72 69 68 70
Aq: Zy, Jy 66 58 50 51
Ag 2 Zy, Zyo, 1 75 72 72 72
Ay 2 Zg, Zyo, J1nJe 77 73 73 73
As 1 Zg, Zyo JuJs 76 72 73 73
Ayt Zg Zio J1sJo 78 76 79 77

of the thermal wind from 1,000 to 00 mb by
the thermal wind in that layer, to the 45 pre-
dictors used in the third line. This term appears
toadd very little to the prediction of the s00mb
height changes. As mightbe expected, the term
Ja» the advection of the 1,000 mb vorticity by
the 1,000 mb geostrophic wind, which was
used in arrangement A, contributed almost
nothing to the prediction. The best set of
6o predictors apgears to be that in the sixth
row. The added predictors in Ag are the
values of the J, term which measure the
advection of the mean virtual temperature
in the lower troposphere by the soo mb
geostrophic wind.

The prediction of the 1,000 mb height
changes as shown in the third and fourth
columns of Table 1 follows a similar pattern
for the most part. However, the predictors
Zs and J; do quite poorly at the 1,000 mb
level as might be expected, since they include
information only from the 500 mb level.
There does not appear to be the marked
difference in predictability between soo and
1,000 mb height changes usually found in
numerical forecasting results (THOMPsSON and
GATES, 1956). Thus, the two non-linear terms
which appear to contribute some information
over and above that given by linear combina-
tions of the heights of the two pressure sur-
faces are the barotropic vorticity advection
term J; and the temperature advection term J,.

Actually, higher values of R? were obtained
for predictions of height change at the eastern-
most forecast point of the network, indicating
that this grid point arrangement relative to
the central forecast point did not include
enough information from the west. For the
castern predictand the level of accuracy reaches
84 percent using the predictors in A,

An attempt was made to test the signifi-
Tellus X (1958), 3

335

cance of the improvement gained by addition-
al predictors. Since the sample of 336 obser-
vations of each predictor was obtained from
60 consecutive weather maps at 12 hour inter-
vals, the observations are not independent
in either time or space. Because of this, the
tests of significance applied must be considered
as necessary but not sufficient conditions for
establishing the reality of the difference in
predictability.

Table > shows the improvement in R?2
obtained by increasing the number of predic-
tors and the values of the F ratio calculated
from the following formula given by ANDERsON
and BaNcCrOFT (1952):

R? - R?

-k
(1_R3)nr—r—1

Using this, one can determine whether the
last r — k of the total of r variates made a signif-
icant contribution to R2, the percent reduc-

tion of the variance of the gredictand, above
the percent reduction R? due to the first k

variates. The F ratio then is used to test the
null hypothesis that each of the last r — k re-
gression coefficients is equal to zero. Here
n is the sample size and r -k would be the
number of degrees of freedom of the numer-
ator, the increase in variance. The quantity
1 — r — 1is the number of degrees of freedom of
the unexplained variance, 1-R2, in the sample.

On the basis of this test, it would appear
that the only combination of 30 linear and
30 non-linear predictors which makes a signif-
icant contribution toward improvement of
the R? of the predictands at the central fore-
cast point over all smaller combinations of
predictors is that designated by A4 (columns 7
to 9 of Table 2). For 11 of these 12 tests in-
volving Ag, the calculated F ratio indicates
that the additional r—k predictors make a
significant contribution to the reduction at
better than the 1 percent level.

The regression coefficients for the simple
linear case for a 24 hour forecast of the soo
mb and 1,000 mb height changes are shown in
fig. 2. Note in the upper left, the empirical
influence function relating the soo mb height
to the height change. As might be expected,
the greatest influence on the forecast point

(circled) is from the height at that point 1tself.

F=

(13)
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Table 2. F ratios as measures of significance of improvement ( A R?) of per cent reduction of variance of
predicted height changes at the central forecast point using various arrangements of predictors.
5 and I per cent significance levels of F are given at foot of table.

Predictors
I 2 3 4 5 6 7 8 9 10 II
Ayvs. | Agvs. | Agvs. | Agvs. | Agvs. | Agvs. | Agvs. | Agvs. | Agvs. | Ayvs. | A,vs.
Al Az AS Al A2 Aa Al A2 Aa Al AS
N2 Zs AR? 5.3 | 10.9 1.7 4.5 | 101 0.9 6.8 |12.4 3.1 3.6 9.3
F 2.11 | 4.34( 1.33| 1.73| 3.89| 068 2.87| 5.25 2.66| 2.83| 7.22
AR? 3.9 |15.1 1.5 3.2 | I14.4 0.8 7.2 | 18.4 4.7 2.4 | 13.6
NasZg F 1.32| 5.14| 0.99| 1.06| 4.77{ o050 2.78| 7.12| 3.68| 1.66| 9.28
AR? 4.3 | 23.0 1.3 4.3 | 23.0 1.2 {10.3 |29.0 7.2 3.0 |2I1.7
A1 Z10 F 1.46| 7.76| 087 | 1.43| 7.72| 082 | 4.44|12.52| 6.26 [ 2.06 | 14.76
ARE 3.4 | 226 1.3 3.4 |22.7 1.4 7.5 | 26.7 5.5 2.0 |2L.3
NasZyo F 15| 7.76 | o092 | 1.18| 7.80| o0.97| 3.03|1085( 4.43| 1.39| 14.66
Fy: 1.66| 1.66| 2.10| 1.66| 1.66| 2.10| 1.66| 1.66| 2.10| 2.10| 2.10
F;: 2.06 | 2.06] 2.91 2,06 | 2.06| 291 2,06 | 2.06] 2.91 2.91 2.91
[}
+ +
2
.
+

REGRESSIONM COEFFICIE REGRESSION COEFF

PREDICTORS : 2, d PREDICTORS : 2,
PREDICTAND: 8,, + + PREDICTAND: 8,, 2, -
COEFFICIENTS : LINEAR CASE COEFFICIENTS: LINEAR CASE™

+
o +
- +

+ + +

o
REGRESSION COEFFICIENTS o REGRESSION COEFF
PREDICTORS : ¢ z/‘:+\ + PREDICTORS 2 s ),
PREDICTAND: 8,4 2,0 2 PREDICTAND .8, 2, +
COEFFICIENTS: LINEAR CASE COEFFICIENTS : LINEAR CASE

Fig. 2. Regression coefficients for the simple linear case for a 24 hour forecast of the soo and 1,000 mb height
changes using 15 values each of s00 mb and 1,000 mb height as predictors. The forecast is made for the circled
point.
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PREDICTORS : J'
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COEFFICIENTS: BAROTROPIC CASE

+

Fig. 3. Regression coefficients for the barotropic case for a 24 hour forecast of the 500 and 1,000 mb height changes
using 15 values each of Zg and J, as predictors. The forecast is made for the circled point.

If the height is above normal, the tendency
is for a negative change. But it can be seen from
the upper right of fig. 2 that the influence
of the 1,000 mb surface is quite important in
predicting the 24-hr 500 mb height change.
These empirical influence functions are of
course more irregular than the Green’s func-
tions derived from the partial differential
equations. In fig. 3, the maps show the re-
gression coefficients for the case we have
referred to as the barotropic case. Again the
greatest weight is attached to the forecast
point itself, but the barotropic vorticity ad-
vection term J; appears to affect the forecast
only slightly.

Fig. 4 shows the coefficients for the forecast
of Ay Zg using 60 predictors which are values
of the four variables Z;, Z,,, ], and J,. Infig. s,
the coefficients for forecasting A, 2Z,, are
shown using the same predictors as in fig. 4.
Tellus X (1958), 3
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An example of a forecast made from the
best 6o-term operators is shown in fig. 6.
In this forecast for 0300 GCT, 22 January 1953,
over the eastern United States the agreement
with observed changes is fairly good both at
500 and 1,000 mb. The correlation between
forecast and observed 24-hour height changes
at 500 mb is 0.91 and at 1,000 mb is 0.77.

6. Critical Comments

Some critical comments should be made
with regard to the interpretation of the fore-
going results.

1. In the process of solution of the partial
differential equations, the field of the in-

oz .

— is calculated
at
and the values are assumed constant for a
short time period, perhaps one hour. Using

stantaneous height tendency
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REGRESSION COEFFICIENTS
PREDICTORS !5

PREDICTAND P9 Zs +
COEFFICIENTS . 60 TERM

REGRESSION COEFF
PREDICTORS - !.o
PREDICTAND LY 25
COEFFICIENTS 60 TERM

REGRESSION COEFF
PREDICTORS :J,
PREDICTAND: 8, , 2, + +
COEFFICIENTS : 60 TERM

REGRESSION COEFF ™
PREOICTORS : J,
PREDICTAND: 4,2,
COEFFICIENTS: 60 TERM

-lo -08

Fig. 4. Regression coefficients for a 24 hour forecast of the s00 mb height change using 15 values each of Zj,
Zy, Jy and J, as predictors. The forecast is made for the circled point.

these height changes, a new height field is
obtained and the process is iterated to deter-
mine the height field at some later time. In
the statistical process, the initial fields of the
predictors F are related directly to the 12 or
24 hour height changes. Because of this differ-
ence, the conclusions drawn from the re-
sults of the statistical study do not permit one
to make fully conclusive inferences about
the effectiveness of non-linear terms in nu-
merical weather prediction by purely dynam-
ical methods.

2. It is of interest to speculate on the small
increase of predictability due to the non-
linear terms. Presumably, if a set of values
of one of the non-linear terms were used alone
as a predictor, it would give a significantly

good prediction of the height change. But
this prediction might not be significantly
better than one could obtain from a linear
combination of the heights. This implies that
much of the information contained in the
quadratic terms is already included in the
linear terms. Since the non-linear terms in-
volving the Laplacian are computed from
third order differences of heights or thick-
nesses, errors in the data could be amplified
and cause large errors in these terms so that
they fail to aid the prediction significantly.
This point may be illustrated by the fact
that in this study the simplest Jacobian, J,,
gave more significant results than the Jacob-
1ans representing higher order differences.

3. If the statistical operators are applied to

Tellus X (1958), 3
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independent data it can be expected that the
percent reduction will be reduced. A discussion
of the expected reduction of R? is given by
LoRreNz (1956).

4. The significance tests applied as described
above must be considered as necessary but
not sufficient conditions for establishing the
reality of the differences in predictability.
Since the 336 observations of each variable
came from only 60 weather maps at each
level and the maps are 12 hours apart, correl-
ations among the predictor data must be
rather high in both space and time. Conse-
quently, the number of degrees of freedom
used in the significance tests is not realistic
and the high significance indicated for some
of the cases is seriously questionable.

339

Although this study indicates that the non-
linear terms add onf; slightly to the linear
statistical prediction, one siould not infer di-
rectly that their value is small in dynamical
forecasting. However, it is not believed that the
statistical and dynamical forecasting techniques
are so greatly different that there are not
some serious implications about the relative
importance of these non-linear terms for dy-
namical forecasting also.
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REGRESSION COEFFICIENTS
PREOICTORS !5 2 +

PREDICTAND A, 2,
COEFFICIENTS EOTERM

REGRESSION COEFfF
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PREDICTAND AN*no
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Fig. 5. Regression coefficients for a 24 hour forecast of the 1,000 mb height change using 15 values each of Z;,
Z,4, Jy and J, as predictors. The forecast is made for the circled point.
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FORECAST: 4,2,
PREDICTORS: 2, 2,03, .9,
03002, 22 JAN 1953
0 0300 Z, 23 JAN 1953

OBSERVED: A, 2

03002, 22 JAN 1953 \Q

TO 03002, 23 JAN 1983 10 L0 -

s

NN

FORECAST: 8,2,
PREDICTORS: 2, ,2,,.9,,J,
0300 E, 22 JAN 1953

T0 03002, 23JaN 1953

NN

OBSERVED: 4,,2,, \e\k

03002, 22 JAN 1933
TO 03002, 23 JAN 1953

10
D
10

Fig. 6. Forecast and observed 24 hour height changes for the period ending o3joo GCT 23 January 1953. 500 mb
above and 1,000 mb below. Forecasts were made using the best 6o-term regression equations.

program preparation and in the production
of computations on the IBM model 701 com-
puter. Calculations were performed on an
IBM 701 EDPM at International Business

Machines Corporation in New York and on
the IBM 701 at the Joint Numerical Weather
Prediction Unit, U.S. Weather Bureau, Suit-
land, Maryland.
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