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Abstract

Consider an affinely connected space without a torsion A2n. [6] introduces

pairs of mutual compositions Xnx X nandYn x Y n, defined by the afinors
aaand ba . This paper considers two new compositions given by the affinors a =
V2 (aa+ba)and Ca =V2(aa-ba). We show that these compositions define
integrable structures in A2n .
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Abstrakt

Ky punim shkencor ka té b&j me prodhimet e ndérsjellta ( té¢ kundérta) me
afinorét e lidhur né hapsirén pa tenzoré né A,,, [6], ku paraget prodhimet reciproke
X, X X,, dhe Y,, X Y, té definuar nga afinorét a§ dhe bg béhet fjalé pér prodhimet :
Karteziane-Kartiziane  (K-K),Cobishevit-Cobishevit (C-C) dhe Gjeodezi-
Gjeodezike (Gj-GJ).

Afinorétalh dne bf: af = vE V2 + vPvz—vEvE - vf i3
bﬁ: V1ﬁVa3+ VBﬁval_ V25Va4_ VZﬂV(Z4"
Kétu fitohen dy prodhime té reja nga afinorét dg = %( aﬁ + bg) dhe

cf = %(aﬁ - bf). Ne tregojmé se kéto prodhime cg dhe dg definojné
strukturat e integruara 4,,

AncTpakr

OBoj HayuyeH TpyJ Ce OJHECYBa Ha OWiaTepaIHUTE MPOU3BOJAN (CIPOTUBHH)

co ahMHM TTOBP3aHU BO MPOCTOPOT 6e3 ceH3op Bo A,,[6], kaxe mro ce mojaByBaar
peLunpoYHnTe NpoaykTH X, X X, dhe Y, X Y, nebunupanu ox apunute ag u

bg U craHyBa 300p 3a npousBojute: Kaprusunane-Kaprusuane (K-K), Hobuesu-
Yoowuiesu (C-C) u I'eonenercku-I'eonercku (I'-I).

Apumnre al ubf: af = vEvE+ vivz-vPvi-vfy3
b = v+ vivi - vivi- v,
Tyka ce jo6HBaaT JiBe HOBM NPOM3BOAY Of aHHUTE dg = \/% ( ag + bg )
ncy = (ag — by).

Hue mokaxxyBame Jeka OBHE IPOU3BOIH cg u dg rd  aepuHUpaaT

WHTETPUPAHUTE CTPYKTYpPH Aj,.
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1 Preliminary

Consider affinely connected space without a torsion AN and denote with r its
coefficients of connectedness. In AN, let X x Xm(n + m = N ) be a composition
of two differentialbe manifolds X and Xm. Along any point in the space of
compositions AN (X x Xm) there are two positions of the base manifolds, denoted
by P (X) and P (Xm) [2]. Observe that defining a composition in AN is
equivalent to defining a field of the affinora for which [1,2]:

aa =6 1

Here a is called the affinor of the composition [2]. According to [2] and [4],
the condition for integrability of the structure is:

a a'-a a' = 2

The projective mam affinors and a", difinedby a =' +a) and

a"=1 (6 -a), satisfy the conditions a +a=6 and a —a = a [2,3]. For
any vector v EANIX xXn) wehavev =V +V ,whereV =av EP
X ),V =mVv EPXm).

The properties of the following special following special compositions are
studied in [2]:

The composition (C — C) for which the positions P (X) and P (X,) are trans-
lated parallely along every line in Ay , is characterized by

a = 3

The composition (Ch — Ch) for which the positions P(X) and P (Xn,) are
translated parallelly along the lines of X, and X , is characterized by

a = 4

The composition (G — G) for which the positions P (X ) and P (Xi) are
trans- lated parallelly alongthe lines X and Xy, is characterized by

a a'+a a'= 5
Consider an even-dimensional space without atorsion A. Letv (a =1 22n)

are independent vectors. Define the covectors v with

<

<
]

(a2

N

<
<<
I

_BV 6
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Suppose that the indices take the following values:

afl"f = 12 2n
, = 12 n 7
, = n+1ln+2 2n

Following [5] and [6] consider the affinor

i i
a =vvV —=vV
] 1

8

From 6 it follows that a a = 6 i.e. the affinor (6) defines the composition
X x X in ADenotewith P(X) and P (X) the positions of this composition.

Consider the vectors [6]

W = VvV+V W=y +yV W =V +vV
1 1 +1 +
W =V —V W =V =y W =V —V
+1 1 +1 + + 9
Define the covectors w from the following equalities
ww =6 {oow v =6
0 w =0 10
Consider the affinor [6]
i i
b =ww —ww
l .
’ 11

From 10 and 11 we obtainb b =6 . It follows that the affinor b defines
a composition in A, which we denote with Y XY . Let P(Y) and P(Y) be the
positions of this composition.

According to [6] the compositions X x X and Y X Yare mutual.

2 Compositions defined by the affinors of two mutual
compositions
Consider the mutual compositions X and Y xY Consider the affinors
1
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= ) a +b) C = ) a —b
2,( ) Z( )

Froma b =-b a [6]and 12 we have =6 andC C =6 .1t
therefore follows that the affinors 12 define compositions in A

Proposition 1 tto compositions deened bb the affnors a b C are either
(C-C) or (Ch-Ch) compositionss then the other tto compositions are either
(C-C)or(Ch-Ch)compositions

Proof. From 12 itfollowsthat = ~-( @+ b) ¢ =-1( a-1b)

- 1 =
=4( a+ b) € =" a = b )fom where taking into
account 3 and 4 the statement of the theorem follows.

Theorem 1 The compositions given bb the affnorsand C s deene integrable
structures in the space A

Proof. Set the net (vlv V), defined by the independent vectorsv , as a

coordinate one. Then we have:

(13)\{(1 yv (1 ) v ( 1)
1
va vt ) v, 13
From 13 the matrices of the affonorsa and b in the chosen coordinate net
are
\
1
\
@)=\ b)=
-8, 1
\
1 14
From 2 the condition for integrability of the stucture defined by is
vVio— Vo= 15
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Taking into account 12 the above is equivalent to
(@ +b) @ +b)—-(@ +b) (@ +1b") - 16
+@ +b )@ +b)+(@ +b) (@ +b')=

In the coordinate net the left hand side has of 16 takes the form

G' = (a +b )(r'p@" +b) —rY,(a® +b%) +
+(@ +b )(—=rY (a® +b°) + r¥ (a® +b°)
17
Finally from 17, taking into account that r =r anda a’ =6, b
b =
6Y,a bV = —b a, it follows that GV = i.e. the composition given

by the affinor defines integrable structure in A . That the structure given by C
is integrable follows simalarily.

Theorem 2 three o the compositions given bb the affnorsas b s C and are
(G - G) compositionss then the ourth is (G - G) composition as tell

Proof. From 12 it follows that

Y ' = (@ a'+a a")+
2( 18

C CV+C ¥ = —(a a'+a a')+ 19

1 v vy_ 1av
+50  bY+b  b)-5G

where G =a b'+a bY+b a'+b 3’ Fomi18we have
Vi Y+¢C V+C (Y

= 3 a'+a a’'+b bY +b bY
20

from where, taking into account 5, the statement follows.
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Proposition 2 For vectorsin P(X )s P(X )s P(Y )s and P(Y ) the
olloting hold respectivelb

1. Foranyv EP(X ) we have that v EP(Y )andC v EP(Y ),
2. Foranyv EP(X ) we have that v EP(Y )andC v EP(Y ),
3. Foranyv EP(Y ) we have that v EP(X )andC v EP(X );
4. Foranyv EP(Y ) we have that v EP(X )andC v EP(X )

Proof. From 8, 9, 10 and 11 it follows that

+1 1 +
b =v v + v v +v VvV + VvV V + +Vv Vv +vVvyV
1 +1 -

-
| |

For vP(X) we have 2 =v v a =vv . Fom (6), (8), (9), (1 ) and
(11) we find that ‘

+i

v =)Z,\‘(Y +v.) Cv =)_2,\‘(~i/ =¥ )

so that v EP(Y )andC v EP(Y ), which estableshes part 1. The
remaining parts follow similarly.

m m
Leta,a ,andb ,b are the projective affinors of the compositions X x X

i m i

and Y XY m Xrespectively. From (8) and (21) =y v .a =vVv we have

b = (6 + v\ +v V')
Z +1 [
m 1 i +i
b—é(s—\iiv-—\{v)
m m

m m
b a, = b a, =
m m
a b, = a b=
m m
bCa, = b Ca,=
m m
aCb, = alCb, =

22
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Proof. Consider anarbitrary vector v¥. Thena,v¥ P (X ). From Rroposition

we have  a,v¥ E P(Y) so thatb" a,v¥ = . Since vV is an arbitrary vector,
it follows that the first line of 22 holds. The rest follow similarily.
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