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CYCLOTOMIC EXPRESSIONS FOR
REPRESENTATION FUNCTIONS

CHARLES HELOU

Pennsylvania State University, Media, PA, USA

ABSTRACT. Given a subset A of the natural numbers N = {0,1,2,---} (resp.
of the ring Z/NZ of residue classes modulo a positive integer N), we introduce
certain sums of roots of unity associated with A. We study some of their proper-
ties, and we use them to obtain new expressions for the classical functions that
characterize A, i.e. of the representation function, the counting function and the
characteristic function of A. We also give an example of computations of the
representation function using such expressions.

Communicated by Werner Georg Nowak

1. Introduction

Let A denote a subset of the semi-group N = {0, 1,2,...} of natural numbers
(resp. of the quotient ring Z/NZ ~ {0,1,..., N — 1}, whose elements are iden-
tified to their minimal non-negative residues modulo N, where N is a positive
integer). For every n € N, let A, = AN [0, n] be the set of all elements a < n in
A. The counting function of A is A(n) = |A,|, the number of elements in A,,,
while the representation function of A is defined by

ra(n) ={(a,b) € Ax A:a+b=n},

and the characteristic function of A is given by xa(n) = 1ifn € A, and xa(n) =
0if n ¢ A. All three functions characterize A, with the most important one being
ra(n). Representation functions have been studied extensively [2], [3], 4 9], [T2], [T5]
[16, 17, 18, 191 20], and many conjectures and open problems about them remain
the subject of intensive research [5, [6l, [7], 8], [10, 20} 21} 22, 23].
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2mi

Let m be a positive integer, and ¢,, = e be the standard primitive mth
root of unity in the field C of complex numbers. We introduce the exponential

sums
Se(A,m,n) =Y ¢k, (1.1)

acA,

where k € Z is a rational integer, and n € N is a natural number. We study
some of their properties, and we establish, in their terms, expressions for the
three characterizing functions

ra(n), A(n) and xa(n) of A.

We thus prove that if m > n (resp. m = N), then

-1

1 —k 2
= — "Sk(A, 1.2
ra(n p” 50 A SKk(A,myn)*. (1.2)
Moreover, for A C N and for m > n, we also have
1
1
Aln) = — A 2, 1.
(m) = ;:o: Sk(A,m,m)| (13)

On the other hand, for any integer n > 0,

n—1
ra(n) = — Z Sk(A,n,m)? — xa(0) = xa(n), (1.4)
1
A(n) = - Z Sk(A,m,m)[> = 2x4(0)xa(n), (1.5)
and
1 n—1
=— A — . 1.
xa(n) nkZ:OSk( ;n,m) = x(0) (1.6)
Two further expressions for the representation function are given by
1 —-n
’I“A(n) = EZT’FQ(@”Q (Cd Sl(A, d,n)2) ; (17)
dlm

where m > n (resp. m = N), and Trg(c,)| is the trace form in the field extension
Q(¢4)|Q, with d ranging over the set of positive integers dividing m (resp. N),

and

“‘(”):% ) Zﬂ(da+b—n)>@(¢(i) ’ (1.8)

(a,b)EA, XA, dlm m)
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CYCLOTOMIC EXPRESSIONS FOR REPRESENTATION FUNCTIONS

where m > n (resp. m = N), p is the Mdbius function, and ¢ is the Euler
totient function.

We also give an example of computations with those expressions.

2. Orthogonality Relations

The following results concerning character sums are well-known (e.g., [1I,
Chapter 6).

LEMMA 2.1. For any integers m > 0 and x € Z, we have

m—1 m ifm|x,
> gk = { _ | (2.1)
=0 0 ifmitx.
In particular,
COROLLARY 2.2. For a,b,n € N, we have
m—1 m ifa+b=n (modm)
ST chlettem | (2:2)
=0 0 ifa+b#n (modm).

COROLLARY 2.3. If |a+ b —n| <m, and in particular if a,b < n < m, then

m—1 m ifa+b=n,
ghrrm I 23)
=0 0 ifa+b#n.
If la+b—n| <m, then
m—1 m ifa+b=n, or a+b=n+tm,
Do et = | (24)
=0 0, otherwise.
COROLLARY 2.4. For a,b,n € N such thatn >0 and a,b < n, we have
n—l n ifa+b=n, ora=b=0, or a=b=n,
Z Chlatb—n) _ . (2.5)
k=0 0, otherwise.
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3. Exponential Sums

Let A C N (resp. A € Z/NZ ~ {0,1,...,N — 1}, where N is a positive

integer). For any integers k € Z, m,n € N, with m > 0, let
Se(A,m,n) = Y ¢k (3.1)
REMARK 3.1. If m | k, then @€An
Sk(A,m,n) = So(A,m,n) = Z 1=A
a€A,

LEMMA 3.2. For any integers k, k' € Z, m,n € N, with m > 0,

— If K= k (mod m),then Sy (A, m,n) = Si(A,m,n). (3.2)

— If ¥ =—k (mod m), then Si(A,m,n) = Si(A, m,n), (3.3)
where Z is the complex conjugate of z in C.

Proof. Indeed, in the first case

m m

¢Ka — cha
and in the second case,
he = Gt = he,
for any a € A,,. The results follow by summation over a. g
LEMMA 3.3. Let A" = N\ A (resp. A’ = (Z/NZ)\ A) be the complement set

of Ain N (resp. in Z/NZ). Then, for any k € Z and any m,n € N, with m > 0,
we have

1— k:M
—2 — Si(A,m,n) if mik,
Sk(A';m,n) = s (3.4)
where M =n+1 (resp. M = N ).
Proof.
S(A'ym,n) = Y ¢k
acAl
M-1 M-1
:Zm—2m=2$wmmm
= acA, =
If m t &, then S0 1 cho = 1 <k JIfm | k, then Mt cha =S M1 — A and
Sk(A,m,n) = A(n ), by Remark Bl The result follows. O
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LEMMA 3.4. For any two subsets A, B of N (resp. of Z/NZ), any k € Z and
any m,n € N, with m > 0, we have

Sk(AU B, m,n) = Sp(A,m,n) + Sp(B,m,n) — Sp(AN B, m,n). (3.5)
Proof. Since AU B is the union of the three pairwise disjoint sets
A" =A\(ANB), B =B\(ANB) and (ANB),
and since
A=A"U(ANB) and B=B U(ANB),

the result follows by simple summations. (]

4. Relations with the Characterizing Functions

LEMMA 4.1. Let ACN (resp. ACZ/NZ ~{0,1,...,N —1}). For any k € Z
and m,n € N, with m > 0 (resp. m:N) we have

Si (A, m,n)? ZTA ke, (4.1)

where 0 < ¢ < 2n (resp. ¢ € Z/NZ).

Proof.
S A m n)Z Z Ck(a+b)

a,beA,,

=Dl D DR IS SIS

c (a,b)eA, X Ap:
a+b=c

where 0 < ¢ < 2n, since ry4, (¢) = 0if ¢ > 2n (resp. ¢ € Z/NZ, sincem = N). O
PrOPOSITION 4.2. Let ACN (resp. ACZ/NZ ~{0,1,...,N —1}). For any

m,n € N, with m > n (resp. m = N and n mod N denoting the residue class
of nin Z/NZ), we have

m—1
1
= — oS (A, m,n)? (4.2)
M=o
respectively,
N-1
ra,(nmod N) = — Z (N Sk (A, N, n)2. (4.3)
k=0
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Proof. By Lemma 1] with m > n (resp. m = N),

m—1 m—1
G Sp(A,m,n)? =
k=0 k=0

o
3
e
3
.
N
3
/—\
\_/
Lf\
I
o

3 o

c k::O

where 0 < ¢ < 2n (resp. ¢ € Z/NZ). By Lemma 2]

m—1 if c =

Z(ﬂc_”) _Jme ife=n (mod m),

0 0, ifc#Zn (modm).
Therefore,

m—1

G Su(Amon)® = Y ra, (c)m.
k=0 c=n (mod m)

Moreover, ¢ = n (mod m) with 0 < ¢ < 2n and m > n (resp. with ¢ € Z/NZ ~
{0,1,...,N — 1} and m = N) if and only if ¢ = n. So the last sum above is
reduced to just one term, namely, 74, (n)m. Thus

,_A

C M Sk (A, m,n)? = mra, (n).
k=0
Moreover, in the case where A C N, we clearly have 4, (n) = r4(n). Hence the
result. 0

REMARK 4.3. The formula in Proposition E.2is quite similar to the finite Fourier
inversion formula as given in ([I], Theorem 8.4).

LEMMA 4.4. For ACN (resp. AC Z/NZ ~{0,1,...,N —1}), and m,n € N,
with m > 0 (resp. m = N ), we have

m—1
Sp(A,m,n)* =m Z ra, (gm), (4.4)
k=0 0<q<2n
respectively,
N-1
Sk(A,N,n)? = Nra, (0). (4.5)
k=0
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Proof. By Lemma ] and Lemma 2]

m—1 m—1

S stman =3 S
k=0 c

m—1
= ZTATL (C) Z g’l’f’LL = Z TAn (C)m7
c k=0 c:mle
where 0 < ¢ < 2n (resp. ¢ € Z/NZ), so that
Z ra,(c)m=m Z ra,(gm) (resp. = Nry4, (0).) O

- . 2
cimle 0<q<2n

COROLLARY 4.5. For A C N, and for any positive integer n,

2n—1
1

xa(n) = o > Sk(A,2n,n)* = x4(0). (4.6)
k=0

Proof. By Lemma 4 with m = 2n,

2n—1

ZSk(A, 2n,n)* = 2n(ra, (0) +7ra,(2n)).

And, clearly, r4,(0) = r4(0) = xa(0). Moreover, the only possible represen-

tation of 2n as a sum of two elements of A, is 2n = n + n, provided n € A.

Sora,(2n)=1ifne Aandra, (2n) =0if n € A, i.e, 74, (2n) = xa(n). Thus
2n—1

Z Sk(A,Zn,n)z = 2”(XA<0) + XA(n)),

k=0

and the result follows. O

REMARK 4.6. Another expression for x4(n), in the case where A € N and
n > 0, can be obtained directly, by similarly establishing that

Zsk (Anyn) = an’“ = > n=n(xa0) +xa(n)),

acA, k=0 a€An:n|a
which gives
n—1
1
=— Si(A — 0). 4.7
xa(n) nkZ:O k(A n,n) = xa(0) (4.7)
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PROPOSITION 4.7. Let A be a subset of N. For any positive integer n, we have

TA(”):—ZSkAnn xa(0) = xa(n) (4.8)
:%ZSk(A,n,an% z_: Sk(A,2TL,n)2. (49)
k=0 k=0

Proof. By Lemma 4 with m = n,
n—1
Z Sk(A,n,n)?=n Z ra, (qn) =n(ra, (0) +ra,(n) +ra,(2n)).
k=0 0<q<2
As it is indicated in the previous proof,
ra,(0) =ra(0) =xa(0), and 7ra, (2n) = xa(n).

Moreover, r4, (n) = ra(n), since if n = a + b with a,b € A, then a,b < n,
ie., a,b € A,. Thus

n—1
Z Sk(A,n,n)? = n(XA(O) +7ra(n)+ XA(n)).
k=0
This gives the first equality. The second equality follows from the first one and

from Corollary d

PrOPOSITION 4.8. Let A C N and m,n € N such that m > n, then

1 '—
== A 2, 4.1
Proof.

m—1 m

Z [Sk(A,m,n)|* = Z Sk(A, m,n)Sk(A,m,n)

=

k=0
m—1
.
k=0 \a€A beA,
_ mzl Z Ck(a b) _ Z mz_lcrkrrL(a—b)
k=0 a,beA, a,beA,, k=0
= Z m=m-|A,| =m-A(n),

a,beA,:a=b (mod m)
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where in the last line of equalities, we used Lemma [ZI] and the fact that m > n,
so that, for a,b € A,,, a =b (mod m) if and only if a = b. d

REMARK 4.9. If, in the preceding Proposition, we take m = n > 0 (instead of
m > n), then, for a,b € A,, a =b (mod n) if and only if a = b or (a,b) = (0,n)
r (a,b) = (n,0), provided 0 and n lie in A. Therefore, in this case,

S 1Sk(A,m )P = n(A(n) + 2x4(0)x(n)).
k=0

Thus

n—1

m) = = 3 I5k(A m )P 2xa(0)xa(n). (4.11)
k=0

LEMMA 4.10. Let ACN (resp. ACZ/NZ ~{0,1,...,N —1}), and m,n € N,
with m >0 (resp. m = N ). For any integer r € Z, we have

m—1
Z G Sp(A,m,n) =m Z xa(jm+r), (4.12)
k=0 — SISt
respectively,
N-1
P Sp(A,N,n) = N - x4, (r mod N). (4.13)
k=0

Proof. In the case where A C N, by Lemma 2.1

m—1
Z (;LMS;{;(A,m,n) _ Z C—k? Z C

k=0 a€A,
-y S
acA, k=0
=m-H{a€A,:a=r (modm)}|
Moreover, a = r (mod m) if and only if a = jm + r for some j € Z, and

= jm+r € A, if and only if xa(jm+7r) = 1 and 0 < jm+r < n,

n—r
m

i'e'a _% S] S

Ha€ A,:a=r (modm)}| = Z xa(gm—+r),

Lo n—T
— e <j<tLt

which implies the first formula.
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Similarly, in the case where A C Z/NZ ~{0,1,...,N —1} and m = N,

N-1
ZCN’”Sk (A,N,n) ZgN’“ >
a€Ay,
Z Z Ck(a r)
a€A, k=0

=N -Ha€A,:a=r (modN)}|.

Moreover, {a € A, : a = r (mod N)}| is equal to 1 if the congruence class
of r mod N lies in A,, and to 0 otherwise, i.e.,

Ha€ A, :a=r (mod N)}| = xa,(r mod N).
Hence the second formula. O

COROLLARY 4.11. Let A C N (resp. A C Z/NZ ~ {0,1,...,N —1}), and
m,n € N, with m > 0 (resp. m = N ), we have

m—1
Z Sp(A,m,n) =m Z xa(gm). (4.14)
k=0 o<j<n
respectively,
N-1
Sk(A,N,n)=N~XA<0). (415)
k=0

Proof. This is the special case r = 0 of the previous Lemma, taking into
account that x4, (0) = x4(0). O

5. Cyclotomic Expressions

We still denote by A a subset of N (resp. of Z/NZ ~ {0,1,...,N — 1}),
by m a positive integer, while n € N and k € Z.

From the definition of (,,, = em it easily follows that if d is a positive integer
dividi th
ividing m, then ¢l = . (5.1)

If d = ged(k,m), and m = dmy, k = dk;, where k1 € Z, and the integers
d,my > 0 with ged(ki,m1) = 1, then

Sk(A,m,n) = Sk, (A, mq,n). (5.2)

132



CYCLOTOMIC EXPRESSIONS FOR REPRESENTATION FUNCTIONS

Indeed,
S(A,mon) = > ¢k = )" (e
acA, acA,
= Z Cﬁ;,lla = Skl (Avmlvn)'
acA,

Thus, considering the sums Sy (A4, m,n), we may assume that ged(k,m) = 1.
The sums

Sk(A7 m, n) :Z Crk;La
acA,
are cyclotomic integers, i.e., they lie in the ring of integers Z[(,,] of the cyclotomic

field Q(Gn)-

The field extension Q((,,)|Q is an abelian extension of degree ¢(m), where ¢
is Euler’s totient function. The Galois group G, of Q({,,)|Q is isomorphic to the
multiplicative group (Z/mZ)* of invertible elements of the ring Z/mZ of residue
classes of integers modulo m. The elements of G,, are the Q-automorphisms
Om.k of Q(¢p,) defined by

Omi(Cm) =CF, for ke (Z/mZ)*,

where k = k + mZ is the congruence class of k modulo m, i.e., for k ranging
through a reduced residue sytem of integers modulo m. Moreover, the irreducible
polynomial of {,,, over Q is the mth cyclotomic polynomial

2,.(x) = [ (x—ch.

1<k<m:
ged(k,m)=1

of degree p(m), and having integer coefficients ([14]).

LEMMA 5.1. For any integers h,k € Z and m,n € N, with m > 0, such that
ged(k,m) =1, we have

Om.k (Sh(A,m,n)) = Spn(A,m,n). (5.3)
Proof. Indeed,

Um,k(Sh<Aaman)> = Om,k ( ZCQLG> = Zgﬁfm = Skh(A,m,n).

a€A, a€A,,
O

COROLLARY 5.2. In particular, for any natural numbers m,n € N, with m > 0,
and any integer k € Z such that ged(k,m) = 1, we have

Sp(A,m,n) = o (S1(4,m,n)). (5.4)
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REMARK 5.3. Tt follows from (52]) and (B.4), setting (k,m) = ged(k, m), that

m m
Sk(A, m, n) = S(k,km) (A, W, n) = O—ﬁ’ (k,km) <Sl (A, W’ n)) . (55)

)

Thus, in order to determine all the sums Sk (A, m,n), it is enough just to deter-

mine the sums
S1(A,m,n) = Z ¢,
a€A,
PROPOSITION 5.4. Let A be a subset of N (resp. of Z/NZ ~ {0,1,...,N —1}),

and let m,n € N such that m > n (resp. let m = N and n mod N be the residue
class of n in Z/NZ), then

1 —-n
T‘A(n) = E ZTTQ(@”Q (Cd Sl(A, d, n)2) , (5.6)
dlm
respectively,
1 —-n
ra(nmod N) = > Troeae (¢ S1(A,d,n)?) (5.7)
d|N

where Troc,)|q is the trace form in the field extension Q(Cq)|Q, and d ranges
over the set of positive integers dividing m (resp. N ).

Proof. Using Proposition @2l Remark 3] (5.1 and Corollary 5.2 successively,
we get

ra(n) =

elm 1<k<m:
ged(k,m)=e

1 . 2
Iy oy s ()
me|m 1<k<m: ‘ ‘ ¢

ged(k,m)=e

1 2
RERIEDY amk<g;nsl(A,T,n) >
m e e e (&
elm 1<k<m:
ged(k,m)=e
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Setting d = % and h = %, noting that ged(d, h) = 1, and substituting into the
latter sum, we obtain

ra(n) = %Z Z oan (¢"S1(A d, n)2)
dlm

1<h<d:
ged(d,h)=1

1 —n
~m > Troeae (67" S1(A, d,n)?)

dlm

Z Od.h (Cd_nsl (A,d, n)2)

1<h<d:
ged(d,h)=1

since, for each d | m,

is the sum of all the conjugates in Q((4)|Q of ¢;"S1(4,d,n)?, which is, by
definition, the trace in Q(¢4)|Q of ¢;"S1(A,d,n)>.

The same proof works in the case where A C Z/NZ ~ {0,1,...,N — 1} and
m = N, just replacing 74 (n) by 74(n mod N) and m by N. O

LEMMA 5.5. For any positive integer n and any integer h € Z, if d = ged(h,n),

then
Troea) o) = p (g) eln) _ <(hfln)> ) eln) (5.8)

# () (7))

where 1 is the Mobius function defined by

1 ifn=1,
un) =140 if n has a prime square factor, (5.9)
(-

1)* if n is the product of s distinct primes.

In particular, if h and n are relatively prime, then TT@(Q)\@(Q}LL) = p(n).

Proof. This results from ([11], p. 427, IV), in the special case of the trivial
character. O

PROPOSITION 5.6. Let A be a subset of N (resp. of Z/NZ ~ {0,1,...,N —1}),
and let m,n € N such that m > n (resp. let m = N and n mod N be the residue
class of n in Z/NZ), then
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=g 2 S @) sy o

(a,b)EA, XA, dm (d,a+b—n)
respectively,
1 o(d)
ra(nmod N) = — o Dm (da+b )> ; . (5.11)

(a,b)EA, XA, dN ¥ (m)
Proof. By Proposition [5.4]
1 —n
T‘A(n) = E ZTT@(Cdﬂ@ (Cd Sl(A, d, n)2) .
dlm
Moreover,

2
C7"S1(A,d,n)? = ¢ ( > <3>

acA,

_ a+b—n
= d ,

(a,b)EA,, XA,
and by Corollary [5.5]

e @) () Ty

(d,a+b—n)
Hence
1 a+b—n
==> > Troce ™™
dlm (a,b)€A, XA,
-0 X Y ) 2
M wwyennsa, dm D (Hb*n) ga(m)
The same proof works in the case where A C Z/NZ ~ {0,1,...,N — 1} and
m = N, just replacing 74 (n) by 74 (n mod N) and m by N. O

6. Example

Let p be an odd prime number. In F, = Z/pZ ~ {0,1,...,p — 1}, let
A={2?:z€F,}.
Fix
nel,~{0,1,...,p—1}.
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By Proposition [5.C -

Z ZN< d, a—|—b—n)> <p( (p(f?

abeA, dp @)
1 < 1 > e(1)
P o bea, (Latb—n) ¥ (W)
1 P o(p)
5.2 )
pa,beAn (patb—n)/ g (W)
e(p) 1 ©(p)
= Z 1+— SouM T+ = > w5
a,beA, a,beA,,: (,0(1) p a,beEA,: ¥ p)
a—l—b:n a+b#n
1
_Lgmp+ Z oy
p a,beA,, a,beA,,
a+b n a—l—b;én
1
= ]_? (A(”)2 + (= DR (A)] = [An x A\ Rn(A>|)

= |Rn<A)‘a (61)
where
R, (A) ={(a,b) € A, x Ay, :a+b=n}

={0<a<n:a€Aandn-—ac A}

Sfpzesn (- (559

ora=0,n€A, ora:nEAU{O}}, (6.2)

with (5) denoting the Legendre symbol.

Moreover, for any 0 < a < n,

4 ifan—a€Aaz#0,n,

() ()i e

0 ifag A, or (n—a) ¢ A,

—_

(6.3)
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and
2 ifneAn#0,
1+(9>: 1 ifn=0, (6.4)
Y 0 ifngA

It follows that

wo=i 2 (@) (52) 1+ )
SO0 ) ) 3(42)
(59)+ (252) o5
Sl D) 06} e

where d,, ¢ is equal to 1 if n = 0, and to 0 otherwise. It is added to the second line
of the above equalities to compensate for the fact that, just in the case n = 0,
without it, the second line would be equal to r4(0) — %, due to the third case in
the equality We also tacitly used the fact that

5(5) =557 =0

a=0 a=0

since the number of non-zero quadratic residues is equal to that of non-residues.

Now, by ([I3], Theorem 8.2, p. 174), if n # 0, then

55)-(RIE ) ()v-co w

a=0 a=0

While if n = 0, then, trivially,

Pi <w> = <_71> pi <a£> = (-1 (p-1). (6.7)

a=0 a=1
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It follows from and that

S(W) = (=1)"% (dn0p — 1). (6.8)

a=0
Substituting into gives

ra(n) = i(pwn,o +§<W)) +3 (1 + <%>>

AT )
_ i<p+ (=)™ 46,0 ((1)’31p+ 1)) +s (1 + (%)) (6.9)
i(pﬂl)"zl) +%<1+ <§)> if n#0,

1+§<1+(—1)p?_1>(p—1)7 if n=0.

1=

ie.,

ra(n) = (6.10)
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