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PARTITIONING THE SET OF PRIMES TO CREATE
r-DIMENSIONAL SEQUENCES WHICH ARE
UNIFORMLY DISTRIBUTED MODULO [0,1)"
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ABSTRACT. Expanding on our previous results, we show that by partitioning
the set of primes into a finite number of subsets of roughly the same size, we can
create r-dimensional sequences of real numbers which are uniformly distributed
modulo [0,1)".

Communicated by Werner Georg Nowak

1. Introduction

In previous papers, we used the factorization of integers to generate large fam-
ilies of normal numbers; see for instance [I] and [2]. Along the same lines, letting
q > 3 be a prime number, we showed in a recent paper [3] how one can create an
infinite sequence a, ag, ... of normal numbers in base ¢ — 1 such that, for any
fixed integer r > 1, the r-dimensional sequence ({a1(q — 1)"}, ..., {a-(¢ — 1)™})
is uniformly distributed on [0, 1)", where {y} stands for the fractional part of y.
Here, given an appropriate partition of the primes, we create an r-dimensional
sequence of real numbers which is uniformly distributed modulo [0, 1)".

First, we introduce some basic notation. Given an integer ¢ > 3, let A, :=
{0,1,...,¢ — 1}. Given an integer ¢ > 1, an expression of the form iyis.. .7,
where each i; € Ay, is called a finite word of length t. The symbol A will
denote the empty word, so that if we concatenate the words «, A, 3, then, instead
of writing aA3, we simply write of3.
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Let p stand for the set of all primes. Given an integer ¢ > 3, a partition T
of g into sets of primes po, p1, ..., Pq—1, R, noted (T, q), is said to be a regular
partition if poUpi U...Ugp,_1 UR = p, where R is finite (possibly empty) and
where the sets p;’s are roughly of the same size in the sense that, for every fixed
€>0, gz, +y]Np;)

§=0,1,...,q—1 W([m,x—l—y])

e<y/x<1

—1/—0 as r — 00.

The following provide examples of regular partitions of primes:

(1) Given an arbitrary integer k > 2, let o, ly,...,l,k)—1 be the reduced
residues mod k (here ¢ stands for the Euler totient function). Setting

o, = {pep:p=4L, (modk)} (v=0,1,...,0(k) — 1),

R = {pep:plk}

Using the prime number theorem for arithmetic progressions, one can eas-
ily show that o, 1, .., Puk)—1, R represents a regular partition of the
primes.

(2) Let @ € R\ Q. Given an integer ¢ > 2, let Iy, I1,...,I,—1 be disjoint
intervals each of length 1/¢ such that [0,1) = IoUI; U---U I,_;. Setting
oo =1{pep:{ap e} forv=0,1,....,¢g—1and R = (), we easily
obtain a regular partition of the primes.

(3) Let p1 < pa < --- represent the sequence of all primes. Given a fixed
integer k, then for each integer ¢ = 0,1,...,k — 1, consider the set of
primes gy := {pmr+e : m =0,1,2,...} and let R = (), then one can show
that gg, p1,-..,pr—1, R constitutes a regular partition of the primes.

Let Any be a function such that Ay — oo as N — oo. Then, for each integer
N > e®, we introduce the intervals:

Iy =[N, eN ) and Ky = [N,N*V],

as well as the particular product of primes

Qn = HP-

pEKN
Now, we write each integer n € Jy as
n = mi(n)m(n) - Tpm)(n) v(n), (1)
where m1(n) < ma(n) < -+ < @) are those prime factors of n located in the

interval Ky and v(n) stands for the product of the other prime factors of n,
namely those which are relatively prime to Qy.
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2. Main result

THEOREM 1. Let (TU) q;);51 be an arbitrary sequence of regular partitions
of the primes, with corresponding partitions

oo oD R (=120,

Given j,n € N, let
e i mm) e with j < h(n),
o = { 0 if mi(n)€RY orifj>h(n),

where h(n) is as in ({{l). For each integer j > 1, consider the number B; whose
qj-ary erpansion s

Bj = O.aj71aj72 cen
and further consider the sequence

un; = 1647}  (n=1,2,...).

Then, for each fixed integer r > 1, the r-dimensional sequence

(un,la Up,2y -+, un,r)nZl

is uniformly distributed modulo [0,1)".

3. The approach and some preliminary lemmas

Fix positive integers r and k. Then, consider the real r x k matrix

big - bik
ba1 -0 boyg

= . . 9
by coc bk

)

where each b; ; belongs to A,,, and, moreover, for each positive integer n, con-
sider the real r x k matrix

A1n+1 0 Alntk

a2n+1 - A2n4k
k(n)=1 . . ,

Arp+1 " Orntk

where the elements a; ., are those appearing in the g;-ary expansion of f;.
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Then, set :

T := H q;
j=1

In order to prove Theorem[I] it is sufficient to prove that, given any small number
e > 0, for every matrix S (as the one above), we have

Tr—r 00

limsup’%#{ngx:n(n):S}—l‘ <e. (2)

Indeed, fixing € > 0 and assuming that we can establish that for eV < z < eN*1,
we have

|T#{n € [eN,x):m(n):S}f(xfeNﬂ <ex+0(1), (3)

and similarly, also with [e”, e’ *!) instead of [V, z) for v =k, k+1,...,N — 1,
we have

#{n < x:k(n) =S} :z_: #{n e J, :k(n) =S}
v=~k

+ #{ne [N, 2):k(n)=S}+0(1),
then we easily see that () follows (3]).
LeEMMA 1. Let y, be a function of x which tends to infinity with x. Then, the

number of those positive integers n < x which have two prime divisors p1, pa such
that y, < p1 < p2 < 2p1 and pz divides | [[_, ;< (n+j) is o(x) as x — oc.

Proof. It is clear that amongst those positive integers n < x, the situation
p1 | n, p2 | n+j for some j € [—k, k] and y, < p1 < pa < 2p; occurs at most

Ty <pr<pa<api<z pipy = 0(¢) times, thus establishing our claim. O

LEMMA 2. With y, as in Lemmaldl, we have

lim l#{ngx:pﬂn, pZyx}:Q

T—00 I

Proof. This is immediate if one observes that

X X
#n<aip®n, pey} < D 5 <. O
P>Ya
LEMMA 3. As N — o0,

1

— : i < .
6N{nEJN _]?élzngkh(n—l—ﬁ)_r}—)O

Proof. Thisis an immediate consequence of the Turan-Kubilius inequality. [J
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LEMMA 4. Let J = [eV, 2], where e < 2 < eNtL. Let r and k be fived positive
integers. Let Q; ¢, fori=1,...,r and { =1,...,k be distinct primes belonging
to Ky such that Q10 < Qa0 < -+ < Qro. Moreover, let Sj(Qie|i=1,...,m,
(=1,...,k) be the number of those integers n € J for which m;(n +{) = Q.
Also, for each integer v > 1, let o(1),...,0(k) be the permutation of the set
{1,...,k} which allows us to write

Qr,o(l) < QT,J(2) << QT,J(k)'
Then, given any small € > 0 and provided x—e™ > ceN, we have, as N — oo,

Sy Qieli=1,....,m, £=1,...,k)

CAtenEze LAY
(1+0(1)) T o Nl;l( W>

1<i<r
1265k
where
k Zf N<7m< Qr,0(1)7
k=1 if Qroa) <7< Qro@2)
p(m) =4 :
1 if Qrom-1) <T < Qrok)s
0 if me{Qip:i=1,....r, {=1,... Kk}
Proof. This is relation (2.1) in our paper [3]. O

4. Proof of Theorem [I

Let § € (0,1/4) be fixed and set n = 1 + §. Further let N be a large number
and let vy = 19(IN) be an integer satisfying

1
Vo > glogN.

Then, for each m € {0,1,...,v9}, consider the interval
Ly, =[n™N,n™*'N].

Further consider the set M of matrices

mi1 o M1k
ma1 - Mok

M = ,
my1 e my L

) )
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where 0 < miy < moy < -+ < myy < Y(N) for £ = 1,2,...,k and
Moy vy 7é Muyy, vy if (u17v1> 7é <U2av2)'
With J as in the statement of Lemma [d] and given n € J, write

T(n) =M if mi(n+4L) € Ly, ({=1,... k i=1,...,7).

Let us drop all those integers n € J which can be neglected in light of Lem-
mas [Il 2l or Bl Then, the size of the set of those n < x thus dropped is o(x) as
x — o0. Hence, for those n € J which are not dropped, we have that 7(n) = M
holds for one and only one element of M. Let us fix a matrix M € M. Observe
that if ;¢ is a prime in the interval L,,, ,, then, according to Lemma B the
expression S;(Qi¢ |t =1,...,7¢ =1,...,k) tends to a constant as N — oo,
since in fact it is

(1+0(1))#;gw 11 ) (1@> ’

N<7T<N7’]maxm'i*
where p*(7) is defined by

k if N <m < NyMre@)|
k—1 if Npmre) < g < Nphre@)
]. lf Nnmhff(kfn S T < Nnrn'r',a'(k) .

The size of the collection of those primes Q; ¢ € Ly, , is equal to

On the other hand, the size of the collection of those @; ¢ which also belong

(@)
H m (me N pgf)é) .

to pbil is equal to

Now, since

[[ Zrme 0ok

ﬂ—(LTni,é)

= (1+0(&mv)), (4)

where {(N) — 0 as N — oo, and since (@) holds uniformly for every M € M,
we have thus established that (B]) holds. Since we can perform the same argument
with the interval [e”, e’ 1) instead of [¢”, x), the proof of Theorem dis complete.
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5. Final remarks

Finally, we may expand on an analogous result.
Given two integers @ > 2 and r > 1 such that (Q,r) =1, let

pQr={p€p:p=r (modQ)}.

Moreover, let (T(j ), ¢;);>1 be a sequence of regular partitions of the set
of primes pg ,, with corresponding partitions
péj)a pgj)a 7@55)_137?'(]) (.7 = 1727"'>7
with #RU) < oo, that is, such that
o U UL el JURD =g, (1=1,2,..)
and, for each j € N,
g((z,a+y N pf)

max -1 —=0 as r — 00,
=02 o (s o+ 9] N pa.)

e<y/x<1

where € > 0 is any preassigned small number.
Moreover, let xn, Jy, Ay and Ky be defined as in Section 1, and further set

Sy = H T for each integer N > e®.
TEKNNPQ,r

Then, let A
N <mi(n) < - < Ty (n) < N

be all the prime divisors m;(n) = r (mod @) belonging to the interval Ky, which
is such that
n=m1(n)- - Tpm)(n)v(n), where (v(n), Sy) = 1.

Finally, for each j € N, consider the integers

A ¢ if mi(n)e péj) and  j < h(n),
n o .
! 0 if min)eRY orif j>h(n),
the real numbers
Bj =0.a51a52 ... (g; —ary expansion),
and the corresponding sequence of real numbers
Up,j = {quj"} (n=1,2,...).
With this set up, one can prove that, for each fixed positive integer r, the

r-dimensional sequence (U 1,Un 2, ..., Unr)n>1 is uniformly distributed mod-
ulo [0, 1)".
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