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ABSTRACT. In this paper, we investigate the behavior of a bivariate mean M
near the first bisector by establishing, in several significant cases, an important
expansion of M derived from the Taylor expansion of a single-variable function.
These expansions are made explicit for a number of classical means. This moti-
vates the introduction of the concept of the characteristic function Qs of a mean
M, defined as the second partial derivative of M with respect to its first variable,
evaluated along the diagonal. The function Qs measures the proximity of M
to the arithmetic mean near the first bisector and provides a univariate ana-
lytic framework for comparing and classifying means. We prove that inequalities
between characteristic functions yield local inequalities between the correspond-
ing means, and that, in the case of homogeneous means, such inequalities hold
globally.

We also examine several important classes of means, both classical and novel,
including: normal means, additive means, and (weighted) integral means of the
first and second kind. For each class, we determine the specific form taken by the
characteristic functions Qs of the means M contained in that class, and we then
study the injectivity and the surjectivity of the mapping M +— Qs within the
class. We also use characteristic functions to investigate intersections between
certain classes of means, highlighting one of the key strengths of this concept.
Finally, we introduce and study, for a given mean M, the class of M-means, and
show, in particular, that the arithmetic-geometric mean AGM is an M-mean for
a specific weighted integral mean of the first kind M.

© 2026 Mathematical Institute, Slovak Academy of Sciences.

2020 Mathematics Subject Classification: Primary 26E60; Secondary 41A58, 39B62,
26B05, 39B22.

Keywords: bivariate means, series expansions of means, comparison of means, equivalence
of means, normal means, additive means, integral means, Gauss arithmetic-geometric mean.

@ Licensed under the Creative Commons BY-NC-ND 4.0 International Public License.

63



B. FARHI

1. Introduction and Notation

Throughout this paper, a mean (or a bivariate mean) refers to a function
M : (0, +00)? = (0, +00)
that is of class C°° and satisfies the following two properties:
(i) Va,y > 0:
min(z,y) < M(z,y) < max(z,y).
(i) Vz,y > 0:
M(z,y) = M(y, x),

that is, M is symmetric.

Among the most commonly used means, we mention the following (this list
is not exhaustive):
e The Arithmetic mean, denoted by A, and defined by:

T4y
A(x7y) = 2

(Vz,y > 0).
(See [4].)
e The Geometric mean, denoted by G, and defined by:
G(v,y) = ry  (Yz,y>0).
(See [].)
e The Harmonic mean, denoted by H, and defined by:
2xy
T+y

H(z,y) = (Va,y > 0).
(See [4].)
e The rth Power mean (r € R*), denoted by P,., and defined by:

r r\L/7
T 4y
P(z,y) = < 5 ) (Va,y > 0).

(See [].) Forr =2, P, is called the quadratic mean and is simply denoted
by Q. Thus, for all z,y > 0:

1-2 +y2
Qz,y) = 5
Moreover, it is straightforward to verify that lim,_,q P. = G. Hence,

it is customary to define (by continuity) Py := G. Additionally, note
the following special cases:

P = A, Py =H, Py = 5
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EXPANSION OF A BIVARIATE SYMMETRIC MEAN

e The Logarithmic mean, denoted by L, and defined by:

x, if v =y,
L(z,y) := T—y
logx — logy

, otherwise (¥z,y > 0).

(See [4].) Several elegant formulas can also serve as definitions (or charac-
terizations) of the logarithmic mean (see [4]):

+o0 -1

o= [t )

(t+z)(t+y)
0
1
L(z,y) = /ztyl_t dt,
0

+oo
L) = [LA (7 0)
n=1

(for all z,y > 0).
e The Ezponential mean, denoted by F, and defined by:

x, if z =y,
(Vz,y > 0).

) , otherwise
Y

e The Lehmer mean, denoted by .Z; (t € R), and defined by:
4yt
rt—1 + yt—l
Note the following special cases:

L = A, Z = H, £ =G.
(See [3l Chapter 8] or [].)
e The Gini mean, denoted by 17, (a,b € R, a # b), and defined by:
1
- 70 + ya gy
Nab(T,y) = (m) (Vz,y > 0).

(See [L1], [3, Chapter 8], or [4].) For a € R, we also define 1,4 := limy_,q 74,5
which simplifies to:

Zi(x,y) = (Vz,y > 0).

(logz)x® + (logy)y* >

Na,a(T,y) = exp < 2 4 yo

(Vz,y > 0). (1.1)
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Notice that the Gini means generalize both the power means and
the Lehmer means. Specifically, for all r,t € R:
P. = Tr,0 and % = MNtt—1- (12)

Furthermore, the Gini means can be expressed in terms of the Lehmer
means as:

a— a— “ib
Na,b = (Zﬁ (zty b))
(Va,b € R, with a # b, Va,y > 0).

The Stolarsky mean, denoted by S,, (p,g € R, p # 0, and p # q),
is defined by:

x, if x =y,

Spq(z,y) = g aP—yp\/ D
(— g q) , otherwise,
p =y

for all z,y > 0 (see [I4]). In the present paper, we work with the one-
-parameter subfamily S, := S, 1 (p € R\ {0,1}), which explicitly reads:

T, 1fx=y,

Sp(.’I}, y) = D __ P 1/(p—1)
<x(7y)> , otherwise,
p\r—y

for all x,y>0. It is easy to verify that So=A, S_1 =!G, and lim,_,¢ S, = L.
Additionally, the limit case lim,_, .S, gives the so-called Identric mean,
denoted by I, and is given by:

x, if v =y,
I(x,y) = z\1/(z—y)
(z,y) o1 (x_) Yy |
y'y
for all z,y > 0 (see [3l Chapter 8] or [4]). Hence, it is conventional to define
(by continuity) Sp := L and Sy := 1.

The Gauss arithmetic-geometric mean, denoted by AGM, is defined as
follows: Given two positive real numbers x and y, the value AGM(x,y) is
the common limit of the two sequences (z5,),,cy, and (yn), cy,, Which are
recursively defined by:

otherwise,

o=, Yo=Y,

In ; Un (Vn € Ny),

Ynil = /Tnln (Vn € Np).

Tn+1 =
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(See [3].) Gauss discovered and established that the arithmetic-geometric
mean is deeply related to elliptic integrals (see e.g., [3]). He explicitly
proved the remarkable formula:

—1

400
. dt
AGM(z,y) =5 0/\/(,52 +22) (2 + 42)

_, (valid for all z,y>0).  (1.3)

| N

%
/ db
J Va2 cos? 0 + 2 sin? 0

There are several important properties that a mean M can satisfy. One of the
most important is homogeneity, which means that M scales proportionality:

MMz, Ay) = AM (z,y) (VA z,y > 0).

(See [1] or [4].) Next, a mean M is said to be additively homogeneous (also called
translative in the literature, see [1]) if it satisfies the following condition:

M(z+XAy+A) =M,y +A  (VAz,y>0)

In this case, M can be naturally extended to a function on R?. Another prop-
erty is “monotonicity”. A mean M is said to be isotone (resp. strictly isotone) if,
for any fixed y > 0, the function = — M (z,y) is nondecreasing (resp. increas-
ing) on (0, +00) [3, Chapter 8]. Among the previously mentioned means, A and
E are additively homogeneous, while all of them, except F, are homogeneous.
We will see later that the arithmetic mean A is the only mean that is both
homogeneous and additively homogeneous. Furthermore, the Lehmer mean .%;
(for 0<t<1) and the arithmetic-geometric mean AGM are strictly isotone,
whereas the Lehmer mean % fails to be isotone for ¢ > 1. Strictness is an-
other key property that plays a crucial role in the theory of means. A mean M
is said to be strict (see [3, Chapter 8]) if it satisfies the following property:

Ve,y>0: M(z,y) =2 =z =uy.
We can verify (although this is not always immediate) that all the means consid-
ered above are strict. The strictness property is so important that it is considered
in [10] as an integral part of the very definition of a mean.
Given a mean M and an infinitely differentiable function
f:(0,400) = (0,+00),
we define the two variable functions f o M and M o f by:
(f o M) (2,y) := f(M(z,y)),

(Va,y > 0).
(Mo f)(x,y) == M(f(x), f(y))
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When f happens to be strictly monotonic, the composition f~=! o M o f defines
a new mean. This provides one of the most common ways for generating new
means from given ones.

The theory of means has long been a subject of interest to both classi-
cal and contemporary authors. Two major problems have particularly drawn
attention: the comparison between means and the determination of the inter-
section between certain classes of means. To address these questions,
researchers —starting with Lehmer [I2] —have employed various types of ex-
pansions of means. For homogeneous means M, Lehmer [12] and later Alzer and
Ruscheweyh [2] considered the power series expansion of the single-variable

function
M(1,1—¢t) for 0<t<]1.

More recently, in a series of papers [5H9], Burié, Elezovié¢, and Mihokovié¢ devel-
oped the concept of asymptotic expansions of homogeneous means and obtained
significant results regarding the comparison of bivariate means and the intersec-
tion of certain classes of homogeneous means. Their approach is based on rep-
resenting the function

tr—)M(t+x,t+y):tM(1+%,1+%)

as t — +oo in the form

C2(xay) CB(xay)
t + 2 + ’

t+ci(z,y) +

which arises from the Taylor expansion of M at the point (1,1). For instance,
using this method, Mihokovi¢ [I3] provided a partial solution to an important
problem posed by the author in [I0], concerning the coincidence of two symme-
tries of different nature within the set of means.

The aim of the present paper is to introduce a new type of expansion, valid
for means not necessarily homogeneous, which turns out to be highly effective
in addressing both aforementioned problems. This is the expansion of a bivari-
ate mean near the first bisector. It naturally leads to the notion of the char-
acteristic function @y of a mean M, defined as the second partial derivative
of M with respect to its first variable, evaluated along the diagonal. We demon-
strate that this concept provides a powerful univariate analytic tool for com-
paring means near the first bisector and, more remarkably, for comparing ho-
mogeneous means globally. Furthermore, we examine several classes of means,
some well-known and other news, including: normal means, additive means, and
(weighted) integral means of the first and second kind. For each of these classes,
we determine the specific form taken by the characteristic functions Qs of the
means M it contains, and we then study their minimality and completeness, that
is, the injectivity and surjectivity of the mapping M — @ within the class.
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We also use characteristic functions to investigate intersections between cer-
tain classes of means, illustrating one of the conceptual strengths of this tool.
As a final contribution, we introduce the notion of M-means associated with
a given mean M, explore some of their structural properties, and establish that
the arithmetic-geometric mean AGM arises as an M-mean for a suitable weighted
integral mean of the first kind M.

2. Expansion of a mean near the first bisector

2.1. The general case

Let M be a mean. We associate with M the family of real-valued functions
{@z,x € (0,400)}, defined by:
2 (72(1}7 2:1;) — (07 +OO)7

(2.1)

t — @u(t) =M (z+3%z-1).

Then, using the properties of M as a mean, we have for all x € (0, +00) and all
t e (—2x,2x):

and

In particular, the last property shows that the functions ¢, are all even.
Assuming that the functions ¢, admit a Taylor series expansion around 0,
we can write for x € (0,400) and ¢ in a neighbourhood of 0:

4
2(0) 5, 2" (0)

TR

0 (t) =z + o

Setting for simplicity

(2n)
P (O)
we obtain
0o (t) =z + fr(x)t® + folx)t! + - (2.3)

Finally, if 2,y € (0,+00) are sufficiently close to each other, substituting = by
A=A(z,y) = mTer and t by x —y in ([2.3]), we have proven the following theorem.
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THEOREM 2.1. Let M be a mean such that all associated functions @, (x>0),
given in 2), admit a Taylor series expansion around 0. Then, there exists
a sequence of functions (fn)nen, defined on (0,+00), such that for (x,y)
in a neighbourhood of the first bisector:

M(z,y) = A+ fi(A)(z —y)* + fa(A)(x —y)* + - (2.4)

Terminology: In the context of Theorem 2], Equation (24]) is called the ezpan-
sion of the mean M near the first bisector (or, for brevity, simply the expansion
of M).

Remark 1.

(1) By the uniqueness of the Taylor series expansion around 0 for a real-valued
function of one variable, it follows that if a mean admits an expansion near
the first bisector, then this expansion is necessarily unique.

(2) Equation (24]) in Theorem 2ZT]shows that the affine approximation of any
mean admitting an expansion near the first bisector is the arithmetic mean.

2.2. The case of a homogeneous mean

If a mean M is homogeneous, then using the above considerations, for all
z € (0,400) and all ¢t € (—2z,2x), we obtain:

t t t t t
=Mzt )=aM (14— 1- )= o).
ea(t) (“"+2 v 2) * ( o 2x> x‘m(x)

Thus, the Taylor series expansions of the functions ¢, around 0 (if they exist)
are all derived from the Taylor series expansion of ¢; around 0. Consequently,
the expansion of M in the neighbourhood of the first bisector (if it exists)
can be directly obtained from the Taylor series expansion of (1, as specified
in the following corollary.

COROLLARY 2.2. Let M be a homogeneous mean. Suppose that the function ¢
defined by (Z1)) admits a Taylor series expansion around 0:

o1(t) =141t + ot +---

where ¢, co, ... are real coefficients. Then, for all sufficiently close positive real
numbers x and y, we have:

C3

Do)

- C1 2 (&) 4
M(x,y) = A+ Z(x_y) +ﬁ($—y) +

oo , (2.5)
n=1
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EXPANSION OF A BIVARIATE SYMMETRIC MEAN

Proof. Since M is homogeneous, we have for all x,y > 0:

—A-Mm(E Y)Y 4. A r—Y
M(z,y) = A M(A,A) AM<1+ el 2A> A%( — )

Then, substituting the Taylor series expansion of @1 with ¢ = *5¥ gives:

C C
Mz,y)= A+ (e =)+ Fla—y)'+

as required. O

Remark 2. Conversely to Corollary [2.2] we can immediately verify that if the
expansion of a mean M has the form (Z.3]), then M is necessarily homogeneous.
So, this expansion characterizes the homogeneity.

2.3. The case of an additively homogeneous mean

If a mean M is additively homogeneous, then it naturally extends to RZ
Consequently, the functions ¢, (z > 0) associated to M and defined in (2.1),
simplify to

4 4 t
cpx(t)::M<x+§,x—§>:x—E—I—M(t,O) (Vt € R).
Thus, if they exist, the Taylor series expansions of the functions ¢, around 0 are
directly obtained from the Taylor series expansion of the function ¢ — M (t,0)
around 0. Consequently, the expansion of M near the first bisector (if it ex-
ists) follows directly from the Taylor series expansion of ¢ — M(t,0), which
necessarily takes the form
+oo
+Z Cnt2n
n=1

(where the coefficients ¢,, are real numbers, unrelated to those appearing in §2.2]),

because the additive homogeneity and symmetry of M ensure that the function

M(t,0) — £ = M(%,—%) is even. This is specified in the following corollary.

N | o+

COROLLARY 2.3. Let M be an additively homogeneous mean. Suppose that the
function t — M (t,0) admits a Taylor series expansion around 0, given by

+oo
1
M(t,0) = ot +) et
n=1

where c1,ca, ... are real coefficients. Then, for all sufficiently close positive real
numbers x and y, we have:
+oo
M(z,y)=A+> cnlz—y)™" (2.6)
n=1
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Proof. For all sufficiently close positive real numbers x,y, we have

~+oo
1
=y+ 5(.%’ —v) +nz::10n(x — )

“+o0
= A(xa y) +Z Cn($ - y)2n7
n=1

as required. O

Remark 3. Notably, the functions f1, fo,... appearing in the expansion (24
of a general mean M become constant if M is additively homogeneous. Moreover,
the converse of this property is also true by direct verification. Therefore, an ex-
pansion of the form (Z8]), with (¢,, € R for all n € N), characterizes the additive
homogeneity.

2.4. Application to some usual means

Applying Corollaries and 23] we derive the explicit expansions of some
common homogeneous and additively homogeneous means. The following exam-
ple provides the explicit expansions of the three means H, G, and E.

ExXAMPLE 1. The expansions of the means H, G, and E are given respectively by:

Hr,y) = A~ (o )" (27)

Gla,y) = A ff () (@ —y)?" (2.8)
Y 2 167(2n — Az Y '

E(z,y)=A ++§ &(x —y)*" (2.9)
Y 2 @) 2 Y

where Bj are the Bernoulli numbers, defined via their exponential generating
function: Lo too 12k

t tk t
= — =1-= —
k=0 k=1

We now derive each of these expansions by applying Corollaries and

For simplicity and clarity, let us denote by h, g the functions ¢; in Corol-
lary associated respectively to the means H and G, and let e denote
the function ¢ — E(t,0). First, for all ¢ € (—2,2), we have:

t t 210+4) (-9 t?
h(t)::H<1+—,1—>: 2 2 —1——.
27 2) (1+g)+(1-3) 4

Applying Corollary 2.2 immediately gives the expansion of H in (2.7).
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Next, for all t € (—2,2), we have:
t .t t t 2\'/?
t) = 1+-,1—=-) = 1+ = 1l—=-)=(1—— .
o= (e a5 = (1) (1-5) = ()
Using the generalized binomial theorem:
2 1/2 4o 2\
1
Yo (Y (LY
4 —\n 4
and noting that for all n € N,
2n
1/2 _ (_1>n—1 (n)
n 47(2n — 1)’
+o00 (2n)
t)y=1-— ——n/ __4n
9(t) ;16”(211—1)

Applying Corollary 2.2 yields the expansion of G in ([2.8]).
Finally, for all t € R, we have

e(t) i= E(1,0) = log <6t - 1) .

L) around 0. We have

it follows that,

To apply Corollary 2.3l we expand t — log(ett_

e () - (B 5

=t—1
+et—1
+oo 2n
t t
= - B
2+Z 2”(2 )
n=1

(for t sufficiently close to 0). Dividing by ¢ and integrating from 0 to t gives
6t = an
1 == £n,
() =5+ 2 Ty (2

Note that the Taylor series expansion of ¢t — log(%) around 0 converges
for |t| < 27, since the nearest singularities of this function in the complex plane
are located at t = +2mi (the nonzero roots of €' —1). The term-by-term integra-
tion performed above is therefore justified for |¢| < 2w. Applying Corollary 2.3]
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yields the expansion of the mean E in (Z9), which is valid for |z — y| < 27, and
completes this proof.

2.5. Means that are both homogeneous and additively homogeneous

Comparing Corollaries and and using the uniqueness of the expansion
of a mean near the first bisector, we immediately obtain the following result.

COROLLARY 2.4. The unique mean M that admits an expansion near the first
bisector and is both homogeneous and additively homogeneous is the arithmetic
mean A. O

In fact, this corollary can be generalized to a broader class of real-valued
functions on (0, + 00)?. More precisely, we have the following result.

PROPOSITION 2.5. Let f be a real-valued function defined on (0,4 c0)?,
satisfying the following conditions:

() F(1,1) =1.
(ii) f admits partial derivatives at (1,1).

(iii) f is symmetric, i.e.,

f(xy) = fly,x) for all x,y > 0.
(iv) f is homogeneous:

fAz, Ay) = Af(x,y) for all N\, z,y > 0.
(v) f is additively homogeneous:
fla+XNy+A) = f(z,y)+ A forall \,z,y > 0.

Then, f must necessarily be the arithmetic mean, i.e., f = A.

Proof. Using Conditions (iv) and (v), we have for all z,y, h > 0:

Foy) = f(l—l—h:v,z—l—hy)—l.

Let 7 := /22 +¢? and u = L(z,y) = (%, %), so that u is a unit vector.
Then, setting s := rh > 0, the right-hand side becomes:

fl+2.a, }+§~y)—1:i<f(1+s.f, 1+s€)f(1,1>>,
s r r

where we used f(1,1) =1 from Condition (i). As h — 0%, we have s — 0%, and
the above expression tends to:

C f(l+s-E 1450 2) = f(1,1)
r - lim

s—0t S

=S o

=T Duf<]-> 1)7
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where Dy f(1,1) denotes the directional derivative of f at (1,1) in the direction
of the unit vector u = 1(z,y). By Condition (i), the partial derivatives of f
exist at (1, 1), so the directional derivative can be expressed as:

Duf(,1) = 21y f+‘§—§<1 1Y

Therefore:
of x Jf

fa) = v Duf(L1) =1 (a—xu,l) 2D %)
i
3

1)z

(
Since f is symmetric by (iii), we have a—f(l, 1) = a—f( 1). So, setting

0 0
0= G =),

we deduce that for all z,y > 0:

f(z,y) = a(z +y).

Finally, setting x = y = 1 in this formula and using (i), we obtain a = %, which

leads to f(z,y) = ﬂ = A(z,y) for all z,y > 0. This completes the proof. [

(1,1) -y

Remark 4. Proposition[Z5 does not hold in general if Condition (ii) is omitted,
as shown by the following counterexample:

s+ 3y if x>y,
flx,y) = 3 3 (for all z,y > 0).
%x—k%y ife<y

Here, f # A satisfies all the Conditions of Proposition 2] except Condition (ii).
We will see below that if we extend our domain to R? instead of (0,+ 00)?,
then Conditions (iii), (iv), and (v) (suitably adapted to R?) suffice to conclude
that f = A.

PROPOSITION 2.6. Let f be a real-valued function defined on R? satisfying
the following conditions:

(i) f is symmetric, i.e.,
f(z,y) = fy,x) for all z,y €R.
(ii) f is homogeneous:
fQx, Ay) = Af(z,y) for all \,z,y € R.
(i) f 4s additively homogeneous:

fla+Xy+ ) =f(z,y)+ A forall \,z,y €R.

Then, f must necessarily be the arithmetic mean, i.c., f = A.
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Proof. Using Conditions (ii) and (iii), we have for all z,y € R:

f@y) =y+ fle—y,0) =y+(z—y)f(1,0)
Setting (x,y) = (0,1), we get
f(0,1) =1— f(1,0).
Since f(0,1) = f(1,0) by (i), it follows that

£0,0) = 5.

Substituting this value of f(1,0) into the previous formula of f(x,y) yields

T+Y

f(xvy): 2 —A(.’L’,y) (V.’L’,yGR),

as required. O

2.6. The characteristic functions of a mean

2.6.1. The concept of the characteristic functions for a mean

Given a mean M that admits an expansion near the first bisector, we are now
interested in expressing the functions f,, in Formula (2] in terms of the higher-
order partial derivatives of M at points on the first bisector. Before doing so, we
first establish that the functions ai?ggj (z,2) (n,i,j € Ng, i +j = n) can all be
expressed as linear combinations (with rational coefficients independent of M)

of the basic functions %(z,x) (k € Ng) and their higher-order derivatives.

We refer to these basic functions as the characteristic functions of the mean M.

DEFINITION 2.7. Let M be a mean.

e For k € Ny, the real function Qg\k} defined on (0, 400) by

0% M
[k](x) = 8x2k (%,l‘)

is called the characteristic function of order k of M.

e If no ambiguity arises regarding the mean M, we may omit the index M
in Q[Alf[] and simply write QM.

e Clearly, []8[](@ =z.

e The function Qg\l/[] is denoted simply by @Qas and referred to as the char-
acteristic function of M. We will later see that comparing two means M;
and Ms near the first bisector reduces to comparing their characteristic

functions @y, and Qnz, (see §26.7).
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We establish the following proposition:

PROPOSITION 2.8. Let M be a mean. Then for all n,k € Ny with k < n,
there exist rational numbers c; (0 < i < |%]), independent of M, such that
the following identity holds:

oM d n—21 ;
ot oy (z,2) = Z ¢ <<%> 5}) (). (2.10)
0<i<z

Given the intricate nature of the proof of this proposition, we prefer to ex-
plicitly verify its validity for the first few values of n.
Let M be a mean. Differentiating the identity M (x,x) = x yields

%—Aj(x,x) + %—A;(x,x) =1
Since M is symmetric, we have 2 (2, z) = 61\;[ (x, x) leading to
oM oM

Differentiating again the identity 2 (x, ) = 3 (given in (ZII))), we obtain
0*M 0?M

Using the symmetry of M, it follows that:
0*M 9?M
57 (@:0) = S (2,2) = Qi (), (2.12)
T 1 2) = Q). (2.13)
0x0y ’
%xM (z,2) = 5\14](30) and differentiating, we obtain
PM PBM d (1]
s )+ Snew) = () @), (2.14)
Next, differentiatin M (o [1] iven in , we get
8 Oxdy \*"’ g g
PM M d 1
o>y (@) + dxdy® (@,2) = dr ( M) (z).
By the symmetry of M, it follows that:
BPM PBM 1d [1]
x>y (. 2) = dxdy? (@,2) = 2dx ( M) (). (2.15)
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Substituting this into (2I4]), and using the symmetry of M, we conclude that

O*M O*M 3d /.1
Continuing in the same manner, differentiating %?’T]‘f(x,x) =34 ( []\1/1]) (z),
we obtain

O*M O*M _§ d (1]
)+ 2 (a0 2(((“) M>< )

which gives (taking into account again the symmetry of M):

oM oM 3(( 4\ o 2
Similarly, differentiating amzﬂgy (z,2) = —34 ( E&)) (x) (as given in (ZI5)),
we obtain
o*M o*M 1 d\*
N 34 A 24 2 = -3 . 1
0.0+ o (a.0) = (( ) o e

By substituting into (2.1I8)) 82543]\643, (z,x) by its expression given in ([2.I7), we get

oM iy 2
Continuing this differentiation process, we also establish that
0°M °M

5
ﬁ(%x)z 8—y5(1’79€) =§<

) [;})() + 24 (Qf) @),

(2.20)

oM oM 5 d\* (1] 3d 2]
010y Y T gAY =3 ((E) W) @) -5 (@) @,

(2.21)
M oM d\* 1d (o

and so on. As we can see, Formulas (Z11)), 212), Z13), (ZI15), I9), I7),
219), 220), @221), and ([222) all support the result of Proposition 2.8l

We now proceed to prove Proposition in its general case
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Proof of Proposition We proceed by nested induction, where
the outer induction is on n € Ny and the inner induction is on k € {0,1,...,n}.

e For small values of n, the formula of Proposition has already been verified
explicitly; namely, for n € {0,1,2,3,4,5}.

e Let n > 6 be an integer. Assume that Formula (ZI0) of Proposition 2.8 holds
for (n — 1) and all £ € Ny with £ < n — 1. We aim to show that it also holds
for n and all k € Ny with £ < n. To achieve this, we perform an inner induction
on k, distinguishing two cases according to the parity of n.

Inductive step for the inner induction. Assume that Formula (ZI0) holds
for some pair (n,k) with & € {0,1,...,n — 1} and prove that it must also hold
for the pair (n,k + 1). The outer induction hypothesis ensures the existence
of rational numbers a; (independent of M) such that

8n_1M d n—1—2¢ y
W(w) = > a ((@) H) (2).

- n—1
0<i<nyt

Differentiating, we obtain

oM oM d n2i [4]
BT ) R () = 2 ((I) M>( :

0<i<ngl

Since the inner induction hypothesis guarantees that %(w x) is a linear

—2i
combination of the terms (%)n ’ Q[z] (0 <4 < %) with rational coefficients

independent of M, it follows that the same holds for #?%,H(x,x),

as required. This completes the inductive step for the inner induction.
Now, we handle the base case of the inner induction by distinguishing two cases:

Case 1: n is even. In this case, we have by the symmetry of M:

oM oM n
W(x’x) = W(xvx) = QE\/ZI](x)v

which directly verifies Formula (2.I0) for the pair (n,0). By the inner inductive
step, (ZI0) holds for all the pairs (n, k), with k € {0,1,...,n}.

Case 2: n is odd. Write n = 2m + 1 for some m € N. By the outer induction
hypothesis, there exist rational numbers b; (independent of M) such that

o) = 3 b (( S E@)( )

0<i<m
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Differentiating, we obtain
82m+1M 82m+1M d 2m—+1-21 il
7axm+laym (.’IJ,.’IJ)+ W(IIJ,{IJ) = Z bi ((a> M (.’IJ)

By symmetry of M, we have

82m+1M 82m+1M

ooy ) = gy )
so that
92m+1 ) 1 g \2mt1=2i .
ma, m (x’l‘) 9 bi <_> (l‘)
dx" oy 2 ngzgm dx M

This proves Formula (2I0)) for the pair (n,m) = (n, "T_l) By the inner inductive

step, Formula (2I0) must hold for all the pairs (n, k), with "T_l <k < n
Finally, by symmetry of M, we conclude that it holds for all the pairs (n, k),

with & € {0,1,...,n}, since

o"M oM
This completes the nested induction and the proof. O

Remark 5. The explicit closed-form expression of the rational coefficients
appearing in Formula (2I0) of Proposition is not straightforward and re-
mains an open question. However, these coefficients can be computed recursively,
as implicitly described in the proof of Proposition

Below, we present an elegant polynomial formulation capturing the relation-
ships between partial derivatives of various orders of a given mean M at first
bisector points. This is given by the following proposition.

PROPOSITION 2.9. Let M be a mean. For alln € Ny, define polynomials in T by

" oM
F,(z,T) = E —
o ozt oy k

(z,z)T"

Then, the F,’s are reciprocal polynomials in T and satisfy the recursive relation:

(Vn € N).

n n+1
Fn(x,T):( T >8Fn_1 oM T +1

711) or @D+ g @) =5
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Proof. The fact that F, (n € Np) is a reciprocal polynomial in T follows from
the symmetry of M. Next, for all n € N, we have

OF, 1 —d oM 5

|
o5
&
E
+
=
(o5
3
L
E
&
=
N~
o
+
M)
Q
8
ol
Q
<
i
E
®
=
N
b

(since %2% (z,z) = %2% (z,x), due to the symmetry of M). Rearranging and

simplifying yields the required recursive relation, completing the proof. O

Given a mean M that admits an expansion near the first bissector, the follow-
ing proposition provides an explicit formula expressing the functions f, in For-
mula (2.4)) as linear combinations of the partial derivatives of M of order 2n
at points on the first bisector, with rational coefficients that are independent
of M.

PROPOSITION 2.10. Let M be a mean, and for all n € N, let f,, be the function
given by Formula [Z2)). Then, for all n € N, we have:

n—1
1 2n o> M
n = —1)* ’
Fole) = et 2D (V) sarggerte
(—1)" > M
+ n n
nl24m 9x" oy

(z,z). (2.23)
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Proof. For x € (0,400), let ¢, be the function defined in ([Z]), namely

t t
o (t) =M (x + 3%~ 5) for all ¢t € (—2z,2x).
A straightforward induction shows that for all n € Ny:
1 < n\ o"M t t
(n)tz— _1)n—k _ Z =21
#00 = 35 S0 (1) g (7 50 3)

Using this formula in ([2:2), we deduce that for all n € N:

(2n) 2n 2n
e 2(0) 1 ok (2n 0" M -
1) = L = g 2oV () g )

Grouping together each term of order k (0 < k < n — 1) with its symmetric
counterpart of order (2n — k), which are equal due to the symmetry of M, we
obtain:

2 = om\ %M
fn(z) = )i Z(—l)k< A > W@ﬁ)

k=0
1 2n\ 0*"M
(1) g
+ (2n)!4n( ) < n ) ozx"oy" (z,2)

n—1
1 2n 0% M
- - 1)k -z
(2n)122n—1 kZ:O( ) <k ) 02 0y (2, )

(=)™ 92" M
t o oz oy" (@,),
as required. O

From Propositions[2Z.8 and 210, we immediately derive the following corollary:

COROLLARY 2.11. Let M be a mean, and for all n € N, let f,, be the function
given in Formula [22l). Then, for all n € N, f, can be expressed as a linear
combination (with rational coefficients independent of M) of the characteristic
functions Ef/][ of M (1 <i < n) and their higher-order derivatives. More pre-
cisely, for all n € N, there exist rational numbers co; (1 < i < n), independent
of M, such that the following identity holds:

n d 2n—21 (il
i=1
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Remark 6. Given a mean M, a closed-form expression for the rational coef-
ficients in Corollary 2.11] appears difficult to determine. Instead, we propose
to compute these coefficients for small values of n. Applying Formula (223
from Proposition 210 for n=1 and using Formulas (Z12) and (ZI3]), we obtain:
192M 10°M 1
fi(z) = Za—yz(xax) - Zm@ﬁ) = §QM($)-

Thus,
1
fr=3 . (2.24)
Applying Formula (2Z23) for n = 2 and using Formulas (ZI7) and (ZI19),
we obtain . .
1 [0°M o*M
= — - —
1 oM
am(%x)
1 9 1 1
= (ﬂ 5\/1] - I—GQE\/J] > ().
Thus,
1 9 1 1
fo= 5700 — 15 - (2:25)

Now, suppose that two given means M; and My admit expansions near the
first bisector, given by:

Mi(z,y) = A+ fi(A) (@ —y)* + fo(A) (@ —y) + -,

Ms(z,y) = A+ gi(A)(x —y)* + ga(A)(z —y)* + -
Then, near the first bisector, we have:

Mi(z,y) = Ma(z,y) = (fr = g1)(A) (@ = 9)* + (fa = g2)(A) (@ = )" + - -

=0 ((x-y)?).
For the difference between M; and M, to be of a smaller order than O ((z — y)?),
we must necessarily have f; = g¢p, which, by virtue of (224, is equivalent

to stating that Qnr, = Q. This motivates the following definitions:

DEFINITION 2.12. Let M; and M be two means. We say that M; is close to Mo
near the first bisector (or simply that M is close to Ms) if My and My have
the same characteristic function; that is, if Qur, = Qar,-

DEFINITION 2.13. A mean M is said to be almost arithmetic if it is close
to the arithmetic mean; that is, if @y, = 0 (since @4 = 0).
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ExaMPLE 2. For all z,y > 0, define

r+y 1 (z—y)?!

M@y = = T Gt

It is clear that M is infinitely differentiable and symmetric on (0, +00)2.
Moreover, by distinguishing the two cases |z — y| < 1 and |z — y| > 1, we easily
verify that for all z,y > 0,
4
+(z—v)
which implies
r+y

< M(z,y) < max(z,y).
Thus, M is a mean. Furthermore, for all sufficiently close x,y > 0, we have:
1
M(z,y) = A+ E(x—y)4 (l-(@-y*+@-—y°—-)

1 1 1
— A - o 4 - o 8 - o 12 .

showing that M admits an expansion near the first bisector and is almost arith-
metic.

Note that this example is considered as a trivial case of an almost arithmetic
mean. Nontrivial examples will be provided later (see §2.6.3]).

2.6.2. The case of homogeneous and additively homogeneous means

For means M admitting an expansion near the first bisector, Corollaries 2.2 and
ensure that Qs () has the form £ for some ¢ € R if M is homogeneous, and
is constant if M is additively homogeneous. The following proposition extends
these facts to any mean.

PROPOSITION 2.14. Let M be a mean. The following properties hold:

(1) If M is homogeneous, then its characteristic function has the form

Qui(z) = =

T
for some constant c € R.

(2) If M is additively homogeneous, then its characteristic function is constant.
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Proof.
1. Suppose that M is homogeneous. Then, for all A, z,y > 0, we have:

M(Ax, \y) = AM (z,y).

Differentiating twice with respect to  and then setting y = x, we obtain:

NQu(Az)=AQu(z) (YA, x> 0).
That is,

AeQn(Ax) = 2Q () (VA,z > 0),
which implies that the function

x> xQp () is constant.

Therefore, Qs (x) = £ for some constant ¢ € R, as required.

2. Now, suppose that M is additively homogeneous. Then, for all A\, z,y > 0,
we have:

M(z+Ay+A) =M,y + A
Differentiating twice with respect to x and then setting y = x, we get

Qux+ X)) =Qu(x) (YA, z > 0),

which shows that Qs is constant, as required. This completes the proof. O

2.6.3. The characteristic functions of some common means and
applications

By direct calculation or by using Example[Il together with Formula ([2Z.24]), we es-
tablish that the characteristic functions of the arithmetic mean A, the geometric
mean G, the harmonic mean H, and the exponential mean F are given by:

Qa®) = 0 Qalx) = —4
Qu(r) = —5, Qe(z) = 4.
Further calculations yield:
Qua,(x) = =11 (vgbeR),
Qs,(x) = -1 (Vp € R).

Using Formula ([2)), we derive the following characteristic functions for the
power means and the Lehmer means:

Qr@)="7"2  (weR), (2.26)
Qu@="5">  (WeR) (2.27)
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Next, substituting p = 0 and p = 1 into the above formula for Qs (z) yields

These examples show that the Gini mean 7,5, (a,b € R) is almost arithmetic if
and only if a + b = 1. This leads to the following notable approximation near
the first bisector:

J
anrya 2a—1N x+y
xl—a+y1—a - 2 ’

which is valid for all a € R\ {3} with an error of order O((z — y)*). According
to (L)), when a = %, this approximation must be replaced by:

eXp((logw)\/ﬂ?Hlogy)\/?) _x+y
VT + /Y o2

Furthermore, the Gini mean 7,5 is close to the geometric mean G if and only if
b = —a, which means that it coincides with G (as it is straightforward to verify
that n,,_, = G for all a € R). Moreover, two power means are close if and only
if they are identical, and the same holds for two Lehmer means.

Another application consists in observing that a power mean P, is close
to a Lehmer mean .%; if and only if » = 2¢t — 1. This leads to the following
notable approximation near the first bisector:

g1 4 g2t ﬁw ot 4yt
2 - .’I}t_l +yt—1’

which is valid for all ¢ € R\ {1} with an error of order O((z — y)*).
Note that this approximation becomes an equality for ¢ € {0,1}, as well as
in the limit ¢ — 1.

We now determine the characteristic function of the Gauss Arithmetic-
-Geometric Mean (AGM). To do so, we rely on the following proposition:

PrROPOSITION 2.15. Let My, My, My be three means, and let M be the mean
defined by:
M = MO (]\417 MQ) .

Then, the characteristic function of M is given by:

_ Qumy +Qmy

QM 2 y

which is independent of M.
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Proof. A direct computation involving the partial derivatives of composite and
product functions in two variables yields:

0?°M  9°M; OM, 0?My  OMy
8{1}2 8{1}2 8x ( 1, 2) + 8[];2 8y ( 1, 2)
oMY 92M, oM\ 92 M,
< 8;) : W20(1\41,1\42)+< 8;)- 8y2° (M, My)
oM, OM, 0%M
2 dr  Ox 0Oxdy (My, M)
Evaluating at (z,z) (x > 0), we obtain:
0*M 0% M, oM, 0% M, oM,
Qu(z) == W(%x) = W(%x)' 5y &%)+ W(%Jf)' 3y (2, )
oM, > 92M, OM, > 920,
+ < 5 (Lx)> D2 @)+ <W(I,$)> : 8—y2($,$)
8M1 8M2 82]\40
+2 v (z,z) - vy (x,2) - 920y (x,z).
Using Formulas (2.11]), 2I2), and (2ZI3]), the result follows. O

Remark 7. If the means M, M7, and Ms in Proposition 2.15] admit expansions
near the first bisector, an alternative proof (involving simpler calculations) can be
derived using these expansions.

Applying Proposition [ZT5, we obtain the following corollary:

COROLLARY 2.16. The characteristic function of the Gauss Arithmetic-
-Geometric Mean is given by:

1
Qacm(z) = e for all x> 0.

Proof. By definition, the arithmetic-geometric Mean satisfies
AGM = AGM (4,G),
and applying Proposition 2.15] gives

+
Oncng = %.
Since we previously established that Q(z) = 0 and Q¢ (z) = — 7= for all z > 0,
the result follows immediately. (]

Remark 8. The characteristic function of the Gauss Arithmetic-Geometric
Mean can also be computed from Formula (L3]).
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2.6.4. Comparison of two means using their characteristic functions

As seen above, the characteristic function of a mean measures its proximity
to the arithmetic mean near the first bisector. Therefore, comparing two means
(in a neighbourhood of the first bisector) reduces to comparing their characteris-
tic functions, which are functions of a single variable. This significantly simplifies
the process of deriving various inequalities between the means, as demonstrated
below. We state the following proposition.

PROPOSITION 2.17. Let M,y and My be two means satisfying:
Qum, (2) > Qurp () (Vo € (0, +00)).
Then, near the first bisector, we have:

M1($,y> Z M2(xay>'

Proof. For each x > 0, define the function @, : (—2z,2z) — R by

t t t t
(1) := M <x—|— 3%~ 5) — My <x—|— 3%~ 5) (Vt € (—2z,2x)).

A straightforward computation gives for all x > 0:

®7/(0) = Qur, (x) — Qus, () > 0.

Hence, for all > 0, the function ®, is convex near t = 0. It follows that for all
x > 0 and all ¢ sufficiently close to 0, we have

Oy (t) > 2(0) + ©,(0);
that is,

o,.(t) >0 (2.28)

(since ®,(0) = ®/,(0) = 0). Finally, for z,y > 0, sufficiently close, substituting
in 228) « by Zf¥ and ¢ by (x — y) yields

Ml('ray) - MZ(xay) Z 03
as required. O

COROLLARY 2.18. Let My and My be two homogeneous means satisfying:
Qnr, () > Qur, () (Vz € (0,400)).
My (z,y) = Ma(z,y).
Proof. By Proposition E-T7 there exists € > 0 such that the inequality
M (z,y) = Ma(z,y)

holds whenever |z —y| < ¢, i.e., in a neighbourhood of the first bisector. We now
extend this inequality to all x,y > 0 using the homogeneity of M; and Ms.
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Let z,y > 0 be arbitrary. Setting \ := % |x — y| if # # y (and the result being
trivial if x = y), we have:

’E_g‘: z—yl _ e

A A A 2

<,

which means that the point (%, %) lies in the neighbourhood of the first bisector
where the inequality holds. Therefore:

0522 (3. 8)

Finally, multiplying both sides by A > 0 and using the homogeneity of M; and M,
gives: vy vy
M ) = 'M(_a_)> 'M(_a_>:M ) )
1z, y) =X M Y > A My T 2(7,y)
as required. ]

ExAMPLES. From §2.6.3] we have, for all 2 > 0:

Qa(z) > Qr(r) > Qacm(z) > Qr(z) > Qa(x) > Qu(x).

By Corollary 2218, we obtain the chain of inequalities between the corresponding

means:
A>I>AGM>L >G> H.

Regarding parameter means, we also refer to §2.6.3, from which it follows that
for all > 0:

Qp,(r) > Qp(x) (whenever r > s),
Qz(r) > Qz(x) (whenever t > s),
Qs,(x) > Qs,(z) (whenever p > q),
Qno,(2) > Q. ,(z) (whenever a + b > ¢+ d).

Applying Corollary 2.18 again, we deduce the corresponding inequalities be-
tween the means:

pP. > P, (whenever r > s),
% > Y (whenever t > s),
S, > S (whenever p > q),
Nap = Ted (whenever a + b > ¢+ d).

Note that all of these inequalities are already known in the literature.
For instance, the last one is contained in a result by Elezovic and Vuksi¢
[7, Theorem A].
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3. Classification of means

In what follows, we study various classes of means; some of these have
already been previously considered by earlier authors, while others are new.
For each of these classes, we determine the form of the corresponding charac-
teristic function, which sometimes allows us to identify intersections between
different classes of means. Furthermore, each of the classes below satisfies two
important properties, which we refer to as minimality and completeness.

DEFINITIONS 3.1. Let % be a class of means.
(1) We say that ¢ is minimal if for all My, My € €, we have:
Qn, = Qu, = My = M.
In other words, ¥ is minimal if any two means in % that are close must
be identical.
(2) We say that € is complete if for every real-valued infinitely differentiable
function f on (0,400), there exists a mean M in ¢ such that Qu = f.
Remark 9. Let ¥ be a class of means and define the mapping
®: ¢ — C>((0,400),R)
Then, saying that % is minimal is equivalent to ® being injective, and
saying that % is complete is equivalent to ® being surjective. Consequently,
saying that % is both minimal and complete is equivalent to & being bijective.

Thus, in a minimal and complete class of means, each mean is uniquely deter-
mined by its characteristic function.

3.1. Normal means
This class was introduced for the first time by the author [10], although
the definition of a mean therein differs slightly from that of the present paper.

DEFINITION 3.2 ([10]). A mean M is said to be normal if it has the form:
zP(x) +yP(y)
P(z) + P(y)
where P is a positive, infinitely differentiable function on (0,+00), called

the weight function associated with M, which is uniquely defined up to a positive
multiplicative constant.

M(z,y) = (Va,y > 0),

The class of normal means includes the Lehmer means. More precisely, every
Lehmer mean .%; (¢t € R) is a normal mean with the associated weight function
P(x) = 2'~!. In particular, the arithmetic mean A, the geometric mean G, and
the harmonic mean H are all normal means.
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The following proposition provides the expression of the characteristic func-
tion of a normal mean in terms of its associated weight function.

PROPOSITION 3.3. Let P be a positive infinitely differentiable function on (0,+00),
and let M be the assoctated normal mean. Then, we have
1P
Qu=35p"

Proof. To simplify the calculation, observe that for all x,y > 0, we have:

M(m,y):x—l—(y—x)%.

Using this expression, we compute:

52M( ) 2P (z) P(y) P"(z) (P(z) + P(y)) — 2P"*(x)
TY)=—— :

Oa” (P(z) + P(y))” (P(z) + P(y))’

The result follows by setting y = x. (]

+(z—y)P(y)

From Proposition B3l we derive the following corollary:

COROLLARY 3.4. The class of normal means is minimal and complete.

Proof. We first show that the class of normal means is minimal. Let M; and
Ms be two normal means with the same characteristic function, and let P, and
P» be their respective associated weight functions. By Proposition B3l we have
1P 1P
25 3B
implying that there exists a real constant ¢ (necessarily positive) such that
P, = cP,. Thus, M, = Ms, as required.

Next, we prove completeness. Let [ € C’OO((O, + oo),R) be arbitrary.
Defining F as an antiderivative of f and setting P := e2F, which is a posi-
tive infinitely differentiable function on (0, +00), the normal mean M having P
as a weight function satisfies (according to Proposition B.3]):

1P
Qu=5p =1

This confirms that the normal means form a complete class of means. The proof
is complete. O

As an application of the characteristic functions of normal means, we establish
the following result:

THEOREM 3.5. The only power means that are normal are the arithmetic mean,
the geometric mean, and the harmonic mean.
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Proof. We already know that the means A, G, and H are both power means
and normal means. Conversely, let M be a normal power mean and assume,
for contradiction, that M is neither A, G, nor H. Let P be the weight function
associated with M (as a normal mean), and let 7' € R\ {—-1,0,1} such that
M = P,. Then, on the one hand, we have Qs = by Proposition B3, and
on the other hand, from ([Z.286]), we have Qu(z) = ™5 1 1 . Equating these two
expressions of @y, gives the differential equation

§

1P r—-11

2P 4 o
Solving this, we obtain

P(z) = cx'r,

where ¢ is a positive constant. Thus, we have

zP(z) +yPly) =3 +y°
P(z)+ P(y) Ty

M(z,y) = (Vz,y > 0),

and also

M(z,y) = P (z,y) = <x Y )W (Vo,y > 0).

Equating these two expressions of M (z,y), rearranging, and setting y = 1 leads to

r+1
1 T+1
Rk I Vz>0).  (3.1)
xT +1 2

To show that (B]) is impossible, we consider the following cases:

Case 1: (if r > 1). In this case, the left-hand side of (B is asymptotically x”
as * — 400, while the right-hand side is asymptotlcally sx”. Thus, BJ) is
impossible for this case.

Case 2: (if 0 < r < 1). In this case, the left-hand side of (B is asympto-
tically x o , while the right-hand side is asymptotically 29(: as x — —+oo.
Since 7(7«2+ D <, then (31)) is also impossible for this case.

Case 3: (if —1 < r < 0). In this case, the left-hand side of (B tends to 0,
while the right-hand side tends to % as x — +oo. Thus,([B.J)) is also impossible
for this case.

Case 4: (if r < —1). In this case, the left-hand side of (BI]) tends to 1,
while the right-hand side tends to % as © — +oo. Thus, B is also impos-
sible for this case.

In conclusion, (31)) is impossible, confirming that M must be either the arith-
metic, geometric, or harmonic mean. This completes the proof. (I
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Remark 10. Using Proposition [ZT4] we fairly easily show (as done in the
proof of Theorem BH) that the only homogeneous means that are normal are
the Lehmer means.

Characterization of strict normal means

If M is a strict mean (see §[Il), we can associate to M (as was done in [10])
an important function oy : (0, +00)? — (0, +00), defined by:

M(x,y)—x) .

log <7 ifx#vy

ori(.y) = M) —y) 17
0 ifx=y

(Vz,y > 0). (3.2)

We can verify that oy is well-defined, infinitely differentiable on (0, +00)?,
and asymmetric; namely, o (z,y) = —par(y, x) for all z,y > 0 (see [10, Theo-
rem 2.1]). In particular, we have pas(x,z) = 0 for all > 0. Interestingly, if M is
a strict normal mean associated with some weight function P, then the expression
of ¢ simplifies to

orv(2,y) =log P(z) —log P(y)  (Va,y > 0),

which is a sum of two functions, one depending only on x and the other only
on y. Conversely, if a strict mean M has an associated function s of the form

om(z,y) = f(x) +9(y), (3.3)

for some functions f, g on (0,400), then, because ¢/ (x,z) = 0, we must neces-
sarily have g = — f. Hence, from ([B.2]) (see also [10, Theorem 2.1]), we derive

:I:ef(x) + yef(y)

M(z,y) = 0 T el®)

(Va,y > 0),

showing that M is the normal mean associated with the weight function e/.
It follows from this reasoning that the form (B3] of ¢, characterizes the normal
strict means. Finally, since this particular form is clearly characterized by the

2
partial differential equation %x%f‘; = 0, we conclude that a strict mean M is

normal if and only if %Zx%f‘; = 0. Developing this, we obtain the following propo-

sition:

PROPOSITION 3.6. A strict mean M is normal if and only if it satisfies the par-
tial differential equation:

02 M OM OM

(z—y) 8wy'(M—x)'(M—y)—2%'a—y'(M—A) =
oM oM
E'(fo)zfa—y'(M*y)g
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Remark 11. Curiously, for the strict normal means A, G, and H, both sides
of the partial differential equation in Proposition are zero!

Remark 12. In principle, Proposition 3.6l should provide us with an alternative
proof of Theorem However, the calculations it involves are quite tedious.

3.2. Additive means

This class is well-known in the mathematical literature under different names.
In [4, §4] for example, it is referred to as quasi-arithmetic means.

DEFINITION 3.7. A mean M is said to be additive if it has the form:

M) =1 (FE5 ) a0,

where f is a strictly monotonic and infinitely differentiable function on (0, 4+00).
Such a function f is called an additivity function associated with M.

The class of additive means includes power means. More precisely, every power
mean P, (r € R) is an additive mean with an associated additivity function f

given by
{x’“ ifr#0

logz ifr=20

flx) = (Va > 0).
In particular, the arithmetic mean A, the geometric mean GG, and the harmonic
mean H are all additive means.

It is straightforward to verify that if f is an additivity function associated with
an additive mean M, and if «,8 are two real numbers with o # 0,
then the function (af + ) is also an additivity function associated with M.
Note that the converse of this property is also true and can be deduced from
a more general result given in [4, §4]. More precisely, we have the following
proposition:

ProrosITION 3.8 (Deduced from [4, §4, Theorem 5|). If f and g are two
additivity functions associated with a same additive mean M, then there exist
a, B € R, with a #£ 0, such that g = af + .

Remark 13. Using the concept of “characteristic function of a mean”, we will
be able to provide a short proof of Proposition (see Remark [T4] below).

We first establish the expression of the characteristic function of an additive
mean in terms of an associated additivity function.

PrOPOSITION 3.9. Let f be a strictly monotonic and infinitely differentiable
function on (0,+00), and let M be the associated additive mean. Then, we have

1 fll

QM:4F-
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Proof. From the expression of M in terms of f, we have for all z,y > 0:

F(M(a,9) = 5 (@) + 7).

Differentiating twice with respect to z yields

M oM ’ 1
W@,y) (M (z,y)) + (E(%?J)) f1(M(z,y)) = 3/ (@),
The result follows by setting y = 2z and using Formula ([Z1T]). O

Remark 14. Proposition B.8 follows immediately from Proposition 3.9 Indeed,
if f and g are two additivity functions associated with a same additive mean M,
then, according to Proposition 3.9 we have

1 f// 1 g//
implying that the function ?—l/ is constant. Thus, there exist o, § € R, with a #£ 0,
such that g = a.f + (3, as required.

From Proposition B9, we derive the following corollary:

COROLLARY 3.10. The class of additive means is minimal and complete.

P roof. We first show that the class of additive means is minimal. Let M; and M>
be two additive means with the same characteristic function, and let f; and fo
be their respective associated additivity functions. By Proposition B9 we have

Lf 19

Aff Afy
implying that f; and f> are related by a relation of the form

f2:afl+6 (Q,BGR,Q#O).
Thus, M1 = M, as required.
Next, we prove completeness. Let u € COO((O, —|—oo),]R) be arbitrary.

Defining v as an antiderivative of v and w as an antiderivative of e*’, it is
clear that w is strictly increasing and infinitely differentiable on (0, +o00) and

that the additive mean M having w as an associated additivity function satisfies
(according to Proposition [3.9)):

1 wll
v =T =
This confirms that additive means form a complete class of means, completing
the proof. O

As an application of the characteristic functions of additive means, we estab-
lish the following results:
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THEOREM 3.11. The only additive means that are homogeneous are the power
means.

Proof. It is evident that power means are both additive and homogeneous.
Conversely, let M be a homogeneous additive mean. On the one hand,
from Proposition ZT4 we know that the characteristic function of M has

the form c

On the other hand, denoting by f an additivity function associated with M
(as an additive mean), we have (by Proposition B9): Qn = i?—l,/ Equating
these two expressions for @) yields the differential equation
17 ¢
i
which integrates to
azttl L5 ifc# —i
f(z) = (o, B € R, £ 0).
alogx+ 5 ifc= —%

Since M remains unchanged when its additivity function f is replaced by \f +
(for some A\, u € R, A # 0), we can choose a simpler additivity function associated
with M:

- gttt jfe£ -1
fla) = { )

logx ifc= —i .
Consequently, M is the power mean given by
M = Pyeqq.
This completes the proof. O

COROLLARY 3.12. The only additive means that are Lehmer means are the
arithmetic mean A, the geometric mean G, and the harmonic mean H.

Proof. It is well-known that A, G, and H are both additive and Lehmer means.
Conversely, let M be a Lehmer additive mean. Then, M is homogeneous and
additive, which implies (by Theorem B.IT]) that M is a power mean. Since M is
also normal (as it is Lehmer), we conclude (by Theorem BH) that M must be
either A, GG, or H, as required. O

We now turn our attention to means that are both normal and additive.
For any mean M and any nonnegative constant c¢, define the transformed
mean M, by:

M (z,y) =M@ +c,y+c)—c  (Yz,y > 0).
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We observe that for any ¢ > 0, the classes of normal means and additive
means remain invariant under the transformation M — M.. More precisely,
for any ¢ > 0, the following properties hold:

e If M is a normal mean with an associated weight function P(x),
then M, is a normal mean with the associated weight function P(x + ¢).

e If M is an additive mean with an associated additivity function f(z),
then M, is an additive mean with the associated additivity function

fa+o).

Since the means A, GG, and H are all normal and additive, it follows that
for all ¢ > 0, the means A, = A, G., and H. remain all normal and additive.
The explicit expressions for G, and H,. are given by:

Ge(z,y) =V(z+)(y+c) —c, (3.4)
He(r,y) = % (3.5)

(for all z,y > 0).

To complement these simple findings, we pose the following open problem, which
seems challenging to resolve using only the characteristic function of a mean.

Open problem. Are the means
A,G. (¢>0), and H. (c>0)

the only means that are both normal and additive?

We end this subsection with another quite important property of additive
means, stated in the following proposition:

ProPOSITION 3.13. FEvery additive mean is strictly isotone.
Proof. Let M be an additive mean with an associated additivity function f.

Since f and f~! share the same monotonicity (both being strictly increasing or
both strictly decreasing), it follows that for all y > 0, the function

()

is strictly increasing on (0, +00); equivalently, M is strictly isotone, as required.

O
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ExXAMPLE 3. Using Proposition B.I3, we can easily show that the Lehmer mean
%, (t < 0) is not additive, a fact already included in Corollary BI2 Let ¢t < 0
and assume for contradiction that .%; is isotone. Then, for all x > 2:

Zi(x,1) > £(2,1).
Letting  — 400 leads to
1> %4(2,1),

which is a contradiction. Hence, .%; is not isotone, and by Proposition [B.13]
it is not additive.

3.3. Integral means of the first kind

This class has been referred to by earlier authors as integral means (see e.g.,
[3, Chapter 8, Proposition 8.3]). However, to distinguish it from another similar
class of means, we introduce the terms “of the first kind” and “of the second
kind” to designate each of them respectively.

DEFINITION 3.14. A mean M is called an integral mean of the first kind if there
exists a strictly monotonic and infinitely differentiable function f on (0, +o00)
such that, for all z,y > 0 with x # y, we have:

M(z,y) = £ ylx/ﬂﬂﬁ . (3.6)

Such a function f is called an integrality function associated with M.

Remark 15. By performing the change of variable t = zu + y(1 — u) in the
integral on the right-hand side of ([B4l), the formula becomes:

M(z,y) = f* /f(qury(lu))du , (3.7)
0

which also holds when y = =z, thereby showing that any continuous function
on (0,+00)? having the form in (B8] (for  # y) defines a mean. More impor-
tantly, Formula ([37) serves two further purposes:

(1) It allows an easy computation of the characteristic function of an integral
mean of the first kind, as we will see below.

(2) Tt motivates the extension of the class of integral means of the first kind
into a broader class of means (see §[3.10).
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The class of integral means of the first kind includes the Stolarsky means S,.
More precisely, every Stolarsky mean S,, (p € R) is an integral mean of the first
kind associated with the integrality function

Ploifp £ 1
1) = {t PEL s o),
logt ifp=1

In particular, the arithmetic mean A, geometric mean G, logarithmic mean L,
and identric mean I all belong to this class. Additionally, the exponential mean F
is also an integral mean of the first kind, associated with the integrality function

f(t) = ¢

However, it will be shown later that the harmonic mean H does not belong to the
class of integral means of the first kind.

It is easy to verify that if f is an integrality function associated with an inte-
gral mean of the first kind M, then so is any affine transformation

af + 8 (o, BER, a#0).
The converse will be established in Corollary B.16 below.

We first express the characteristic function of an integral mean of the first
kind in terms of its associated integrality function.

PROPOSITION 3.15. Let f be a strictly monotonic and infinitely differentiable
function on (0,+00), and let M be the integral mean of the first kind associated
with f. Then, we have Ny

Qv = EF

Proof. From Formula ([B.7), we have for all z,y > 0:

f(M(x,y)) :/f(xu +y(l— u)) du.
0

Differentiating twice with respect to x yields

et (1) + (G ) £ ((20)

1
:/u2f~ (zu+ y(1 — ) du.
0

The result follows by setting y = = and using Formula (Z.IT]). O

From Proposition BI85 we derive the following corollaries:
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COROLLARY 3.16. If f and g are two integrality functions associated with
a same integral mean of the first kind, then there exist

a,B€R, with «o#0,
such that
g=oaf +0.

Proof. Let M be an integral mean of the first kind with two associated inte-
grality functions f and g. By proposition B.15, we have

1 fll_ig//

M= Ty

It follows that ?—: is constant (nonzero), hence
g=af+ 5 forsome (a,f)€R*x R,

as claimed. 0

COROLLARY 3.17. The class of integral means of the first kind is minimal and
complete.

Proof.
Minimality : Let M7 and M5 be two integral means of the first kind with
the same characteristic function, and let f; and fo be their respective
associated integrality functions. Then, by Proposition B.15] we have

L1
2 12f
so f1 and fy differ by an affine transformation, implying M; = M,.

Completeness: Let u € C’OO((O,Jroo),R) be arbitrary. Let v be an anti-
derivative of u, and let w be an antiderivative of e'2. Then, w is strictly
increasing and infinitely differentiable on (0, +00), and the integral mean
of the first kind M associated with w satisfies (according to Proposi-

tion B.I0):

1w’
QM =157
This proves completeness and achieves this proof. O

We now present some applications of the characteristic function of integral
means of the first kind:

THEOREM 3.18. The only integral means of the first kind that are homogeneous
are the Stolarsky means S, (p € R).
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Proof. We have already seen that the Stolarsky means S, (p € R) are

homogeneous and are also integral means of the first kind. Conversely, sup-

pose M is a homogeneous integral mean of the first kind. By Proposition 2.14]
(&

the characteristic function of M has the form Qu(x) = £ for some ¢ € R.

On the other hand, if f is an associated integrality function, Proposition [3.15
gives N

QM:12W'

Thus,
L f" ¢
12 f o’
which integrates to

art?tl 4 g ifc# —L

f(x)z{ . Y (wBER a#0).
alogr+ 4 ifc=—13

Replacing f with an affine transformation of f does not change M, so we may

assuime:

pl2e+1 i o 7é _ 1
127
f(@) = T
logz ifec=—15.
Thus, M is the Stolarsky mean Syo.42, completing this proof. (Il

COROLLARY 3.19. The harmonic mean H is mot an integral mean of the
first kind.

Proof. Assume, for contradiction, that H is an integral mean of the first
kind. Being homogeneous, Theorem [B.I§ implies that H = 5, for some p € R.
Equating characteristic functions, we find p = —4, so that H = S_4. This yields

the identity: . L g ~1/5
2zy <_ 7y> (Va.y > 0).
x4y 4 z—y

However, as * — +oo, the left-hand side tends to 2y, while the right-hand
side tends to +o0o. Contradiction! Hence, H is not an integral mean of the first
kind. (]

Remark 16. We will see in the next subsection that H belongs to the class
of integral means of the second kind.

A further significant application of the characteristic function of integral
means of the first kind lies in obtaining an approximation formula for definite
integrals with sufficiently close bounds. We have the following proposition.
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ProPOSITION 3.20. Let f be a strictly monotonic and infinitely differentiable
function on (0,400). Then, for all sufficiently close positive real numbers
x and y, with x <y, we have

/ x|f’<x>|”6+y|f'<y>|“6>
t) dt ~ —x
!f() v ”( F@ T 1 @)

(with an error of order O ((z — y)®)).

Proof. Let M be the integral mean of the first kind having f as an associated
integrality function, and N be the normal mean having | f/| 1/6 (which is infinitely
differentiable, since f’ has a constant sign) as an associated weight function.
By Propositions and B.I5] we have

1 f//

QM:QN:E77

implying that M and N are close. More precisely, we have near the first bisector:

M(z,y) = N(z,y)+ 0 ((z —y)*);

that is,
Yy
S z|f @) +yf )]
| o frwa) = LRV Lo -y,
y-x) P@ 4 17 )]
Hence the required approximation formula of the proposition. O

Remark 17. The problems of identifying the intersection of the class of inte-
gral means of the first kind with the class of normal means and with the class
of additive means are still open.

3.4. Integral means of the second kind

To the best of our knowledge, this class has not previously been introduced
in the literature. It arises from the idea of reversing the order of composition
between M and f in the formula (equivalent to (B.0)

1 Yy
(o M)(avy) = —— !f(t) ,

which defines an integral mean of the first kind.
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DEFINITION 3.21. A mean M is called an integral mean of the second kind
if there exists a strictly monotonic and infinitely differentiable function f
on an interval I C R, with f(I) = (0, 400), such that for all x,y € I, with = # y,
we have:

M(fa). ) = — [1(®)a. (33)

Such a function f is called an integrality function associated with M.
Remark 18. As in Remark [[3] performing the change of variable

t=au+y(l—u)
in the integral on the right-hand side of (B8] yields:

M(f(z), f(y)) :/f(xu +y(1 —w)) du. (3.9)
0

This formula also holds for y = x, demonstrating that any continuous function
on (0,400)? of the form [BF) (for x # y) defines a mean. Furthermore, for-
mula [B3.9]) facilitates the computation of the characteristic function for integral
means of the second kind, and provides a basis for their extension to a broader
class of means (see § B.0]).

One can readily verify that the arithmetic mean A, the geometric mean G,
and the harmonic mean H are all integral means of the second kind, with cor-
responding integrality functions given respectively by

fi(t) = t, f2<t):t12, and h(t):% (t € (0,400)).

It is also straightforward to see that if f is an integrality function associated
with an integral mean of the second kind M, then so is any function of the form

g(t) = flat + B) (o, B € R, #0).
The converse will be shown in Corollary [3.23] below.
The expression of the characteristic function of an integral mean of the second
kind in terms of its associated integrality function is given by the following
proposition.

ProrosITION 3.22. Let I be a mnonempty open interval of R and
f:I — (0,400) be a strictly monotonic and infinitely differentiable function,
with f(I) = (0,+00). Let also M be the integral mean of the second kind asso-
ciated with f. Then, we have

("

Qv =5y

=
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Proof. Differentiating Formula ([3.3) twice with respect to z, we find (for all
x,y €1):

1) 2L (f(@), 1)

0*M
oz

+ f/(z)?
1

/uzf xu 4 y( 17u))du

0

(f(@).f(y))

Then, setting y = = and using Formula (ZT1]) gives
1)
6 f2(x)
Substituting x = f~1(u) (u € (0, +0c0)), we find:
L 1"
o) = (~g o) = s,
as desired. O

Qu(f(z) =— (Vz € I).

From Proposition B.22] we derive the following corollaries:

COROLLARY 3.23. Let f and g be two integrality functions associated with the
same integral mean of the second kind M. Then, there exist a, B € R, with o # 0,
such that g(x) = f(ax + 3).

Proof. Apply Proposition [3.22 to obtain:

e
FY @
e

(9 ,13 is constant (nonzero). Therefore,

implying tha

f'=ag '+ B forsome (a,B)€R*x R.

Thus,
foftog=folag™+ B)oy;
that is,
9(z) = flaz + f),
as required. O

COROLLARY 3.24. The class of integral means of the second kind is minimal
and complete.
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Proof.
Minimality: Let M; and M, be two integral means of the second kind
with the same characteristic function, and let f; and fy be their respective
associated integrality functions. By Proposition B.22] we have

l(fl_l)” _ l(f2_1)”
6(f)y  6(fHY

As in the proof of Corollary B23] it follows that there exists an affine
function o such that fo = fi o 0. Therefore, My = M.

Completeness: Let v € C>((0,+00),R) be arbitrary. Let v be an
antiderivative of u and w be an antiderivative of €%?. Then, w is strictly
increasing and infinitely differentiable on (0,400), implying that w is
a bijection from

(0,400) onto I :=w((0,+00)).

Setting f := w=!: I — (0,400), which is also strictly increasing and
infinitely differentiable, the integral mean of the second kind M associated
with f satisfies, by Proposition [3.22
1 (f—l)// 1 w//
QM = — 1\ = ——, =
6 (f~1) 6 w

This confirms completeness and concludes the proof. O

We conclude with the following proposition, which provides an approximation
formula for definite integrals with sufficiently close bounds. Compared to its
analogue, Proposition B.20, it is notably simpler.

PROPOSITION 3.25. Let f be a strictly monotonic and infinitely differentiable
function on an interval I C R such that f(I) = (0, +00). Then, for all sufficiently
close real numbers x and y in I, with x <y, we have

F@) [F I+ f) 1 ()]
(@) + | )

/f(t) dt =~ (y - x)

(with an error of order O((z —y)®)).

Proof. Let M be the integral mean of the second kind having f as an as-
sociated integrality function, and N be the normal mean having |( =t |1/ ?
as an associated weight function. By Propositions and B.22] we have
LY

QM_QN_ 6 (f_l),’

implying that M and N are close. More precisely, we have near the first bisector:
M (u,v) = N(u,v) + O((u —v)*).
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Setting u = f(z) and v = f(y), where x,y € I, sufficiently close, we derive that:

1
Yy—x

/f(t) dt = N (f(x), f(1)) + O((z — v)*),

and the approximation follows from simplifying the expression of N (f(z), f(y)).
O

Remark 19. The condition f(I) = (0, +o0) in Proposition 325 can be omitted
by considering means defined on f(I)? instead of (0, +00)?.

Remark 20. The problem of describing the intersections between the class
of integral means of the second kind and other classes of means remains open.

3.5. Weighted integral means of the first kind

This class naturally extends the class of integral means of the first kind
(see §B.3). The idea is to consider, more generally than (37), the function
M : (0,+00)? — (0,400) of the form:

M(z,y)=f~ /f(a:t +y(l—1)g(t)dt] ,

where f is a strictly monotonic and infinitely differentiable function on (0, +00),
and ¢ : [0,1] — R is a function satisfying minimal conditions to‘ensure that M
defines a mean. These conditions are precised in the following definition.

DEFINITION 3.26. A function g : [0,1] — R is called a symmetric distribution
function if:

(i) ¢ is nonnegative almost everywhere on [0, 1].
ii) g is Lebesgue-integrable on [0, 1] and satisfies ! g(t)dt =1.
0
(iii) g(t) = g(1 —t) for almost all ¢ € [0, 1].

NotAaTION 3.27. Given a strictly monotonic and infinitely differentiable func-
tion f on (0,400) and a symmetric distribution function g, we denote by #¢,
the real-valued function defined on (0, +00)? by:

Igq(x,y) = f! /f(tz +(1- t)y)g(t) dt (Vz,y > 0). (3.10)

We have the following proposition.

PROPOSITION 3.28. Let f and g be as in Notation[3.27. Then, the function Iy,
defines a mean.
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Proof. Since f is C*®on (0,+00), then 1, is of class C*on (0,+00)2.
Now, let 2,y € (0,+00) with < y. Replacing f by (—f) if necessary (which
leaves .75, unchanged), we may assume that f is strictly increasing. Then, for all

t € [0,1], we have:
fl@) < ftz+ (1L —t)y) < f(y)-
Multiplying by the function ¢(t) and integrating over [0, 1] yields:

ﬂ@s/ﬂm+u—wwmwwsﬂw.

Applying f~! gives
X S jfyg(xvy) S Y,

as required.

The symmetry of .#;, follows by changing variables u = 1 — ¢ in (BI0) and
using g(1 — u) = g(u) for almost all u € [0, 1]. This completes the proof. O

Terminology: In the context of Proposition 328 the mean %3, is called
the weighted integral mean of the first kind with integrality function f and
symmetric distribution function g. When g is fixed, a mean of the from .7,
is referred to as the g-weighted integral mean of the first kind with integrality
function f.

Remark 21. The following properties are straightforward to verify:

(1) The 1-weighted integral means of the first kind are precisely the integral
means of the first kind discussed in Subsection 3.3l

(2) For any symmetric distribution function g, we have:
1 1

1
to(t)dt = [(1 = t)g(t) dt = 5,
A.

or every symmetric distribution runction g and every odd positive inte-
3) F v sy i distribution f . d v odd cie .
ger n, we have: 1 N
/(t — 5) g(t)dt =0.
0

4) Let g be a symmetric distribution function. If f is an integrality function
g Y- g y
associated with a g-weighted integral mean of the first kind, then so is any
affine transformation

af + 8 (o, BER, a#0).
The converse of this property also holds and can be readily proved using
Proposition B3] below.

implying in particular that Fq, , . 4=
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Nontrivial examples of symmetric distribution functions

A nontrivial example of a symmetric distribution function can be constructed
by selecting a function h : [0,1/4] — R that satisfies the following conditions:

e h is nonnegative almost everywhere on [0, 1/4].

h(u)
e

e The function u — is Lebesgue-integrable on [0, 1/4] with a nonzero
integral.

Then, the function g : [0,1] — R, defined by

h(t(1—t
oty = =Dy e o1,
fo x(1—x))dx
is a symmetric distribution function. Notably,
1 1/2 1/4

/h (1—-2x)) dx:2/h(x(1x))dx:2 \/lw—lud
0 0

Choosing h(t) = t" with r > —1 yields the symmetric distribution function

g, given by:
(1 —t)"

)= —r— vt € 10,1]),
0o)= g1y (e
where  denotes the Euler Beta function. The particular case r = —% gives
the following important symmetric distribution function:
1
)= ——— vt e (0,1)). 3.11
W= (MEO) (3.11)

We will see later that the Gauss AGM mean is closely related to the class
of g-weighted integral means of the first kind (see §H).

Essential integrals of a symmetric distribution function

Given a symmetric distribution function g, we will see below that the dependence
on g of the characteristic functions (of different orders) of a g-weighted integral
mean of the first kind is expressed solely in terms of certain integrals related to g,
which we have termed the essential integrals of g.

DEFINITION 3.29. Let g be a symmetric distribution function and n be a non-
negative integer. We define the essential integral of g of order n as the positive
real number ¢, (¢g) given by: .

cnlg) = / (t — %>2ng(t) dt.

In particular, ¢o(g) = 1.
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We have the following proposition.

ProPOSITION 3.30. Let f be a function expandable in a Taylor series around
every point of (0,400), and let g be a symmetric distribution function. Then,
near the first bisector, we have:

1

/f(xt+y(1 —t))g(t)dt
0

" (4)
= 1+ L gy - + T s — )+

Proof. Let x,y > 0 be sufficiently close. The Taylor expansion of the real-
-valued function t — f (2t +y(1 —t)) around ¢ = 1/2 is:

[zt +y(1—t)y)

S e Y (R

1!
Multiplying by g(t) and integrating over [0, 1] yields
1

/f(a:t +y(1—1))g(t)dt

0
1

B SLLLC R (PR

n=0 0

Since
1

/(t —1/2)"g(t)dt =0 for odd n
0
(see Ttem 3 of Remark [21]), we conclude that

/f(a:t +y(1—1))g(t)dt

1

—Zf(zn /(t——) (t) dt,

0
as required. O

Remark 22. Proposition B30 shows that if f is strictly monotonic on (0, +00)
and has a Taylor expansion around every point of (0, +00), and g is a symmet-
ric distribution function, then the expansion of the mean .#;, (near the first
bisector) depends only on f and on the essential integrals of g.
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In the following proposition, we explicitly express the characteristic function
of a weighted integral mean of the first kind in terms of its integrality function
and its symmetric distribution function.

ProproOSITION 3.31. Let f be a strictly monotonic and infinitely differentiable
function on (0,+00), and g : [0,1] — R be a symmetric distribution function.
Then, the characteristic function of the g-weighted integral mean of the first
kind Z; 4 is given by: .

Q= 01(9)7-

Proof. Set M := .%;,. From Formula (3.I0), we have for all z,y > 0:

f(M(x, y)) :/f (J:t +y(1— t))g(t) dt.
0

Differentiating twice with respect to x yields

—($,y)f/(M(CE,y)) + (%—]‘f(way)) f”(M(l‘,y))

By setting y = # and using Formula (2.I1]), we derive that
1

1) (@)
= | [t*g(t)dt — - :
Quo) = | [Ratnar— |
0
Finally, noting that
/ [ 1 1Y
tgtydt= [ |~ +(t— = t— = t)dt
feawae=[ 5+ (1-3) + ( 2)19”
0 0
1 1
—1/(t)dt+/ t— 1) gty ar
1) 2)7
0 0
1 2
0
1
=ci(g) + 1
(in view of Ttem 3 of Remark [21]), the required result follows. O
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Remark 23. Taking g(t) = 1 in Proposition B3] recovers Proposition BT

From Proposition B31l we readily derive the following result.

COROLLARY 3.32. For every fized symmetric distribution function g, the class
of g-weighted integral means of the first kind is minimal and complete.

Proof. Similar to that of Corollary BT O

3.6. Weighted integral means of the second kind

This class naturally extends the class of integral means of the second kind
by weighting the integral in its definition with a symmetric distribution function.
We begin with the following proposition.

PROPOSITION 3.33. Let f be a strictly monotonic and infinitely differentiable
function on an interval I C R, with f(I) = (0,+00), and let g be a symmetric
distribution function. Then there exists a unique mean M satisfying, for all

r,y€l:
1

M(f(z), f(y)) Z/f(xt +y(1—1))g(t) dt. (3.12)
0
Proof. Similar to that of Proposition O

NoTaTION 3.34. In the context of Proposition B33, we denote by .#f  the
unique mean defined through Formula (I2). More explicitly, for all z,y > 0,

we have: )

I g(2,y) :Z/f(tf_l(w) + (1= (y))g(t) dt. (3.13)
0
Terminology: In the context of Proposition and Notation 3.34] the mean
ff’fg is called the weighted integral mean of the second kind with integrality
function f and symmetric distribution function g. When g is fixed, a mean
of the form f;g is referred to as the g-weighted integral mean of the second kind
with ntegrality function f.

Remark 24. The following properties are straightforward to verify:

(1) The 1-weighted integral means of the second kind are precisely the integral
means of the second kind discussed in Subsection [3.41

(2) For any symmetric distribution function g, we have:

: A.

id(0,+00):9
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(3) Let g be a symmetric distribution function. If f is an integrality function
associated with a g-weighted integral mean of the second kind, then so is
any function of the form

ft)=flat+B)  (,BER, a#0).

The converse of this property also holds and can be readily proved using
Proposition [B.35] below.

We now proceed to express the characteristic function of a weighted integral
mean of the second kind in terms of its integrality function and its symmetric
distribution function. We have the following proposition.

PROPOSITION 3.35. Let f and g be as in Proposition[3.33. Then, the character-
istic function of the g-weighted integral mean of the second kind 77 is given by:

where

1
/tlt (t) dt > 0.
0

Proof. Consider the context of Proposition .33, where M = .4} . Differ-
entiating Formula ([BI2]) twice with respect to =, we obtain (for all z,y € I):

oM

2
7/@) B (), 1) + @)

o (F@). 1)

1
/t2f” xt+y(1—1))g(t)dt.
0

Setting y = x and using Formula (Z.I1]) yields
/ 1) f"(x)
9 x
M(f(‘r»: /t g<t)dt_§ f/2<l‘).

0

Substituting = f~!(u) (u € (0,+oc)) and noting that

1 1

/t2g dt— - /t (t — 1)g(t)dt,

0 0
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we get
L f// .
Qum(u) = | [tt—1)g(t)dt| | 7 © (u)
Jor-no) (B
1 ("
= t<]‘ - t)g<t)dt ~1\/ (U)a
Jra- o) £
as required. O

From Proposition B35, we derive the following corollary.

COROLLARY 3.36. For every fized symmetric distribution function g, the class
of g-weighted integral means of the second kind is minimal and complete.

Proof. Similar to that of Corollary B.241 O

4. M-means

Given a mean M, we can construct related means by composing an appropriate
regular function f on the right and its inverse f~! on the left. This leads to the
concept of M-means.

DEFINITION 4.1. Let M be a mean. An M-mean is any function F : (0, +00)? —

(0, 400) of the form
F=f"1oMof,

where f : (0,400) — (0, 400) is a strictly monotonic and infinitely differentiable
function. Clearly, F' defines a mean.

NoOTATION 4.2. Given a mean M, we denote by %) the class of all M-means.

Remark 25. The class ¥4 of A-means si strictly contained in the class of ad-
ditive means discussed in § For instance, the geometric mean G is additive
but not an A-mean, because in the expression (log) ™! o Ao (log) of G, the loga-
rithmic function log takes nonpositive values, violating the domain requirements
of f in Definition A1

A central question is to determine, for a given mean M, when the class
%) is complete and when it is minimal. We partially answer this question be-
low in the most frequent cases, after first establishing a closed-from expression
for the characteristic function of M-means. We have the following proposition.
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PROPOSITION 4.3. Let M be a mean, and let f : (0, +00) — (0,4+00) be a strictly
monotonic and infinitely differentiable function. Then, the characteristic func-
tion of the M-mean (f = o M o f) is given by:

1

Qf_loMof = i? +f, (QM Of)

Proof. Setting M := f~L o M o f, we have for all z,y > 0:

F(M(z,y)) = M(f(x), f(y))-

Differentiating twice with respect to x, we get (for all 2,y > 0):

207 _ M o
) 1 (W) + (%—f(ac,y)) £ (V(zp)

oM

= @) DLt 1) + 1wy O

(7). F)):

Setting y = = and using Formula (ZTI1]) yields the required result. O

For what follows, we adopt the notation [ to denote an antiderivative of a
given continuous real-valued function u on (0, +00).

From Proposition B3] we derive the following corollary:

COROLLARY 4.4. Let M be a mean such that, for some choice of antiderivatives,

we have
Im </e4fQM> = (0, +00).

Then, for all u € C*°((0,+00),R) satisfying Im( [ e4f“) = (0, +00) (for some
choice of antiderivatives) there exists an M-mean My such that Qn, = wu.
Furthermore, the class €y is minimal if and only if €y = Ga.

The proof of Corollary 4] relies on the following two lemmas.

LEMMA 4.5. Let M be a mean such that, for some choice of antiderivatives, we
have Im(fe4fQM) = (0,4+00). Then, the M-mean N given by:

-1
N = </e4fQM> oM o </e4fQM>
is almost arithmetic (i.e., Qn =0).

Proof. Apply Proposition for f = (fe4 J QM)_l. O
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LEMMA 4.6. Let M be a mean. For all o« > 0 and all 8 > 0, let Lo g denote
the affine function defined on (0,+00) by:
Log(z) :=azr+f (Vz > 0).
Suppose that we have for all o > 0 and all 5 > 0:

MoLyg=LypgoM.
Then,
M = A.

Proof. The hypothesis for § = 0 means that M is homogeneous. For a=1,
the hypothesis means that M is additively homogeneous. Therefore, M is both
homogeneous and additively homogeneous, so, by Proposition B85, M = A,
as required. O

Proof of Corollary B4l If necessary, replace M with the M-mean

1
N = (/e4fQA4> oMo (/e4fQA4> ;

which is almost arithmetic by Lemma and satisfies €y = G- So, we may
assume that M is itself almost arithmetic; i.e.,

Qnm =0.
Let
u € C™((0,+00),R)

Im (/e4f“> = (0, +00)

for some choice of antiderivatives, and define f := ( f et/ “) Then, f is positive,

satisfying

strictly increasing, and infinitely differentiable on (0, +00). Moreover, iff—//l = u.
It follows from Proposition that:

1"

Qf_loMof = %74—.}(, (QMof)

i% =u).

=u (since Qp =0 and

Hence, the M-mean My := f~' o M o f satisfies Q g, = u.
Now, let us prove the second part of Corollary 4] concerning the minimality
of the class €. Since €4 is a subclass of the class of additive means, which
is minimal by Corollary BI0, then %4 is minimal. Conversely, suppose that
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Gn 7 €4 and show that @)y is not minimal. Since M # A, then by Lemma [4.6]
there exist @ > 0 and S > 0 such that for the affine function

L(z) = ax + B,
we have

MoL# LoM.

Consequently, the M-mean M*:= L~*oMoL is different from M, while according
to Proposition

1 L//
/
Qu~ = ZF+L (@moL)
=0 (since Qpr = 0 and L = 0)
=Qum.
This confirms that the class % is not minimal, thereby completing the proof
of the second part of Corollary 4] and hence the entire proof. (]

We conclude this section, and subsequently this paper, by relating the arith-
metic-geometric mean AGM to the weighted integral means of the first kind via
the concept of M-means. We have the following proposition.

PROPOSITION 4.7. Let M be the weighted integral mean of the first kind with
integrality function t — \/LZ and symmetric distribution function

t—

1
T/t —1)

Then, the AGM mean is an M-mean. More precisely, setting h(t) = t2

, we have:

AGM =h"to 71 . oh.
NawaTEn)

Proof. As established in § (see (BII))), the function g : (0,1) — R
defined by 1

m/t(1 —t)

is a symmetric distribution function. Now, given x,y > 0, we compute:

(h_l @) fﬁ&(t) ©) h) (-’Ij,y) - jﬁ’g(t) (.'1,'2’:1/2)

g(t) :== (Vt €(0,1))

—1
dt

O/\/m:2 + (1 =ty -m/t(l—t)
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Performing the change of variable t = cos? § (with 6 € [0, Z]) in the last integral
yields:

-1
/2

E/ do
2 0\/x200529+y25in29

(h_l o ﬂ%&(t) o h) (z,y) =

= AGM(z,y)

(according to Formula (L3])). The proposition is proved. O

Remark 26. The expression for the characteristic function of the AGM mean
(already established in Corollary 2I6)) can be recovered by applying the formula
from Proposition 7] in conjunction with those from Propositions and 33711
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