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ABSTRACT. We begin by investigating how small changes in the definition of or-
dinary means affect their properties, particularly the property of being a mean.
In this direction, we look for weakenings of the basic defining property of means.
Consequently, we introduce weaker notions in two directions. We study these
functions and provide many examples.

1. Introduction

In this paper, we extend the notion of a mean in several directions.

The original motivations typically arise from statistics, physics and numerical
analysis. Another source of such generalization comes from slight modification
of the defining formula of an ordinary mean. That is, we slightly modify the
function so that it is no longer a mean; however, in some sense, it remains close
to one.

In some cases, if we restrict the domain of the modified function, we may
obtain a new mean. However, on the entire domain of the original function,
it is not a mean but rather a weaker type of mean, which we call a lateral mean,
satisfying only one of the defining inequalities of a mean.

A different type of generalization arises when none of the defining inequal-
ities holds, yet the function value remains close to the boundary values in an
appropriate sense.

As an application, it is worth mentioning that in certain cases lateral means
can be used to approximate ordinary mean.
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A. LOSONCZI

In the first part of the paper, we define the notion of a lateral mean and
provide properties that may be of independent interest.

We then present several examples highlighting the underlying motivation and
investigate various properties of these lateral means.

In the next section, we study an operation called duality, which may be of in-
terest in its own right. Here, however, we focus on how this method can be used
to construct lateral means.

We subsequently examine how certain operations behave with respect to lat-
eral means and how classical theorems on means can be generalized to this
setting. For example, we analyze compounding and show how a two-variable
lateral mean can be extended to three-variables.

Next, we address a generalization of monotonicity for lateral means.

In the final part of the paper, we propose a further possible generalization
of means.

1.1. Basic notions and notations
An n-variable mean on H C R is a function L : H"™ — R such that, for all
(a1,...,a,) € H", min{ay,...,a,} < K(a,...,a,) <max{ai,...,an},

where (n € N — {1}). We sometimes use the adjective “ordinary” to distinguish
such means from lateral means. In most cases, we assume that the range of K is
contained in H; however, this is not part of the definition.

e An n-variable function K is called reflexive if

K(a,...,a) =a.
A mean K is called strict if
min{ay,...,a,} < K(a1,...,a,) < max{ai,...,a,}
holds whenever aq, ..., a, are not all equal.
e It is called monotone if a; < by,...,a, < b, implies that
Klai,...,an) < K(b1,...,by).
e It is called symmetric if for every bijection o: {1,...,n} —{1,...,n} we have

IC(al, ce ,an) = K(ag(l), ey ag(n)).

e An n-variable symmetric mean is called m-associative (1 < m < n) if

K(ay,...,an) :lC(lC(al,...,am),...,lC(al,...,am),am_,_l,...,an),

where the first m terms are all equal to K(aq,. .., am)-
e An algebraic expression K(aq,...,a,) of fixed parameters aq,...,a, € R is
mean-like if
min{as,...,an} < K(aq,...,a,) < max{ay,...,a,}.
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SMALL PERTURBATIONS ON MEANS AND LATERAL MEANS

Here, we do not consider aq,...,a, as variables that can change, instead, we
consider them as fixed values, and the expression is mean-like for these particular
values (i.e., it need not be mean-like for other values). As an simple example,

248

consider the expression ==. This is an algebraic expression of 2 and 8, and it is

mean-like for those parameters since 2 < % <&.

A multiset (or mset) is a pair (H,m), where H is a set and m : H — N.
This generalizes the usual notion of a set by allowing multiple occurrences of its
elements (see [4]). We say that (K1) is a subset of (H,m) (denoted by (K1) C
(H,m)) if K C H and l(k) < m(k) for every k € K.

If K is symmetric, then we may consider I as acting on finite multisets,
since the order of the elements does not matter. That is, we write K(H) instead
of K(ay,...,a,) whenever H is the multiset of {aq,...,a,}. We will apply this
convention later.

DEeFINITION 1.1. Let H C R. If K is a function such that K is defined on H™
for all n € N, i.e.,
DomK = | JH" and K:|J)H"—R,
k=1 k=1
then C is called a multi-variable function.
If n € N, then K|,, will denote KC|gn, i.e., it denotes its n-variable version.

DEFINITION 1.2. If £ is a multivariable function such that ¥n € N K}, is
an n-variable mean, then K is called a multivariable mean.

Here, we also allow |1 to be undefined.

Throughout this paper, the function A will denote the arithmetic mean of any
(finite) number of variables.

Let n € N— {1}, a1,...,a, € R, and let f: R — R be continuous and

increasing function (i.e., a homeomorphism). The quasi-arithmetic mean by f is

defined as
fla) +---+ f(an>> _

n

]Cf((ll,. . .,an) = f_l (

Finally, we introduce some usual notations:

e R=RU{—00,00},

e Rf ={zeR:2>0}, R-={zeR:z <0}

e If x € R, then we use |z|" = max{0,z}, |z|” = — min{0, x}.

Set S(z,e) ={y € R": d(z,y) < e} (z € R"e > 0).

If x € R, then |z] =max{z € Z:2 <z}, [z] =min{z€Z:z < z}.
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A. LOSONCZI

2. Definition and properties of lateral means

DEFINITION 2.1. Let £ : H” - R (H C R, n € N, n > 2). Then, K is called
a left-mean if min{ay,...,a,} < K(a1,...,a,) holds; it is called a right-mean
if C(ay,...,a,) <max{ai,...,a,} holds (ai,...,a, € H). K is called a lateral
mean if it is either a left-mean or a right-mean.

PROPOSITION 2.2. K is a mean if and only if it is a left-mean and a right-mean.

REMARK 2.3. In some cases, we will assume that the range of K is a subset
of H. Of course, in cuch cases, we will explicitly state this.

The properties of being reflexive, monotone, continuous, symmetric, and
m-associative are defined in the same way as for ordinary means. The notion
of multi-variable lateral mean is defined analogously.

DEFINITION 2.4. A right-mean (left-mean) is called strict if
K(ay,...,an) <max{ai,...,an} (min{a,...,a,} <K(a,... a,))
whenever aq, ..., a, are not all equal.
DEFINITION 2.5. An n-variable lateral mean K is called semi-reflexive if
b=K(a,...,a) implies that IC(b,...,b) =b.
Clearly, every reflexive lateral mean is semi-reflexive.

PROPOSITION 2.6. If an n-variable symmetric mean is n-associative, then
it 18 semi-reflexive.

DEFINITION 2.7. An n-variable lateral mean /C is called left-continuous if
lim K(z1,...,2n) = K(ag,...,ap).

z1—a1,z1<a1

-7371_>a7.1‘7.-73n <an
Right continuity is defined analogously with z; > a; (1 <i <mn).

Clearly, a continuous lateral mean is both left- and right-continuous; however,
the converse does not hold.

DEFINITION 2.8. A right-mean (left-mean) K is called strong if,

) _ Y(ai,...,a,) € Dom K,
it satisfies:

K(ai,...,an) <min{a,...,a,} (max{al, coant < Klag,. .., an)).
DEFINITION 2.9. A lateral mean K is called mean-continuous if
lim K(z1,...,z,) = a.

(Z1yeyn)—(a,...,a)

(z1,-.yxn)#(a,...,a)
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SMALL PERTURBATIONS ON MEANS AND LATERAL MEANS

Obviously, a mean is always mean-continuous; however, there exist lateral
means that are not. Clearly, the limit is <a for a right-mean and > a for a left-
-mean.

PROPOSITION 2.10. A left-continuous lateral mean is mean-continuous if and
only if it is reflexive. (The same holds for right-continuity.)

We can measure how far a lateral mean is from being a mean. Naturally, there
may be many such measures; here, we present two types.

DEFINITION 2.11. Let K£: H" =R be a lateral mean (H C R,neN,n>2). Set
mdist ()
= Sup{|lC(a1,...,an) —max{ay,...,an}|" a1, an € H}

+sup{|min{a1,...,an}fIC(al,...,an)\—’_ DA, ..., A GH},

mdistp(K)
K(ar,...,an) — o an |t

= sup Ko @n) max‘{al an}] tai,...,a, € H not all equal
max{ay,...,a,} —min{ay,...,a,}

in{ay,...,a,} — K(as,...,a,)|"
+ sup [min{a; an} ,<a1 il tay,...,a, € H not all equal p .
max{ai,...,a,} —min{ay,...,a,}

Clearly, for the left-means, the second term is 0, whereas for the right-means,
the first term is 0 for both mdist(K) and mdistp(K). Obviously, K is a mean if
and only if mdist(KC) = 0.

DEFINITION 2.12. Let K : [a,b]" — R be a lateral mean such that the function
K is Lebesgue measurable (n € N, n > 2). Set

mdista(K) = M(ai,...,a,) € [a,b]”:lc(éal,(.l%,an) > max{ai,...,an}}
N M(ay,...,a,) € [a,0]":K(ay,...,a,) <min{as,...,a,}}
(b—a)" ’

where A is the Lebesgue measure.

Clearly, for the left-means, the second term is 0, whereas for the right-means,
the first term is 0 for mdista(C). If K is a mean, then mdista(K) = 0. Note that
the converse is not true: I can be a proper lateral mean with mdista(K) = 0.
However, with an obvious additional property, it holds.

PROPOSITION 2.13. Let K : [a,b]" — R be a continuous lateral mean (n € N,
n>2). Then, if mdista(KC) =0, K is a mean.
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Proof. Suppose, indirectly, that K is not a mean. Then, there is (a1, ...,a,) €
[a,b]™ such that K(ai,...,a,) > max{ai,...,a,} (the other case is similar).
That is, K(a1, . ..,a,) —max{ai,...,a,} > 0. Obviously, K — max is continuous
as well; hence, there exists 6 > 0 such that (by,...,b,) € S((al,...,an),é)
implies K(by,...,b,) — max{by,...,b,} > 0. O

REMARK 2.14. If a lateral mean is given, then we can easily construct an ordi-
nary mean from it by simply taking

Klai,...,an) = min{max{min{al, coant, Klag, ..., an)}, max{ay, ... ,an}}.

This truncates the lateral mean on one side while preserving its behaviour
on the other.

3. Examples

3.1. Lateral means from statistics

Bessel’s correction in statistics provides an example for a lateral mean.
Suppose, we have a statistical sample of n elements, z1,...,2z, € R. Then,
the sample mean is n

> ic1Ti

n

T =

The sample standard variance is
Z?:l(xi —7)*
n )
while the unbiased sample standard variance is
Z?:l(xi —7)?
n—1 '
This suggests the following lateral means:

ExaMPLE 3.1.

Bt (a1,...,a,) = % (a; €RT): B (a1,...,a,) = % (a; e R7).
Clearly,
min{ay,...,a,} < B (a1,...,a,) and B (ai,...,a,) < max{ay,...,a,},
so they are lateral means. However,
Bt(1,2)=3 and B (-1,-2)= -3,
which shows that they are not means.

PRrOPOSITION 3.2. BT and B~ are strict, monotone, symmetric, continuous;
howewver, they are not reflexive.
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SMALL PERTURBATIONS ON MEANS AND LATERAL MEANS

ExXAMPLE 3.3. There is a sequence (a,,) such that
Vn Bt (ai,...,a,) £ max{as,...,a,}. We present two such sequences.

1. Let a; =1, a, =2 (n > 1). Then, B+(a1,...,an):2—|—ﬁ.
2. Let ay =1, a, =2 — 5= (n > 1). Then, B+(a1,...,an):2+m.

Similar examples can be constructed for B~.

LEMMA 3.4. Let a; € RT, a3 < -+ < a,. Then, Bt (ay,...,ay,) is mean-like
if and only if
B+((11, B an—l) < ap.
Proof.
Bt(ay,...,a,) < ay

if and only if

Z a; < (n—1)ay
i=1
if and only if

3
|
_

a; < (n—2)ay
1

if and only if '
Bt (ai,...,an_1) < an. O

ProOPOSITION 3.5. Leta; € R, a1 <---<ay,. Ifa; <0,a, >0, then

Z?:l a;

a1 <
! n—1

< ay,.

Proof.
n—1 n n
Doimy Wi < Do Wi < Do Gi <

< .
M= S -1 S oo o =

THEOREM 3.6. If a, € R, a, — 400, then In € N such that Bt (as,...,a,)
18 mean-like.

Proof. Suppose the contrary:

D G
Vn € N max{aq,...,a,} < =T
n_

Take such n. Obviously,

Z?:l a;

an <

) ] n—1
is equivalent to
Srla
a, < ==L 2
" n—2
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Now, we get

n—1
(n—2)a, < Zai,
i=1

n—1 n—1
n—Q)Zaz— Z +(n—2)an<(n—1)2ai,
i=1 =1
1
Z?:Nli < Z?:1 a;
n—1 n—2

However, by the indirect assumption,

Y a > as

Upt1 < ==— and thus, Vm>n, an,< ,
n—2 n—2
which is a contradiction.
THEOREM 3.7. If
Bf(ai,...,a,) <max{ai,...,a,},
then
Bf(ay,...,an, ane1) <max{al,...,an,ani1} (a; € RY).

Proof. Leta; <---<a,. Then, % < a,, holds. There are two cases:
(1) If a,, < apy1, then % <a, < api gives

n n+1

Zai <(n—1)an+1 and Zai < nap41,

i=1 i=1

Z?:_ll a;

n

which yields

S Gp41-

(2) If apy1 < ap, then max{ay,...,an, Gpy1} = Gn.

Now, summing

Zaz_ (n—1)a, and a1 < ay

gives
n+1
5 a; < Nap,
=1
hence
n+1
Zz 1 @i
== < ay.
n

38



SMALL PERTURBATIONS ON MEANS AND LATERAL MEANS
COROLLARY 3.8. Ifa, € RT, a, — 400, then AN € N such that n < N implies
that B* (a1, ..., ay) is not mean-like, whereas n > N implies that BT (a1, ..., a,)
is mean-like.

Proof. [3.6land B1 O

When we consider the unbiased sample standard deviation

we can also define the following lateral mean:

ExXAMPLE 3.9.

no 2
K(ai,...,an) = 2z (a; € RT).

n—1

We will investigate this type of lateral means in Section B4l from a more
general perspective.

In statistics, it is sometimes useful to discard the smallest and/or the largest
elements of a sample in order to obtain a more usable sample. This motivates
the definition of the following lateral means. We restrict our attention to the
positive cases only.

EXAMPLE 3.10. Let ai,...,a, € RT, a; <--- <a,, n> 3. Then, set
n
K1<a17"'7an) = %7
n—1
]C2<a17"'7an) = %7
n—1
. a:
]Cg((ll,. . .,an) = 722:2 l.
n
Obviously,
Ks(at,...,an)<Ks(ay,...,an)<Ki(a1,...,a,)<max{ai,...,an},

hence all of them are lateral means. The example K;1(10,11,12) < 10 demon-
strates that they are not means.

3.2. Lateral means from numerical analysis

The following lateral mean is inspired by the approximation of ordinary
means, i.e., the motivation comes from numerical analysis.
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Suppose, we have n real numbers, aq,...,a, € R, and we want to calculate
their arithmetic mean. However, among of the numbers, there may be some
irrational numbers. So, the calculation is possible only approximately. To do
this, we take approximations of all numbers, for example, we take the first three
digits of each number and use them in the calculation. The more digits we
include, the better the approximation we get.

ExaMPLE 3.11. Let

a; € R (]. <1 < n) and a; = TiTi 1T52T45,3 -
where
x; €Z and xz;; €{0,...,9} for (keN),

i.e., we take the decimal representation of each number. We also assume that
Vi VN Jk > N such that x;; # 9, i.e., the representation has no trailing 9’s.
Then, we define

Ap(ar,...;an) = Al@1.211 ... Z1m; -3 TnZn1 - - Tom) (M€ NU{0}),

that is, we take the first m digits of each number and calculate the arithmetic
mean of these numbers. In this way, we get an approximation of A(aq,...,ay).

Let us emphasize
Ao, thatis, Ag(ai,...,an) = A(lai],...,|an]),

i.e., we take the arithmetic mean of the floors of the parameter values.

Here, we provide a more precise, equivalent definition, which also allows some
generalization.

DEFINITION 3.12. Let m € Z. Let
DomA,, ={(a1,...,a,) € R" (n € N): Ji € {1,...,n} such that [10™a;]| #0}.
If (a1,...,a,) € DomA,,, then set

A(ar, . an) = A < [10%ay]  [10"an] > .

10m ' 10m

We will also use the notation A, for A,,.

REMARK 3.13.

1) Notice that we excluded the tuples (aq,...,ay), where Vi [10™a;] = 0,
since for such tuples, A,,(ai,...,a,) would equal 0, which could cause
difficulties and undesirable behaviour.

2) In particular, A,, is not defined for (0,...,0).

3) In the definition of A, inside A, we do not ignore zeros, i.e., we do not drop
zeros from the tuple inside A.

4) A,, may be defined for a single number; however, its result can be different,
e.g., Ag(1.1) = 1.
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REMARK 3.14. Now, we have A,,, defined for negative m as well, which can still
have practical value. When calculating the arithmetic mean of large numbers,
sometimes we just care about the first 3—4 digits and not the remaining ones.
Moreover, if there are small values among the numbers, we sometimes may ignore
those too, better to say, we may replace them with 0. These two operations
together behave like A,,, for some negative m.

ProPoOSITION 3.15. For DomA,,, the following statements hold:
1. DomA,, = o, R* —[0,10~™)"

n=1
2. If k < m, then Dom A, C Dom A,,.
3. U Dom A, =22, R* — {0}"
4

. IfneN, then |J, > R" — Dom A, = (RT U{0})".

Proof.
1. (a1,...,a,) € DomA,, <= Vie{l,...,n} a; €[0,107™).
2. By (1), DomA; NR™ C DomA,, NR™ holds for all n € R.
3. Consequence of (1).
4. Consequence of (1). O

PROPOSITION 3.16. If m € Z,n € N, (ay,...,a,) € Dom Ay, then
1
- 10m

PROPOSITION 3.17. Let A, be the function defined in[312 (m € Z). Then,
the following statements hold:

Ap(ar, ... ap) Ap(10™aq, ..., 10™ay,).

1. An(at,...,a,) <max{ai,...,an}, i.e., Ay, is a right-mean ((a1,...,a,) €
Dom A,,),

2. A, (191077121107~ 1) = 15-10~™~ demonstrates that A, is not

a mean,

Am S Am—i—l;

A <A,

o Gt W

lim A,(a1,...,a,) = A(aq,...,a,); moreover, the convergence is uni-
form ((a1,...,a,) € DomAg),
7. a) mdist(An,) = =,
b) mdistp(A,,) = oo,
c) for Aple mdista(Am|12) = 1o (1 — 1o ) -
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Proof.
1., 3. and 4. comes from the monotonicity of A.

5. follows from the shift invariance of A.
6. is a consequence of 5.

To see

(7)a observe that

. 1
min{ay,...,an} — Ap(ar,...,an) <A(a1,...,a,)—Ap(a,... ,an)glo—m,
1 1

and for a = ——

o — Tor (k> m), we get

1 1

mm{a,...,a}—Am(a,...,a):m—mfﬁﬁ Tom if k— oo.
(b Letay =+ =ap_1 = 1710,”%, and let a,, — 1—10T1+1, p,, > 1—#.

Then,

o L1 1
klgrolo|m1n{a1,...,an_l,ank}—Am(al,...,an_l,ank)| =1om " TomE
whereas
lim max{ai,...,an—1,an, }— min{aq,...,an_1,an,} =0,
k—o00

which gives
mdlstp(Am) = O0.

(7) ¢ Clearly, A,,(z,y) > min{z,y} holds if and only if |z — y| > 2. Then,

0™
. 2\’
)\{(.’I},y) € [172]2 : Am(xvy) > mln{xvy}} = <1 - 10—m> )
which gives
_ 4 1
M(z,y) € [1,2]% : A (,y) < min{z,y}} = Tom (1 - 10—m> . U

PROPOSITION 3.18. Let a,, — a € R. Then,
(1) If meZ, a € R, 10ma & Z, then lim, o0 A (aq,...,a,) = Ap(a).

(2) IfmeZ, acR, a#107™ Vn a<a,, then lim, o Ap(a,...,a,)=
A ().

(3) If a = +oo, then lim, oo A (ai,...,a,) =a (meZ).
(4) “mﬁjgg Ap(ar, ... a,) = a.

Proof. We will refer to the well-known result that if a, — « € R, then
limy, o0 Ala, ..., am) = .
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(1) By definition,
10™aq 10™a,
Ap(ay, ... ap) :.A(L Tom J,..., s o J).

Clearly,
10™a, — 10™«, and then, [10™a,| — [10™«],
which implies
107an] jiomay

10m 10m 7
which proves the claim.
(2) U?O,Z"J Uoonf)d holds in this case as well.
(3) Ll(io,ff"J — Fo0.
(4) By EETO) and (5), A— e < An < A .

ExXAMPLE 3.19. If 10™« € Z and if we omit the condition o < a,,, then BI8(2)
does not hold, e.g., let a,, = 2 — % Then, Ag(a,...,a,) =1—1# Ag(2) = 2.

PRrOPOSITION 3.20. A, is strict, monotone, symmetric, right-continuous, and
semi-reflexive. It is not reflexive, not mean-continuous, and not left-continuous,
hence not continuous either. The continuity points equals to the left-continuity
points, which are {(ay,...,an): Vi 10""a; € Z}.

Proof.

e A, is strict because A,, < A < max.

e A, is monotone because f(z) = |z] is a monotone function and .4 is a mono-
tone mean.

e A, is symmetric because so is A.

e A, is right-continuous because f(x) = |z] is a right-continuous function
and A is a continuous mean.
e A, is semi-reflexive because if b = A,,(a,...,a) = UlOOmaJ then
1
Am (b, ..., b) = —A([10™a],...,[10™a]) =

10m
e A, is not reflexive, as, e.g., A, (2.1-107™,...,2.1-107™) = 2-10~" shows.
e A,, is not mean-continuous as shown in [2.10, and fails to be reflexive.

e A, is not left-continuous, as, e.g., take the sequence

1
ap,=2-107"—— and lim Ap|,(ak,...,ax)=10""
while
Amln(2-107™, ..., 2-107™) =2 107",
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e Regarding (left-)continuity points, if for any i 10~™a; € Z, then A,,|, is not

left-continuous at (aq,...,a,), since
lim A, |n(ar,...,¢i-1,0; — %,%‘4—1, cosap) # Anln(ar, ... an).
k—o0

. m (i) m
o IfVi 10 ™a; ¢ Z and Vi limy_, o @i = a;, then limy_,, L0 — [107ai]

which, together with the fact that A is continuous, shows that A,,|,
is continuous at such points. O

We now examine k-associativity.
ProPOSITION 3.21. Let 1 < k <n. Then,
Am\n(Am\k(ah cey )y Amle(ar, .o ak), agga, - an) <Anln(ar, ... an).
Proof. Clearly,

Am(.Am(al, e AR,y ,Am(al,...,ak),ak_,_l,...,an)

e
o 10mn
10™a1 |,...,[10™a 10™aq],...,|10™a m m
-4 [10%an ], [10%ar) 1107 en e [10%ak] |y qgmgy s, [10™a,
- 10mn,
0™ .., 10™ 0™ ..., [10™a,,
=A L alJv 7L akaL ak-‘,—lJ, 7L a J :Am(al’“"an)'
10mn O
EXAMPLE 3.22. A,,|, is not k-associative in general (1 < k <n). Set v =10~
Let 2 i i=k,
a; =< nv if i =n,
v, otherwise.
Now,
Amln(ar,. .. an) = Ap(v, ... v,20,0,...,v,nv) = 2=2E280, — 99,
While

Aple(ar,...;ax) = Apli(v,...,0,20) <2v and  [Aplk(v,...,0,20)] = v,

therefore
Am\n(Am|k(v,...,v,2v),...,Am\k(v,...,v,2v),v,...,v,7w) =
Av,...,v,nv) < 2v.

ProrosITION 3.23. Ran A,,|, is a closed and discrete set, moreover,

RanAm|n={ L E:kEZ}.

10m n
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Proof. First, note that Ran A,,|, = ﬁRan Aoln, because

110™a, | 110™a, |
10m T 1om

Ap(ar, ... an) =A<
~ L aqomal,. .. (1074, )
10m
= mLmAO (10™aq,...,10May,) .
Evidently,
Ran Ay, C {% ke Z}, becauseAp(ay,...,a,) = A(la1],..., lan]).

If k € Z, then Ap|,(1,...,1,k—n+1) = %, which gives the other inclusion. [

Now, we provide a sufficient bound for A,,(a1,...,a,) to be mean-like.
PROPOSITION 3.24. Let aj,...,a, € R be fired, a1 < -+ < ayn, a1 < Gn.
Then, m > lg(a fal) + 1 implies that Ay, (aq, ..., a,) is mean-like.

Proof. First, note that

ap—a;  (n—1)a; +ay
= —a; = Alay, ..., a1,a,) — ay,
n n
where there are n — 1 pieces of a; inside A.

Let m > lg(92=%) + 1. Then, it is clear that

n

Alar, ... an—1,a,) — Tom < An(at, .. an-1,a,) < Alar,...,an-1,0,),
but 1
Alay, ... a1,a,) — Tom < A(ar,...,ap-1,0n) — Tom-
Now, )
10—m < A(al,...,al,an) —ai,
equivalent with a1 < A(aq,...,a1,a,) — 10%, which completes the proof. O

COROLLARY 3.25. Let n € N — {1} be fized, h > 0. Let
L={(ay,...,a,) € R": max{aq,...,a,} — min{ay,...,a,} > h}.

Set Ap = Am|z (m € NU{0}). Then, there is M € N such that m > M implies
that A, is a mean.

EXAMPLE 3.26. In Definition[3.12] we could replace “arithmetic mean” with any
continuous (monotone) ordinary mean. For example, for the geometric mean G,
we can have the following. Let m € Z. Let

Dom G, ={(a1,...,a,) € RT)"(neN):Vie{l,...,n}
|10™a;] # 0}.

such that
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If (a1,...,a,) € DomG,,, then the set

Gmlat, ... an) =G ( [10may] |07y > |

om T 1om

Notice the difference in the domain: Vi instead of Ji. The following example
shows why that is needed.

Let us observe (100,1): G(100,1) = 10, and if we allowed (100,1) for G_;,
we would obtain G_;(100,1) = 0, which would lead to strange behaviour that
we wish to avoid.

Now, we define some counterparts of A,,
DEFINITION 3.27. Let m € Z. Let
Dom A ={(a1,...,a,)€ER" (n € N):Jie{l,...,n} such that [10™a;] #0}.
If (ay,...,a,) € Dom At then set

A;(al,...,an)=A<

110™a; ] [10™a,]
om 27T 1om '

Similar statements for A can be proved as in BI7 We omit the proof,
as it is similar.

ProrosIiTION 3.28. For A:L, the following statements hold:
(1) min < A},

(2)

(3) Af1 <AL

(4) A < A%

(5) A

(6)

i.e., Al is a left-mean,

A+ is not a mean,

5 - A< 3=,

6 hmm_mo At (ay,...,a,) = Alas,...,a,), moreover, the convergence is uni-
form ((a1,...,a,) € Dom A ),

(7) a) mdist(AY) = 15
b) mdistp(A}L) = oo,

c) for 2-variable A, mdista( A} |1 22) = 1o (1 — 10)-

DEFINITION 3.29. Set A" = A, + 2=, AL7 = A} — 5.

REMARK 3.30. Actually, A,_n+ corresponds to the algorithm where we
truncate the numbers at the m'™ digit, increase the m' digit by 1, and cal-
culate the arithmetic mean of those numbers. For A~ similarly, we decrease
the m'™ digit by 1.
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ProrosiTION 3.31.
A, and A~ are right-means. At and A, are left-means.

Proof. ByBIZ(5), min < A< AT ByB28(5), A7~ < A < max. O
PROPOSITION 3.32. A~ =10""Af ", A, T =10""A; 7.

PROPOSITION 3.33. A— g < AJ 7 <A, SA<SAL < AT <A+ =

Proof. Clearly, [z] —1 < |z] < [z] < |z| + 1, hence

A<1Oma1 ._.710%”) 1 <A(|—10ma1-|—1’.“7[10man1—1><

10m ’ 0™ ) 10m 10m 10m
|10™a, | |10™a, | 10™ma, 10™a,,
- < C <
A ( wom T 10m =4 wom T 1w )
[10™a;] [10™a,] |10™ay | + 1 |10™a, | + 1
A < wom 7 1om =4 om0 10m =

EXAMPLE 3.34. We cannot generally expect equalities in For example,
AFT(2.1,3) < Ay (2.1,3) < A(2.1,3) < AF(2.1,3) < A;1(2.1,3)

since

AF=(21,3) = 2, A;(2.1,3) = 2.5, A(2.1,3) = 2.55,
AT (2.1,3) = 3, A;t(2.1,3) = 3.5.

Multiplying the parameters by 10~™ provides an example for m instead of 0.

ProrosITION 3.35. A, ", At~ and A} are strict, monotone, symmetric.
They are not reflexive, not mean-continuous, and not continuous either.

A>T is right-continuous, A= and A}, are left-continuous.
At is not left-continuous, A~ and Al are not right-continuous.
Al is semi-reflexive, while AT and A}~ are not.
Proof. Everything can be proved similarly as in The only new result is
non-semi-reflexivity:
A T(21-107...,21-100™) =3-107™

and
A T(3-107™,...,3-107™) =4-10""".

A similar example can be found for A} ~. O
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Let us further generalize the method in Definition B.12

PROPOSITION 3.36. Let K be a continuous mean of n variables. For each x € R,
we fix a sequence (x;) such that r; < x and lim;_, x; = x. Let

Km(at,...,an) =K(a1,ms---sanm) (meN, ay,...,a, € R),

where the sequence (a; ) belongs to a; (1 < i <n). Then, IC,, is a lateral mean.

Proof. Let aj,m = max{ai m,...,anm}. Then, a;,n < a;j < max{ai,...,an},
which gives that K,,(a1,...,a,) < ajm < max{ai,...,a,}. O
ProrosiTiON 3.37. Let ay,...,a, € R be fixed and IC be a strict, continuous
mean. For each i € {1,...,n}, let (a;m) be a sequence such that
lim Qi m = A (Z S {1, .. ,TL})
m—r00

Let Kin(a1,...,an) = K(a1,m,..-sanm) (m € N). Then, there is M € N
such that m > M implies that ICp, (a1, ..., ay) is mean-like.

Proof. Let a; = min{ay,...,an}, a, = max{ay,...,an}, k = K(ay,...,an).

KC is strict, hence a1 < k < a,,. Choose € > 0 such that a1 <k —e < k+¢e < a,.
Then, by the continuity of I, find M € N such that m > M implies that
K(ai,ms - anm) € (k—€k+e). O

REMARK 3.38. The two variable min shows that if we omit the condition
of strictness, then the previous proposition fails to be true.

3.3. A lateral mean from physics

The motivation of the next example comes from physics. Suppose we have
an electrical network with two resistors connected into a parallel circuit.
To find the total resistance of the components, we use the following formula:

#’ (1)

Rtotal = 1 1
TR

where Ry, Ry are the resistance of the two components.

EXAMPLE 3.39. For a,b € RY, set

1
/C(a, b) = ﬁ

a b

This is a type of perturbation of the harmonic mean for two variables.
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PRroOPOSITION 3.40. Let K be the mean defined in [3.39. Then, the following
statements hold:

1. K(a,b) < min{a, b} < max{a,b}, hence it is a strong right-mean,

2. K is not reflexive (K(a,a) = §), it is symmetric, continuous, monotone,
3. limg 00 K(a,x) = a,

4. limy 040 K(a,x) = 0.

Of course, we can generalize this lateral mean for several variables in two
ways. First, according to this physics example, when applying the formula [I]

for several transistors (the second generalization appears in [3.40):
1
K(al,...,an):ﬁ (al,...,an€R+).
1 (25
Similarly to the two variable case, it can be readily seen that it is a strong
right-mean. It is not reflexive, but it is symmetric, continuous and monotone.

Here, we mention one more property.

PROPOSITION 3.41. Let a sequence (ay,) be given such that lim a,, > 0. Then,

lim K(ai,...,a,) = lim 0.

n 1 =
n—00 n—00 Ei:l o
3.4. Quasi-arithmetic lateral means

DEeFINITION 3.42. Let n € N— {1}, a1,...,a, € R, f: R — R be continuous
and increasing. Let £ be a right-mean (left-mean) defined on the subsets of R”
for each n € N — {1}. Set

Dom Ky, = {(a1,...,a,) €R" (n € N): (f(a1),..., f(an)) € DomL}.
Kf,l:(ab B an) = f_l (E(f(al)7 ey f(an))> (m € Z)
PROPOSITION 3.43. If L is a right-mean (left-mean), then so is K¢ 1.

Proof. We will prove the “right” part; the other is similar. Let

a; = maxyai,...,a .
Then, ] { 9 ) n}

flaj) = max{f(a),..., flan)} and L(f(ar),....f(an)) < f(ay),
which gives that

Kir(ar,...,an) < aj. O

PRrROPOSITION 3.44. Let L be a lateral mean. If L is strict, monotone, symmetric
and continuous, then so is Ky ¢, respectively. Moreover, L is reflezive if and only
if Ky o is reflexive.

Proof. All properties can be readily checked. O
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We will mention two special cases:

e First, we can easily generalize the lateral means [B.1] and B39

EXAMPLE 3.45. Let n € N— {1}, a1,...,a, € RT, f:RT — RT be continu-
ous and increasing. Set

Kfpi(an,... an) = f‘1<B+(f(a1),...,f(an)))
L (fla) 4+ flan)
g < )

n—1

e In particular, starting from power means, we get:
EXAMPLE 3.46. Let n € N— {1}, a1,...,a, € RT, z € R. Set

X x
- a1+...+an

n—1 ’

Ko(a1, -, an) = "ar—an.

PrOPOSITION 3.47. The following statements hold:

Kelat,...,an) =

1. min{ay,...,an} < Kpp+(a,...,an), i.e., Kfp+ is a lateral mean

2. Ky g+ is strict, monotone, symmetric, and continuous, but it is not reflezive.

Proof. BTis a left-mean, and we apply B.43] and 344l O
REMARK 3.48.
a) lim K, = Ky does not hold; moreover, lim K,(ai,...,a,) does not exist
x—0 z—0
in general.

b) z <y # K, <Ky, eg., V234« 2+:23+4 Z 22_,_322_’_42.
PROPOSITION 3.49. I[fn=2,0 < v < u, then K,(a,b) < K,(a,b) (a,b € RT).

Proof. Let c=a"d= 0"k = . Then, we need to show that (c+d)* > cF dF.
Change ¢ to x and consider it as a variable, while fixing d. Then, when =z = 0,
the equality holds. Derivating by x, we get k(z+d)*~! > kaz*~! which obviously
holds. (]

For quasi-arithmetic means, there is another way how to define the associated
lateral means in a manner similar to Definition of B.12

DEFINITION 3.50. Let n € N— {1}, aj,...,a, € R, f:R — R be continuous
and increasing. Set

Dom Ky, ={(a1,...,a,) ER"(neN):3Fie{1,...,n} such that [10™ f(a;)] #0}.
Kpm(ai, ... an) = f‘l(Am(f(al),...,f(an))) (mez).
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ProproOSITION 3.51. Letn € N— {1}, a1,...,a, €R, f:R = R be continuous
and increasing. Then, Ky, s a right-mean that is strict, monotone, symmetric,
and continuous, but not reflexive.

Proof. A, is a right-mean, and we apply .43 and [3.44 O

3.5. Various other lateral means

ExXaAMPLE 3.52. Let an ordinary symmetric mean M be given, defined on ar-
bitrarily many positive numbers, i.e., M:R"™ — R is defined for all n € N.
Or, we can rephrase this by saying that M is defined on all finite multi-subsets
of R. Set
M{a;:1<i<n})=M{a; >0:1<i<n}) and M'(0)=0,
i.e., we apply M to the positive elements only. For example, M'({—1,—2})=0.
Obviously, min{ay,...,a,} < M'(as,...,a,). Hence, it is a lateral mean.
It can be readily seen that if M is continuous, then M’ is right-continuous.
Left-continuity holds as long as 0 is not among the elements. If it is, then M’
is not left-continuous.
Monotonicity does not hold either

A/<{_1>2a 3}) £ A/<{1>2a 3})

EXAMPLE 3.53. Let K(a,b)= —V“Z‘H’z (a,beRT). Obviously, K(a,b) <max{a, b},
hence it is a lateral mean. It is strict, monotone, symmetric, and continuous,
but it is not reflexive.

There is a smaller domain where K becomes a mean. One must restrict the
domain to the values {(a,b) € (R*)%: v/3a < b or V3b < a}.
EXAMPLE 3.54. Let aq,...,a, € RT U{0}. Then set
a) +aijas +ajaxa3 +---+ay---ap
p )

If 1 < a;(1 < i < n), then min{ay,...,a,} < K(as,...,a,). Actually, if
a; = min{ay,...,a,}, then we get

]C(G’l’"'van) =

na; <ai—|—a?—|—~-~—|—a?

a; = < K(ay,...,an).

n n

Similarly, we get that if 1>a; (1<i<n), then K(aq,...,a,)<max{ai,...,an}.
Therefore, K|[1 4oc) is a right-mean, while K| 1) is a left-mean. Clearly, they
are not means, simply because they are not reflexive.

EXAMPLE 3.55. Let ay,...,a, € Rt U{0}. Then set

nf01 +a1a2 +aragaz + -+ ar- - ay
Klai,...,an) = - .
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If1 > a(1 <i < n), then min{ay,...,a,} < K(ai,...,a,). Actually, if
a; = min{ay,...,a,}, then we get

Jna L lai a4+ al
az:\/#g\/z zn ’SIC(al,...,an).

Similarly, we get that if 1<a;(1<i<n), then K(a1,...,a,) <max{aq,...,a,}.
Therefore, K[ ;o0 is a left-mean, while Kl 17 is a right-mean. Clearly, it is not
a mean, simply because it is not reflexive.

EXAMPLE 3.56.

a) Let K(a,b)= 2+max{az]‘]'fﬁmin{a7b} (a,beRT). Obviously, K(a,b) < max{a,b},
hence it is a lateral mean. K(2,4) = 1.5 shows that it is not a mean.

It is strict, symmetric, continuous and reflexive, hence it is mean-continuous
as well. It is not monotone as 2£3 £ 2+ witnesses.

b) If a,b € R, let
5 a+tb if a # b,
K(a,b) = { > maxtasy—mintaby
a

, otherwise.

Obviously, K(a,b) < max{a,b}, hence it is a lateral mean. £(10,11) = 7
shows that it is not a mean. It is strict, symmetric, reflexive, not continuous,
and not mean-continuous.

ExaMPLE 3.57. It is easy to construct a non-continuous, non-reflexive, but
mean-continuous quasi means. For example, if a,b € [1, +00), let

atb if a # b,
K(a,b):{ 2 7

a-+ %, otherwise.

4. Duality and lateral means

There is a kind of algebraic duality between certain means that are defined
by addition and multiplication only (or other operations derived from these).
If we have such a mean, then, if in the definition of the mean we replace ad-
dition with multiplication and vice versa, we may end up with a new mean,
which is called the dual of the original mean. Unfortunately, this operation is
not well-defined because the same mean can be represented in many different
formulas. All of these can be investigated to see if the dual is a mean or not.
In some cases, this operation results inlateral means.

First, let us give some non proper explanation for why we replace & with a.
Let * = &. Then nx = a, that is, x +--- + x = a. Replacing “+7 with “.7,
we get 2", hence & ~» {/a. A similar reasoning shows that {/a ~» £.
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ExXAMPLE 4.1. If we consider the arithmetic mean and replace addition with
multiplication, and division by n with n*" root, then we end up with the geo-
metric mean. And vice versa: from the geometric mean, we get the arithmetic
mean by replacing multiplication with addition, and the n*" root with division

by n: G+ +a,

n

oy a1 “ e an_

EXAMPLE 4.2. If we start with the z*" power mean (x € R) and replace addi-
tion with multiplication, division by n with n*® root, and the power to x with
multiplication by x, we again end up with the geometric mean:

za%++a;’i vxay - xay .
~r = /a1 - Qanp.
n x

We present an example demonstrating that different but equivalent formulas
can end up with different results.

EXAMPLE 4.3. Let ai, a2, a3 € RT.

(CETICET TR ¢ JEEE [ [
8 2 2 2

\/a1a2 + \/agag + \/agal
3 )

which is a mean. While

f/ (af +a3)(a3 +a3)(a] +a})  /(2a12as) + (2a32a5) + (205201)
8 6

1 aias + azas + azay
2% 3

is only a lateral mean.

5. Operations on lateral means

PROPOSITION 5.1. Let Ko, ..., K, be n-variable left-means (right-means). Set
Klai,...,an) = ICO(ICl(al,...,an), e ,Kn(al,...,an)) (a1,...,a, €R).

Then, K is a left-mean (right-mean) as well.

Proof. We show the “right” part, the other one is similar.

Let a,, = max{aq,...,a,} and let j be chosen such that
Kilai,...,an) =max{i(ai,...,an),....Kn(ai,...,an)}.
ICO(ICl(al, ceylp)y - Kp(ag, .. ,an)) <Kj(ar,...,an) < ay. 0
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We now present a generalization of compounding for lateral means.
We formulate it for right-means; a similar statement can be given for left-means.

THEOREM 5.2. Let K, M : (RT U {0})? — R™ U {0} be 2-variable right-means
such that I < M. Moreover, let M be strict and continuous. Let

a,be RTU{0}, a <b.

Define ag = a, by = b, ant1 = K(an,bn), bpr1 = M(an,by) (n € N).
Then, (a,), (bn) converge to the same limit, say d. Consequently, N (a,b) = d
becomes a strict right-mean. Moreover, if K is also continuous, then N is upper
semi-continuous.

Proof. It can be readily seen that Vn a, < b,, byy1 < b, <. Hence, (b,) is
decreasing and bounded below; therefore, it converges, say to d. Let ¢ be an ac-
cumulation point of (a,). Let a,, —c. Suppose that ¢ < d. Let e=M(c,d) <d.
Let € > 0 be chosen such that e + ¢ < d. Then, by the continuity of M, there
is K such that ny > K implies M(ay,,bn,) € (e — €,e + €). This implies that
bn,+1 < d, which is a contradiction. Clearly, d < b; hence N(a,b) is a strict
right-mean.

To see the upper semi-continuity of A, first observe that for the sequences
defined above and for every n € N, both a,, and b,, depend continuously on a
and b. That is, a,, = a,(a, b) can be regarded as a function of a, b; in other words,
it is a two-variable continuous function.

Now, let

v,y €eRTU{0}, <y, =z, yo—y d=N(x,9).
Suppose indirectly that d,, = N(x,,, yn) # d. Then, changing to a subsequence,
we can assume that N (z,,y,) — ¢ > d. Let ¢ = %d. Then, there is N such
that by (z,y) < d + e. By the continuity of by at (z,y), there is M such that
m > M implies by (Zm, Ym) < d + 2¢. However, d,,, < by (Zm, Ym), which yields
a contradiction. (]

We now provide a sufficient condition for A/ to be continuous.

PROPOSITION 5.3. Let x,y € RTU{0}. Using the notation and conditions of[5.2,
assume that Ve >0 36 > 0 3M € N such that m > M, |z — 2| <6, |y —y'| < ¢
implies |an, (2, y') — N (2, y')| < e. Then, N is continuous at (z,y).

Proof. We use the notation from the proof of 5.2l We need to prove the lower
semi-continuity of A/. Suppose indirectly that d,, = N (2, y,) # d. Then, chang-
ing to a subsequence, we may assume that N (z,,y,) — ¢ < d. Let ¢ = Czd.

By the condition, choose 6 > 0, M € N such that

m> M, |z —2'| <6 |ly—vy| <3 implies |an(z'y)— N2 y)| <e
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Then, there exists N > M such that ay(z,y) > d — e. By the continuity of ay
at (x,y), there is N’ such that & > N’ implies

v —xg| < 0,|ly —yx| <0 and an(xg,yr) > d— 2e.
But then, d > d — 3¢, which is a contradiction. O

EXAMPLE 5.4. We provide lateral means that satisfy the conditions of [(£.2]
but the compounding lateral mean fails to be continuous. Let

K=Ayla, M=A{|a.
a=1,b=2 and ¢, —1, 0<c,<1l, d,—2, 1<d,<2

Let

Let us denote the compounding mean by N.

We state that 1 < AN(1,2). Clearly, 1 < ag,bo (using the notation of [(£.2)).
Suppose that 1 < a,,b,. Then, 1 < ap41,b,+1. Hence, we get 1 < limb,,.
We show that nh_)ngo N(en,dy) < 1; moreover, VYn N (cp,d,) < 0.75. If n is fixed,

then denote the associated sequences by

(a7(fyCLn 7dn)> , (bgzn,dn)) .
One can readily get that

agcnydn) — 05’ bgCTMdn)

IN

1.5;

agcnydn) S 0.5’ bgcnadn)

IN
\.iﬂ

al ) <05, bl < 0.75.

Therefore,
lim b{cmdn) < 0.75.

m— oo

DEFINITION 5.5. Let K: H?> — H be a symmetric right-mean. If a,b € H,a < b,

then let
KO(a,b) = KO(b,a) = K(a,b),

K(n—i—l)(a’ b) = IC(n-l—l)(b’ a) = IC(]C(n) (a,b), b) (n €N)

DEFINITION 5.6. Let K: H? — H be a symmetric right-mean. K is called right-
idempotent if K1) = K.

Of course, similar notions can be defined for the “left” version.

PROPOSITION 5.7. Let K: H> — H be a symmetric right-mean. Then, the fol-
lowing statements hold:

(1) For alln € N, K™ is a right-mean as well.

(2) If K is right-idempotent, then Vn K™ = K.

(3) IfVae HYbe H, lim K" (a,b) exists and is finite, denote it by K(a,b).
n—o0

If K is continuous, then K is a right-idempotent right-mean.
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Proof.
(1) and (2) are trivial.

(3): K is obviously a right-mean, since more generally, the limit of right-means
is a right-mean.

If a,b € H, let y = K(a,b). By definition, K™ (a,b) — y, which gives
that (K™ (a,b),b) — K(y,b) since K is continuous. But IC(IC(") (a,b),b) =
K™+ (a,b) — y as well, and thus, K(y,b) = y, which also gives K(y,b) = y
Hence, K (K(a,b),b) = K(y,b) =y = K(a,b). a

EXAMPLE 5.8. The continuity of K does not imply that K is continuous, e.g.,
let K(a,b) = min{a® b} (a,b € [0,2]). Then, £(1,2) =1 and K(1 —¢,2) =0
for all € > 0.

In [8], we investigated how a k-variable mean can extended to an n-variable
mean for 2 < k < n. Here, we partially generalize that process for lateral means.
We formulate the following theorems for right-means; one can easily get them
for left-means as well.

PROPOSITION 5.9. Let H CR be bounded from below. Let K: H? — H be a strict,
continuous, monotone right-mean. Let a,b,c€ H, a<b<c. Let

ap = a, bOZba Co = ¢,
Ap41 = ]C(any bn), bn-i—l = ]C(anv Cn)7 Cn+1 = ]C(bnv Cn) (TL € N)

Now, all three sequences converge to the same limit.

Proof. First, note that monotonicity implies that Vn a, < b, < ¢,. Since
K is a right-mean, the sequence (c,) is decreasing, and therefore, it conver-
gens by boundedness; let ¢, — d. Assume that b,, — e¢ < d. Then, ¢,,+1 =
K(bn, , Cn,, ), but continuity yields that K(b,,,cn,) — K(e,d) < d by strictness,
which is a contradiction.

Similarly, assume that a,, — e < d. Then, b,, +1 = K(ayn,, ¢, ), but continu-
ity yields that K(ay,,cn,) — K(e,d) < d by strictness, which is also a contra-
diction. (]

EXAMPLE 5.10. If the boundedness property is omitted, then [0 fails to be true.
For example, let C(a,b) = ‘ITH’ — 1. It can be readily seen that ¢, — —o0.

PROPOSITION 5.11. Let K : H?> — H be a strict, continuous, monotone right-
-mean. Using the notations of[5.9, if ¢,, = —o0, then a, — —oc0 and b, — —o0
as well.

PROPOSITION 5.12. Let K : H> — H be a strict, continuous, monotone, semi-
-reflexive right-mean. Using the notations of [5.9, all three sequences converge
to the same limit.

56



SMALL PERTURBATIONS ON MEANS AND LATERAL MEANS

Proof. We show by induction that K(a,a) < ay,bn,c,, which is sufficient
by reference to the proof of [0 Monotonicity gives that K(a,a) < ai,b1,c1.
Then, suppose that K(a,a) < an, by, ¢,. Then,

K(a,a) = K(K(a,a),K(a,a)) < K(an,bn),K(an,cn), K(bn, ). O

THEOREM 5.13. Let K : H?> — H be a strict, continuous, monotone right-mean
that is either semi-reflexive or such that H is bounded from below. Using the
notations of [2.9, let l@(a, b,c) denote the common limit point of the sequences.
Then, K is a strict, upper semi-continuous, monotone right-mean.

Proof.

e K is a right-mean because K(a,b,¢) < ¢; < c.

e K is a strict since lim cn <cp<ec

e K is a monotone: Let @’ < a,b' < b,¢’ < ¢, and let the associated sequences
be (al,), (b)), (c},). A straightforward induction shows that al, < a,,b), < by,
¢, < ¢, which gives that lim ¢}, < limg,.

o K is upper semi-continuous: First, note that for a fixed n € N, ¢, can be
considered as a function of a, b, ¢. Clearly, ¢, (a, b, ¢) is a continuous 3-variable
function. Now, if € > 0 is given, then In € N such that

cn < K(a,b,c) + %, cn = cpla, b, c).

Furthermore, 36 > 0 such that |a’ —a| < 6,[0' —b] < 4,[c" —¢] < ¢
implies that |c,(a’,0',c") — ¢, < §. Therefore, c,(a’,b',c') < K(a,b,c) + ¢.
Since K(a', V', ¢') < ¢,(a’, ', ') holds, and ¢ is arbitrary, it follows that
K(d',V,c) < K(a,b,c). O
EXAMPLE 5.14. Let us calculate what we get for 4, and 1.1,2.1,3.1 using
the method described in
l.step: 1.5,2,2.5; 2.step: 1.5,1.5,2;
3.step: 1,1.5,1.5; 4.step: 1,1, 1.
Hence, this extension does not give back A; (1.1,2.1,3.1) = 2, in contrast to A,
where it does give back the 3-variable version (see [§]).

EXAMPLE 5.15. A is a lateral mean that satisfies the conditions of [5.13]
but the extension lateral mean 4, fails to be continuous.

Let a =1,b=2,¢c= 3. Then, easy calculation shows that .,Zlo_(l, 2,3)=1.
Let (an), (bn), (¢n) be sequences such that

an—1, 0<a,<1, b,—2, 1<b,<2, c¢,—3, 2<c,<3.
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Let us calculate flg (any by, ) for a fixed n.
l.step: 0.5,1,1.5; 2.step: 0.5,0.5,1;
3.step: 0,0.5,0.5; 4.step: 0,0,0.

Hence, Vn Ay (an,bn,cy) = 0 and lim Ay (an,bn, cn) = 0 # Ay (1,2, 3).
n—oo
The phenomenon in Example [5.14is not an accidental. For A, , A these se-
quences become constant after finitely many steps, as the next statement shows.

PROPOSITION 5.16. Let K : H> — H be a strict, continuous, monotone, semi-

reflexive right-mean such that Ran K is closed and discrete. Using the notations
of [2.9, there exist

AN e N3dd e R such that n> N implies that a, =0b, = ¢, =d.

Proof. If for an n € N, not all values a,,, b,,, ¢, are equal, then in the next step,
one of the elements a1, b1, cne1 Will strictly decrease by the strictness of .
By monotonicity and semi-reflexivity, simple induction gives K(a, a) < a,, by, ¢y
Since Ran K is closed and discrete, there are only finitely many values of Ran IC
between K(a, a) and ¢, which establishes the claim. O

6. On quasi-monotonicity

We are going to generalize the standard notion of monotonicity.

DEFINITION 6.1. A two variable right-mean K : H? — H is called quasi-
-monotone if a < b (a,b € H), then the sequence (a,) defined inductively
ap = a, apy1 = K(an,b) is monotone.

A two variable left-mean K : H? — H is quasi-monotone if a < b (a,b € H),
then the sequence (by,) defined inductively by = b, b,+1 = K(a,b,) is monotone.

PROPOSITION 6.2. If K : H?> — H is a mean, then it is quasi-monotone.

Proof. A mean is both a right-mean and a left-mean, so we need to check
quasi-monotonicity in both cases. We will show the “right” part; the other case
is similar.

If a,b € H, a < b, then Vn € N, a, < K(an,b) = any1 < b, hence (a,)
is monotone. ([l

PROPOSITION 6.3. If a lateral mean K : H? — H is monotone, then it is
quasi-monotone as well.
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Proof. We prove the statement for right-means; the argument for left-means
is similar.

Suppose that a; < ag. Then, as = K(a1,b) < K(ag,b) = a1 by monotonicity.
By induction, it follows that (a,,) is decreasing.

If agp < ay, a similar argument shows that (a,,) is increasing. O

EXAMPLE 6.4. The converse is not true. Let K : [0, 1] — [0, 1] be symmetric and
defined as follows: if a,b € [0,1], a<b, then the set

K(a,b) = {%

b, otherwise.

ifb=1 and azz% for some n € N,

It can be readily seen that I is a quasi-monotone right-mean. It is not monotone,
as 1 =K(04,1) £ K£(0.5,1) = 0.25 demonstrates.

EXAMPLE 6.5. The previous example was not continuous. We now provide a con-
tinuous counter example as well.
Let K : [0,1]?>— [0, 1] be symmetric and defined as follows. If a, b € [0,1], a<b,

then the set 5
b-2(%) if a

IN

b
K(a,b) = 2

b (1 -2 (1 — %)2> , otherwise.

It can be readily checked that K is a continuous, quasi-monotone right-mean.

It is not monotone, as 0,2 = K£(0.2,0,4) £ £(0.2,1) = 0.08 demonstrates.

DEFINITION 6.6. A lateral mean K : H? — H is called right-injective if

Vb e H K(x,b) = K(y,b) implies that = =y.
It is left-injective if
Va € H K(a,z) = K(a,y) implies that = =y.

EXAMPLE 6.7. The example in [6.5]is clearly right-injective but not left-injective,
as, for instance, K£(0,0.4) = K(0,1) = 0 shows.

PROPOSITION 6.8. A lateral mean K: H? — H is right-injective if and only if
Vbe H f(z) = K(x,b) (0<x<b)
is an injective function.

PROPOSITION 6.9. Let K:[0,1]2 — [0, 1] be a continuous, quasi-monotone right-
-mean. Set fy(zr) = K(z,b) (0 < x < b, b € [0,1]). Then, the following
statements hold:
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(1) Zy ={z €[0,0] : folx) =} is a closed set.
(2) Let us use the notation o

[0,6] = Zy= | J Ni, where Ni = (a;,b;).

Then, either n=1
Ve € N; fo(x) >x or Ve eN; fi(z) <.
Set s(i) =1 in the first case and s(i) = —1 in the second one.

(3) If fo(N;) N N; # 0, then s(i) = s(j).
(4) If, moreover, K is right-injective, then Vi fp|n, is a monotone function,
and fy(N;) = N;.

Proof.

1. This is obvious from the continuity of fj.

2. The function f,(z) — x is continuous and never 0 on N;.

3. If supN; < inf N; and f,(N;) N N; # 0, then s(i) = 1, and there exists
x € N; such that fy(z) € N;. Then, we get < fi(x), hence, by the quasi-
-monotonicity, f,(z) < fi(f»(2)), which implies 5(j) =1 as well.

The other case is similar.
4. This is obvious. g

EXAMPLE 6.10. Using the notation of B9, b — Z; is not continuous in the
Hausdorff-metric in general, for example, let K(a,b) = a —ab+a?b (a,b € [0, 1]).

Then clearly,
H ey Zo=1[0,1] and Zy = {0,1} if b> 0.

7. Further generalizations

We can generalize even further. For example, consider the following function.

T
DEFINITION 7.1. Set A = A%Am (meZ).

An obvious calculation shows that
25107 +2-107™

Af(2-107™,2.1-107™) = 5 —=225.10""

> max{2-107",2.1- 10"},

2.10-™ 4 1.5-10-™
An (1910 2. 10-m) = 210 +2 DA g5.107m

<min{1.9-107™,2-107™}.

Therefore, A, is not a lateral mean (m € Z). However, as m increases,
it approaches being a mean in some sense. In that direction, we introduce
the following terminology.
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DEFINITION 7.2. K : H" — R is called an a-lateral mean if 3K > 0 such that
K(ay,...,an) € [minfay,...,an} — K, max{ay,...,a,} + K].
If IC is a multi-variable lateral mean, then it is an a-lateral mean if 3K > 0 such

that for all n the above condition holds.

PROPOSITION 7.3. A7 is an a-lateral mean with K = #om'

Proof. By BI7(5) and B28(5),
At + A, A+ =+ A
m m < = < .
2 = 2 A+ 5 gm S WA F S g
The other inequality is similar. ([l
PROPOSITION 7.4.

lim A7 (a1,...,a,) = Alay,...,ap)

m—oo

and the convergence is uniform

(a,...,a,) € Dom A NDom Aj; .
Proof. BI7(6) and B28(6). O
PRrROPOSITION 7.5. K is an a-lateral mean if and only if mdist(K) < oc.

Now, let us examine another function similar to a lateral mean. It is related
to BT and B~, with the difference that we do not restrict its domain.

DEFINITION 7.6. Set B(ay,...,a,) = E:%la (neN, n>2, a; €R).

Clearly, it is not a lateral mean, as 2 < B(1,2) and B(—1,—2) < —1 show.
DEFINITION 7.7. K: H" —R is called an m-lateral mean if 3K >0 such that
K(ai,...,a,) €[min{ay, ... a,} — Kmax{|ail,...,|an|},

max{ay,...,a,} + Kmax{|ai],...,|an|}].

If K is a multi-variable lateral mean, then it is an m-lateral mean if 3K > 0
such that for all n the above condition holds. O

PROPOSITION 7.8. B, is an m-lateral mean with K = ﬁ

Proof. Let a, = max{ay,...,a,} and 0 < a,. Then,

B(ai,...,an) <

=a, + + a .
1an Qn 1an Qn — max{|ail,...,|a,

If a, <0, then a,, + ﬁan < a,,.
Similar arguments work for the other inequality. (]

COROLLARY 7.9. B is an m-lateral mean with K = 1.
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ProprosSITION 7.10. If mdistp(K) < oo, then K is an m-lateral mean.
Proof.
Let (a1,...,a,) € Dom K. Set m = min{ay,...,a,}, M = max{ay,...,an},
N =max{|a1],...,|an|}. Suppose that K such that
K(ay,...,an) — M < K(M —m).
Then,
K(ay,...,an) < M+KM—Km <M+ KN +KN =M+ (K +1)N. O

Obvious examples show that a lateral mean is not necessarily an a-lateral
mean or an m-lateral mean. Conversely, an a-lateral mean or an m-lateral mean
is not necessarily a lateral mean.

ExaMPLE 7.11. An a-lateral mean is not necessarily an m-lateral mean.
For example, let K(a,b) = max{a,b} +1 (a,b € R).If a=0,b> 0, then K = }
shows that it is not an m-lateral mean.

An m-lateral mean is not necessarily an a-lateral mean. For example, let
K(a,b) = 2-max{a,b} (a,b>1).
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