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GENERAL FRAMEWORK
FOR INTUITIONISTIC VALUES AND RELATED
FUZZY SETS BASED ON AUTOMORPHISMS

MATUS DUBEK — ADAM SELIGA

Department of Mathematics and Descriptive Geometry, Slovak University of Technology,
Bratislava, SLOVAKIA

ABSTRACT. This paper introduces a novel framework for understanding in-
tuitionistic values and fuzzy sets through the automorphism of the unit inter-
val [0, 1]. By generalizing the concepts of classical intuitionistic sets using strong
negations generated by these automorphisms, we define the p-intuitionistic values
and explore their arithmetic, establishing a comprehensive set of operations based
mainly on additive generators of t-(co)norms and their properties. This approach
provides greater flexibility to the modelling with these sets.

1. Introduction

The introduction of fuzzy set theory by Zadeh [26] provided a revolutionary
framework for modelling uncertainty and imprecision, which was an important
moment in the evolution of soft computing. Atanassov’s generalization of this
framework, intuitionistic fuzzy sets [3], marked a significant advancement by in-
troducing an additional layer of uncertainty to capture hesitation, thereby
enriching the applicability of fuzzy logic in complex decision-making processes.
This process was further expanded through the development of Pythagorean
fuzzy sets and g-rung orthopair fuzzy sets by Yager [2223], who attempted to in-
troduce more general frameworks for representing uncertainty. These extensions
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to fuzzy sets became popular in applications across diverse fields, including ar-
tificial intelligence, medical diagnosis, and engineering, see, e.g., the papers [1]
[4[6]T1L25]. However, it was shown that frameworks derived from Atanassov’s
original intuitionistic fuzzy sets are isomorphic to these extensions [§] and are
built on a misleading idea of expanding the original domain of the original in-
tuitionistic values to provide more flexibility. Our contribution lies in leveraging
automorphisms of the unit interval [0, 1] which unifies all currently known types
of intuitionistic fuzzy sets, but also shows that the area of original intuitionistic
values can be restricted instead of expanded, without losing any properties of the
original framework. This approach builds upon the original idea of Zadeh’s fuzzy
sets and emphasizes the relationship between membership and non-membership
under different strong negations. It provides a robust mathematical framework
for exploring intuitionistic values and their interrelationships, further advanc-
ing the theory and enhancing the practical utility of fuzzy sets in addressing
real-world challenges characterized by vagueness and ambiguity.

Our work aims to extend the theoretical basics of intuitionistic fuzzy sets
and to broaden their spectrum of applications in fields demanding uncertainty
modelling, such as pattern recognition and intelligent systems. This work extends
the following three papers:

(1) Klement and Mesiar in [§] discuss the isomorphisms between different
lattices of truth values and their corresponding families of fuzzy sets. This
article criticizes the repetitiveness in the research of intuitionistic fuzzy
sets and their generalizations, but does not provide a general framework
for them.

(2) Mesiar et al. in [12] focus on extending the fuzzy set theory by exploring
the properties and operations of lattices isomorphic to closed subintervals
of [0, 1], including intuitionistic and Pythagorean fuzzy sets. It aims to pro-
vide a unified framework for connectives based on strict t-norms and their
aggregation in various types of fuzzy sets, facilitating a broader application
without the need to prove properties for each new type of connective or
lattice. Compared to our results, we find that the results of the presented
paper are more general due to its foundational use of automorphisms to de-
fine and explore the properties of intuitionistic values and fuzzy sets.

(3) Tao et al. in [19], which focuses on the application of intuitionistic fuzzy
values within the context of multiple-attribute decision-making, leverag-
ing copula functions to aggregate intuitionistic fuzzy information. This
approach, while innovative in its use of copula and co-copula functions
to develop new operations and aggregation operators, we find to be re-
strictive (observe, e.g., the convexity of the considered additive generator)
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and the use of automorphisms broader generality offers a robust mathe-
matical framework to articulate and explore intuitionistic values and their
interrelations in a comprehensive matter.

2. Preliminaries

DEFINITION 2.1 ([I5]). An (order-)automorphism of a partially ordered set
(A4, <) is a mapping ¢: A — A that is an isomorphism and a self-map.

In this paper, we work with the unit interval A = [0,1] and the classical
(total) order < on real numbers. In this setting, an automorphism of the unit
interval [0, 1] is any bijective strictly increasing mapping ¢: [0, 1] — [0, 1].

DEFINITION 2.2 ([13]). A fuzzy negation (or a fuzzy complement) is a mapping
n: [0,1] — [0,1] that is non-increasing and satisfies the boundary conditions
n(0) = 1 and n(1) = 0. If a fuzzy negation is strictly decreasing and continuous,
it is called a strict negation. Moreover, if a fuzzy negation n is also involutive,
i.e., n(n(x)) =z for all z € [0, 1], it is called a strong negation.

THEOREM 2.3 ([20]). Every strong negation n can be generated by an automor-
phism o with the formula

n(z) = ¢ (1 —¢(x)) forall z€][0,1].
Theorem implies that the equation

p(n(z)) +o(x) =1
holds for every z € [0, 1]. For the sake of completeness, we also provide a method
for generating automorphisms ¢ from a strong negation n:
(i) find a fixed point of n, i.e., a point u €]0, 1[ such that n(u) = u;
(ii) choose a strictly increasing continuous function ¢ on [0,u] such that
¢(0) =0 and ¢(u) = 1/2;
(iii) set o(z) =1 — ¢(n(z)) for x €]u, 1].
In step (iii) of the construction, the values of ¢ on [0, u] chosen in step (ii)
are used since the strict decreasingness of n implies n(z) < n(u) = u for z > u.

This shows that there are infinitely many different automorphisms for the same
strong negation.

EXAMPLE. Every automorphism ¢ for which ¢(x) + ¢(1 — ) = 1 holds for all
x € [0,1] generates the standard Zadeh’s negation given by ny(z) = 1 —
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for all x € [0, 1] originally introduced in the paper [26]. To give examples of such
automorphisms that generate ny, consider
1 — cos(mx)

5 for all z € [0, 1].

p(x) =z or gz(r) =

DEFINITION 2.4 ([9]). A function T': [0,1]* — [0,1] is called a triangular norm
(or a t-norm, for short) if it is commutative, associative, non-decreasing and
it has neutral element 1.

DEFINITION 2.5 ([9]). A function S: [0,1]2 — [0, 1] is called a triangular conorm
(or a t-conorm) if it is commutative, associative, non-decreasing and its neutral
element is 0.

THEOREM 2.6 ([9]). For every t-norm T, there is a t-conorm S given by
S(z,y)=1-T(A —2,1—y) forall z,y €[0,1].
T-norms and t-conorms given by Theorem are called dual to each other.
Remark 1. Due to the associativity property, triangular norms and conorms

can be uniquely extended from binary to k-ary forms, where k£ > 3 is a natural
number.

DEFINITION 2.7 ([9]). A continuous t-norm 7' is called Archimedean if it satisfies
the inequality T'(z,z) < =z for every = €]0,1] and a continuous t-conorm is
called Archimedean if it satisfies the inequality S(x,z) > x for every x €0, 1].
If a t-norm is Archimedean, so is its dual t-conorm, and vice versa.

DEFINITION 2.8 ([9]). An additive generator is a mapping ¢: [0,1] — [0, o0]
which is continuous, strictly decreasing, and satisfies the boundary condition
t(1) =0.

DEFINITION 2.9. Let ¢t be an additive generator. Then, the pseudo-inverse of ¢
is a mapping t(=1): [0, 00] — [0, 1] given by the formula

V() =¢7t (min(m,t(O))) for all x € [0, 0]

THEOREM 2.10 ([9]). If a continuous t-norm T (a t-conorm S) is Archimedean,
there exists an additive generator t such that

T(x,y) =t (t(@) + t(y)),
(S(x,y) =1tV (1 —2) +t(1 - y))) holds for all (x,y) € [0,1]%

Remark 2. If the additive generator ¢ is unbounded, its pseudo-inverse ¢t(—1)
is equal to the standard inverse t~!. Triangular norms and triangular conorms
generated by the unbounded additive generators are called strict, and those
generated by the bounded additive generators are called nilpotent.

4
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Remark 3. Note that the multiplicative generators can be considered instead
of the additive generators.

DEFINITION 2.11 ([I0]). Let [a,b] and [c, d] be two intervals. Then, [a,b] < [¢, d]
if and only if a < ¢ and b < d.

DEFINITION 2.12 ([12]). Let I = {[a,b]: a,b € [0,1] and a < b}. The definition
of triangular norms and conorms can be modified to the set I by the following ax-
ioms: A triangular norm on I is a mapping T: I? — I such that it is commutative,
associative, the interval [1, 1] acts as its neutral element and it is non-decreasing
with respect to the partial order given by Definition 211l A triangular conorm
on I is a mapping S: I? — I such that it is commutative, associative, the interval
[0, 0] acts as its neutral element and it is non-decreasing with respect to the same
partial order.

DEFINITION 2.13 ([12]). A triangular norm T on I is called representable,
if there exist t-norms Ty, T»: [0,1]? — [0, 1] such that

Ty <T, and T([a,b],[c,d]) =[T1(a,c),Ta(b,d)] forall [a,b],[c,d] €T,

i.e., the left-endpoint of the output depends only on the left-endpoints of the
inputs and the right-endpoint of the output depends only on the right-endpoints
of the inputs. In this paper, we will consider only the case when the t-norms
Ty and T coincide, i.e., T} = T5. By analogous modifications, we will consider
a representable interval t-conorm given by

S([a, b], [c,d]) = [S(a,c),S(b,d)], where S is a t-conorm.

DEFINITION 2.14 ([26]). Let X be a non-empty set filling the role of a universe
of discourse. A fuzzy set A defined on the universe of discourse X is the set of the
form A = {(x, pa(x)): v € X}, where the function p: X — [0, 1] is determining
the degree of membership of the element x to the fuzzy set A.

3. p-intuitionistic values and their arithmetic

Let A be a fuzzy set on the universe of discourse X and let p represent the
membership degree of the elements of X in the fuzzy set A. In the classical fuzzy
set theory, a non-membership degree v is given by v(z) = n(u(z)) for z € X
where n is a strong negation. If the standard negation proposed by Zadeh is
considered, one can write this relationship as v = 1 — p, which can be rewritten
as p+v=1.
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This concept can be additionally extended by allowing some degree of uncer-
tainty, which can be introduced by changing the relationship between the degree
of membership and non-membership to

v<1—u, (1)

i.e., the degree of non-membership does not have to be equal to the complement
of the degree of membership, but it must not exceed this value. Again, this
relation can be rewritten as p + v < 1. This approach leads to the definition
of the intuitionistic fuzzy sets proposed by Atanassov [3], defined by

A ={(z, pa(z),valz)): x € X},
where pa(z) +va(z) <1 holds for all 2 € X.

These sets can be further generalized by considering different strong negations
instead of the classical Zadeh’s negation. In this paper, we will consider strong
negations because they provide the possibility to use their generators in the form
of automorphisms . This gives us a generalized version of the relationship ()

given by B
v <o (1—p(w).

Since ¢ is a strictly increasing continuous function, we can rewrite this equation
in the form
o) + o) < 1.

This leads to the following definition.

DEFINITION 3.1. Let ¢: [0,1] — [0, 1] be an automorphism. Then the set
IV, = {(u,v): u,v € [0,1] and p(u) + p(v) <1}

is called the class of y-intuitionistic values.

Remark 4. In the literature, intuitionistic values can also be found under the
term “the intuitionistic membership grades,”for example, by Yager in [23] or
in [24].

Remark 5. A similar approach to the construction of various types of intuition-
istic fuzzy sets was introduced by Alcantud in [2] under the name “complemental
fuzzy sets”. In this framework, the degrees of membership and non-membership
are obtained from a set of “c-pairs” S., which is a set of all elements pair-
wise bounded by a fixed strong negation. Although this framework shares the
same foundations as the -intuitionistic values, our approach expands on this
idea by using automorphisms. This enables users to choose different generators
of the same strong negation, making the framework more comprehensive.

Remark 6. Since ¢:[0,1]— [0, 1] is bijective and the condition ¢(u)+¢(v) <1,
or 0<p(u)<1—p(v) <1, is satisfied by every p-intuitionistic value, the set of all
-intuitionistic values is in one-to-one correspondence with the set of all closed
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sub-intervals of [0, 1] by (u,v) — [p(u), 1 —p(v)]. We will refer to these intervals
as corresponding intervals. This link shows the isomorphism of the bounded poset
(I, <,[0,0],[1,1]) and the poset (IV,,=,(0,1),(1,0)), where the partial order <
on IV, is characterized by (uq,vq) = (up,vp) if and only if

o(ug) < p(up) and (1 —v,) < (1l —vp) (le, ug <up and vy > vp).

Therefore, with no danger of confusion, we will denote the discussed partial or-
der on < as <. A value with the maximal possible degree of membership (1,0)
corresponds to the singleton set [1, 1], a value with the maximal possible degree
of non-membership (0, 1) corresponds to the singleton set [0, 0] and a value with-
out any knowledge of membership or non-membership (0, 0), i.e., with maximal
uncertainty corresponds to the interval [0, 1].

Using the automorphism ¢ in the previous definition, we can obtain different
kinds of intuitionistic values used in theory and practice. For example, if p(¢) = ¢,
then we obtain the classical intuitionistic values introduced by Atanassov [3];
if o(t) = t% then we obtain the Pythagorean intuitionistic values introduced
by Yager [23]; if (t) = 3, then Fermatean intuitionistic values are obtained [18].
Note that more general bijections can be used, for example, p(t) = t9 when the
g-rung intuitionistic values are obtained. This implies that the mentioned at-
tempts to generalize intuitionistic values by increasing the area of their domain
were in fact specific instances of a more general framework, not generalizations
of the original Atanassov intuitionistic values. This makes them misleading be-
cause instead of giving the user more freedom in expressing their belief about
membership grade as stated, e.g., in [22], they provide a different view on the
data by tying the degrees of membership and non-membership with different
instances of the Yager negation class.

Remark 7. The ‘top’ boundary of the set IV, for any automorphism
¢:[0,1] — [0,1] conmsists of points (u,v) € [0,1]* such that p(u) + p(v) = 1,
i.e., v = 1(1—p(u)). This means that the top boundary is given by a mapping
u > n(u), i.e., by the strong negation generated by the automorphism .

Following the previous remark, we can see that the set IV, is invariant with
respect to the choice of the automorphisms generating the same strong negation.

Remark 8. Let ¢; and ¢y be two automorphisms generating the same strong
negation. Then IV, =1V,,.

Moreover, based on the shape of the automorphism ¢, we can obtain some
information about the shape of the boundary of the set IV, i.e., the negation
generated by the automorphism .

THEOREM 3.2. Let ¢: [0,1] — [0,1] be an automorphism. If ¢ is convez (con-
cave), then the negation n generated by ¢ is concave (convex).
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Proof. For the sake of simplicity, we will prove only the part when ¢ is con-
vex. The second part, i.e., taking ¢ to be a concave function, can be proven
analogously.

It is easy to notice that since ¢ is a strictly increasing bijection then, so is its
inverse o~ Since ¢ is convex, then ¢! is concave: To prove this, consider any
u,v, A € [0,1] and set a = ()\u—l— (1—=X)v) and b = Ap~L(u) + (1 = N)p~(v).
Then

ola (cp Y+ 1—>\)v)—>\u+(1—/\)>

=xo(e (W) + (1 =Ne(e™ ' (v)

> oA H(w) + (1= XN ' (v) = p(b)

following the fact that ¢ is a convex function. Since ¢ is strictly increasing,
the fact that p(a) > ¢(b) implies that a > b and thus

cp_l()\u +(1- /\)v) > A u) + (1= N H(v)

-1

for any u,v, A € [0,1], i.e., ¢~ ' is a concave function.

Again, consider u, v, A € [0, 1] to be arbitrary. Since ¢
the following inequality:

e (M1 = p() + (1= X)(1 = (0)) > An(w) + (1 = Nn(v).

Applying ¢ on both sides of the inequality and using the fact that ¢ is strictly
increasing, we obtain

ML =) + (1 =X (1 =) = e(An(u) + (1 = X)n(v)). (2)
Now, set a = n(Au+ (1 — A)v) and b = An(u) + (1 — A\)n(v). Then

pla) = np(n()\u +(1- )\)v)) = <p(np_1 (1 - <p()\u +(1- A)v)))
=1—p(Au+(1-v).

Since ¢ is convex, we obtain p(Au + (1 — A)v) < Ap(u) + (1 — A)¢(v) and
combining this with the previous, we get the following result

pla) 21— dp(u) = (1= Ng(v) = A(1 = ¢(u)) + (1 = X)(1 = p(v)).
When comparing this with the inequality (2), we obtain
e(a) = ¢ (An(u) + (1 - ¢(v)) = ¢ (b).
Again, following the increasingness of ¢ we have a > b, i.e.,
n(Au+ (1= XA)v) > An(u) + (1 — A)n(v)

for arbitrary u,v, A € [0, 1]. This implies that n is a concave function. d

—1is concave, we have
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Remark 9. Note that choosing a convex negation given by a concave automor-
phism results in a restriction of the domain of classical intuitionistic values. This
contradicts the idea of improving classical intuitionistic sets by simply expand-
ing their domain, like in the case of the Pythagorean fuzzy sets. For this reason,
when considering which type of ¢-intuitionistic values are the best for a specific
problem, the focus should be on the relationship between degrees of membership
and non-membership, not on the domain itself, as the area of their domain is
just a consequence of their relationship. This task remains an open problem.
Even within the framework of g-rung values, which is parametric and could
in principle allow for an optimization-based approach, the parameter ¢ is most
often arbitrarily selected, as can be observed, e.g., in [7].

ExAMPLE. The converse to the implication in the previous theorem is not valid
the other way around, i.e., if the strong negation is convex (concave), it does not
necessarily mean that the automorphism that generates it is concave (convex).
As a counter-example, let us consider the standard Zadeh’s negation ny that
is both convex and concave and the automorphism zs from Example 2] that is
neither convex nor concave.

EXAMPLE. Let us consider an automorphism ¢ as a piecewise linear function
that changes its slope at the point [a,1 — a], where a €]0,1[, defined by the

formula I—a .
=4 if x<a,
va(z) = {

a

1-2a

=+ o if . >a.

If a = 1/2: the class of ¢-intuitionistic values defined by this automorphism
coincides with the standard intuitionistic values.

If a > 1/2: the automorphism ¢ extends the domain of the standard intu-
itionistic values, and, interestingly.

If a < 1/2: the domain of the standard intuitionistic values is reduced, as can
be observed in Figure [11

ExAMPLE. Consider an automorphism ¢ on [0, 1] given by ¢(z) = log,(z + 1).
The corresponding negation n is given by
1—=x

n(x) = T2

and the set IV,, consists of points (u,v) € [0,1]* such that (u+ 1)(v +1) < 2.
The visualization of this example can be found in Figure

DEFINITION 3.3. Let X be the universe of discourse and let ¢: [0,1] — [0, 1] be
an automorphism. Then a @-intuitionistic fuzzy set A defined on the universe
of discourse X is a set of the form

A= {(z,p(x),v(z)): (u(z),v(z)) € IV, for all z € X}. (3)

9
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FIGURE 1. A visualization of the automorphisms ¢, from Example [3] for
a = 5/6 (solid line), a = 2/3 (dashed line), a = 1/2 (dash-dotted line),
and a = 2/5 (dash-dot-dotted line) on the left. The corresponding sets of
@-intuitionistic values IV, for these values of a are illustrated on the right.
1
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FIGURE 2. A visualization of the automorphism ¢ from Example Bl on the
left and the visualization of the corresponding set of ¢-intuitionistic values
on the right.

Remark 10. Formula (B]) implies that to every element of the universe of dis-
course X we assign a (p-intuitionistic value, i.e., the set A from the previous
definition is in a one-to-one correspondence with the values of two functions
p,v: X = [0,1] such that ¢(u(x)) + ¢(v(z)) < 1 for all z € X. In the set-
ting of the classical intuitionistic fuzzy sets and the Pythagorean fuzzy sets,
the function p is called the membership function and the function v is called

10
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the non-membership function. We will adopt the same terminology for the -
intuitionistic fuzzy sets.

In the following, we will omit the full notation of the membership and non-
membership functions for simplicity, so whenever we consider a p-intuitionistic
fuzzy set A, we will denote p, v as pa, nua and A as (pia,va).

DEFINITION 3.4. Let ¢ be an automorphism. The degree of uncertainty
Hes,, (u,v) of a ¢-intuitionistic value (u,v) is defined by

Hes, (u,v) = ¢~ (1 = p(u) — ¢(v)).

Remark 11. The degree of uncertainty is captured using its corresponding

interval by
Hes, (1,0) = ¢ (w(lp(w), 1 = ¢(v)])),
where w denotes the width of the interval given by w([a,b]) = b — a.

ExaMPLE. The degree of uncertainty is not invariant with respect to the choice
of automorphism ¢. Consider the classical intuitionistic values built upon the
standard Zadeh’s negation, which are obtained both from the automorphisms
pz1 and gz, see Example Consider an intuitionistic value (1/5,3/5).
Its degree of uncertainty with respect to automorphism ¢z is

1
H€S¢21(1/5, 3/5) = 37

but its degree of uncertainty with respect to the automorphism zs is

Hes,,, (1/5,3/5) = ¢z, <1 _2- cos(w/5)2— COS(37T/5)>
—1< 2+%(1\/5+§(1+\/5))>
=@z | 1— 5

(1 1
:SOZZ Z :5

Remark 12. The previous example shows an advantage of our proposed method:
Even though we work with the same set of intuitionistic values, the behavior
of these values depends on the choice of the automorphism generating them.
This provides an additional degree of freedom in applications.

Remark 13. Note that the equation
p(u) + o(v) + p(Hes, (u,0)) = 1

is satisfied for every ¢-intuitionistic value (u,v). Moreover, if (u,v) € IV,
then Hes,, (u,v) = Hes, (v, u) whatever the choice of .

11
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DEFINITION 3.5. Let A, B be two p-intuitionistic fuzzy sets defined on the same
universe of discourse X. Then A C B holds if and only if

pa<pup and vgq>vp forall zeX
It is convenient to define operations on the @-intuitionistic fuzzy sets using

their corresponding intervals (see Remark [[0)). Let A, B be two @-intuitionistic

fuzzy sets and let "
*x:I" =T keN

be an interval operation. Then the operation x for the p-intuitionistic fuzzy sets
can be introduced as follows:

(i) Choose an automorphism ¢;
(ii) Find the corresponding intervals of A and B which are given by
[p(a), 1 —¢(va)]l and [p(us),1—@(vp)];
(iii) Apply the operation * on these intervals resulting in the interval [c1, col;

(iv) Transform the resulted interval back to a @-intuitionistic fuzzy set by using

the formula
(¢ (c1), 7M1 — c2)).

In this paper, we will consider operations obtained by this principle based
on strict representable t-norms and t-conorms, but also the standard set opera-
tions proposed by Atanassov in [3]. This leads us to the following definition:

DEFINITION 3.6. Let Aj,...,Ax be a set of p-intuitionistic fuzzy sets, and
let %: I* — I, where k£ € N is a natural number, be an interval operation. Then
the operation x for the p-intuitionistic fuzzy sets A; for i = 1,2,...,k is given
by formula

e A= e feliea). 1= o))

i=1
where h: I — IV, denotes the function
h(ler, ca]) = (@M (er), o711 = c2)).

THEOREM 3.7. Let A, B be two p-intuitionistic fuzzy sets, N\ be a positive
real number, t be an additive generator of a strict t-norm T, and
S be its dual t-conorm. Following Definition [Z.0, we obtain the following
p-intuitionistic fuzzy set operations:

A = (VAvluA)v
ANB = (min{pa, pp}, max{va,vg}),

AUB = (max{pa, up}, min{va,vg}),
A4 B= (np‘l (S(w(uA), @(MB))>, o ! (T(<P(VA)7 ‘P(VB)))>7 (4)

12



GENERAL FRAMEWORK FOR INTUITIONISTIC VALUES

AGB = (@‘1 (T(ela)s o)), 7 (S(p(va), ‘P(VB)))>7
AA= <<P_1 (1= (M= o)) 7 (t—leut(@(uA))))), )
AN = <<p—1 (rl (/\t(tp(uA)D), o (1 —t! (/\t(l - @(VA)))>>,

where a t-conorm S and t-norm T, were used to define pseudo-addition & and
pseudo-multiplication ©, respectively.

Proof. Let us start by proving the equation (@):
A®B=S(lp(pa) 1 - p(va)l, lp(ps), 1 - ¢vp)))

= [S(e(pa), o(up)), S(1—@(va),1 —o(vp))]

<@—1 (S(eta) o(m))), ™ (1= (1= plva). 1~ WB))))

<<P_1<5(<P(MA)#P(MB)))7 90_1<T(90(VA)790(VB)))>.

The proof of the equality [l is as follows: Firstly, note that
2 [pa,val
=S([pa,val, [na,val)
= 1= (0 = )+ (1= ), 1= (1 = ) + 21— )]
=[1—t7"(2t(1 — pa)), 1=t (2t(1 — va))].

By expanding this formula to an arbitrary number of inputs, we obtain

k

k- lua,val = Z[MAWA] (6)
=1t (kt(1 = pa)), 1=t (kt(1 — va))]. (7)

where k is a natural number. Next, consider the following formula

% pa,val = [1 — (%t(l - ;m)) J 1=t <%t(1 - VA)>]

for exponentiation with a reciprocal of k. This operation is well-defined, since

13
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(k- [pa,va]) =

L=t (Rt (1 = pa)), 1=t (Rt(1 —va))] =

11—t (kt(l — (1 —t M (Et(1 - M))))),

Then, formula (@) can be extended to the case of rational numbers.

Finally, let £ € R>o and let (gn)nen be a sequence of rational numbers
such that g, — k. We define

k- [pa,va) = [ lim (1 (g t(1 — uA))>,n1i_>n;O(1 — Y (g t(1 — VA)))} .

n—oo

Since ¢! is continuous and g, t(1 — x) — kt(1 — z) for any z € [0, 1], the limit
exists and does not depend on the particular choice of the sequence (g,,). Hence,

ko lpayval = [Tt (kt(1 = pa)), 1= ¢ (kt(1— va))].

This means that for g-intuitionistic fuzzy sets, scalar multiplication is obtained
by

ko (pa,va) = k- [o(pa), 1 —o(va)l
= 1= (k1= o)) 1= 7 (Rt (p(va)) |

= (sfl <1 —t7! (kt(l — ‘P(NA))))a o <t_1 (kt(w(VA)))>>~ O

Proving the formulas for pseudo-multiplication and exponentiation is unnec-
essary, as they are analogous to the given ones.

14
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Since these operations depend on the choice of the the automorphism ¢ and
the additive generator of strict t-norm ¢, we should have denoted operations ¢, ®
etc. as @y ¢, Op,t, but, since ¢ and ¢ are always considered as fixed, we adapt the
original notation introduced by Atanassov in [3] and rely on the clarity of these
notations from the context.

Remark 14. The operations that were originally introduced by Atanassov in [3]
dealing with the classical intuitionistic fuzzy sets are based on the additive
generator t given by t(z) = —In(z) for all x € [0,1] leading to the t-norm
Tp(x,y) = zy, i.e., the product t-norm, and the t-conorm Sp(z,y) = x +y— zy,
i.e., the probabilistic sum. The use of this t-norm and this t-conorm is usually
the first step in defining the operations for new types of intuitionistic fuzzy sets,

see, e.g., [18,22][24].

Remark 15. It is only a technical matter to verify that the operations N, U, @, ®,
and the complement are well-defined, i.e., the result of these operations is again
a (p-intuitionistic fuzzy set. Consider two @-intuitionistic fuzzy sets A, B.
Then the facts that p(pa) <1 —p(ra) and o(up) <1 — p(vp) imply:

e max{p(va), p(vp)} < 1 — min{y(pna), ()}, which can be rewritten
into the form min{ua, pup} + max{rva,vp} < 1 implying that A N B is
a (p-intuitionistic fuzzy set;

e min{p(va), p(vp)} < 1 —max{p(ra), p(1p)}, which can be expressed
in the form max{pa,up} + min{vs,vg} < 1 implying that A U B is
a (p-intuitionistic fuzzy set;

o S(p(pa),p(ps)) < S(1 —p(va),l — ¢(vp)), which can be transformed
into S(¢(pa), e(up)) + T(e(wa),¢(vp)) < 1 implying that A & B is
a (p-intuitionistic fuzzy set;

o T(p(pa), o(pp)) <T(1—@(va),1—¢(vp)), which can be articulated as

T(p(pa),e(up)) + S(p(va),pvp)) < 1 implying that A © B is
a (p-intuitionistic fuzzy set.

Additionally, it is easy to notice that the complement of a p-intuitionistic fuzzy
set is also a -intuitionistic fuzzy set, as swapping the values of degree of mem-
bership and non-membership does not interfere with the required inequality.

ExampPLE. Consider the generators ¢z; and ¢zo of the standard Zadeh’s nega-
tion introduced in Example 2] and the additive generator of a t-(co)norm given
by t(z) = —In(z) for all x € [0, 1], see Remark [[4l Consider the @-intuitionistic
fuzzy sets A, B, C1, ..., C, and real numbers wq, . .., w, > 0 summing to 1. Then
some of the operations introduced in Theorem B together with the weighted
average based on the automorphisms ¢z; and ¢z, are summarized in Table [Il

15
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TABLE 1. The result of some of the operations together with the weighted
average based on two different automorphisms ¢z, and pyzo leading to the
same set of p-intuitionistic values/fuzzy sets, see Example

Operations based on the automorphism ¢z; .

A®B (Ba+pp —paps,vave),
A®B (,MAMB, va+vp— VAVB)a

A-A (1= (1 —pa)k vh),

A (Mﬁ\vl*(l*VA)k)v

Zwi -C ( - H(l - .U’Ci)wi7 H(VCi)wZ) :
i=1 i=1 i=1

Operations based on the automorphism ¢zs

)

A& B o= 1 arccos(cos(ﬂu,q)—&-cos(ug)C;)s(ﬂ”uA)—‘rcos(uB)—l)

V= arccos 1+ 4= COS(TWA))z(l coa(wB)))

AOB n== arccos( + = COS(”“A))O COS(W”B))),
v== arccos(

cos(mva)+cos(vp) cos(mra)+tcos(vp)—1 )
5 .

A A W= —arccos( 2 1+cos(7ruA))/\—1>,
v=1 arccos(l (A1 - COS(TFVA))A>.
AN W= arccos(l (31— cos(qu))/\>,
v= arccos((%))‘ Y1+ COS(?TVA)))\— 1).

n 1 n w;

;wi.C,— M:;arccos< 1;[ % + cos Wuc))) — >,
1 ws

v = —arccos (1 -2 H(% + COS(WMCi))) )

=1

Remark 16. Note that the choice of the type of the p-intuitionistic fuzzy set,
i.e., the choice of the automorphism ¢, does not influence the complement and
the standard intersection and union operations, although they are commonly
studied for different types of intuitionistic fuzzy sets, see, e.g., [14.23].

16
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Remark 17. The operations introduced in Theorem [B7] are only those that
are commonly studied in the field of the intuitionistic fuzzy sets and values, but
other operations can also be introduced thanks to the isomorphism with the
corresponding intervals. As an example, consider a ternary median operator
Med: I? — T given by

Med([ala a2]7 [bla b2]7 [Cla 63]) = [med(ala bl) Cl)) med<a27 b27 C2)]7

where med(a, b, ¢) denotes the standard median of a,b,c. This operation can
be introduced for the ¢-intuitionistic values, considering a,b,c € IV, by the
formula

[iMed(abe) = @ (med(@(ua), o), tp(uc))),

VMed(a,b,c) = 90_1 (1 - med(@“- - Va)a 90(1 - Vb)a 90(1 - Vc)))'

Since strictly increasing ¢ does not interfere with the ordering of the inputs
of med and ¢ is a generator of a strong negation, this formula can be simplified to

Med(a, b, c) = (med(,ua,ub,,uc), n(1— med(Vq, v, Vc))).
where n denotes the strong negation generated by ¢.

In the following, we present and prove several properties of the operations
introduced in Theorem B.17 following Definition A lot of papers include
proofs of these properties for different types of intuitionistic fuzzy sets and
for different operations based on a choice of a specific t-norm and a t-conorm,
see, e.g., operations over intuitionistic fuzzy sets based on the Einstein t-norm
and t-conorm [21], based on the Dombi t-norm and t-conorm [16], based on the
Aczel-Alsina t-norm and t-conorm [I7], or operations over the Pythagorean
intuitionistic fuzzy sets based on the Einstein t-norm and t-conorm [5].
The general approach of the yp-intuitionistic fuzzy sets includes all of these men-
tioned types of intuitionistic fuzzy sets and their operations without the need
to prove their properties individually. Furthermore, this approach is not limited
to them.

The proofs of the theorems that follow are given only partially. Some of the
proofs are omitted since they are analogous to the given ones. Some of the proofs
of the properties of the fuzzy sets that are not dependent on the automorphism
@ can be found in the literature, e.g., in [I4] or [I8], but the statements are
included for the sake of completeness. Also, in these theorems, we will always
deal with a fixed automorphism ¢, so we will omit its indication in the symbols
for the considered operations.

17
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THEOREM 3.8. Let A, B be two w-intuitionistic fuzzy sets and let A, A1, Ao > 0.

Then
ANB=BNA, (8)
AUB=BUA, (9)
A®B=B®o A, (10)
A®B=B0o A, (11)
A-(A@B)=\-A) & (\-B), (12)
(A® B = A* ® B, (13)
(A - A)® (A2- A) = (A1 + A2) - A, (14)
AN @ AN = AQatA2) (15)

Proof. The proofs for the equalities (§) and (@) can be found in the mentioned
literature (see, e.g., [I4] or [18]). The proof of the equality (I0) is as follows:

168 = (57 (S(elua)otum). o (T(etoa). olo))
= (w‘l(S(@(uB),@(uA)D’ @_1(7(@(VB)7¢(VA)D>

=B®A

thanks to the commutativity of the t-norm T and a the t-conorm S. Equality (I1])
can be proven analogously.
The proof of the equality ([I2]) is as follows:

Hx(A®B)

Il
©
|H
—_
|
~
L
7N
>
~+
/N
—
|
0
—
5
=
b
\'&/
s
=
s
~—
SN—
N———
N~
~_

e (1—¢7! </\(t(1 —(pa)) +t(1 - ¢<MB))>>>
o (1 D (M1~ () + A1~ WB”)
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3 5 — = 5,
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T | N ! S
- —~ /1\ - ~/~ /N S- —
<t ) = T — N ~ — <
2 3 ~ S o/ — ~—~ p A/~ _@, !
T s T == — —_ = = =
T S A B S -~ & 3
= N = = 2 5 N/~ /.U\ 5 M
e — = = | e = = ~ = ° = = =
7 in _ — — N — + q T =~ = < =
+ L < = = 2 N A = = = A =
| —~ ~— ~ S N < S ~— <t - S-
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| \ | | | < + — — + <t — =
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+ | T N N L
= - S 9. = ~ — = = ~< Q m
+~ = N— + /I\
I S~—— ~< ~< ~ — -~ +
L , ~—— ~< ~ ~< N
= - > — —— O = = L S 5
| N~ — — — — _ ~ SN—— &
| | | NS &~ [
— 0 ©n - + - s < ;S &~ < &)
N~ ~ — O~ " S
T T T 3 T T T T T =
S S S- N S- S S- S S- S S- S m
= e
I I | < I I I I I I I I I =
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Lastly, the proof for equality (4] is as follows:

HX AP A

)
o (1= (- a0))) )
_ <s(1 — 7 (A1 = () ), 1=t BIORE (1 - @WA)))))
_ (1 e <t<1 (1 (- @(lm)))))
H(l (1= (attr - ¢(MA))>>>>>

— ol <1 _ (=D (Alt(l —o(pa)) + Aat(1 - @(m))))
= ¢! <1 —t7 (</\1 +A2)t(1 — SO(UA)))> = VOutAn)A

UN{ A2 A

(T( ( (1 (e >)))>, sa(so-l(fl(xzt(@m)))))))

. 1(T<t at(ea))), ! (ot (ol )))»
A

— ! <t(‘1) Alt(go(VA)) + Azt(%?(VA))))

= 1< (()\1+)\2) (¢ (%4)))) = Vi 4a2)A

with the proof for equality (IH) being analogous.
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THEOREM 3.9. Let A, B be two g-intuitionistic fuzzy sets and A\ > 0, then
(AN B)¢ = A°U B¢, (16)
(AU B)¢ = A°N B¢, (17)
(A® B)¢ = A°© B¢, (18)
(A® B) = A°® B¢, (19)
A (A) = (AY), (20)
(A = (- A)°. (21)
Proof. We will prove only the equalities (I8) and (20)), as proofs for (I6) and

(@) can be found in the mentioned literature (see, e.g., [14] or [I§]) and proofs
for (I9) and (ZI)) are analogous to (I8) and (20)), respectively. Note that

488y = (¢ (S(elna). w(ua). o (F(oloa).otom)
= (o7 (T(6t0a). pm). &7 (SColna) o(us)))

= (va,p1a) © (vB, i)
= A° 0o B~
Also, note that,
A (A9) =X (va, pia)

- <<p—1 <1 —t7! ()\t(l - <p(VA))>>, p! <t_1 (At(@(““‘)))»
= (e (7 Oitotn)), o (1= (e - ¢<VA>))>>C

_ (AA)C_ 0
THEOREM 3.10. Let A, B be two p-intuitionistic fuzzy sets and let X > 0, then
A (AUB)=(A-A)U((\-B), (22)

A (ANB)=(A\-A) N\ B), (
(AUB)» = A*UB*, (24)
(AN B)* = A*n B, (25)
(AUB)® (ANB)=A® B, (26)
(AUB)®(ANB)=A0®B, (27)
(AUB)N B = B, (28)
(ANB)UB = B. (29)
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Proof. The proofs of (22) and (28] are the following:

HX-(AUB)

< ( 1 @(max{pa, MB}))>>
1—t 1( mln{t 1 o MA (1 - ‘P(MB))D)
1—t~ 1(/\ max{t(1 — ¢(pa)), t(1 - @(l@))}))

I
=
o
i
‘6
/_\
—_
~
L
/N
>
~
—~
—_
=
=
bS
=
N—
N———
©
L
7N
—
~
L
/N
>
~
—~
5
=
o
=
N—
N———
——

= V(\-A)U(\-B)

thanks to the monotonicity of ¢ and t¢.
Heaomyz(ans) = ¢ (S(pmax{na, us)), pmin{jia, us}))
=t (5(@(%4)7 @(MB))) = [lA®B,
vaumysans) = ¢~ (T(min{va, v}), p(max{va,vs}))

=7 (T(ea), ¢(vn))) = vass

thanks to the commutativity of S and T.
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The proofs for [23)), [24)), and ([25]) are analogous to ([22)), the proof for ([27)) is
analogous to (26) and the proofs for (28) and (29) can be found in the mentioned

literature (see, e.g., [14] or [18]).

THEOREM 3.11. Let A, B,C' be three p-intuitionistic fuzzy sets. Then

(AUB)UC =AU (BUCQ),
(ANB)NC=ANn(BNQO),
(AeB)eC=Ad (Ba0),

(
(A®B)©C=A6(B6C).

Proof. The proof of equation ([B2) is as follows:

= <p‘1<5(5(<p(/m), @(MB))>, @(ua))
= <p‘1<5(5(<p(u3), w(uc))), @(lm))

=t <S<so<s0‘1(5(90(u3), @(uc)))>, so(uA)))

= HA@(BaC),
ViasBysc =@ (T(sﬁ (90_1(T(90<VA)> ‘P(VB))>>> @(Vc)>>
= 90_1<T(T(<P(VA)7 @(VB))>> <P(VC)>

= (1(T(etm). w0 o)

= VAg(BaO)

thanks to the associativity of S and T.

O

30
31
32

(
(
(
(33

)
)
)
)

The proof for equation (B3] is analogous, and the proofs for equations (B0])

and (BI) can be found in the mentioned literature (see, e.g., [14] or [1§]).

0
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THEOREM 3.12. Let A, B,C' be three p-intuitionistic fuzzy sets. Then

(AUB)NC =(ANC)U(BNC),
(ANB)UC =(AUC)N(BUC),
(AUB)@C =(A®C)U(Ba C),
(ANB)@eC=(AaC)N(Ba0), .
(AUB)oC=(A0C)U(Bo6C),
(ANB)©C=(A6C)N(B6C).

Proof. The proof of equation (34) is the following:
pavsyec = S(max{ua, ps}, pe)
= ¢! (S(p(max{pa, us}), oluc)))

= max{np‘l(S(w(uA), @(MC)))v <P_1(5(‘P(MB)’ ‘P(“C))>}
= H(AC)U(BBC)>

viaupyec = T'(min{va, v}, ve)
= 7! (T(pmin{va,ve}). p(vc)))

= min{<p_1(T(<p(VA), Lp(vc))), <P_1<T(<P(VB)7 ‘P(VC)))}
= V(AeC)U(B®C)

thanks to the monotonicity of ¢, S, and T. The rest of the proofs of Theorem [3.12
can be proven analogously. (]

4. Concluding remarks

Our exploration of intuitionistic values and fuzzy sets through automorphisms
represents a significant step forward in the mathematical modelling of uncer-
tainty. By extending the foundational concepts of intuitionistic fuzzy sets with
strong negations, we have introduced a versatile and powerful framework that
offers new insights and tools to deal with vagueness and imprecision. This work
not only enriches the theoretical landscape of fuzzy logic, but also creates new
tools for applications in various fields.

Future work will focus on further exploring the implications of this frame-
work, developing more complex operations, finding the principle of choosing the
optimal instance of the framework, i.e., the most suitable negation for a specific
application, and applying these concepts to real-world problems.
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