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ABSTRACT. This paper introduces the concept of the (τ1, τ2)-star-I compact
space in an ideal bispace, where an ideal bispace is a quadruple (X, τ1, τ2, I),
τ1, τ2 being topologies defined on the set X and I being an ideal defined on X.
The structure of (τ1, τ2)-star-I compactness has been compared with some nearer
structures like (τ1, τ2)-I compactness, strongly star-I compactness, countably I

compactness, etc. With some counter examples, the distinct structures of these
topological features have been validated. The nature of subspaces and the na-
ture of functions that preserve the (τ1, τ2)-star-I compactness are revealed. It has
been shown that real-valued continuous functions defined on (τ1, τ2)-star-Ifin com-
pact spaces are bounded. A characterization of this specific topological property
in terms of a finite intersection property is provided. Finally, the relation with

weakly (τ1, τ2)-star compactness is established by means of co-dense ideals.

1. Introduction

In topology, the study of compactness and its generalizations plays a funda-
mental role in understanding the structure and behaviour of topological spaces.
In recent years, the investigation of compactness in ideal spaces and bitopo-
logical frameworks has attracted considerable attention due to its applicability
in various branches of mathematical analysis. In 1963, Kelly [12] introduced the
concept of a bi-topological space (briefly, Bi-TS). The papers by Douwen [10]
and Matveev [15] contain a systematic study of the ‘star operator’. A useful
concept in topology, the star operator, is widely used to describe and analyze
various types of covering patterns and structures in topological spaces.

© 2026 Mathematical Institute, Slovak Academy of Sciences.
2020 Mathemat i c s Sub j e c t C l a s s i f i c a t i on: 54D35; 46E30.
Keywords: bitopological space, compactness, ideal space.
Supported by National Board for Higher Mathematics (NBHM), Department of Atomic Energy
(DAE), Government of India, under the Grant file no. 020211/233/2025/NBHM(R.P.)/R&D
II/10465.

Licensed under the Creative Commons BY-NC-ND4.0 International Public License.

15



T. CHOUDHURY—P. BAL

The star of Ω with respect to Ψ is denoted and defined as

St(Ω,Ψ) =
⋃

{A ∈ Ψ: A ∩ Ω �= ∅}, where Ω ⊆ X, Ψ ⊆ P(X).

Iteratively, for n ∈ N ,

Stn+1(Ω,Ψ) =
⋃

{A ∈ Ψ: A ∩ Stn(Ω,Ψ) �= ∅}.

St1(Ω,Ψ) is simply written as St(Ω,Ψ). Also, St(a,Ψ) is written in place
of St({a},Ψ) when Ω = {a}. An important use of star operators that initi-
ated the star selection principles theory was given in [1,2,13]. Some other recent
uses can be found in [3,4,6,8,9,17–19].

Kuratowski [14] first proposed the concept of ideals in topological spaces
in 1933, and Vaidyanathaswamy [20] did a thorough investigation of the subject
in 1946. In a topological space (X, τ1), an ideal I is defined as a non-empty family
of subsets of X with the following properties:

(1) ∅ ∈ I.
(2) A,B ∈ I ⇒ A ∪ B ∈ I.
(3) A ∈ I and B ⊆ A ⇒ B ∈ I.
Let (X, τ) be a topological space and let I be an ideal on X. Then, the

ordered triplet (X, τ, I) is called an ideal topological space, or simply an ideal
space. In the case of a non-compact space, if a finite sub-collection of a cover fails
to cover the whole space, then what happens to the uncovered portion of the
space? We use the concept of an ideal to answer this question. If the residual
part of the space always lies in the ideal structure defined on the space, then we
call it an ideal compact space.

In this paper, we introduce a new class of compactness, termed (τ1, τ2)-star-I-
compactness, within the setting of an ideal bispace, which generalizes both topo-
logical and bitopological spaces by incorporating an ideal structure. We begin by
revisiting the fundamental definitions of ideal spaces, bitopological spaces, and
classical star-compactness. We then define the (τ1, τ2)-n-star-I-compact space
and examine its relationship with known compactness properties, such as count-
able I-compactness and strong star-I-compactness. Several illustrative examples
and propositions are provided to distinguish (τ1, τ2)-n-star-I-compactness from
its classical counterparts. Additionally, we explore the behaviour of real-valued
continuous functions on such spaces, investigate their invariance under con-
tinuous mappings, and establish connections with weakly star-compact spaces
through co-dense ideals.
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2. Preliminaries

For the reader’s convenience, an overview of basic concepts is provided in this
part. No separation axiom has been considered at any point during the inves-
tigation. Bispaces are bitopological spaces with two linked topologies, whereas
topological spaces are spaces with their associated topologies. We refer to [17]
for common symbols and notions.

���������� 2.1 ([14])� Let (X, τ) be a topological space, and let I be an ideal
on X. Then, the ordered triplet (X, τ, I) is called an ideal topological space or,
simply an ideal space.

The ideal space has proven its usefulness in the analysis of non-compact
spaces. So, a quadruple (X, τ1, τ2, I) will be called an ideal bispace.

Rather than searching for a finite subcover, if a finite collection of a cover can
spread throughout the space via star operator, we arrive at the concept of star
compactness.

���������� 2.2� A bitopological space (X, τ1, τ2) is called a (τ1, τ2) star-com-
pact space if, for every pair (G1,G2) of τ1-open and τ2-open covers of X, there

exists a finite subset G′ ⊆ G1 such that St(
⋃G′

,G2) = X.

���������� 2.3 ([14])� An ideal space (X, τ, I) is called compact modulo I
or I-compact space if, for every τ -open cover {Uα : α ∈ Λ} of X, there exists

a finite subset {Uαi
: i = 1, 2, 3, . . . , k} such that X\⋃k

i=1 Uαi
∈ I.

���������� 2.4 ([5])� An ideal space (X, τ, I) is called a strongly star I-com-
pact space if, for every τ -open cover U of X, there exists a finite subset H ⊆ X
such that X\ St(H,U) ∈ I.

Every I-compact space is strongly star I-compact.

���������� 2.5 ([5])� An ideal space (X, τ, I) is called a star I-compact space
if, for every τ -open cover U = {Uα : α ∈ Λ} of X, there exists a finite subset

{Uαi
: i = 1, 2, 3, . . . , k} such that X\ St(⋃k

i=1Uαi
,U) ∈ I.

���������� 2.6 ([5])� An ideal space (X, τ, I) is called countably I-compact
space if, for every countable τ -open cover U = {Uα : α ∈ Λ} of X, there exists

a finite subset {Uαi
: i = 1, 2, 3, . . . , k} such that X\ St(⋃k

i=1Uαi
,U) ∈ I.

The finite intersection property is a way to describe a collection of sets
that overlap “sufficiently” to suggest the existence of a common point. It helps
to explain the compactness in terms of families of closed sets.

���������� 2.7 ([11])� A collection of sets is said to have the finite intersec-
tion property (FIP) if every finite sub-collection of these sets has a non-empty
intersection.
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����� 2.8 ([11])� A topological space is compact if every collection of closed
sets with the finite intersection property has a non-empty total intersection.

The recent paper [7] provides FIP-like characterizations for star induced spaces.

3. (τ1, τ2)-star-I compactness

The star operator establishes a relationship between a specified set and
a family of subsets in a topological space. So, given two distinct open covers
defined on two different topologies on the same set and an ideal on the same set,
we propose the following definition.

���������� 3.1� An ideal bispace (X, τ1, τ2, I) is called a (τ1, τ2)-n star-I-
-compact space (n ∈ N) if, for every pair (G1,G2) of τ1-open and τ2-open covers

of X, there exists a finite subset G′⊆ G1 such that X\ Stn(⋃G′
,G2) ∈ I.

For n = 1, we say that the space is τ1, τ2-star I-compact.

	
����� 3.2� Every (τ1, τ2)-star compact space is a (τ1, τ2)-star I-compact
space.

P r o o f. The proof follows directly from Definition 3.1 and is therefore omitted.
�

Example. The converse of the above theorem may not be true, i.e., there exists
a (τ1, τ2)-star I-compact space that is not (τ1, τ2)-star compact.

Let X = N ∪ {0}. Consider two topologies τ1 and τ2 on X, where τ1 is
the topology generated by the base

B =
{{0, n} : n ∈ N

} ∪ {{0}, ∅},
and τ2 is the discrete topology on X. Also, we take the ideal I = P(X). Then,
G1=

{
Gi={0, i} : i∈N

}
is a τ1 open cover of X, and G2 =

{{x} : x ∈ X
}
is a τ2

open cover of X. Now, for any finite subset,

G′
= {Gn1

, Gn2
, Gn3

, . . . , Gnk
} ⊆ G1,

St
(⋃

G′
,G2

)
= {0, n1, n2, n3, . . . , nk} �= X,

but

X\ St
(⋃

G′
,G2

)
= N \ {0, n1, n2, n3, . . . , nk} ∈ I = P(X).

Hence, (X, τ1, τ2, I) is (τ1, τ2)-star-I-compact but not (τ1, τ2)-star compact.


���������� 3.3� If (X, τ2, I) is strongly star-I-compact, then (X, τ1, τ2, I) is
(τ1, τ2)-star I-compact.
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P r o o f. Let (G1,G2) be two arbitrary open covers of X. Since (X, τ2, I) is
strongly star-I-compact, there exists a finite subset

H = {x1, x2, x3, . . . , xn} ⊆ X such that X\ St(H,G2) ∈ I.
Now, for each i, we can choose Ui ∈ G1 such that xi ∈ Ui. Then, the set

K = {U1, U2, U3, . . . , Un} ⊆ G1 is finite.

Also,

H ⊆
⋃

K ⇒ St(H,G2) ⊆ St
(⋃

K,G2

)
⇒ X\ St

(⋃
K,G2

)
⊆ X\ St(H,G2).

But

X\ St(H,G2) ∈ I, so X\ St
(⋃

K,G2

)
∈ I.

Hence,
(
X, (τ1, τ2), I

)
is (τ1, τ2)-star-I-compact. �

Similarly to the proof of Proposition 3.3, one can prove the following.


���������� 3.4� If (X, τ2, I) is I-compact, then (X, τ1, τ2, I) is (τ1, τ2)-star-
-I-compact.


���������� 3.5� If (X, τ2, I) is strongly n star-I-compact, then (X, τ1, τ2, I)
is (τ1, τ2)-n star-I-compact.

	
����� 3.6� If (X, τ2, I) is star-I-compact, then (X, τ1, τ2, I) is (τ1, τ2)-2
star-I-compact.

P r o o f. Let (G1,G2) be a pair of τ1 and τ2 open covers of X. Since (X, τ2, I)
is star-I-compact, there exists a finite subset G′

2 = {G2,i : i = 1, 2, . . . , k} ⊆ G2

such that X\ St(⋃G′
2,G2) ∈ I. For each i = 1, 2, . . . , k, we select one G1,i ∈ G1

such that G1,i ∩G2,i �= ∅. Thus, we have a finite set

A = {G1,i : i = 1, 2, . . . , k} ⊆ G1,

and it holds that ⋃
G′
2 ⊆ St

(⋃
A,G2

)
.

So,

St
(⋃

G′
2,G2

)
⊆ St2

(⋃
A,G2

)
⇒ X\ St2

(⋃
A,G2

)
⊆ X\ St

(⋃
G′
2,G2

)
.

But,

X\ St
(⋃

G′
2,G2

)
∈ I.

Thus, X\ St2(⋃A, G2) ∈ I. Hence (X, (τ1, τ2), I
)
is (τ1, τ2)-2 star-I-compact.

�
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Similarly to the proof of Theorem 3.6, one can prove the following


���������� 3.7� If (X, τ2, I) is n star-I-compact, then (X, τ1, τ2, I) is (τ1, τ2)-
-(n+1)-star-I-compact.

���������� 3.8� An ideal space (X, τ, I) is called countably I-compact
if every countable open cover U = {U1, U2, U3, . . . } has a finite subset

U ′= {Un1
, Un2

, Un3
, . . . , Unk

} such that X \⋃k
i=1 Unk

∈ I.
����� 3.9� A closed subspace of a countably I-compact space is countably
I-compact.

P r o o f. Let Y be a closed subset of the countably I-compact space (X, τ, I),
and let {Mn : n ∈ N} be a countable open cover of Y, i. e., Y ⊆ ⋃

n∈N
Mn.

Now, {Mn : n ∈ N} ∪ {X \ Y } is an open cover of X. So, there exists a finite
subset {Mni

: i = 1, 2, 3, . . . k} such that

X \
((

k⋃
i=1

Mni

)
∪ (X \ Y )

)
∈ I or X \

(
k⋃

i=1

Mni

)
∈ I.

In both cases, Y \ (⋃k
i=1

)
Mni

∈ I. Hence, Y is countably I-compact. �
	
����� 3.10� If (X, τ2, I) is countably-I-compact, then (X, τ1, τ2, I) is
(τ1, τ2)-2 star-I-compact.

P r o o f. Let (X, τ2, I) be countably I-compact, and suppose (X, τ1, τ2, I) is not
(τ1, τ2)-star I-compact. Then, we can find a pair (V1,V2) of τ1-open and τ2-open
covers of X such that for every finite

W ⊂ V1, X \ St
(⋃

W,V2

)
�∈ I.

For an arbitrary a1 ∈ X, we select B1 ∈ V1 such that a1 ∈ B1. Thus,

X \ St(B1,V2) �∈ I.
Since

St(B1,V2),⊇ St(a1,V2), X \ St(B1,V2) ⊆ X \ St(a1,V2)

and hence, by the contrapositivity of the property of the ideal, we have

X \ St(a1,V2) �∈ I, also a1 ∈ St(a1,V2).

Now, take a2 ∈ X \ St(a1,V2). Thus, there exists a B2 ∈ V1 with x2 ∈ B2. However,

X \ St(B1 ∪B2,V2) �∈ I.
Therefore,

a1, a2 ∈ St({a1, a2},V2) and X \ St({a1, a2},V2) �∈ I.
Using the same procedure of selection for each n ∈ N, we can choose

Bn ∈ V1 with an ∈ Bn and an �∈ St({a1, a2, a3, . . . , an−1},V2).
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Let
Y = {an : n ∈ N} and U = {St(an,V2) : n ∈ N}.

By the construction of U , each member of U contains only one member of Y,
i.e., St(an,V2) ∩ Y = {an}. Also, for every finite subset U ′ of U ,

X \
⋃

U ′ �∈ I. (1)

Let y ∈ Y be arbitrary. Then, V2 contains a τ2-open set V ′ such that y∈V ′.
Moreover, V ′ ∩ Y �= ∅. Therefore, y ∈ St(ai,V2) for some i ∈ N. Thus,
U = {St(an,V2) : n ∈ N} is a τ2-open cover of Y. Since Y is a closed subset
of the countably I-compact space (X, τ2, I), it follows that Y is countably I-
-compact. Therefore, there exists a finite subset U ′ of U such that X \⋃U ′ ∈ I,
which contradicts (1). Hence, (X, τ1, τ2, I) is a (τ1, τ2)-star I-compact space. �

4. (τ1, τ2)-star-I compact spaces and mappings

	
����� 4.1� Let φ : (X, τ1, τ2, Ifin) → R be a real-valued continuous mapping.
If (X, τ1, τ2, Ifin) is (τ1, τ2)-star-Ifin compact, then φ is bounded.

P r o o f.

Let (X, τ1, τ2, Ifin) be (τ1, τ2) -star-Ifin compact, and let φ : (X, τ1, τ2, Ifin) → R

be continuous. Consider W = {φ−1(z−1, z+1): z ∈ Z}. Then, W is a τ1 as well
as τ2-open cover of X. Since (X, τ1, τ2, Ifin) is (τ1, τ2)-star-Ifin-compact space,
there exists a finite subset

W ′
= {φ−1(ai − 1, ai + 1): i = 1, 2, . . . , k} ⊆ W

such that
X \ St

(⋃
W ′

,W
)
∈ Ifin.

Let
amax=max{a1+1, a2+1, . . . , ak+1} and amin1=min{a1−1, a2−1, . . . , ak−1}.
Thus,

k⋃
i=1

(ai − 1, ai + 1) ⊆ (amin, amax).

Therefore, ⋃
W ′

=

K⋃
i=1

φ−1(ai − 1, ai + 1) ⊆ φ−1(amin, amax).

Hence,
St(∪W ′

,W) ⊆ St
(
φ−1(amin, amax),W

)
and therefore,

X\ St(φ−1(amin, amax),W
)⊆X\ St

(⋃
W ′

,W
)
.

Therefore, there exists

I1∈Ifin such that X\ St(φ−1(amin, amax),W
)
=I1∈Ifin.
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This implies
St
(
φ−1(amin, amax),W

) ∪ I1 = X.

Again, this implies

φ−1(amin−1, amax + 1) ∪ I1 = X, so, (amin − 1, amax + 1) ∪ φ(I1) = φ(X).

Since I1 is finite, for all x ∈ X,

min
{{φ(x) : x ∈ I1} ∪ {amin − 1}} ≤ φ(x) ≤ max

{{φ(x) : x ∈ I1} ∪ {amax + 1}}.
Hence, φ is bounded. �

Now, we propose the following definition to prepare a FIP-like characteri-
zation for (τ1, τ2)-star-I-compactness. This will help us explain (τ1, τ2)-star-I-
-compactness in terms of families of τ1-closed and τ2-closed sets.

���������� 4.2� A pair (J1, J2) of families of subsets ofX is said to have the bi-
ideal non-finite intersection property (abbreviated as Bi-InFIP) if, for every finite
subset

ε ⊆ J1,
⋂

{J ∈ J2 : J ∪ (∩ε) �= X} ∈ F (I),
where I is an ideal in X and F (I) = {X\I : I ∈ I}.
	
����� 4.3� In an ideal bispace space (X, τ1, τ2, I), the following statements
are equivalent:

i) If (U1,U2) is a family of subsets of X such that for every finite V⊆U1,
X\ St(∪V,U2) /∈ I, then (U1,U2) cannot be a pair of τ1-open cover and
τ2-open cover.

ii) (X, τ1, τ2, I) is a (τ1, τ2)-star-I-compact space.

iii) If (J1, J2) is a pair of τ1-closed and τ2-closed families of subsets of X
such that ∩ J1 = ∩ J2 = ∅, then (J1, J2) does not have Bi-InFIP.

iv) Every pair (J1, J2) of τ1-closed and τ2-closed families of subsets of X
that have Bi-InFIP has a non-empty intersection (i.e., ∩ J1 �=∅ or ∩ J2 �=∅).

P r o o f. By contrapositivity, i) ⇐⇒ ii) and iii) ⇐⇒ iv).

P r o o f o f i i) =⇒ i i i).
Let (X, τ1, τ2, I) be a (τ1, τ2)-star-I-compact space, and let (J1, J2) be a pair
of τ1-closed and τ2-closed families of subsets of X such that ∩J1 = ∩J2 = ∅.
Let

G1 = {G = X\J1 : J1 ∈ J1} and G2 = {H = X\J2 : J2 ∈ J2}.
Then,⋃

G1=X−
( ⋂

J1∈J1

J1

)
=X\∅=X and

⋃
G2=X−

( ⋂
J2∈J2

J2

)
=X−∅=X.
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Thus, (G1,G2) is a pair of τ1 and τ2-open cover of X. However, since (X, τ1, τ2, I)
is a (τ1, τ2)-star-I-compact space, there exists a finite {G1, G2, . . . , Gk} ⊆ G1

such that

X\ St
((

k⋃
i=1

Gi,G2

))
∈ I.

Therefore,

St

((
k⋃

i=1

Gi,G2

))
∈ F (I),

where F (I) = {X\I : I ∈ I}, i.e., St
((⋃k

i=1(X\Ji : Ji ∈ J1,G2)
) ∈ F (I)

)
.

As a result,⋃{
G2 ∈ G2 : G2 ∩

(
k⋃

i=1

(X\Ji : Ji ∈ J1) �= ∅
)}

∈ F (I).
Hence,⋃

(X\J2 : J2 ∈ J2) and (X\J2) ∩
(

k⋃
i=1

(X\Ji : Ji ∈ J1) �= ∅
)

∈ F (I).
Therefore,⋂

(J2 : J2 ∈ J2) and

(
J2 ∪

(
k⋂

i=1

Ji : Ji ∈ J1

)
�= X

)
/∈ F (I).

Thus, (J1, J2) do not have Bi-InFIP. �

P r o o f o f i i i) =⇒ i i).
Let condition iii) hold, and let (U1,U2) be a pair of τ1-open cover and τ2-open
cover of X. We define

J1 = {D = X\U : U ∈ U1} and J2 = {H = X\G : G ∈ U2}.
Hence,⋂

J1 = X\
( ⋃

U∈U1

U

)
= X\X = ∅ and

⋂
J2 = X\

( ⋃
G∈U2

G

)
= X\X = ∅.

Therefore, (J1, J2) is a pair of τ1-closed and τ2-closed families of subsets of X
such that

⋂
F1 =

⋂
J2 = ∅. Then, by condition iii), (J1, J2) does not have

Bi-MnFIP. Thus, there exists a finite subset J ′
= {J1, J2, . . . , Jk} ⊆ J1 such

that ⋂{
J ∈ J2 : J ∪

(
k⋂

i=1

Ji

)
�= X

}
/∈ F (I),

where I is an ideal in X andF (I) = {I : I ∈ F (I)}. That is,⋂{
J ∈ J2 : J ∪ (∩k

i=1Ji
) �= X

}
/∈ F (I).
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Thus, ⋂
{J ∈ J2 : X\J ∪ (∩k

i=1Ji) �= ∅} /∈ F (I).
Therefore, ⋂

{J ∈ J2 : X\J ∩ (X\(∩k
i=1Ji) �= ∅} /∈ F (I).

So,

X\
⋂

{J ∈ J2 : X\J ∩ (X\(∩k
i=1Ji) �= ∅} ∈ F (I).

Thus, ⋃
{X\J : J ∈ J2 and X\J ∩ (X\(∩k

i=1Ji) �= ∅} ∈ F (I).
Therefore, ⋃

{X\J : J ∈ J2 and X\J ∩ (∪k
i=1X\Ji) �= ∅} ∈ F (I).

So, ⋃
{H : H ∈ U2 and H ∩ (∪k

i=1X\Ji) �= ∅} ∈ F (I).
Therefore,

St
(∪k

i=1X\Ji,U2

) ∈ F (I).
So,

X\ St (∪k
i=1X\Ji,U2

) ∈ I.
Thus, (X, (τ1, τ2), I) is a (τ1, τ2)-star-I-compact space. �

	
����� 4.4� An ideal bispace (X, τ1, τ2, I) is a (τ1, τ2)-star-I-compact space
if and only if every τ1-closed and τ2-clopen subspace Y of X is a (τY1 , τ

Y
2 )-star-

-IY-compact space.

P r o o f. Let (X, τ1, τ2, I) be (τ1, τ2)-star-I-compact space, and let Y be a τ1-
-closed and τ2-clopen subspace X. Suppose UY is an arbitrary τY1 open cover and
VY is an arbitrary τY2 open cover of Y. Then, for every UYα

∈ UY, there
exists a Uα ∈ τ1 such that UYα

= Uα ∩ Y. Then,

H = {Uα : UYα
= Uα ∩ Y and UYα

∈ UY } covers Y by τ1 open sets.

Since Y is τ1-closed, K1 = {X\Y } ∪ H is a τ1 open cover of X. Additionally,
since Y is τ2-clopen, every element of VY is τ2-open, and X\Y is also τ2-clopen.
Hence, K2 = {X\Y } ∪ VY is a τ2-open cover of X. Since X is (τ1, τ2)-star-I-
-compact, there exists a finite subset

K′
= {U1, U2, . . . , Uk} ⊆ K1

such that

X\ St
(

k⋃
i=1

Ui,K2

)
∈ I.

Suppose
K′

Y = {UYi
: UYi

= Ui ∩ Y and i = 1, 2, 3, . . . , k}\{∅}.
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Clearly,K′
Y is finite and no element ofK′

Y has a non-empty intersection withX\Y.
Moreover, if Ui ∩ Vβ �= ∅ for some Vβ ∈ VY, then

UYi
∩ Vβ �=∅.

Now,

X\ St
(⋃

K′
,K2

)
∈ I.

Thus, there exists an I1 ∈ I such that

X\ St
(⋃

K′
,K2

)
= I1.

Therefore,

Y ∩
(
X\ St

(⋃
K′
,K2

))
= Y ∩ I1.

So,

(Y ∩X)\Y ∩ St
(⋃

K′
,K2

)
= Y ∩ I1.

Therefore,

Y \ St
(⋃

K′
Y ,VY

)
= Y ∩ I1.

So,

Y \ St
(⋃

K′
Y,VY

)
∈ IY , where IY = {Y ∩ I1 : I1 ∈ I}.

Hence, Y is a
(
τY1 , τ

Y
2

)
-star-IY -compact space. �

	
����� 4.5� Let f : X −→ Y be a bijective function such that

f : (X, τ1) −→ (Y, σ) and f : (X, τ2) −→ (Y, σ) are continuous.

If (X, τ1, τ2, I) is a (τ1, τ2)-star-I-compact, then
(
Y, σ, f(I)) is a star-f(I)-com-

pact.

P r o o f. Let V be a σ-open cover of Y. Then, U = {f−1(V ) : V ∈ V} is both
a τ1-open cover and a τ2-open cover of X. Since (X, τ1, τ2, I) is a (τ1, τ2)-star-
-I-compact space, there exists a finite subset

U
′
= {U1 = f−1(V1), U2 = f−1(V2), . . . , Uk = f−1(Vk)} ⊆ U ,

such that

X\ St
(

k⋃
i=1

Ui,U
)

∈ I.

Therefore,

f

(
X\ St

(
k⋃

i=1

Ui,U
))

∈ f(I).

So, Y \ f(X\ St(⋃k
i=1 Ui,U)

) ∈ f(I), since f is surjective . . . (a).
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Let

y ∈ Y \ St
(

k⋃
i=1

Vi,V
)
.

This implies

y ∈ Y and y /∈ St

(
k⋃

i=1

Vi,V
)
.

Now,

y /∈ St

(
k⋃

i=1

Vi,V
)
.

Therefore,

y /∈
k⋃

i=1

St(Vi,V).

So,
y /∈ St(Vi,V), for any i = 1, 2, 3, . . . , k.

Therefore, y /∈ V, whenever V ∩ Vi �= ∅ for all V ∈ V.
Corresponding to each V, Vi ∈ V, there exists a U ∈ τ2 such that

U=f−1(V ) and Ui=f−1(Vi)∈τ1, ∀i.
Thus, y /∈ f(U ), whenever f(U ) ∩ f(Ui) �= ∅, for all U ∈ U and for any i.
Therefore, y /∈ f(U ), whenever f(U ∩ Ui) �= ∅, for all U ∈ U and for any i,
since f is injective. This implies

f−1 /∈ U, when Ui ∩ U �= ∅, for all U ∈ U and ∀i.
Therefore,

f−1(y) /∈
k⋃

i=1

St(Ui,U).

So,

f−1(y) /∈ St

(
k⋃

i=1

Ui,U
)
.

Therefore,

f−1(y) ∈ X \ St
(

k⋃
i=1

Ui,U
)
.

Therefore,

y ∈ Y \ f
(
St

(
k⋃

i=1

Ui,U
))

.
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So,

Y \ St
(

k⋃
i=1

Vi,V
)
Y \ f

(
St

(
k⋃

i=1

Ui,U
))

.

But

Y \ f
(
St

(
k⋃

i=1

Ui,U
))

∈ f(I).

So, Y \ St(⋃k
i=1 Vi,V

) ∈ fI. Therefore, (Y, σ, f(I)) is star-f(I)-compact.

�

���������� 4.6� A subset N ⊆ X is called nowhere dense subset if int(N̄) = ∅.
The collection N of all nowhere dense subsets of a space X forms an ideal

on X, since any subset of a nowhere dense set is nowhere dense, and a finite
union of nowhere dense sets is also nowhere dense. An ideal I on (X, τ) is said
to be τ -co-dense, or simply co-dense, if τ ∩ I = {∅}.

Now, if ∅ �= A ∈ τ , then A ⊆ A. So, ∅ �= A = int(A) ⊆ int(A). Therefore,
int(A) �= ∅. So, A �∈ N. Thus, τ ∩ N = {∅}. Hence, N is a co-dense ideal on X.

���������� 4.7� A bispace (X, τ1, τ2) is called weakly (τ1, τ2)-star-compact if,
for every pair (U1,U2) of τ1 and τ2 open cover of X, there exists a finite subset

U ′
= {U1, U2, U3, . . . , Uk} ⊆ U1 such that(

St
(⋃

U ′ ,U2

)) τ2

= X.

	
����� 4.8� The following statements are equivalent:

(1) X is (τ1, τ2)-star-N2-compact.

(2) X is weakly (τ1, τ2)-star-compact.

P r o o f. Let (X, τ1, τ2,N2) be (τ1, τ2)-star-N2-compact, and let (U1,U2) be a pair
of τ1 and τ2 open covers of X. Since X is (τ1, τ2)-star-N2-compact, there exists

a finite subset U ′
={U1, U2, U3, . . . , Uk}⊆U1 such that X\ St(⋃k

i=1 Ui,U2

)∈N2.

Therefore, X\ St(⋃k
i=1 Ui,U2

)
is a τ2 nowhere dense subset. Therefore,

int
τ2

X\ St
(

k⋃
i=1

Ui,U2

) τ2

= ∅.

So,

int
τ2

(
X\ St

(
k⋃

i=1

Ui,U2

))
= ∅.
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Therefore,

St

(
k⋃

i=1

Ui,U2

) τ2

= X.

Hence, X is weakly (τ1, τ2)-star-compact.

Conversely, let X be weakly (τ1, τ2)-star-compact, and (U1,U2 be a pair of τ1
and τ2 open covers of X. Since X is weakly (τ1, τ2)-star-compact, there exists

a finite subset U ′
= {U1, U2, U3, . . . , Uk} ⊆ U1 such that

St

(
k⋃

i=1

Ui,U2

) τ2

= X.

Therefore,

X\ St
(

k⋃
i=1

Ui,U2

)

does not contain any non-empty τ2-open set. Therefore,

int
τ2

(
X\ St

(
k⋃

i=1

Ui,U2

))
= ∅.

So, (
X\ St

(
k⋃

i=1

Ui,U2

))
∈ N2.

Hence, X is (τ1, τ2)-star-N2-compact. �

	
����� 4.9� An ideal bispace (X, τ1, τ2, I) is (τ1, τ2)-star-I compact for some
co-dense ideal I if and only if the bispace (X, τ1, τ2) is weakly (τ1, τ2)-star-
compact.

P r o o f. Let (U1,U2) be a pair of τ1 and τ2 open covers of X. Since X is (τ1, τ2)-
-star-I-compact, there exists a finite subset U ′ = {U1, U2, U3, . . . , Uk} ⊆ U1

such that X\ St(⋃k
i=1Ui,U2) = I1 ∈ I. Since I is a co-dense ideal, so there

exists no non-empty τ2-open set G such that G ∈ I1. Hence,

int
τ2

(
X\ St

(
k⋃

i=1

Ui,U2

))
= ∅ =⇒ X \X \X \ St

(
k⋃

i=1

Ui,U2

) τ2

= ∅.

Therefore,

St

(
k⋃

i=1

Ui,U2

) τ2

= X.

Hence, the bispace (X, τ1, τ2) is weakly (τ1, τ2)-star-compact.
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Conversely, let (X, τ1, τ2) is weakly (τ1, τ2)-star-compact. Then (X, τ1, τ2, N2)
is (τ1, τ2)-star-N2 compact, and N2 is a τ2 co-dense ideal. Hence, the theorem.

�
Observation 1� If I,J are two ideals on the same bispace (X, τ1, τ2) with
I ⊆ J , then (τ1, τ2)-star-I-compactness implies (τ1, τ2)-star-J -compactness.

5. Conclusion

In this study, we have introduced and explored the notion of (τ1, τ2)-star-I-
-compactness within the framework of ideal bispaces. By employing the struc-
ture of the quadruple (X, τ1, τ2, I), we generalized and unified various com-
pactness concepts, such as (τ1, τ2)-I compactness, strongly star-I compactness,
and countably I compactness. Through carefully constructed counterexamples,
the distinctions among these topological constructs have been rigorously vali-
dated.

Further, we have characterized the behaviour of subspaces and mappings
with respect to the preservation of (τ1, τ2)-star-I compactness. In particular,
we established that every real-valued continuous function defined on a (τ1, τ2)-
-star-Ifin compact space is necessarily bounded, which strengthens the analytical
significance of this notion. A finite intersection property-like characterization has
also been provided, enhancing the understanding of the internal structure of such
spaces.

Finally, the relationship between (τ1, τ2)-star-I compactness and weakly (τ1,
τ2)-star compactness has been examined via co-dense ideals, revealing deeper
interconnections within ideal-theoretic compactness. These findings not only
extend classical compactness theory but also open pathways for further investi-
gation into the interplay between ideals, generalized compactness, and bitopo-
logical structures.
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