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ABSTRACT. This study investigates numerical methods for solving nonlinear
transport problems characterized by various sorption isotherms with a focus
on the Freundlich type of isotherms. We describe and compare second order
accurate numerical schemes, focusing on implicit methods, to effectively model
transport phenomena without stability restriction on the choice of time steps.
Furthermore, a high resolution form of the method is proposed that limits a pri-

ori the second order accurate scheme towards first order accuracy to keep the
values of numerical solutions in a physically acceptable range.

Through numerical experiments, we demonstrate the effectiveness of high res-
olution methods in minimizing oscillations near discontinuities, thereby enhanc-
ing solution plausibility. The observed convergence rates confirm that the second

order accurate schemes achieve expected accuracy for smooth solutions and that
they yield significant improvements when compared with the results of the first
order scheme. As the computational cost of the compact implicit method seems
to be comparable to similar explicit ones with a clear profit of unconditional
stability, this research provides a practical tool toward numerical simulations
of nonlinear transport phenomena applicable in various fields such as contami-

nant transport in porous media or column liquid chromatography.

1. Introduction

When solving numerically time dependent partial differential equations (PDEs),
one has to decide what kind of time discretization is appropriate for each par-
ticular mathematical model and its applications. The two basic classes of time
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discretization techniques are the so-called explicit ones and the implicit ones.
The simplest time discretization of the time derivative in the PDE can be ob-
tained, e.g., by forward finite difference (the explicit Euler method) which typ-
ically leads to an explicit definition of the values for the numerical solution
in a new time level depending only on approximations evaluated in the old
(known) time level. This is a big advantage and so, if possible, appropriate
higher order explicit time discretization methods, typically of a Runge-Kutta
type, are used for the time discretization.

It is well-known that such explicit time discretization techniques require some
restriction on the choice of time steps. Nevertheless, if this restriction on the size
of time steps due to stability is in accordance with the requirement on its size
due to accuracy demand, the stability restriction should not cause practical
problems.

The implicit time discretizations do not offer, in general, any explicit defi-
nitions of the numerical solution, and to obtain it one has to solve a system
of algebraic equations. Although the property of no stability restriction on the
time step is an attractive feature for numerical simulators, the cost of algebraic
solvers can be too high to compensate for it.

The main difference between explicit and implicit time discretization methods
is significantly relaxed in the case when the term with the time derivative in the
PDE is nonlinear. In such cases also explicit time discretization methods can lead
to algebraic equations for the values of numerical solution, although, in general,
of a simpler form than for the implicit time discretization.

In this paper, we are interested in numerical solution of nonlinear transport
equations in a conservative form where the time derivative in the model is applied
to a nonlinear function of the solution. One can easily show that such problems
are formally equivalent to nonlinear hyperbolic PDEs [8, 10] even in the case
of systems of PDEs [2, 3], but such a transformation does not need to be available
in an analytical form, therefore, the origin formulation of PDEs has to be solved.

For situations involving simplified initial and boundary conditions, analytical
solutions are available to some extent [8, 14, 12]. In general, one has to use
numerical methods to solve such models when explicit time discretization is
preferred for the advection part of the model [11, 10, 3, 2, 19, 4].

In [7, 22], we have successfully applied high resolution compact implicit
numerical methods for the solution of standard hyperbolic PDEs. The main
advantage of such methods is that they require nonlinear algebraic solvers only
for small systems opposite to standard implicit methods, where large algebraic
systems of coupled nonlinear equations should be solved.

In this work, we apply for the first time such a numerical scheme to the
transport equation with nonlinear sorption isotherms. Such models are used
to describe the transport of contaminants in porous media when contaminant
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adsorption on pore skeletons must be taken into account [6]. Other interest-
ing applications of such models are in liquid chromatography technology [9].
We show that to solve related representative mathematical models, the compu-
tational cost of the compact implicit scheme is comparable to explicit schemes,
but with the clear advantage of no stability requirement for the implicit scheme.

The paper is organized as follows. In Section 2, we introduce the mathematical
models. The numerical schemes are described in Section 3. The two-dimensional
case is detailed in Section 4. Finally, extensive numerical experiments are pre-
sented in Section 5.

2. Mathematical model

We consider the representative nonlinear transport problem in the form

∂tF (u) + ∂xu = 0, (1)

with u = u(x, t) ≥ 0 being the unknown function for t ∈ (0, T ) and x ∈
(xL, xR) ⊂ R. The initial condition is defined by

u(x, 0) = u0(x) . (2)

As F ′(u) > 0 for u ∈ R, the Dirichlet boundary condition is defined only at the
left boundary,

u(xL, t) = uxL
(t) , (3)

and no boundary condition is required at the right boundary.

The mathematical model can represent the transportation of contaminant
[1, 11, 8, 6] or liquids in chromatography [9, 16] with the sorption isotherm

Ψ(u) = F (u)− u . (4)

One of the most frequently encountered types of (nonlinear) sorption isotherms
is the Freundlich type,

Ψ(u) = aup, a, p > 0 . (5)

In this paper, we will focus on a single choice a = 1.

The solution to (1) discussed in this paper is based on the theoretical re-
sults [13], which ensure the existence and uniqueness of so-called entropy solu-
tions for hyperbolic problems. Such a theoretical framework has been established
for hyperbolic equations in the form

∂tq + ∂xf(q) = 0 , (6)

that can be obtained with the transformation

q = F (u) , u = f(q) , (7)

where f = F−1 is the inverse function of F.
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In general, the function f may not be available analytically. In the case
where f is known, the problem can be easily addressed using established methods
for hyperbolic problems [13].

Equation (1) can be extended using the velocity v(x), known for each value
of x, into the form

∂tF (u) + ∂x
(
v(x)u

)
= 0 , (8)

where the velocity may take on both positive and negative values and the Dirich-
let boundary condition will be extended also to the right boundary

u(xR, t) = uxR
(t) . (9)

3. Numerical schemes

The numerical discretization to solve the equation (8) is done in space and
time using the notation tn = nτ , n = 0, 1, . . .N for a chosen N and τ > 0, and
the spatial discretization is based on the finite volume method [13]. The compu-
tational domain is divided into finite volumes with a regular grid in the form

Ii = (xi−1/2, xi+1/2), where xi−1/2 = xL + (i− 1)h with i = 1, 2, . . . ,M

for the chosen M and h = (xR − xL)/M .

To obtain the numerical scheme, we use the finite volume method, with

the numerical approximation of space and time averaged values q̄ni and ū
n+1/2
i+1/2

as in, e.g., [17, 13],

q̄ni :=
1

h

∫
Ii

F
(
u(x, tn)

)
dx ,

ū
n+1/2
i+1/2

:=
1

τ

tn+1∫
tn

u(xi+1/2, t) dt .

(10)

To solve (8), we need to treat the positive and negative velocities separately.
Let

v = v+ + v−, with v+ := max(0, v), v− := min(0, v) , (11)

with the values of v defined at the edges of the finite volume vi+1/2 = v(xi+1/2).
Note that equation (1) is obtained from (8) simply by setting v ≡ 1.

After integrating the differential equation (8) over Ii × (tn, tn+1) and using
the definitions (10), we obtain the scheme

q̄n+1
i − q̄ni +

τ

h

(
vi+1/2ū

n+1/2
i+1/2 − vi−1/2ū

n+1/2
i−1/2

)
= 0 . (12)
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The numerical solution of (12) is obtained by approximating the values ū
n+1/2
i+1/2

using U
n+1/2
i+1/2 ≈ ū

n+1/2
i+1/2 [17, 13] and Qn

i ≈ q̄ni denote an approximation of the

averaged values q̄n+1
i in (10). Consequently, the numerical scheme takes the form

Qn+1
i − Qn

i +
τ

h

(
vi+1/2U

n+1/2
i+1/2 − vi−1/2U

n+1/2
i−1/2

)
= 0 . (13)

To complete the description of the numerical scheme, we have to define the

values U
n+1/2
i+1/2 using the numerical values Un

i and Qn+1
i = F (Un+1

i ).

3.1. First order schemes

For convenience and a comparison, we give notation for the first order accu-
rate explicit and implicit numerical schemes. To obtain the first order accurate
explicit numerical scheme, we use the upwind approach together with the split-
ting (11), and the scheme [13] will become

Qn+1
i = Qn

i − τ

h

[
v+i+1/2U

n
i − v+i−1/2U

n
i−1+

v−i+1/2U
n
i+1− v−i−1/2U

n
i

]
, (14)

where the explicit structure of the scheme is clearly evident.

It is important to note that when employing an explicit numerical scheme
(14), the challenge of solving the nonlinear problem does not vanish and is still
present in terms of Qn+1

i = F (Un+1
i ). The nonlinearity F (u) = u + up still

requires resolution, which necessitates the use of an iterative method to obtain
the solution, such as Newton’s method, together with the necessity to adhere to
the stability restrictions imposed by explicit numerical schemes.

In case of using the implicit numerical scheme, one gets

Qn+1
i − Qn

i +
τ

h

[
v+i+1/2U

n+1
i − v+i−1/2U

n+1
i−1 +

v−i+1/2U
n+1
i+1 − v−i−1/2U

n+1
i

]
= 0 , (15)

where the nonlinearity is readily apparent in the previously mentioned relation
Qn+1

i = F (Un+1
i ).

The discretization scheme creates a system of algebraic equations (15) that
can be solved iteratively, using the fast sweeping method [21], where each iter-
ation is given by a nonlinear Gauss-Seidel iteration. The approach of the fast
sweeping method indicates that the Gauss-Seidel iteration is applied sequentially
in alternating index directions across the computational domain. Specifically,
we “sweep” from each end of the domain as follows:

First sweep: i = 1, . . . ,M − 1, (16)

Second sweep: i = M − 1, . . . , 1. (17)
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At each of these “sweeps”,we solve scalar nonlinear algebraic equation (15)
for each index i using Newton’s method. Generally, to reduce the absolute error
of the solution, more than two fast sweeping iterations may be required for each
computational time step. Note that in the case of v(x) > 0, only the first sweep
is necessary (16). On the other hand, when v(x) < 0, the second sweep alone is
sufficient (17).

3.2. Second order accurate scheme

In this section, we will focus on the derivation of the second order accurate
compact implicit numerical scheme and its high resolution formulation.

To obtain the second order of accuracy [5] of (13), considering for a moment

only a positive velocity v(x) > 0, when we approximate the values U
n+1/2
i+1/2

applying a finite Taylor series,

u
(
xi+1/2, t

n+1/2
)

= u
(
xi, t

n+1
)
+

h

2
∂xu

(
xi, t

n+1
)− τ

2
∂tu(xi, t

n+1) +O(
h2, τ2

)
, (18)

where the numerical values would then be defined as

U
n+1/2
i+1/2 = Un+1

i +
h

2
∂xU

n+1
i − τ

2
∂tU

n+1
i , (19)

with the approximations ∂xU
n+1
i and ∂tU

n+1
i expressed as a linear combination

of two different approximation choices [7] using parameter ω ∈ [0, 1]

∂xU
n+1
i =

1

h

(
ω
(
Un+1
i − Un+1

i−1

)
+ (1− ω)

(
Un+1
i+1 − Un+1

i

))
,

∂tU
n+1
i =

1

τ

(
ω
(
Un+1
i − Un

i

)
+ (1− ω)

(
Un+1
i+1 − Un

i+1

))
. (20)

Consequently, combining (19) with (20), we obtain the compact implicit numer-
ical approximation

U
n+1/2
i+1/2 = Un+1

i − 1

2

(
ω
(
Un+1
i−1 − Un

i

)
+ (1− ω)

(
Un+1
i − Un

i+1

))
. (21)

To deal with the oscillations that may arise due to discontinuities in the solu-
tion, we propose a high resolution form of the scheme. Such a scheme incorpo-
rates a variable parameter ω, and a limiter l to control numerical oscillations and
to ensure stability [7, 22]. By adapting ω and employing the limiter l, the scheme
effectively balances accuracy and non-oscillatory behavior near discontinuities.
Consequently, the proposed method is transformed into the form

Qn+1
i −Qn

i +
τ

h

[
vi+1/2

(
Un+1
i − li

2

(
ωi

(
Un+1
i−1 − Un

i

)
+ (1− ωi)

(
Un+1
i − Un

i+1

)))

−vi−1/2

(
Un+1
i−1 − li−1

2

(
ωi−1

(
Un+1
i−2 − Un

i−1

)
+ (1− ωi−1)

(
Un+1
i−1 − Un

i

)))]
= 0 . (22)
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Again, it is necessary to handle the nonlinearity present in Q, since Q = F (U ),
and to determine the values of ω and l. To do that, we use the WENO (Weighted
Essentially Non-Oscillatory) approximations, together with the predictor-cor-
rector algorithm, which was described in detail in [22, 7].

In case of solving equation (8) with the velocity that changes sign, we need to
extend the values ω = (ω+,ω−) and l = (l+, l−) and the scheme becomes high
resolution

Qn+1
i −Qn

i +
τ

h

[
v+i+1/2

(
Un+1
i − l+i

2

(
ω+
i

(
Un+1
i−1 − Un

i

)
+ 1− ω+

i

)(
Un+1
i − Un

i+1

))

−v+i−1/2

(
Un+1
i−1 − l+i−1

2

(
ω+
i−1

(
Un+1
i−2 − Un

i−1

)
+ (1− ω+

i−1)
(
Un+1
i−1 − Un

i

)))

+v−i+1/2

(
Un+1
i+1 − l−i+1

2

(
ω−
i+1

(
Un+1
i+2 − Un

i+1

)
+ (1− ω−

i+1)
(
Un+1
i+1 − Un

i

)))

−v−i−1/2

(
Un+1
i − l−i

2

(
ω−
i

(
Un+1
i+1 − Un

i

)
+ (1− ω−

x

(
Un+1
i − Un

i−1

)))]
= 0 ,

(23)

which, again, may be solved using the fast sweeping method described in Sec-
tion 3.1.

4. Two dimensional case

We consider the model for the unknown function u=u(x, y, t), where (x, y)∈R2

with x ∈ (xL, xR) ⊂ R, y ∈ (yL, yR) ⊂ R, in the form

∂tF (u) + ∂x
(
v(x, y)u

)
+ ∂y

(
w(x, y)u

)
= 0, (24)

where �v = �v(x, y) =
(
v(x, y), w(x, y)

)
represents a divergence free velocity field,

which is a known function, and the initial condition is given u(x, y, t) = u0(x, y)
and the Dirichlet boundary conditions, if prescribed, are denoted by

u(xL, y, t) = uxL
(y, t) , u(x, yL, t) = uyL

(x, t) ,

u(xR, y, t) = uxR
(y, t) , u(x, yR, t) = uyR

(x, t) . (25)

For simplicity of the notation, we assume a squared computational domain(
x, y ∈ (xL, xR)

)
that is divided into finite volumes of the form

Ii,j = (xi−1/2, xi+1/2) × (yj−1/2, yj+1/2) with the regular square grid, where
xi−1/2 = xL+(i− 1)h and yj−1/2 = xL+(j− 1)h with i, j = 1, 2, . . . ,M for the
chosen M and h = (xR − xL)/M .
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The process is similar to the one described in Section 2, with the addition
of one spatial variable. The detailed derivation is also described in [20, 22]
up to second order accuracy.

The final numerical scheme for the velocity splitting

v = v++ v−, with v+ := max(0, v), v− := min(0, v) ,

w = w++ w−, with w+ := max(0, w), w− := min(0, w) ,
(26)

will look like

Qn+1
i,j −Qn

i,j +
τ

h

[
v+i+1/2,jU

n+1/2
i+1/2,j − v+i−1/2,jU

n+1/2
i−1/2,j

+w+
i,j+1/2U

n+1/2
i,j+1/2 − w+

i,j−1/2U
n+1/2
i,j−1/2

+v−i+1/2,jU
n+1/2
i+1/2,j − v−i−1/2,jU

n+1/2
i−1/2,j

+w−
i,j+1/2U

n+1/2
i,j+1/2 − w−

i,j−1/2U
n+1/2
i,j−1/2

]
= 0 , (27)

where the numerical values U
n+1/2
i+1/2,j, U

n+1/2
i,j+1/2, and U

n+1/2
i−1/2,j U

n+1/2
i,j−1/2 need to be

determined differently for positive and negative velocities, based on the upwind
approach, similarly to Section 3.

The simplest first order accurate implicit numerical scheme takes the form

Qn+1
i,j −Qn

i,j +
τ

h

[
v+i+1/2,jU

n+1
i,j − v+i−1/2,jU

n+1
i−1,j

+w+
i,j+1/2U

n+1
i,j − w+

i,j−1/2U
n+1
i,j−1

+v−i+1/2,jU
n+1
i+1,j − v−i−1/2,jU

n+1
i,j

+w−
i,j+1/2U

n+1
i,j+1 − w−

i,j−1/2U
n+1
i,j

]
= 0 , (28)

and can be, again, solved iteratively using the fast sweeping method described
in Section 2 with the nonlinearity also in the Qn+1

ij term. This time we use four
different “sweeps” from each corner of a rectangular domain where each fast
sweeping iteration is given by one Gauss-Seidel iteration applied sequentially:

First sweep: i = 1, . . . ,M, j = 1, . . . ,M,

Second sweep: i = M, . . . , 1, j = 1, . . . ,M,

Third sweep: i = M, . . . , 1, j = M, . . . , 1,

Fourth sweep: i = 1, . . . ,M, j = M, . . . , 1, (29)

where one has to solve a scalar nonlinear algebraic equation for each pair of in-
dices i and j in the sweeps.
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The high resolution compact implicit numerical scheme will then use the

approximations for the values U
n+1/2
i+1/2,j and U

n+1/2
i,j+1/2 in (27) as

U
n+1/2
i+1/2,j= Un+1

i,j − lx,+i,j

2

(
ωx,+
i,j

(
Un+1
i−1,j− Un

i,j

)
+
(
1− ωx,+

i,j

)(
Un+1
i,j − Un

i+1,j

))
,

U
n+1/2
i,j+1/2= Un+1

i,j − ly,+i,j

2

(
ωy,+
i,j

(
Un+1
i,j−1− Un

i,j

)
+
(
1− ωy,+

i,j

)(
Un+1
i,j − Un

i,j+1

))
,

(30)

which stand next to the positive velocities v+i+1/2,j and w+
i,j+1/2; and the approx-

imations U
n+1/2
i+1/2,j and U

n+1/2
i,j+1/2 for negative cases

U
n+1/2
i+1/2,j= Un+1

i+1,j−
lx,−i+1,j

2

(
ωx,−
i+1,j

(
Un+1
i+2,j− Un

i+1,j

)
+
(
1− ωx,−

i+1,j

)(
Un+1
i+1,j− Un

i,j

))
,

U
n+1/2
i,j+1/2= Un+1

i,j+1−
ly,−i,j+1

2

(
ωy,−
i,j+1

(
Un+1
i,j+2− Un

i,j+1

)
+
(
1− ωy,−

i,j+1

)(
Un+1
i,j+1− Un

i,j

))
,

(31)

which stand next to the velocities v−i+1/2,j and w−
i,j+1/2, with the parameter

l = (lx,±, ly,±) ∈ [0, 1], and ω = (ωx,±,ωy,±) ∈ [0, 1], different for each Ii,j.
For a detailed derivation of the scheme and definitions of parameters, we refer
to [20, 22].

5. Numerical experiments

In this part, we will discuss experiments using the Freundlich type of iso-
therm (5) q = F (u) = u+ up, for different choices of intervals

p

⎧⎪⎨
⎪⎩

p ∈ (0, 1),

p ∈ (1, 2),

p ≥ 2.

(32)

To demonstrate the order of accuracy, we compute the discrete L1 norm
of the error E, calculated as

E = h

M∑
i=1

∣∣UN
i − ūN

i

∣∣ (33)

and the experimental order of convergence (EOC) of the numerical results for the
examples with the known exact solution (Section 5.1). As a reference for com-
paring the results, the maximal Courant number (Cmax) is calculated, taking
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into account the derivative of F as the retardation factor

∂F (u)

∂u

∣∣∣∣
u

= 1 + pup−1 ≥ 1, u ≥ 0 . (34)

Considering that the retardation factor is always greater than or equal to 1, the
maximum Courant number will be defined simply by

Cmax =
τ

h
max

i

{
max

{|v(xi−1/2)|, |v(xi+1/2)|
}}

. (35)

As mentioned, Newton’s method was proposed as an iterative method to solve
the nonlinear problem. This may lead to difficulty when the derivative of F (u)
must be computed for the method, especially in cases where u = 0. For such
cases, regularization of u is proposed in the following manner:

ui = max
{
ui, 10

−6
}
. (36)

The numerical methods and graphical outputs in this work were implemented
using the Python programming language [18].

5.1. One dimensional experiment

For the first example, we choose the velocity v(x) = 1 and the initial condition
defined for x ∈ [0, 5] as a discontinuous function of a form

u0(x) =

{
1 for 0 < x < 1,

0 otherwise
(37)

with the boundary condition u0(t) = 0 and we will compute the solution for the
final time T = 3. The exact solutions are described in [8] for each of the choices
of p (32) and are shown in Figures 1–3.

Figure 1. The exact solution of q and u for p = 1/4, 1/2, 3/4 for the final
time T = 3 with the initial condition (37).
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Figure 2. The exact solution of q and u for p = 5/4, 3/2, 7/4 for the final
time T = 3 with the initial condition (37).

Figure 3. The exact solution of q and u for p = 2, 3, 4 for the final time
T = 3 with the initial condition (37).

Firstly, we use the computational domain x ∈ [0.5, 1.5] and the time period
t ∈ [2, 3], where the solution is free of discontinuities that could otherwise affect
the accuracy order. To use the full stencil of the scheme in this example for every
inner grid point, especially for the second order accurate schemes, we set exact
values not only at the boundary point, but also in a neighboring point outside
of the computational interval.

In Table 1, we also present the CPU time to illustrate the computational du-
ration differences between first order and second order accurate schemes, both
implicit and explicit ones. The second order accurate explicit numerical scheme
used for comparison is described in detail in [15]. Applying the second order ac-
curate numerical scheme to the problem (8) still presents the necessity of solving
the nonlinear problem due to q = F (u).
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Table 1. A comparison of the numerical errors, the EOCs, and the CPU
times for the first and second order accurate schemes, both explicit and
implicit, for a case with a smooth initial condition, using different maximum
Courant numbers, Cmax = 0.25, 0.5, with p = 1/2.

First order, Cmax = 0.25

Explicit Implicit
M N E EOC CPU time E EOC CPU time

320 640 8.01 ·10−4 - 2.54 1.05 ·10−3 - 2.62
640 1280 4.02 ·10−4 0.99 11.00 5.28 ·10−4 0.99 12.24
1280 2560 2.01 ·10−4 0.99 42.20 2.64 ·10−4 0.99 44.36
2560 5120 1.00 ·10−4 0.99 161.15 1.32 ·10−4 0.99 169.18

Second order, Cmax = 0.25

Explicit Implicit, ω = 1/2
M N E EOC CPU time E EOC CPU time
320 640 4.85 ·10−6 - 5.42 2.94 ·10−6 - 6.32
640 1280 1.23 ·10−6 1.98 24.00 7.58 ·10−7 1.95 21.25
1280 2560 3.09 ·10−7 1.99 95.15 1.92 ·10−7 1.97 85.97
2560 5120 7.76 ·10−8 1.99 360.77 4.84 ·10−8 1.98 333.50

First order, Cmax = 0.5

Explicit Implicit
M N E EOC CPU time E EOC CPU time

320 320 6.75 ·10−4 - 1.34 1.17 ·10−3 - 1.40
640 640 3.38 ·10−4 0.99 5.023 5.91 ·10−4 0.99 7.02
1280 1280 1.69 ·10−4 0.99 21.85 2.96 ·10−4 0.99 23.70
2560 2560 8.47 ·10−5 0.99 84.70 1.48 ·10−4 0.99 90.62

Second order, Cmax = 0.5

Explicit Implicit, ω = 1/2
M N E EOC CPU time E EOC CPU time
320 320 7.01 ·10−6 - 3.17 2.67 ·10−6 - 2.56
640 640 1.76 ·10−6 1.98 12.34 6.93 ·10−7 1.95 11.52
1280 1280 4.42 ·10−7 1.99 48.87 1.76 ·10−7 1.97 43.50
2560 2560 1.10 ·10−7 1.99 193.64 4.44 ·10−8 1.98 175.11

For each scheme, the nonlinear algebraic equation must be solved at every
time step and for each finite volume. The comparison of numerical solutions is
performed using N = M ∗2 and N = M time steps, for M = 320, 640, 1280, 2560
finite volumes, with the Courant numbers being Cmax = 0.25 and Cmax = 0.5,
respectively, to ensure consistency in the results. The value p = 1/2 in (5) was
chosen for this example.
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Table 1 clearly demonstrates that the use of an explicit numerical scheme is
not particularly advantageous, as the computational time and error levels are
nearly identical to those of the implicit numerical scheme. This similarity arises
because even when employing an explicit scheme, for example the first order
accurate (14), the nonlinear problem must still be solved at each step, negating
the typical computational simplicity associated with explicit methods.

This can also be observed in Figures 4 for Cmax = 0.25 and in Figure 5
for Cmax = 0.5, which present the comparison of CPU time versus errors on a log-
arithmic scale.

Figure 4. CPU time versus errors in log scale for the first and second
order accurate numerical scheme (explicit and implicit) with Cmax = 0.25.

Additionally, the necessity to adhere to the stability restrictions that must be
fulfilled when using explicit schemes is a concern; see Figure 6 for an illustration
of blow-up in a numerical solution when using an explicit scheme with too large
time step (Cmax = 2). Therefore, we will primarily focus on employing implicit
numerical schemes from this point onward, which allow for much higher Courant
numbers.

In the second table focused on the convergence order (Table 2), we provide the
errors and the experimental order of convergence (EOC) for the higher Courant
number exceeding the stability limits of explicit schemes, specifically we choose
N = M/20 time steps, for M = 320, 640, 1280, 2560, with the Courant num-
ber Cmax =10. This analysis focuses solely on the first order and second order
implicit numerical schemes, highlighting their accuracy and behavior under
no stability conditions. We provide results using 3 different choices of p =
1/4, 1/2, 3/4 in (5) and two different choices of ω, first one constant value 0.5
and the second one using the WENO approximation [22].
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Figure 5. CPU time versus errors in log scale for the first and second
order accurate numerical scheme (explicit and implicit) with Cmax = 0.5.

Figure 6. The visualization of numerical results of q and u, obtained us-
ing the first (blue color) and second order (yellow color) accurate explicit
numerical schemes, computed with a maximum Courant number Cmax=2.
The exact solution is displayed as a gray line.

Secondly, we present the numerical results computed in the entire domain
x ∈ [0, 5] for the initial condition (2), which contains a discontinuity, and
exact solutions may be observed in Figures 1–3. As before, we compute the er-
rors and the EOCs. However, when employing the second order accurate nu-
merical scheme (22), oscillations arise due to the presence of the discontinuity.
To address this issue, WENO approximations were applied [22], together with
the high resolution modification of the scheme (23). The results are summarized
in Tables 3–5, which provide a comparison for different choices of parameter p.
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Table 2. The numerical errors, and the EOCs using the first and second

order accurate implicit schemes (with constant value of ω and high reso-
lution with WENO [22]), for a case with solutions without discontinuities,
using higher maximum Courant number Cmax = 10, with different choices
of p = 1/4, 1/2, 3/4.

First order

p = 1/4 p = 1/2 p = 3/4

M N E EOC E EOC E EOC

320 16 2.21 ·10−3 - 5.97 ·10−3 - 1.68 ·10−2 -

640 32 1.11 ·10−3 0.98 2.99 ·10−3 0.99 8.72 ·10−3 0.95

1280 64 5.61 ·10−4 0.99 1.50 ·10−3 0.99 4.34 ·10−3 1.00

2560 128 2.81 ·10−4 0.99 7.50 ·10−4 0.99 2.16 ·10−3 1.01

Second order, ω = 0.5

p = 1/4 p = 1/2 p = 3/4

M N E EOC E EOC E EOC

320 16 4.02 ·10−5 - 1.33 ·10−4 - 1.44 ·10−3 -

640 32 1.00 ·10−5 1.99 3.36 ·10−5 1.98 3.94 ·10−4 1.87

1280 64 2.52 ·10−6 1.99 8.22 ·10−6 2.03 6.42 ·10−5 2.61

2560 128 6.32 ·10−7 1.99 2.05 ·10−6 1.99 1.08 ·10−5 2.56

High resolution WENO

p = 1/4 p = 1/2 p = 3/4

M N E EOC E EOC E EOC

320 16 4.61 ·10−5 - 2.25 ·10−4 - 2.24 ·10−3 -

640 32 1.16 ·10−5 1.98 4.33 ·10−5 2.37 6.51 ·10−4 1.78

1280 64 2.93 ·10−6 1.99 9.52 ·10−6 2.18 1.55 ·10−5 2.06

2560 128 7.36 ·10−7 1.99 2.43 ·10−6 1.96 2.87 ·10−5 2.43

We chooseN = M/10 (M = 320, 640, 1280, 2560) time steps with the Courant
number being Cmax = 4. Visualizations of the initial condition, exact solution,
and numerical results are provided for both q and u, using the first order implicit
and second order implicit (with WENO approximations) schemes. The results
are displayed in Figure 7 for p = 1/4, 1/2, 3/4 (corresponding Table 3), Figure 8
for p = 5/4, 3/2, 7/4 (corresponding Table 4), and in Figure 9 for p = 2, 3, 4
(corresponding Table 5).
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Table 3. The numerical errors, and the EOCs using the first and
second order (high resolution with WENO approximations) accurate im-
plicit schemes, for a case with a discontinuous initial condition (37), using
the maximum Courant number Cmax = 6, with different choices

of p=1/4, 1/2, 3/4.

First order
p = 1/4 p = 1/2 p = 3/4

M N E EOC E EOC E EOC
320 32 2.06 ·10−1 - 2.71 ·10−1 - 3.59 ·10−1 -
640 64 1.45 ·10−1 0.50 1.76 ·10−1 0.62 2.32 ·10−1 0.63
1280 128 9.56 ·10−2 0.59 1.10 ·10−1 0.67 1.44 ·10−1 0.68
2560 256 6.33 ·10−2 0.60 6.75 ·10−2 0.70 8.82 ·10−2 0.71

High resolution WENO
p = 1/4 p = 1/2 p = 3/4

M N E EOC E EOC E EOC
320 32 6.94 ·10−2 - 7.81 ·10−2 - 9.25 ·10−2 -
640 64 4.06 ·10−2 0.77 4.03 ·10−2 0.95 4.83 ·10−2 0.94
1280 128 2.14 ·10−2 0.92 2.06 ·10−2 0.97 2.50 ·10−2 0.95
2560 256 1.09 ·10−2 0.97 1.04 ·10−2 0.99 1.27 ·10−2 0.97

Figure 7. The initial condition, the exact solution, numerical solution—
first and second order (high resolution with WENO approximations)—
q (left) and u (right), for p = 1/4 (top) p = 1/2 (middle) p = 3/4 (bottom)
with the final time T = 3, M = 320, Cmax = 6.
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Table 4. The numerical errors, and the EOCs using the first and
second order (high resolution with WENO approximations) accurate im-

plicit schemes, for a case with a discontinuous initial condition (37),
using the maximum Courant number Cmax = 6, with different choices
of p = 5/4, 3/2, 7/4.

First order
p = 5/4 p = 3/2 p = 7/4

M N E EOC E EOC E EOC
320 32 3.94 ·10−1 - 3.34 ·10−1 - 2.94 ·10−1 -
640 64 2.53 ·10−1 0.63 2.03 ·10−1 0.71 1.74 ·10−1 0.75
1280 128 1.58 ·10−1 0.68 1.20 ·10−1 0.75 1.01 ·10−1 0.78
2560 256 9.55 ·10−2 0.72 6.99 ·10−2 0.77 5.83 ·10−2 0.79

High resolution WENO
p = 5/4 p = 3/2 p = 7/4

M N E EOC E EOC E EOC
320 32 1.08 ·10−1 - 9.12 ·10−2 - 8.29 ·10−2 -
640 64 5.54 ·10−2 0.96 4.59 ·10−2 0.99 4.15 ·10−2 0.99
1280 128 2.81 ·10−2 0.98 2.30 ·10−2 0.99 2.08 ·10−2 0.99
2560 256 1.41 ·10−2 0.99 1.15 ·10−2 0.99 1.04 ·10−2 0.99

Table 5. The numerical errors, and the EOCs using the first and
second order (high resolution with WENO approximations) accurate im-

plicit schemes, for a case with a discontinuous initial condition (37), using
the maximum Courant number Cmax=6, with different choices of p=2, 3, 4.

First order
p = 2 p = 3 p = 4

M N E EOC E EOC E EOC

320 32 2.66 ·10−1 - 2.06 ·10−1 - 2.03 ·10−1 -
640 64 1.56 ·10−1 0.76 1.21 ·10−1 0.77 1.27 ·10−1 0.67
1280 128 9.03 ·10−2 0.79 6.88 ·10−2 0.81 7.87 ·10−2 0.69
2560 256 5.15 ·10−2 0.80 3.84 ·10−2 0.83 4.89 ·10−2 0.68

High resolution WENO
p = 2 p = 3 p = 4

M N E EOC E EOC E EOC
320 32 7.81 ·10−2 - 6.02 ·10−2 - 7.27 ·10−2 -
640 64 3.91 ·10−2 0.99 3.02 ·10−2 0.99 3.81 ·10−2 0.93
1280 128 1.95 ·10−2 0.99 1.51 ·10−2 0.99 1.99 ·10−2 0.94
2560 256 9.78 ·10−3 0.99 7.59 ·10−3 0.99 1.03 ·10−2 0.94
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Figure 8. The initial condition, the exact solution, the numerical

solution— first and second order (high resolution with WENO approx-
imations)— q (left) and u (right), for p = 5/4 (top) p = 3/2 (middle)
p = 7/4 (bottom) with the final time T = 3, M = 320, Cmax = 6.

5.2. One dimensional experiment with variable velocity

The next experiment in one dimension demonstrates a visual comparison
(Figures 10, 11) of the results using the variable velocity v(x) = cos(x), which can
take on both positive and negative values, as described in equation (8); therefore,
it is necessary to perform at least two sweeps (16)–(17) of the fast sweeping
method. In this case, we choose x ∈ [−4, 11] and T = 1.5 with N = M/80
(M defined later) and Cmax = 7.5 (35).

The initial condition is represented by the sum of four Gaussian functions as

u0(x) = e−10(x+π
2 )2+ 0.5e−2(x−π

2 )2+ e−10(x−2π)2+ e−10(x−3π)2 (38)

with the boundary condition u(−4, t) = 0, u(12, t) = 0. To utilize the full stencil
of the scheme for every point in the interior grid, we extend the zero boundary
condition to the neighboring points of the boundaries.
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Figure 9. The initial condition, the exact solution, the numerical

solution— first and second order (high resolution with WENO approx-
imations)— q (left) and u (right), for p = 2 (top) p = 3 (middle) p = 4
(bottom) with the final time T = 3, M = 320, Cmax = 6.

Since we do not know the exact solution for this case, we present only the
numerical solution in the final time T using three different domain meshes, which
are sequentially refined, namely M = 320 (N = 4), 640 (N = 8), 1280 (N = 16).
The visual results can be found in Figure 10 for p = 1/4 and Figure 11 for p = 4.
Notice the notable differences and improvements when the mesh is refined and
when the second order accurate scheme is employed.

5.3. Two dimensional experiment with velocity field

The last numerical experiment will focus on the two-dimensional case, with
the initial condition, which again consists of a sum of four Gaussian functions,
defined as

u0(x, y) = e−50((x−0.5)2+(y+0.5)2) + e−50((x−0.5)2+(y−0.5)2)

+e−50((x+0.5)2+(y+0.5)2) + e−50((x+0.5)2+(y−0.5)2) (39)

for x, y ∈ [−1, 1] and we use the final time T = 1/4 with N = M/10 time steps
(M defined later).
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Figure 10. The comparison of the numerical solution (q on the left side
and u on the right) first order (green color), high resolution second order
with WENO approximation (red color), for p = 1/4 for different choices
of M = 320 (top) M = 640 (middle) M = 1280 (bottom) for the final time
T = 1.5. The initial condition is shown as a gray dashed line.

With the boundary conditions set to zero at every boundary of the compu-
tational domain, we also extend the zero boundary condition to neighboring
points outside the boundaries to ensure that the full stencil of the scheme can
be applied to every point in the interior grid.

We will let the initial condition rotate, using the equation (24) with the
divergence free velocity field �v = (−2πy, 2πx) (see Figure 12), which can be
positive or negative depending on the specific location, therefore, it is necessary
to perform all four sweeps of the fast sweeping method (29). In this case, since
the exact solution is again unknown, we will provide only a visual demonstration
of the progression of the numerical solution as the mesh is refined, specifically
M = 80 (N = 8), 160 (N = 16), 320 (N = 32), sequentially.
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Figure 11. The comparison of the numerical solution (q on the left side
and u on the right) first order (green color), high resolution second order
with WENO approximation (red color), for p = 4 for different choices
of M = 320 (top) M = 640 (middle) M = 1280 (bottom) for the final time
T = 1.5. The initial condition is shown as a gray dashed line.

The contours of the numerical results can be found in Figure 13 for p=1/2
and in Figure 14 for p = 3, which compare the visual results using the first order
accurate and second order accurate high resolution (using WENO approxima-
tions) schemes.

The figures demonstrate notable differences and improvements when
the second order accurate scheme is employed and when the mesh is refined.

For the two-dimensional case, we define two maximum Courant numbers,
one for each of the directions,

Cx
max =

τ

h
max
i,j

{
max

{|v (xi−1/2, yj)|, |v(xi+1/2, yj)|
}}

,

Cy
max =

τ

h
max
i,j

{
max

{|w(xi, yj−1/2)|, |w(xi, yj+1/2)|
}}

. (40)
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DAGMAR ŽÁKOVÁ — PETER FROLKOVIČ

Figure 12. Velocity field �v = (−2πy,2πx).

The maximum Courant number in this case is the same for each of the direc-
tions Cx

max = Cy
max = 7.85.

6. Conclusion

This study presents implicit numerical methods for solving nonlinear trans-
port problems characterized by various sorption isotherms, particularly focusing
on the Freundlich isotherm. Through the development of both first and sec-
ond order accurate numerical schemes, including implicit and explicit methods,
we have demonstrated the effectiveness of these approaches in accurately mod-
eling the transport phenomena under different conditions.

The results from our numerical experiments highlight the advantages of im-
plicit schemes over explicit ones, particularly in terms of stability and compu-
tational time efficiency when dealing with higher Courant numbers. The imple-
mentation of high resolution methods has proven to be important in minimizing
oscillations that arise near discontinuities, consequently increasing the overall
plausibility of the numerical solutions. The numerical convergence rates
observed suggest that both first and second order schemes can achieve satisfac-
tory accuracy, with the second order methods providing significant improvements
in precision.
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Figure 13. The comparison of the contours of the numerical solution u—
first order (middle), high resolution second order with WENO approxima-
tion (right), for p = 1/2 for different choices of M = 80 (top) M = 160
(middle) M = 320 (bottom) for the final time T = 1/4. The initial condi-

tion is shown on the left.

Overall, this work contributes to the theoretical understanding of nonlin-
ear transport phenomena by developing and analyzing compact implicit high
resolution numerical schemes that effectively address the nonlinearities present
in transport equations with sorption isotherms. In addition, it provides practi-
cal numerical tools applicable to various fields, such as environmental hydrology
and materials science. The paper demonstrates that these schemes achieve higher
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Figure 14. The comparison of the contours of the numerical solution u—
first order (middle), high resolution second order with WENO approxima-

tion (right), for p = 3 for different choices of M = 80 (top) M = 160
(middle) M = 320 (bottom) for the final time T = 1/4. The initial condi-
tion is shown on the left.

accuracy without the restrictive time step limitations of explicit methods and
that the use of limiters in high resolution schemes ensures physically realistic
solutions even in the presence of discontinuities. To offer a significant practical
value of the numerical schemes presented, future research must explore their
development for a system of coupled transport equations [4, 16, 6].
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