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ABSTRACT. In this work, the singular impulsive g-Sturm-Liouville equations
are studied. Weyl’s famous classification was made for equations of this type.

1. Introduction

As well-known, Sturm-Liouville problems play an important role in the solu-
tion of partial differential equations by the method of separating their variables.
Therefore, solutions of such equations under various boundary conditions have
been intensively investigated [I3,[14]. Impulsive boundary conditions are also
one of the investigated conditions [3H6]. Recently, Annaby and Mansour have
been studied ¢-Sturm-Liouville problems [I]. Later, g-Sturm-Liouville problems
with impulsive boundary conditions began to attract the attention of mathe-
maticians. In [7], Cetinkaya studied discontinuous g¢-Sturm-Liouville problems
with eigenparameter-dependent boundary conditions. Some spectral properties
are investigated and Green’s function is constructed. In [I0,11], Karahan and
Mamedov investigated a ¢-Sturm-Liouville problem with discontinuity condi-
tions. In [12], the author studied the existence of spectral functions of singu-
lar impulsive g-Sturm-Liouville problems. In [5], Aygar and Bairamov studied
the properties of the scattering function of an impulsive g-difference equation.
In [6], Bohner and Cebesoy investigated the locations of the eigenvalues and
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spectral singularities of an operator corresponding to impulsive g¢-difference
equations.

H. Weyl, on the other hand, gave his famous classification for the singular
Sturm-Liouville problems in 1910 [I5]. In this study, Weyl’s classification will
be made for ¢-Sturm-Liouville problems under impulsive boundary conditions
in the singular case.

2. Notation

In this section, the basic concepts of g-calculus used in this article will be
given. For more detailed information, the textbook [9] can be examined.

Let ¢ € (0,1) and let A C R be a g-geometric set, i.e., if g € A for all { € A.
We begin by defining the operator D, by

f@9)—f(Q)
((Jq_l)g ) (7& 03

limy,yo KOO, (=0,

where (,& € A. We define the Jackson g-integration by
¢

oo

Jrodn=ca-0X ar@o e,
0 n=0
provided that the series converges, and
b b a
/f () dgy =/f (v) dgy —/f () dg,
a 0 0
where a,b € A. From [§], we have
/f (Mdgey = > q"f (")
0 n=—oo

Through the remainder of the paper, we deal only with functions g-regular
at zero, i.e., functions satisfying

Jim f(¢q") = f(0),
for every ( € A.
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3. The singular problem

Consider the following problem

1
Ty = [ ~20,, 40| 0 =W ), 1)
with boundary conditions
y (0) cos 8+ Dyy (0)sin 8 = 0, (2)
y(q%) cosd + Dyy (%) sind = 0, (3)

and impulsive conditions
Y (d+) = AY (d-), (4)
where

¢€(0,d) U (d,0), Y:(Dyly>’ B,0€R, XNeC, ¢eN:={1,2,...}, ¢°<d;

A is the 2 x 2 matrix with entries from R and det A =7 > 0; r is a real-valued,
continuous function on [0, d) U (d, 00), one-sided limits r (d+) exist.
The same problem has been studied by Annaby et al. without impulsive
boundary conditions [2]. '
H =L2(0,d) + L? (d, )

is a Hilbert space endowed with the following inner product

d o)
R 1 R
<y> Z>H IZ/y(l)Z(l)qu + E /y(2)2(2)dqga
where 0 ¢
y1(C), ¢€(0,d), 20(), ¢ €(0,d),
y(Q) = { z(C) = {
y2(C), ¢ e (d,00), 23((), ¢ € (d,00).

Consider the following sets

one-sided limits y (d+) and
D1y (d+) exist and finite,
Y (d+)=AY(d—) and
Tye H

Duax =y € H:

Then the maximal operator Liax on Dpay is defined by

Laxy =Ty.
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Let y, 2 € Dpax. Then the ¢-Green formula of these functions is given by
¢

w2 - v 0] ot

i = [y, 2] (Q) = [y, 2] (d+) + [y, 2] (d—) = [y, 2] (0),  (5)

where (€ (d,o0) and [y,z]:=y (D%z> - (D%y) z.
Consider
oM (¢), ¢eloa)
¢ (C,A) =
¢* (¢). ¢€(d o)
and
v (), ¢elo,a)
PG A) =

v (Q), ¢ € (d,o)

as solutions of the problem ([)-(#) satisfying

¢ (0,A) = sing, M (0,1) = cosf,
(6)
Do (0,\) = —cosB,  Dyp™M (0,\) = sinf,
where 0 < 8 < 7.
Since the g-Wronskian is given as
Wy (y,z) :==yDyz — zDyy, (7)
one can define
W =W, (zp(i),gz)(i)) L i=1,2.
Thus we obtain
W _ L@
q n A
Let W, := W\ = %Wq@). Moreover, by (H), we see that
¢ ¢ 1
Jruzt = [yt = w0 () - wa 09 0). ®)
0 0

where ¢ € (0,d).
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THEOREM 3.1. Let ¢ and Y be two solutions of the boundary-value prob-
lem (BVP) ), @). Then, W, (¢,v) is independent of .

Proof. Let A € C and ¢ € (0,d). From ({), we get

¢ ¢ ¢
/ Tt — / T dyt = (A — ) / O(t, At A)dt
[0} 0

— W, (6, ) Gc A) W6 0N, (9)

due to
Fp=A¢p and Ty = \p.

Consequently, we obtain

W, (6,%) (éc A) — W, (6,4) (0, ).

Likewise, for ¢ € (d,o0), we get

LEMMA 3.2. Let ¢((, \) be a solution of the BVP (@), @) and let 0 = Im A,
where A € C. Then the following relations hold.

b
1) 2ic / (¢, N do¢
0

— W, (6.9) (313 A) W, (6,3) (0.0). (10)

where b € (0,d).

d
%) / (GNP + = /|¢<A|d<]
0

= Wq (¢75) (aba )\> - Wq (sta) (07 >‘)7 (11)

where b € (d, 00).

Proof. The proof is straightforward. (]
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It is obvious that every solution of ([Il) can be written as

HC,A) == @G A) +mi(C,A),
where ¢ € [0,d) U (d,00) and m is a constant. Then ¢ satisfies @3] if and
only if

Zcosd + sind

=— 12
mn ®cosd+ YTsind’ (12)
where
Q = Dy (EA). T = D),
= = o), e = w(&
From (I2]), we obtain
2240
=== 1
mn Oz + Y’ (13)
where cot 6 = z. Thus, m describes a circle
Ci (seN).
Now let’s calculate the radius and center of this circle.
THEOREM 3.3. Let s € N and \ € C, where 0 =Im A # 0. Then, we have
W, (6.9) (£.2)
=— — , (14)
Wo (6,9) (.4
d r .
2 20 2
re(A) = |20 [ [P(CA)]"dgC + o (M deC ] (15)
0 d

where O is the center of the circle C L and r¢ is its radius.
q(

Proof.
It is clear that the center of the circle C' L is the symmetric point at oo.
qS

Let
m(\z2") =00, m(\z2")=0,()).

Then we see that

©
I
N
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On the other hand,

o EN () ree (k)

o (30) (P2 + 2w ()
() P (27) e (5 0) P ()
TP (E0) v (En) e ()
W) (£
) Wq(w@(%,A)

1
o (A) = "1
P

d
Wq(w%)@, >=2w/| (GNP d<+22—“/wm d,c.
0
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Hence

A ] =21, e P ane + 27 e i ac,
q n
d

which proves the theorem. O

THEOREM 3.4. Let A = p + io, where ImA = o > 0. Then the exterior of the
circle C1 (¢ € N) is mapped onto the upper half-plane of the z-plane.
q§

Proof. From (II), we find

Im{w(w)}li{w(;,x) W(N)}

CRYI B T CR B E
_1.W (ww)(lf,)
o G
W (7 G

L

\w(qs’ )

ﬁ];TST JW“:M|%C+ e s

d
>0,
where ¢ € N. O

THEOREM 3.5. Letc €N and Im )\ =0 > 0. Then m lies on the circles C’% if
and only if

lﬂ¢CM+WWKA)dC+.ﬂ¢CM+WWKAMdC———@ (16)
and m is inside the circle C’q% if and only if
d
Imm

ﬂmw+m«»dmﬂMA+m«Wd<

0
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Proof. Let m € C. Then, we obtain
Wo(¢ +map, ¢ +map)(0, )
=Wy (6,0) (0,A) + mW, (v, ¢) (0, )
+ Wy (6,9) (0,A) + |m|* Wy (1, 9) (0, )

=—-—m+m=-—2iImm.
From Lemma 3.2, we conclude that

L

d o

2q/@@¢>+mwcAde+23¢/WKA>+mwcAde

0 d
_ % <Wq(¢+mw,¢+mw)<%,)\> +2i1mm> . (17)

where ¢ € N. By Theorem 3.4, for o > 0, m is inside C' 1 if Im z < 0. By (I3,
we deduce that
2240 Q+m7Y

P2+ T TErme

Thus

{ Q4+ mY §+mT}
i(z—2)=1i< —= S
E+m® =4+ md

Wy (6+map, ¢ +mip) (q<, )

=1 y

=+ md|
where ¢ € N. Then, we see that
Imz <0 < iW, (¢+my,d+mi) (%A) > 0, (18)
where ¢ € N. From (7)) and (I8), we find
d = .
[ 16660+ mut¢, N di + /W<A+nw«And<<ffi (19)

0

where ¢ € N. On the other hand, m is on the circle C'1 if and only if Im z = 0.
Hence, we obtain

_— 1
where ¢ € N. By virtue of (20) and (IT), we get the desired result. O
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1

THEOREM 3.6. Let ImA =0 > 0 and let k be a point such that d < % < -

Th@’nClk CClg.

Proof. By ([I1), we find

d o
/W@AHWW@AW¢£+%/W@AHWW@AW%C
0 d

1
S

/|¢<A (¢ NP dg + = /|¢<A (¢ NP dy¢

Imm
)

o

which proves the theorem. O

COROLLARY 3.7. As ¢ — oo, the circles C’1 contract either to a circle or
a point. These represent limit-circle and limit- pomt cases, respectively.

THEOREM 3.8. Let m be a point lying on or inside the limiting circle Cy,, and
U (A =0 (CA) +my (¢ A), ImA=o0>0,
be the solution of (). Then we have

d 0
1
(WP g+ = [ [T(¢ N dyC < o0,
/ ]
ie, U(,N\) €H.
Proof. Let ¢ € N (¢° < d). Since
d -~ I
[P /I\IICAIdC mm (21)
0
we arrive at
d 0
2 1 Imm
JW@AM¢£+n!WCAMdC<———

ie, ¥(,\) € H. O
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