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ABSTRACT. The neutrosophic set is a generalization of IFNS and was intro-
duced by Smarandache [17]. In this paper, by using the trianglular Hilbert matrix
(H ) and I-convergence, we define some new sequence spaces CI

0(L,M,N)
(H ) and

CI
(L,M,N)

(H ) as a domain of trianglular Hilbert matrix H with respect to neu-

trosophic norm and study some results about these sequence spaces.

1. Introduction

L. A Zadeh [20] introduced the notion of fuzzy set theory in 1965.
Intuitionistic fuzzy set theory was given by Atanassov [1] and studied the con-
cepts of intuitionistic fuzzy sets (IFS). Park [16] studied the notion of intuition-
istic fuzzy metric space in 2004, and the concept of intuitionistic fuzzy norm
space was further studied by Saadati and Park [18].

T. Bera and N. K. Mahapatra studied neutrosophic soft linear spaces in
2017 [2] and 2018 [3]. Moreover, Murat Kirişci and Necip Şimşek [12] defined
neutrosophic normed space.

H. Fast [4] and H. Steinhaus [19] introduced the theory of statistical conver-
gence of sequences of real numbers independently. Then, in 2000, P. Kostyrko,
T. Šalát, M.Mačaj [14] introduced I-convergence as a generalization of statistical
convergence. Karakus [7] studied statistical convergence on probabilistic normed
space. Recently, Khan et al. [8,9,11] investigated ideal convergent for single and
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double sequences in intuitionistic fuzzy normed space. Further, Kirişci [12] stud-
ied neutrosophic normed spaces and statistical convergence on it. In this paper,
we defined two new sequence spaces CI

0(L,M,N)(H ) and CI
(L,M,N)(H ) and studied

the concepts given by M. Kirişci and N. Şimşek into neutrosophic normed space
and obtained some interesting results.

Let N and R denote the sets of natural and real numbers, respectively.
Let ω denote the set of all real/complex sequences, i.e.,

ω := {ϑ = (ϑk), k ∈ N | ϑk ∈ R, or C}, (1)

and sequence space �∞ is as follows

�∞ :=

{
ϑ = (ϑk) ∈ ω : ‖ϑ‖∞ = sup

k∈N

|ϑk| < ∞
}
. (2)

In this paper, we will use the Hilbert triangular matrix H as a transformation
whose domain is the spaces CI

0(L,M,N) and CI
(L,M,N). Let H be an infinite Hilbert

matrix and be defined as

H = (hik) such that hik =

(
1

i+ k − 1

)
for i, k ∈ N. (3)

Hilbert matrix was introduced by David Hilbert in 1894 to study a question
in approximation theory. H is said to be triangular Hilbert matrix if

hik = 0 for k > i, and hii �= 0 for all i ∈ N.

Hilbert matrix was used in classic theory of summability and considered as a
bounded linear operator on the spaces of all p-summable sequences spaces (�p)
with norm ‖H ‖p= π

sin(πp )
for 1 < p < ∞ [6].

Domain of an infinite matrix H in a sequence space W is defined as

Hp = {ϑ = (ϑk) ∈ ω : Hϑ ∈ W}.
Throughout the paper, H -transform of the sequence ϑ = (ϑk) ∈ ω is defined as
follows:

Hi(ϑ) =

i∑
α=1

ϑα

i+ α− 1
for i, α ∈ N. (4)

2. Preliminaries

���������� 2.1 ([4])� Suppose that E ⊂ N and the symbol | · | denotes the
cardinality of the set. It is called the asymptotic density of E, denoted Δ(E),
and is defined as

Δ(E) = lim
α→∞

1

α
|{k ≤ α : k ∈ E}|. (5)
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���������� 2.2 ([4])� Let ϑ = (ϑk) be a number sequence. Then, the sequence
is called statistically convergent to the number � if, for each ε > 0, the set
E(ε) = {k ≤ p : |ϑk − �| > ε} has Δ(E) = 0, i.e.,

lim
p→∞

1

p

∣∣{k ≤ p : |ϑk − �| ≥ ε}∣∣ = 0. (6)

We denote statistical convergence as st− lim = l.

���������� 2.3 ([4])� A number sequence ϑ = (ϑk) is said to be a statistically
Cauchy sequence if, for every ε > 0, ∃ is a positive integer (depends on ε)
N = N(ε) such that

lim
p→∞

1

p

∣∣{k ≤ p : |ϑk − ϑN | ≥ ε}∣∣ = 0. (7)

���������� 2.4 ([14])� Consider X �= φ and I ⊂ P (X). Then, I is called ideal
if it satiesfies the following properties:

(a) φ ∈ I,

(b) σ1, σ2 ∈ I =⇒ σ1 ∪ σ2 ∈ I,

(c) for each σ1 ∈ I and σ2 ⊂ σ1, we have σ2 ∈ I.

If X /∈ I, then I is called non-trivial ideal.

���������� 2.5 ([14])� A non-trivial ideal I inX is said to be an admissible ideal
if it is different from P (X) and contains all singletons, i.e., {x} ∈ I for each x∈ X.

���������� 2.6 ([14])� Suppose X is a non-empty set. Then, the non-empty
family F ⊂ P (X) is called the filter on X if and only if

(a) φ /∈ F,

(b) σ1, σ2 ∈ F =⇒ σ1 ∩ σ2 ∈ F,

(c) for each σ1 ∈ F and σ2 ⊃ σ1, we have σ2 ∈ F.

���������� 2.7 ([14])� Suppose I ⊂ P (X) is a non-trivial ideal. Then, a class

F (I) = {A ⊂ X : A = X −M, for some M ∈ I}
is a filter on X, called filter associated with the ideal I.

���������� 2.8 ( [14])� Suppose I⊂P (X) is a non trivial ideal in X. Then,
a number sequence x = (xk) is said to be ideally convergent (I-convergent) to ξ
if, for every ε > 0, the set {k ∈ N : |xk−ξ|≥ε}∈I, and we write it as I−lim x=ξ.
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���������� 2.9 ([10, 15])� The binary operation � : [0, 1] × [0, 1] −→ [0, 1] is
said to be a continuous t-norm if:

(a) � is commutative and associative,

(b) � is continuous,

(c) s � 1 = s ∀ s ∈ [0, 1],

(d) s ≤ u and p ≤ q =⇒ s � p ≤ u � q, for each s, p, u, q ∈ [0, 1].

���������� 2.10 ([15])� The binary operation � : [0, 1]× [0, 1] −→ [0, 1] is said
to be a continuous t-conorm if:

(a) � is commutative and associative,

(b) � is continuous,

(c) s � 0 = s ∀ s ∈ [0, 1],

(d) s ≤ u and p ≤ q =⇒ s � p ≤ u � q for each s, p, u, q ∈ [0, 1].

���������� 2.11 ([12])� LetX as a vector space andN ={〈x, L(ϑ),M(ϑ),N(ϑ)〉 :
ϑ ∈ X} be a normed space such that N : X × (0,∞) → [0, 1]. Assume that
� and � are a continuous t-norm and a continuous t-conorm, respectively. Then,
the four-tuple (X,N, �, �) is called a neutrosophic normed space (NNS) if the
following conditions are satisfied; for all ϑ, ϑ0 ∈ X and j, s > 0, and for each
α �= 0,

(i) 0 ≤ L(ϑ, j) ≤ 1, 0 ≤ M(ϑ, j) ≤ 1, 0 ≤ N(ϑ, j) ≤ 1, ∀ j ∈ R+,

(ii) L(ϑ, j) +M(ϑ, j) + N(ϑ, j) ≤ 3, for j ∈ R+,

(iii) L(ϑ, j) = 1 (for j > 0) iff ϑ = 0,

(iv) L(αϑ, j) = L(ϑ, j
|α| ),

(v) L(ϑ, j) � L(ϑ0, s) ≤ L(ϑ+ ϑ0, j+ s),

(vi) L(ϑ, .) is a continuous non-decreasing function,

(vii) limj→∞ L(ϑ, j) = 1,

(viii) M(ϑ, j) = 0 (for j > 0) iff ϑ = 0,

(ix) M(αϑ, j) = M(ϑ, j
|α| ),

(x) M(ϑ, j) �M(ϑ0, s) ≥ M(ϑ+ ϑ0, j+ s),

(xi) M(ϑ, �) is a continuous non-increasing function,

(xii) limj→∞ M(ϑ, j) = 0,

(xiii) N(ϑ, j) = 0 (for j > 0) iff ϑ = 0,

(xiv) N(αϑ, j) = N(ϑ, j
|α| ),

(xv) N(ϑ, j) � N(ϑ), s) ≥ N(ϑ+ ϑ), j+ s),

(xvi) N(ϑ, .) is a continuous non-increasing function,

(xvii) limj→∞ N(ϑ, j) = 0,
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(xviii) if j ≤ 0, then L(ϑ, j) = 0, M(ϑ, j) = 1, N(ϑ, j) = 1.

These three tupples, N = 〈L,M,N〉, are called the neutrosophic norm (NN).

Example ( [12]). Suppose that (X, ‖ . ‖) is a NNS. Give the operations as
u1 � u2 = u1u2 and u1 � u2 = u1 + u2 − u1u2. For j > ||u1||,

L(u1, j) =
j

j+ ||u1|| , M(u1, j) =
||u1||

j+ ||u1|| , (u1, j) =
||u1||
j

(8)

for all u1, u2 ∈ X, and j > 0. If we take j ≤ ||u1||, then
L(u1, j) = 0, M(u1, j) = 1 and N(u1, j) = 1. (9)

Hence, (X,N, �, �) is NNS such that N : X × (0,∞) → [0, 1].

���������� 2.12� [12] Let (X,N, �, �) be a neutrosophic normed space. A se-
quence ϑ = (ϑk) ∈ X is said to be convergent to ξ with respect to the neutro-
sophic norm N = 〈L,M,N〉 if, for every 0 < ε < 1 and j > 0, there exists K ∈ N

such that L(ϑk − ξ, j) > 1− ε, M(ϑk − ξ, j) < ε and N(ϑk − ξ, j) < ε, i.e., for all
j > 0, we have

lim
k→∞

L(ϑk−ξ, j) = 1, lim
k→∞

M(ϑk−ξ, j) = 0 and lim
k→∞

N(ϑk−ξ, j) = 0. (10)

The convergence of a sequence in (X,N, �, ◦) is denoted by N − limϑk = ξ.

���������� 2.13 ([12])� Let (X,N, �, �) be a NNS. A sequence ϑ = (ϑk) ∈ X is
said to be Cauchy sequence with respect to the neutrosophic normN = 〈L,M,N〉
if, for every 0 < ε < 1 and j > 0, there exists N ∈ N such that L(ϑk − ϑm, j) >
1− ε, M(ϑk − ϑm, j) < ε and N(ϑk − ϑm, j) < ε, for k,m ≥ N .

���������� 2.14 ( [12])� Let (X,N, �, �) be a neutrosophic normed space.
Then, the open ball with center v ∈ X and radius r is defined as, for 0 < r < 1,
v ∈ X and j > 0,

Bv(r, j) = {y ∈ X : L(v−y, j) > 1−r, M(v−y, j) < r, N(v−y, j) < r}. (11)

���������� 2.15 ([12])� Let (X,N, �, �) be a NNS and Y ⊆ X. Then, Y is said
to be open if, for each y ∈ Y , there exist t > 0, 0 < r < 1 such that By(r, t) ⊆ Y.

���������� 2.16 ([12])� Let (X,N, �, �) be an NNS, a sequence ϑ= (ϑk)∈X,
k ∈ N is said to be statistically convergent with respect to the neutrosophic
norm N = 〈L,M,N〉 if there exists ξ ∈ X such that the set

Pε := {k ≤ n ∈ N : L(ϑk − ξ, j) ≤ 1− ε or M(ϑk − ξ, j) ≥ ε, N(ϑk − ξ, j) ≥ ε}
(12)
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or equivalently,

Pε := {k ≤ n ∈ N : L(ϑk − ξ, j) > 1− ε or

M(ϑk − ξ, j) < ε,

N(ϑk − ξ, j) < ε}, (13)

has Δ(Pε) = 0 for every ε > 0 and j > 0. We write it as

SN − limϑk = ξ, or ϑk → ξ(SN ).

���������� 2.17 ([13])� Let (X,N, �, �) be an NNS, a sequence ϑ= (ϑk)∈X,
k ∈ N is said to be I-convergent to ξ, with respect to the neutrosophic norm

N = 〈L,M,N〉
if, for every ε > 0 and j > 0,

{k ∈ N : L(ϑk − ξ, j) ≤ 1− ε or M(ϑk − ξ, j) ≥ ε, N(ϑk − ξ, j) ≥ ε} ∈ I. (14)

���������� 2.18 ([8])� A sequence ϑ=(ϑn)∈ω is said to be Hilbert I-conver-
gent to a number ξ ∈ R if, for every ε > 0, the set

{n ∈ N : |Hn(ϑ)− ξ| ≥ ε} ∈ I.

3. Main Results

���������� 3.1� Let (X,N, �, �) be a neutrosophic normed space. A sequence
ϑ = (ϑk) ∈ X is said to be neutrosophic Hilbert I-convergent to ξ with respect
to the neutrosophic norm N =

〈
L,M,N

〉
if for every ε ∈ (0, 1) and j > 0 we have

the set

M1 = { n ∈ N : L
(
Hn(ϑ)− ξ, j

) ≤ 1− ε or

M
(
Hn(ϑ)− ξ, j

) ≥ ε,

N
(
Hn(ϑ)− ξ, j

) ≥ ε } ∈ I

and we write I(L,M,N)(H )– lim(ϑk) = ξ.

���������� 3.2� Let (X,N, �, �) be a neutrosophic normed space. Then, a se-
quence ϑ = (ϑk) ∈ X is said to be neutrosophic Hilbert I-Cauchy with respect
to the neutrosophic norm N = 〈L,M,N〉 if, for every ε ∈ (0, 1) and j > 0,
there exists a N ∈ N such that the set

M2 = { k ∈ N : L
(
Hk(ϑ)− HN (ϑ), j

) ≤ 1− ε or

M
(
Hk(ϑ)− HN (ϑ), j

) ≥ ε,

N
(
Hk(ϑ)− HN (ϑ), j

) ≥ ε } ∈ I.
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In this section, we introduce the following sequence spaces:

CI
(L,M,N)(H ) =

{
ϑ = (ϑk) ∈ ω :

{
i ∈ N : for some ξ ∈ C,

L
(
Hi(ϑ)− ξ, j

) ≤ 1− ε or

M
(
Hi(ϑ)− ξ, j

) ≥ ε,

N
(
Hi(ϑ)− ξ, j

) ≥ ε
} ∈ I

}
, (15)

CI
0(L,M,N)(H ) =

{
ϑ = (ϑk) ∈ ω :

{
i ∈ N : L

(
Hi(ϑ), j

) ≤ 1− ε or

M
(
Hi(ϑ), j

) ≥ ε,

N
(
Hi(ϑ), j

) ≥ ε
} ∈ I

}
. (16)

We define an open ball with respect to the Hilbert triangular matrix H with
center at ϑ and radius r > 0 with respect to the neutrosophic norm and ε ∈ (0, 1)
as follows:

Bϑ(r, ε)(H ) =
{
y = (yk) ∈ ω :

{
i ∈ N : L

(
Hi(ϑ)− Hi(y), r

) ≤ 1− ε or

M
(
Hi(ϑ)− Hi(y), r

) ≥ ε,

N
(
Hi(ϑ)− Hi(y), r

) ≥ ε
} ∈ I

}
. (17)

	
����� 3.3� The spaces

CI
(L,M,N)(H ) and CI

0(L,M,N)(H ) are linear spaces over R.

P r o o f. We will prove the result for CI
(L,M,N)(H ). The proof of linearity of the

space CI
0(L,M,N)(H ) follows similarly. Let

ϑ = (ϑk), y = (yk) ∈ CI
(L,M,N)(H ).

Then, there exist ξ1, ξ2 ∈ C, such that ϑ = (ϑk) and y = (yk) Hilbert I–converge
to ξ1 and ξ2, respectively. We will show that for any scalars ζ1 and ζ2 the sequence
ζ1ϑk+ζ2yk Hilbert I–converges to ζ1ξ1+ζ2ξ2. For j > 0 and 0 < ε < 1, consider
the following sets:

A =

{
i ∈ N : L

(
Hi(ϑ)− ξ1,

j

2|ζ1|
)

≤ 1− ε or

M

(
Hi(ϑ)− ξ1,

j

2|ζ1|
)

≥ ε,

N

(
Hi(ϑ)− ξ1,

j

2|ζ1|
)

≥ ε

}
∈ I.
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Ac =

{
i ∈ N : L

(
Hi(ϑ)− ξ1,

j

2|ζ1|
)

> 1− ε or

M

(
Hi(ϑ)− ξ1,

j

2|ζ1|
)

< ε,

N

(
Hi(ϑ)− ξ1,

j

2|ζ1|
)

< ε

}
∈ F (I).

B =

{
i ∈ N : L

(
Hi(y)− ξ2,

j

2|ζ2|
)

≤ 1− ε or

M

(
Hi(y)− ξ2,

j

2|ζ2|
)

≥ ε,

N

(
Hi(y)− ξ2,

j

2|ζ2|
)

≥ ε

}
∈ I.

Bc =

{
i ∈ N : L

(
Hi(y)− ξ2,

t

2|ζ2|
)

> 1− ε or

M

(
Hi(y)− ξ2,

j

2|ζ2|
)

< ε,

N

(
Hi(y)− ξ2,

j

2|ζ2|
)

< ε

}
∈ F (I).

Define the set D = A ∪B so that D ∈ I. It follows that φ �= Dc ∈ F (I).

Let q ∈ Dc. In this case,

L

(
Hq(ϑ)− ξ1,

j

2|ζ1|
)

> 1− ε or

M

(
Hq(ϑ)− ξ1,

j

2|ζ1|
)

< ε,

N

(
Hq(ϑ)− ξ1,

j

2|ζ1|
)

< ε

and

L

(
Hq(y)− ξ2,

j

2|ζ2|
)

> 1− ε or

M

(
Hq(y)− ξ2,

j

2|ζ2|
)

< ε,

N

(
Hq(y)− ξ2,

j

2|ζ2|
)

< ε.
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L
((

ζ1Hq(ϑ)− ζ2Hq(y)
)− (

ζ1ξ1 − ζ2ξ2
)
, j
)

≥ L
(
ζ1Hq(ϑ)− ζ1ξ1,

j

2

)
� L

(
ζ2Hq(y)− ζ2ξ2,

j

2

)

= L

(
Hq(ϑ)− ξ1,

j

2|ζ1|
)
� L

(
Hq(y)− ξ2,

j

2|ζ2|
)

> (1− ε) � (1− ε) = 1− ε.

This implies that

L
((

ζ1Hq(ϑ)− ζ2Hq(y)br) −
(
ζ1ξ1 − ζ2ξ2

)
, j
)
> 1− ε.

A similar way,

M
((

ζ1Hq(ϑ)− ζ2Hq(y)
)− (

ζ1ξ1 − ζ2ξ2
)
, j
)

≤ M
(
ζ1Hq(ϑ)− ζ1ξ1,

j

2

)
�M

(
ζ2Hq(y)− ζ2ξ2,

j

2

)

= M

(
Hq(ϑ)− ξ1,

j

2|ζ1|
)
�M

(
Hq(y)− ξ2,

j

2|ζ2|
)

< ε � ε = ε.

=⇒ M
((

ζ1Hq(ϑ)− ζ2Hq(y)
)− (

ζ1ξ1 − ζ2ξ2
)
, j
)
< ε.

And,

N
((

ζ1Hq(ϑ)− ζ2Hq(y)
)− (ζ1ξ1 − ζ2ξ2), j

)

≤ N
(
ζ1Hq(ϑ)− ζ1ξ1,

j

2

)
� N

(
ζ2Hq(y)− ζ2ξ2,

j

2

)

= N

(
Hq(ϑ)− ξ1,

j

2|ζ1|
)
� N

(
Hq(y)− ξ2,

j

2|ζ2|
)

< ε � ε = ε.

=⇒ N
((

ζ1Hq(ϑ)− ζ2Hq(y)
)− (

ζ1ξ1 − ζ2ξ2
)
, j
)
< ε.

Therefore, we have

Dc ⊂
{
q ∈ N : L

((
ζ1Hq(ϑ)− ζ2Hq(y)

)− (
ζ1ξ1 − ζ2ξ2

)
, j
)
> 1− ε or

M
((

ζ1Hq(ϑ)− ζ2Hq(y)
)− (

ζ1ξ1 − ζ2ξ2
)
, j
)
< ε,

N
((

ζ1Hq(ϑ)− ζ2Hq(y)
)− (

ζ1ξ1 − ζ2ξ2
)
, j
)
< ε

}
.

By the definition of the filter associated with the ideal I, we have{
q ∈ N : L

((
ζ1Hq(ϑ)− ζ2Hq(y)

)− (
ζ1ξ1 − ζ2ξ2

)
, j
)
> 1− ε or

M
((

ζ1Hq(ϑ)− ζ2Hq(y)
)− (

ζ1ξ1 − ζ2ξ2
)
, j
)
< ε,

N
((

ζ1Hq(ϑ)− ζ2Hq(y)
)− (

ζ1ξ1 − ζ2ξ2
)
, j
)
< ε

}
∈ F (I).
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Hence, the sequence (ζ1ϑk + ζ2yk) Hilbert I–converges to ζ1ξ1 + ζ2ξ2.
Therefore, (ζ1ϑi+ζ2yi) ∈ CI

(L,M,N)(H ). Hence, CI
(L,M,N)(H ) is a linear space. �

	
����� 3.4� Every open ball Bϑ(r, ε)(H ) with center at ϑ and radius r > 0
with respect to the parameter of the neutrosophic norm and 0 < ε < 1 is an open
set in CI

(L,M,N)(H ).

P r o o f. Consider an open ball with centre at ϑ and radius r > 0 with neutro-
sophic parameter 0 < ε < 1,

Bϑ(r, ε)(H ) =
{
y = (yi) ∈ ω :

{
i ∈ N : L

(
Hi(ϑ)− Hi(y), r

) ≤ 1− ε or

M
(
Hi(ϑ)− Hi(y), r

) ≥ ε,

N
(
Hi(ϑ)− Hi(y), r

) ≥ ε
} ∈ I

}
.

Then,

Bc
ϑ(r, ε)(H ) =

{
y = (yi) ∈ ω :

{
i ∈ N : L

(
Hi(ϑ)− Hi(y), r

)
> 1− ε or

M
(
Hi(ϑ)− Hi(y), r

)
< ε,

N
(
Hi(ϑ)− Hi(y), r

)
< ε

}∈ F (I)
}
.

Let y = (yk) ∈ Bc
ϑ

(
r, ε

)
(H ). Then, we have the set such that{

i ∈ N : L
(
Hi(ϑ)− Hi(y), r

)
> 1− ε or

M
(
Hi(ϑ)− Hj(y), r

)
< ε,

N
(
Hi(ϑ)− Hi(y), r

)
< ε

}
.

L
(
Hi(ϑ)− Hi(y), r

)
> 1− ε,

M
(
Hi(ϑ)− Hi(y), r

)
< ε

and
N
(
Hi(ϑ)− Hi(y), r

)
< ε

there exists r0 ∈ (0, r) such that,

L
(
Hi(ϑ)− Hi(y), r0

)
> 1− ε,

M
(
Hi(ϑ)− Hi(y), r0

)
< ε

and
N
(
Hi(ϑ)− Hi(y), r0

)
< ε.

Put
ε0 = L

(
Hi(ϑ)− Hi(y), r0

)
, =⇒ ε0 > 1− ε.

Then,
∃ s ∈ (0, 1) such that ε0 > 1− s > 1− ε.
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For ε0 > 1− s, we can have ε1, ε2, ε3 ∈ (0, 1) such that

ε0 � ε1 > 1− s, (1− ε0) � (1− ε2) < s and (1− ε0) � (1− ε3) < s.

Let ε4 = max{ε1, ε2, ε3}.
Now, consider the open ball Bc

y(r − r0, 1− ε4)(H ). We will show that

Bc
y(r − r0, 1− ε4)(H ) ⊂ Bc

ϑ(r, ε)(H ).

Let z = (zk) ∈ Bc
y(r − r0, 1− ε4)(H ), then we have the set{
i ∈ N : L

(
Hi(y)− Hi(z), r − r0

)
> ε4 or

M
(
Hi(y)− Hi(z), r − r0

)
< 1− ε4,

N
(
Hi(y)− Hi(z), r − r0

)
< 1− ε4

}
.

Therefore,

L
(
H i(ϑ)− Hi(z), r

) ≥ L
(
Hi(ϑ)− Hi(y), r0

)
� L

(
Hi(y)− Hi(z), r − r0

)
≥ ε0 � ε4 ≥ ε0 � ε1

> (1− s) > (1− ε).

This implies that L
(
Hi(ϑ)− Hi(z), r

)
> 1− ε,

M
(
Hi(ϑ)− Hi(z), r

) ≤ M
(
Hi(ϑ)− Hi(y), r0

) �M(
Hi(y)− Hi(z), r − r0

)
≤ (1− ε0) � (1− ε4) ≤ (1− ε0) � (1− ε2)

≤ (s) < ε.

Hence, we get

M
(
Hi(ϑ)− Hi(z), r

)
< ε

and
N
(
Hi(ϑ)− Hi(z), r

) ≤ N
(
Hi(ϑ)− Hi(y), r0

) � N(Hi(y)− Hi(z), r − r0
)

≤ (1− ε0) � (1− ε4) ≤ (1− ε0) � (1− ε3)

≤ (s) < ε.

This implies that

N
(
Hi(ϑ)− Hi(z), r

)
< ε.

Therefore, we have a set such that{
i ∈ N : L

(
Hi(ϑ)− Hi(z), r

)
> 1− ε or

M
(
Hi(ϑ)− Hi(z), r

)
< ε,

N
(
Hi(ϑ)− Hi(z), r

)
< ε

}∈ F (I).
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Hence, we get z = (zk) ∈ Bc
ϑ(r, ε)(H ). This implies that

Bc
y(r − r0, 1− ε4)(H ) ⊂ Bc

ϑ(r, ε)(H ). �

Remark 1� The spaces

CI
(L,M,N)(H ) and CI

0(L,M,N)(H )

are NNS with respect to the neutrosophic norm N = 〈L,M,N〉.
Now, define

τ(L,M,N)(H ) ={
W⊂CI

(L,M,N)(H ) : for each ϑ=(ϑk)∈W, ∃ r>0 and ε∈(0, 1) such that

Bϑ(r, ε)(H ) ⊂ W
}
.

Then, τ(L,M,N)(H ) defines a topology on the sequence space CI
(L,M,N)(H ).

The collection defined by

B =
{
Bϑ(r, ε) : ϑ = (ϑk) ∈ CI

(L,M,N)(H ), r > 0 and ε ∈ (0, 1)
}

is a base for the topology τ(L,M,N)(H ) on the space CI
(L,M,N)(H ).

	
����� 3.5� The topology τ(L,M,N)(H ) on the space CI
(L,M,N)(H ) is first

countable.

P r o o f. For each ϑ = (ϑi) ∈ CI
(L,M,N)(H ), consider the set

B =

{
Bϑ

(
1

n
,
1

n

)
(H ) : n = 1, 2, 3, 4, . . .

}
,

which is a countable local base at ϑ. Therefore, the topology τ(L,M,N)(H )

on the space CI
(L,M,N)(H ) is first countable. �

	
����� 3.6� The spaces CI
(L,M,N)(H ) and CI

0(L,M,N)(H ) are Hausdorff spaces.

P r o o f. We shall prove the result only for CI
(L,M,N)(H ) and another one

follows similarly. Let ϑ = (ϑi) and y = (yi) ∈ CI
(L,M,N)(H ) such that ϑ �= y.

Then for each i ∈ N and r > 0, we have,

0 < L
(
Hi(ϑ)−Hi(y), r

)
< 1,

0 < M
(
Hi(ϑ)−Hi(y), r

)
< 1,

and
0 < N

(
Hi(ϑ)−Hi(y), r

)
< 1. (18)
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Put
ε1 = L

(
Hi(ϑ)− Hi(y), r

)
, ε2 = M

(
Hi(ϑ)− Hi(y), r

)
,

ε3 = N
(
Hi(ϑ)− Hi(y), r

)
and ε = max{ε1, 1− ε2, 1− ε3}.

(19)

Then, for each ε0 > (ε, 1) there exist ε4, ε5, ε6 ∈ (0, 1) such that

ε4 � ε4 ≥ ε0, (1− ε5) � (1− ε5) ≤ (1− ε0) and (1− ε6) � (1− ε6) ≤ (1− ε0).

Again, putting ε7 = max{ε4, 1− ε5, 1− ε6, }, consider the open balls

Bϑ

(
1− ε7,

r

2

)
(H ) and By

(
1− ε7,

r

2

)
(H )

centered at ϑ and y, respectively. We show that

Bc
ϑ

(
1− ε7,

r

2

)
(H ) ∩ Bc

y

(
1− ε7,

r

2

)
(H ) = φ.

If possible, let

ϑ = (ϑi) ∈ Bc
ϑ

(
1− ε7,

r

2

)
(H ) ∩ Bc

y

(
1− ε7,

r

2

)
(H ).

Then for the set {k ∈ N}, we have

ε1 = L
(
Hk(ϑ)− Hk(y), r

)
≥ L

(
Hk(ϑ)− Hk(z),

r

2

)
� L

(
Hk(z)− Hk(y),

r

2

)

> ε7 � ε7 ≥ ε4 � ε4 ≥ ε0 > ε1 (20)

ε2 = M
(
Hk(ϑ)− Hk(y), r

)
≤ M

(
Hk(ϑ)− Hk(z),

r

2

)
�M

(
Hk(z)− Hk(y),

r

2

)

< (1− ε7) � (1− ε7) ≤ (1− ε5) � (1− ε5)

< (1− ε0) < ε2. (21)

And
ε3 = N

(
Hk(ϑ)− Hk(y), r

)
≤ N

(
Hk(ϑ)− Hj(z),

r

2

)
� N

(
Hk(z)− Hk(y),

r

2

)

< (1− ε7) � (1− ε7) ≤ (1− ε6) � (1− ε6)

< (1− ε0) < ε3. (22)

Equations (20), (21) and (22) imply a contradiction. Therefore,

Bc
ϑ

(
1− ε7,

r

2

)
(H ) ∩ Bc

y

(
1− ε7,

r

2

)
(H ) = φ.

Hence, the space CI
(L,M,N)(H ) is a Hausdorff space. �
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����� 3.7� A sequence ϑ = (ϑk) ∈ ω is a neutrosophic Hilbert I-convergent
with respect to the neutrosophic norms 〈L,M,N〉 if and only if it is a neutrosophic
Hilbert I-Cauchy with respect to the same norms.

P r o o f. Suppose ϑ=(ϑk)∈ω is neutrosophic Hilbert I-convergent with respect
to neutrosophic norms 〈L,M,N〉 such that

I(L,M,N)(H )− lim(ϑk) = ξ.

For a given ε ∈ (0, 1), there exists ε1 ∈ (0, 1) such that

(1− ε1) � (1− ε1) > 1− ε and ε1 � ε1 < ε.

Since I(L,M,N)(H )− lim(ϑk) = ξ, therefore for all j > 0

D =
{
i ∈ N : L

(
Hi(ϑ)− ξ, j

) ≤ 1− ε1 or

M
(
Hi(ϑ)− ξ, j

) ≥ ε1,

N
(
Hi(ϑ)− ξ, j

) ≥ ε1
} ∈ I

that implies

Dc =
{
i ∈ N : L

(
Hi(ϑ)− ξ, j

)
> 1− ε1 or

M
(
Hi(ϑ)− ξ, j

)
< ε1,

N
(
Hi(ϑ)− ξ, j

)
< ε1

} ∈ F (I).

For i ∈ Dc, we have

L
(
Hi(ϑ)− ξ, j

)
> 1− ε1 or

M
(
Hi(ϑ)− ξ, j

)
< ε1,

N
(
Hj(y)− ξ, j

)
< ε1.

For fix k ∈ Dc, let

Y =
{
i ∈ N : L

(
Hi(ϑ)− Hk(ϑ), j

) ≤ 1− ε or

M
(
Hi(ϑ)− Hk(ϑ), j

) ≥ ε,

N
(
Hi(ϑ)− Hk(ϑ), j

) ≥ ε
}∈ I.

We show that Y ⊂ D. Let i ∈ Y , we have

L
(
Hi(ϑ)− Hk(ϑ), j

) ≤ 1− ε or

M
(
Hi(ϑ)− Hk(ϑ), j

) ≥ ε,

N
(
Hi(ϑ)− Hk(ϑ), j

) ≥ ε.

We have two possible cases, first consider L
(
Hi(ϑ) − Hk(ϑ), j

) ≤ 1 − ε.

Then, L
(
Hi(ϑ)− ξ, j

2

) ≤ 1− ε1.
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If possible, let L
(
Hi(ϑ)− ξ, j

2

)
> 1− ε1. Then,

1− ε ≥ L
(
Hi(ϑ)− Hk(ϑ), j

)
≥ L

(
Hi(ϑ)− ξ,

j

2

)
� L

(
Hk(ϑ)− ξ,

j

2

)
> (1− ε1) � (1− ε1)

> (1− ε),

which is a contradiction.

Similarly, consider

M
(
Hi(ϑ)− Hk(ϑ), j

) ≥ ε, then M
(
Hi(ϑ)− ξ,

j

2

)
≥ ε1.

If possible, suppose

M
(
Hi(ϑ)− ξ,

j

2

)
< ε1.

Hence,

ε ≤ M
(
Hi(ϑ)− Hk(ϑ), j

)
≤ M

(
Hi(ϑ)− ξ,

j

2

)
�M

(
Hk(ϑ)− ξ,

j

2

)

< ε1 � ε1 < ε,

which is again a contradiction.

N
(
Hi(ϑ)− Hk(ϑ), j

) ≥ ε, then N
(
Hi(ϑ)− ξ,

j

2

)
≥ ε1.

If possible, suppose

N
(
Hi(ϑ)− ξ,

j

2

)
< ε1.

Hence,

ε ≤ N
(
Hi(ϑ)− Hk(ϑ), j

)
≤ N

(
Hi(ϑ)− ξ,

j

2

)
� N

(
Hk(ϑ)− ξ,

j

2

)
< ε1 � ε1 < ε,

which is again a contradiction. Therefore for i ∈ Y , we have{
L
(
Hi(ϑ)− ξ,

j

2

)
≤ (1− ε1),

M
(
Hi(ϑ)− ξ,

j

2

)
≥ ε1 and

N
(
Hi(ϑ)− ξ,

j

2

)
≥ ε1

}
∈ I.

This implies that i ∈ D. Hence, Y ⊂ D. Since D ∈ I, then consequently,
the sequence ϑ = (ϑi) is a neutrosophic Hilbert I-Cauchy with respect to the
norms 〈L,M,N〉.
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Conversely, suppose that the sequence ϑ = (ϑi) ∈ ω is neutrosophic Hilbert I-
Cauchy with respect to the norms 〈L,M,N〉 denoted by E. Let, on the contrary,
the sequence ϑ = (ϑi) ∈ ω be not neutrosophic Hilbert I-convergent; we denote
it by T . Then, there exists i ∈ N such that

E =
{
i ∈ N : L

(
Hi(ϑ)− Hk(ϑ), j

) ≤ 1− ε or

M
(
Hi(ϑ)− Hk(ϑ), j

) ≥ ε,

N
(
Hi(ϑ)− Hk(ϑ), j

) ≥ ε
} ∈ I.

Let, on the contrary,

T =
{
i ∈ N : L

(
Hi(ϑ)− ξ,

j

2

)
> 1− ε1 or

M
(
Hi(ϑ)− ξ,

j

2

)
< ε1,

N

(
Hj(y)− ξ,

t

2

)
< ε1

}
/∈ I.

This implies that,

1− ε ≥ L
(
Hi(ϑ)− Hk(ϑ), j

)

≥ L
(
Hi(ϑ)− ξ,

j

2

)
� L

(
Hk(ϑ)− ξ,

j

2

)

> (1− ε1) � (1− ε1)

> 1− ε,

which is a contradiction. Now,

ε ≤ M
(
Hi(ϑ)− Hk(ϑ), j

)

≤ M
(
Hi(ϑ)− ξ,

j

2

)
�M

(
Hk(ϑ)− ξ,

j

2

)

< ε1 � ε1
< ε,

which is again a contradiction. And

ε ≤ N
(
Hi(ϑ)− Hk(ϑ), j

)

≤ N
(
Hi(ϑ)− ξ,

j

2

)
� N

(
Hk(ϑ)− ξ,

j

2

)

< ε1 � ε1
< ε,

which is again a contradiction. Therefore, T ∈ I, and hence, ϑ = (ϑi) ∈ ω is
neutrosophic Hilbert I-convergent. �
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[13] KIŞI, Ö.: Ideal convergence of sequences in neutrosophic normed spaces, J. Intell. &
Fuzzy Systems, 41 (2021), no. 2, 2581–2590.
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