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ON STATISTICAL INDEPENDENCE AND
DENSITY INDEPENDENCE
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ABSTRACT. In the first part we recall the notion of statistical independence.
The second part is devoted to the definition of selective density and its connection
with the distribution of sequences. Then we define the independence of sequences
with respect to selective density. Finally, we prove that these two types of inde-
pendence are equivalent.

1. Introduction

The aim of this paper is to characterize statistical independence as the in-
dependence of given sequences with respect to a class of selective densities.
This is an extension of Theorem 3 of [10]. We apply similar ideas as in the proof
of the mentioned theorem.

1.1. Notation
X+ indicator function of the set L
v H(I) = {n;v(n) € I}.
|I]: length of the interval I.
|Al: cardinality of the finite set A.
R([0,1]): space of real functions defined on [0, 1]
R([0,1])™ = R([0,1]) x --- x R([0,1]) — (m times).
C([0,1]): space of continuous real functions defined on [0, 1]

C([0,1])™ = €([0,1]) x - - x C([0,1]) — (m times).
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Helly selection principle. The following case of result of Eduard Helly
(see [6l, page 372]) has crucial role: Let Hy, N = 1,2,3,... be non-decreasing real
functions defined on [0,1], such that Hn(0) =0, Hy(1) = 1. Then such increas-
ing sequence of natural numbers ky that the sequence Hy,, converges to suitable
function H in each point of [0, 1].

1.2. Statistical independence

The notion of statistically independent sequences is introduced and studied
in the work [11].

Let vy, ..., v, be a sequences of elements of [0, 1]. For h € R™([0, 1]) we define
the multi linear forms

where h = (hy,...,hny) € R([0,1])™.
We say that these sequences are statistically independent if

i AN(f) = 6n(f) =0, (1)

for every f = (f1,..., fm) € C([0,1])™.

Let us remark that this notion was later studied in various papers. For exam-
ple [3], [].

1.3. Selective density

The distribution of sequences was first studied by Hermann Weyl in his famous
paper [15]. We say that a set L C N has asymptotic density if the limit
. [LN[1, N
lim =l
im N

:=d(L) exists.
N—o0

In this case the value d(L) is called asymptotic density of the set L. Weyl’s defi-
nition of uniform distribution is equivalent to: given sequence {v(n)} of elements
of [0, 1] is uniformly distributed mod 1 if for each interval I C [0.1] the set v=1(I)
has asymptotic density and d(v=(I)) = |I|.

Assume that an increasing sequence of natural numbers k = {k1 < ko < ...
o <kn < ...} is given. We say that a set L C N is k measurable if the limit
. |LN[1, k]|

lim
N—o0 kN

In this case the value d.(L) is called k density of L. The system of all k-
-measurable sets we shall denote D,..

:=dx(L) exists.
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1.4. k-measurability

A sequence of v = {v(n)} of elements of [0,1] will be called k-measurable if
for each x € [0,1] the set v 1([0,2)) belongs to D,. In this case the function
F(x) = d.(v=1([0, 7)) we shall call k-distribution function of v. The k measur-

ability of v implies
1

kn
Jim =3 f(ow) = [fa)dF() @)
n=1 0

for each Riemann - Stjelties integrable function f defined on the interval [0,1].
These types of equalities are known as Weyl criterions. For the proof we refer
to [, [, [3], [B].

Consider a sequence v = {v(n)} of elements of [0, 1]. Applying Helly selection
principle to the sequence of functions
v ([0,2)) N [1, N|

N

we get that such increasing sequence k = {kn} exists that v is k-measurable.

Hy(z) = ,x €[0,1] for N=1,2,3,...

1.5. x-independence

Suppose that sequences v;,i = 1,...,m of elements of [0,1] are given.
Applying the Helly selection principle step by step to the sequences v; we get
that such increasing sequence of natural numbers r exists that these sequences
are k-measurable.

We say that these sequences are k-independent if the set

v ([0,21)) N N ([0, 2m))
belongs to D, and

dy (vl_l([O,xl)) A---n %l([oaﬂﬁm))) = Fi(z1) - Fin(Tm), (3)
for every x1,. .., Ty € 10,1] such that F; is continuous in the point
.’L'i,i: 1,...,m.

1.6. The equivalence

Now we can formulate the main result:

THEOREM 1. Let {v1(n)}, {va(n)}, ..., {vm(n)} be sequences of the interval [0, 1].
Then the following statements are equivalent:

(i) given sequences are statistically independent,

(ii) given sequences are k-independent for each sequence k such that these
sequences are Kk measurable.
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We start by some preliminary observations. Put

Ul_l ([07 xl)) n---N U;Ll ([0, xm)) = L(xh . ,xm) = L.

We see that the indicator functions fulfil the equation

le—l([07ml))(n) e Xvﬁll([O,mm))(n) = XL (n).

Taking into account that Xl( (n )) Xy-1(1)(n) for arbitrary interval I and real
sequence {v(n)} we get
X,Ui—l([O’Ii))(n) = Xjoo) (vi(n)), i=1,...,m. (4)
This implies
AN (Xo,z1)s - > X[o,2m)) Z Xr(n (5)
Let us remark that for k measurable sequences v;,i =1,...,m we have

1

/ hi(z)dF;(x (6)

10

&13

A}gnoo(skN(hl,. . .,

A

where F; is d;-distribution function of v;, and h; are Riemann Stjelties integrable
functions with respect to F;.

Proof of Theorem Il

i)=(ii) Suppose that given sequences are statistically independent. Let z; is
a point of continuity of F;, i = 1,...,m. Then for given € > 0 such continuous
functions

0< fi<fl, i=1,....m

exist that
Ji < X[O,-Ti) < fz/ (7)
and
1 1
/ f1(x)dFi(z) - / fi(@)dFi(x) <. (8)
0 0

Taking into account () we get from ()
fi(vi(n)) < Xjoz))(n) < fi(vi(n)) forneN and i=1,...,m.
This yields
N fm) S AN (Xozr)s - Xowny) S AN fh)

210



ON STATISTICAL INDEPENDENCE AND DENSITY INDEPENDENCE

and so (Bl yields

N
1
Moreover, it holds
5N(f17 R f?’n) < 6N (X[O,x1)7 R X[O,xm)) < 5N(f{7 SRR f7/n) (10)
Suppose that x = {ky} is such increasing sequence of natural numbers that
the sequences v;,7 = 1,...,m are K measurable. Then
A}gnoo Ok (/'\f'[o o1)s - .,X[me)) = l:Ildn(vi_l([O,xi))).

We suppose that the sequences {vi(n)},...,{v,(n)} are statistically indepen-
dent and so we can apply () for ky and we get

m 1

Jim Ay (fioeeos fm) = H/fi(x)dﬂ(x)

i=17
and
m 1
Jim e =11 [i@1aF @),
=10
And so
m L 1 kn m L
I1 /fi@)dFi(x) <N1£noo_NZXL(n) <[[ /fl@)dFi(x)
=1 0 n=1 =1 0
and
m 1 kn m 1
- ,
[ [#@ar@) <Fm = > 2 < ][ [#@dre)
i=1 0 =1 i=1 0
Clearly,
m 1 m m 1
[ [ <][ . (0.00) < ][ [#@0dre)
=1 0 =1 =1 0
And so taking into account (§) and £ — 07 we get
-1 ] _ L _
Hd( ([0,2)) = Jim Z Xp(n) = du(L).
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(ii)= (i)-
Choose now the sequence x in such manner that the sequences vi,..., U,
are k-measurable and there are x-independent.

Let S be the set of all step functions s = a1 Xy, + - - - + apgXr,, where the end-
points of the intervals I; are points of continuity of F1,..., Fy,. Then for every
Jg1,---,9m € S we have

lim Akz\](gla' . 7gm) - 516N<917' . ,gm) =0.
N—o0

And so from ([l we get

1 1
i A (@1g) = [0@dF @) - [gn@dba@). (1)
0 0
Let us consider real functions fi,..., f;, continuous on the interval [0,1].
These functions are bounded, thus we can suppose to be positive. For each
€ > 0 such step function sq,...,Sm, S1,...,9n € S exists that

si < fi <Si, (12)

1 1
/Sz(x)dFZ(x) /si(x)dFi(x) <e, (13)

0 0

for i =1,...,m. This yields
1 1

/si(x)dFi(x) < / filz)dFy(z) < /Si(x)dFi(x).
0 0 0

Denote for simplicity

AN =AN(f1, oy fm)s IN=0N(f1,-y fm)-
Then we have
AN(S1y.eoy8m) < AN < AN(S1, ..., Sm),
and
ON(S1,--+s8m) <IN < In(S1,...,5m)

Applying (I to the step functions

S1,.-.,8m and Si,...,S5,

we get

m 1 m
11 / s:(2)dF(x) < limy o Apy < Ty o0y < / S(x)dF (x).
=1 0 3
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Clearly,

1 1

/si(x)dFi(x) < lim &y < 11 /Si(x)dFi(x).
i:lo i:lo

m

This yields

<] Si(x)dFi(:c)—H si(z)dF;(x).

lim Ay, — lim §
’N—mo ke N —o0 kn

Analogously,

T = g s | < T [si@ario) -] [sware)

Taking into account the inequalities (I3) and ¢ — 0" we get

lim AkN - 6kN =0. (14)
N—o00

Each sequence of natural numbers contains by Helly’s selection principle such
subsequence  that the sequences {vi(n)},...,{vm(n)} are K measurable.
Therefore from (I4]) we get that

EN_H)O‘AN—(S]ﬂ:O. J
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