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ON STATISTICAL INDEPENDENCE AND

DENSITY INDEPENDENCE

Milan Paštéka

Institute of Mathematics, Slovak Academy of Sciences, Bratislava, SLOVAKIA

ABSTRACT. In the first part we recall the notion of statistical independence.

The second part is devoted to the definition of selective density and its connection
with the distribution of sequences. Then we define the independence of sequences
with respect to selective density. Finally, we prove that these two types of inde-
pendence are equivalent.

1. Introduction

The aim of this paper is to characterize statistical independence as the in-
dependence of given sequences with respect to a class of selective densities.
This is an extension of Theorem 3 of [10]. We apply similar ideas as in the proof
of the mentioned theorem.

1.1. Notation

XL: indicator function of the set L

v−1(I) = {n; v(n) ∈ I}.
|I|: length of the interval I.

|A|: cardinality of the finite set A.

R([0, 1]): space of real functions defined on [0, 1]

R([0, 1])m = R([0, 1])× · · · × R([0, 1])— (m times).

C([0, 1]): space of continuous real functions defined on [0, 1]

C([0, 1])m = C([0, 1])× · · · × C([0, 1])—(m times).
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Helly selection principle. The following case of result of Eduard Helly
(see [6, page 372]) has crucial role: Let HN , N = 1, 2, 3, . . . be non-decreasing real
functions defined on [0, 1], such that HN (0) = 0, HN (1) = 1. Then such increas-
ing sequence of natural numbers kN that the sequence HkN

converges to suitable
function H in each point of [0, 1].

1.2. Statistical independence

The notion of statistically independent sequences is introduced and studied
in the work [11].

Let v1, . . . , vm be a sequences of elements of [0, 1]. For h ∈ Rm([0, 1]) we define
the multi linear forms

ΔN (h) =
1

N

N∑
n=1

h1

(
v1(n)

)
. . . hm

(
vm(n)

)
,

δN
(
h
)
=

m∏
i=1

1

N

N∑
n=1

hi

(
vi(n)

)
=

(
1

N

)m m∏
i=1

N∑
n=1

hi

(
vi(n)

)
.

where h = (h1, . . . , hm) ∈ R([0, 1])m.

We say that these sequences are statistically independent if

lim
N→∞

ΔN (f)− δN(f) = 0, (1)

for every f = (f1, . . . , fm) ∈ C([0, 1])m.

Let us remark that this notion was later studied in various papers. For exam-
ple [3], [4].

1.3. Selective density

The distribution of sequences was first studied by HermannWeyl in his famous
paper [15]. We say that a set L ⊂ N has asymptotic density if the limit

lim
N→∞

|L ∩ [1, N ]

N
:= d(L) exists.

In this case the value d(L) is called asymptotic density of the set L. Weyl’s defi-
nition of uniform distribution is equivalent to: given sequence {v(n)} of elements
of [0, 1] is uniformly distributed mod 1 if for each interval I ⊂ [0.1] the set v−1(I)
has asymptotic density and d(v−1(I)) = |I|.

Assume that an increasing sequence of natural numbers κ = {k1 < k2 < . . .
· · · < kN < . . . } is given. We say that a set L ⊂ N is κ measurable if the limit

lim
N→∞

|L ∩ [1, kN ]|
kN

:= dκ(L) exists.

In this case the value dκ(L) is called κ density of L. The system of all κ-
-measurable sets we shall denote Dκ.
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1.4. κ-measurability

A sequence of v = {v(n)} of elements of [0, 1] will be called κ-measurable if
for each x ∈ [0, 1] the set v−1([0, x)) belongs to Dκ. In this case the function
F (x) = dκ(v

−1([0, x)) we shall call κ-distribution function of v. The κ measur-
ability of v implies

lim
N→∞

1

kN

kN∑
n=1

f
(
v(n)

)
=

1∫
0

f(x)dF (x) (2)

for each Riemann - Stjelties integrable function f defined on the interval [0, 1].
These types of equalities are known as Weyl criterions. For the proof we refer
to [7], [1], [13], [5].

Consider a sequence v = {v(n)} of elements of [0, 1]. Applying Helly selection
principle to the sequence of functions

HN (x) =
|v−1([0, x)) ∩ [1, N ]|

N
, x ∈ [0, 1] for N = 1, 2, 3, . . .

we get that such increasing sequence κ = {kN} exists that v is κ-measurable.

1.5. κ-independence

Suppose that sequences vi, i = 1, . . . ,m of elements of [0, 1] are given.
Applying the Helly selection principle step by step to the sequences vi we get
that such increasing sequence of natural numbers κ exists that these sequences
are κ-measurable.

We say that these sequences are κ-independent if the set

v−1
1 ([0, x1)) ∩ · · · ∩ v−1

m ([0, xm))

belongs to Dκ and

dκ
(
v−1
1 ([0, x1)) ∩ · · · ∩ v−1

m ([0, xm))
)
= F1(x1) · · ·Fm(xm), (3)

for every x1, . . . , xm ∈ [0, 1] such that Fi is continuous in the point

xi, i = 1, . . . ,m.

1.6. The equivalence

Now we can formulate the main result:

������� 1� Let {v1(n)}, {v2(n)}, . . . , {vm(n)} be sequences of the interval [0, 1].
Then the following statements are equivalent:

(i) given sequences are statistically independent,

(ii) given sequences are κ-independent for each sequence κ such that these
sequences are κ measurable.
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We start by some preliminary observations. Put

v−1
1

(
[0, x1)

) ∩ · · · ∩ v−1
m

(
[0, xm)

)
= L(x1, . . . , xm) := L.

We see that the indicator functions fulfil the equation

Xv−1
1 ([0,x1))

(n) . . .Xv−1
m ([0,xm))(n) = XL(n).

Taking into account that XI

(
v(n)

)
= Xv−1(I)(n) for arbitrary interval I and real

sequence {v(n)} we get

Xv−1
i ([0,xi))

(n) = X[0,x1)

(
vi(n)

)
, i = 1, . . . ,m. (4)

This implies

ΔN

(X[0,x1), . . . ,X[0,xm)

)
=

1

N

N∑
n=1

XL(n). (5)

Let us remark that for κ measurable sequences vi, i = 1, . . . ,m we have

lim
N→∞

δkN
(h1, . . . , hm) =

m∏
i=1

1∫
0

hi(x)dFi(x), (6)

where Fi is dκ-distribution function of vi, and hi are Riemann Stjelties integrable
functions with respect to Fi.

P r o o f o f T h e o r e m 1.

i)⇒(ii) Suppose that given sequences are statistically independent. Let xi is
a point of continuity of Fi, i = 1, . . . ,m. Then for given ε > 0 such continuous
functions

0 ≤ fi ≤ f ′
i , i = 1, . . . ,m

exist that

fi ≤ X[0,xi) ≤ f ′
i (7)

and
1∫

0

f ′
i(x)dFi(x)−

1∫
0

fi(x)dFi(x) ≤ ε. (8)

Taking into account (4) we get from (7)

fi
(
vi(n)

)
< X[0,xi)(n) < f ′

i

(
vi(n)

)
for n ∈ N and i = 1, . . . ,m.

This yields

ΔN(f1, . . . , fm) ≤ ΔN

(X[0,x1), . . . ,X[0,xm)

) ≤ ΔN (f ′
1, . . . , f

′
m)
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and so (5) yields

ΔN(f1, . . . , fm) ≤ 1

N

N∑
n=1

XL(n) ≤ ΔN (f ′
1, . . . , f

′
m). (9)

Moreover, it holds

δN (f1, . . . , fm) ≤ δN
(X[0,x1), . . . ,X[0,xm)

) ≤ δN (f ′
1, . . . , f

′
m). (10)

Suppose that κ = {kN} is such increasing sequence of natural numbers that
the sequences vi, i = 1, . . . ,m are κ measurable. Then

lim
N→∞

δkN

(X[0,x1), . . . ,X[0,xm)

)
=

m∏
i=1

dκ
(
v−1
i ([0, xi))

)
.

We suppose that the sequences {v1(n)}, . . . , {vm(n)} are statistically indepen-
dent and so we can apply (1) for kN and we get

lim
N→∞

ΔkN
(f1, . . . , fm) =

m∏
i=1

1∫
0

fi(x)dFi(x)

and

lim
N→∞

ΔkN
(f ′

1, . . . , f
′
m) =

m∏
i=1

1∫
0

f ′
i(x)dFi(x).

And so

m∏
i=1

1∫
0

fi(x)dFi(x) ≤ lim
N→∞

1

kN

kN∑
n=1

XL(n) ≤
m∏
i=1

1∫
0

f ′
i(x)dFi(x)

and

m∏
i=1

1∫
0

fi(x)dFi(x) ≤ lim
N→∞

1

kN

kN∑
n=1

XL(n) ≤
m∏
i=1

1∫
0

f ′
i(x)dFi(x).

Clearly,

m∏
i=1

1∫
0

fi(x)dFi(x) ≤
m∏
i=1

dκ
(
v−1
i ([0, xi))

) ≤
m∏
i=1

1∫
0

f ′
i(x)dFi(x).

And so taking into account (8) and ε → 0+ we get

m∏
i=1

dκ
(
v−1
i ([0, xi))

)
= lim

N→∞
1

kN

kN∑
n=1

XL(n) = dκ(L).
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(ii)⇒ (i).
Choose now the sequence κ in such manner that the sequences v1, . . . , vm
are κ-measurable and there are κ-independent.

Let S be the set of all step functions s = a1XI1 + · · ·+ a�XI� , where the end-
points of the intervals Ij are points of continuity of F1, . . . , Fm. Then for every
g1, . . . , gm ∈ S we have

lim
N→∞

ΔkN
(g1, . . . , gm)− δkN

(g1, . . . , gm) = 0.

And so from (6) we get

lim
N→∞

ΔkN
(g1, . . . , gm) =

1∫
0

g1(x)dF1(x) · · ·
1∫

0

gm(x)dFm(x). (11)

Let us consider real functions f1, . . . , fm continuous on the interval [0, 1].
These functions are bounded, thus we can suppose to be positive. For each
ε > 0 such step function s1, . . . , sm, S1, . . . , Sm ∈ S exists that

si ≤ fi ≤ Si, (12)

1∫
0

Si(x)dFi(x) −
1∫

0

si(x)dFi(x) < ε, (13)

for i = 1, . . . ,m. This yields
1∫

0

si(x)dFi(x) ≤
1∫

0

fi(x)dFi(x) ≤
1∫

0

Si(x)dFi(x).

Denote for simplicity

ΔN = ΔN (f1, . . . , fm), δN = δN (f1, . . . , fm).

Then we have

ΔN (s1, . . . , sm) ≤ ΔN ≤ ΔN(S1, . . . , Sm),

and

δN (s1, . . . , sm) ≤ δN ≤ δN (S1, . . . , Sm).

Applying (11) to the step functions

s1, . . . , sm and S1, . . . , Sm

we get
m∏
i=1

1∫
0

si(x)dFi(x) ≤ limN→∞ΔkN
≤ limN→∞ΔkN

≤
m∏
i=1

1∫
0

Si(x)dFi(x).
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Clearly,
m∏
i=1

1∫
0

si(x)dFi(x) ≤ lim
N→∞

δkN
≤

m∏
i=1

1∫
0

Si(x)dFi(x).

This yields

∣∣∣∣ lim
N→∞

ΔkN
− lim

N→∞
δkN

∣∣∣∣ ≤
m∏
i=1

1∫
0

Si(x)dFi(x)−
m∏
i=1

1∫
0

si(x)dFi(x).

Analogously,

∣∣∣ lim
N→∞

ΔkN
− lim

N→∞
δkN

∣∣∣ ≤
m∏
i=1

1∫
0

Si(x)dFi(x)−
m∏
i=1

1∫
0

si(x)dFi(x).

Taking into account the inequalities (13) and ε → 0+ we get

lim
N→∞

ΔkN
− δkN

= 0. (14)

Each sequence of natural numbers contains by Helly’s selection principle such
subsequence κ that the sequences {v1(n)}, . . . , {vm(n)} are κ measurable.
Therefore from (14) we get that

limN→∞|ΔN − δN | = 0. �
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