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ABSTRACT. In this article, we are interested in the study of a class of stochastic
functional differential systems driven by G-Brownian motion with infinite delay.
We prove the existence and uniqueness of the solutions when two basic conditions
are met: the linear growth condition and the Lipschitz condition.

1. Introduction

Due to their wide applications in various fields, such as science and engi-
neering, stochastic differential systems are receiving increasing attention from
scientists, as they are more precise in describing certain physical phenomena,
and this is what prompts us to study this kind of problems; see, for exam-
ple, Kolarova [4,[5]. Among the most important of these systems, we find the
class of stochastic functional differential systems driven by G-Brownian motion
with infinite delay, used in the mathematical modelling of certain phenomena
in branches of science and engineering such as fluid mechanics, thermodynamics
and wave propagation. This class has been studied by many mathematicians,
we cite, for example, the works of Faizullah et al [2[3], Bao and Jiang [IJ,
Ren et al. [I0HI2], Wang et al. [I3], Wei and Wang [14], Wu et al. [I5] and refer-
ences therein. They obtained several important results concerning the existence
of the solution, its uniqueness and its estimation under appropriate conditions.
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They also discussed stability, boundedness, convergence of the solution and other
issues.

The problem we are addressing in this work fits in this context. We are inter-
ested in the study of the existence and uniqueness of the solution for a class of sto-
chastic functional differential systems with infinite delay driven by G-Brownian
motion (G-ISFDSs).

What’s new here is that our problem has been presented in the form of a sys-
tem, which generalizes the works studied in the form of equations only, and also
some new conditions, as we will see later in the assumption (A1). This shift
from an equation to a system required several improvements in the techniques
used to overcome some of the difficulties. We would like to stress once again the
importance of the question under consideration in that it’s a mixture of several
concepts, which makes it a very important model.

The rest of this paper is organized as follows. In the next section, we provide
some notations and definitions necessary to understand the content of this work.
In the third section, we pose the problem we want to study with its hypotheses
and our main result. The last section is devoted to prove the main result.

2. Preliminary definitions and concepts

In this section, we recall some basic notions and definitions that we use
in this work. More details and information related to this section may be found

in Peng [6H9].

Let Q be a given non-empty set, and let H be a linear space of real valued
functions defined on €2 such that any arbitrary constant ¢ € H and if X € H, then
|X| € H. We consider that H is the space of random variables.

DEFINITION 2.1. A functional E : H — R is called sublinear expectation, if
for all X, Y in H, cin R and A > 0, the following properties are satisfied:

(i) (Monotonicity): if X <Y, then E[X]| <E[Y],
(ii) (Constant preserving): E|[c] = ¢,

(iii) (Sub-additivity): E[X + Y] <E[X]+E[Y],

(iv) (Positive homogeneity): E[AX]| = AE [X].

The triple (2, H,E) is called sublinear expectation space.

We assume that if X, Xo,..., X, € H, then p(X1,Xs,...,X,,) € H
for each ¢ € Cyip(R™), where Cp1;p(R™) is the space of linear functions ¢
defined as follows: for all z, y € R"

Cerip(R") = {p : R" = Rilp (z) —@ ()| < C (L +]a™ + |y[") |z — yl},

where C' is a positive constant and m € N* dependent only on ¢.
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Let S? be the space of d x d symmetric matrices. I' is a given non-empty,
bounded and closed subset of S For A = (Aiyj)?jzl € S? given, we define
G: 8% = R by

G(A) == LSup Tr (y""A).
ve

DEFINITION 2.2. In a sublinear expectation space (2, H,E), a d-dimensional
vector of random variables X € H? is G-normal distributed, if for each
¢ € Cprip(R?), the function

u(t,z) = E(@(m + \/EX))

is the unique viscosity solution of the following G-heat equation

= GD%)
ot (t,.’I}) € R+ X Rd,
u(0, z) = p(),

d . . .
where D?u = (82_ u) is the Hessian matrix of w.
Tix; )G g

We denote by Q = Cy(R) the space of all R-valued continuous functions w
defined on R4 such that w(0) = 0, equipped with the distance

22 P max [|(w' (t) —w? (t))| A1].

telo, k]
For each fixed T' > 0, let Qp = {w( A7), w € Q} with
Lip(Qr) = {¢(B(t1),...,B(tm)), m>1, t1,...,tm € [0,T],¢ € CyLip(R™)}
and let Lip(Q2) = nglLip(Qn). We denote by L7, (Qr), p > 1, the completion

of Lip(Q7) under the norm || X||, = (E[|X[P])7. Similarly, we denote L7, () the
completion space of Lip(€2). It was shown in Peng [6l[7] that there exists a family
of probability measures P on €2 such that

E[X] = sup EP[X] for X € L5(Q),

where ET stands for the linear expectation under the probability P. We say that
a property holds quasi surely (q.s.) if it holds for each P € P.
For a finite partition of [0, T], 7 = {to,t1,...,tN}, We set
p(mr) = max{|tkit1 — tx|, k=0,1,...,N —1}.
Consider the collection Mg’O(O, T) of simple processes defined by

N—-1

yi (w) = Z &k (w)I[tmtkH[(t))

k=0
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where
fk € Lg(ftk)vongNflvpzlv

F = ofB(s), 0<s<t}

is the filtration generated by the canonical process (B(t)) nd

t>00 @
Lg(Fe) = {€ € L(F); E(6) < oof .
The completion of Mg’O(O, T') under the norm
T v
1 P
Il = 2 [EQmi) a

0
is denoted by ME(0,T). Note that MIG(0,T) C ME(0,T), for 1 < p < gq.

3. Statement of the problem and main result

3.1. Assumptions

To study our problem, assume that (B (t)) +>0 1s an m-dimensional G-Brown-

ian motion defined on complete probability space (Q, F, P) with the filtration
{Fi}i>0 satisfying the usual conditions. Let

frog1: [0,7] x (Bc((—oo,T},Rd))2—> RY,

f27 f37 g2, gs: [O,T} X (BC((*OO,T},Rd))zﬁ Rde

are measurable Borel’s functions. Consider the following d-dimensional G-ISFDSs
dX(t) = AL X(),Y (1) dt+ f2(t, X(),Y (1) d(B, B) (t)
+f3(t, X(1),Y (1)) dB(t),

dy(t) = q1(t, X(t),Y(t))dt +g2(t, X(t),Y(t)) d (B, B) ()

(1)

+g5(t, X (1), Y (t)) dB(2),

where 0 < t < T. The initial condition («(0),3(0)) € R*® is given, ((B, B)(t))
for ¢ > 0; is the quadratic variation process of G-Brownian motion (B(t)) >0
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and for 1 <i <3, fi(, z,y), ¢, z,y) € ME((—oo, T];R??) for all z, y € R
Next, we give the initial data of (Il as follows
(X<t0>>Y(t0)) = (‘LB) = {(a(C)75<C)) oo < C < 0}
€ Mg ((—00,01;R) x MZ ((—o0,0];R?)  (2)

such that X (tg), Y(to) are Jy measurable and BC ((foo, 0]; Rd)—values random
variables.

Thus, () with initial value (2]) can be written in the following form:

X(t) = «a(0)+ ojfl (s,X(s),Y(s)) ds—l—ifﬂs,X(s),Y(s)) d(B, B)(s)
Y(t) = p(0) +0fgl(s,X(s),Y(s)) ds+0fg2(s,X(s),Y(s)) d(B, B)(s)
+ Lofgg(s, X(s), Y(s)) dB(s).

(3)
We first introduce the notion of solution to the problem (Bl used here.

DEFINITION 3.1. (X (¢),Y(t)) on —oo < t < T is called the solution of (B)
with initial data (@), if:

(i) (X(¢),Y(t)) is continuous and for all 0 <t <T; X(t) and Y (t) are F-
-adapted.

(11) f17 g1 € L1 ([07T]5Rd)7
f27 f37 g2, g3 € L2 ([07T]5Rd><m)

(iii) (X(0),Y(0)) = (a,B), and for each t € [0,7], we have (X(t),Y(t))
is solution of ([I]) in the quasi surely sense.

Now, we assume that for all function h = f; or ¢g;, 1 < i < 3, there exist two
positive and continuous functions on [0, T], ¢ and ¥, such that,

(A1): For all z, y € BC ((—o0,0];R?), and t € [0, 7]

h(t 2 ) < o(e) (14 Jal + o).

(A2): For all z1, y1, 2, y2 € BC((—O0,0];]Rd), and t € [0, 7]
Wt @3, y2) = h(t,or, )l < 0@ (o2 = 21 + gz = ).
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In the following we equip the space of processes in

Mé‘ ((7007 T]a Rd) X Mgw' ((7007 T]a Rd)
with the norm

Il =25 s (1XOF + ¥ OF) |

—0o<t<T
Note that this space is indeed of Banach.
3.2. The main result
Now, we can state the main result of this paper:

THEOREM 3.2. Under the assumptions (A1) and (A2), with initial data (2]
the G-ISFDSs B) has a unique solution

(X(1),Y (1) € M&((—o0, T); RY) x MZ((—oc0, T|; RY).

4. Proof of the main result

To prove the Theorem B.2], we will need the following Lemma:

LEMMA 4.1. Let (A1) and (A2) hold. If (X(t),Y(t)) € MZ((—oo, T|;R?) x
MZ((—o0,T);RY) is the solution of G-ISFDSs @) with initial data @), and
0<s<t<T, then

B(_sw [x@F+vor)) <

—oo<t<T

B [lof] + & 19 + i oxo (T s, 001

oSter
where
Ky = 4(E[aO)F] + E[ISOF]) +16T[(Cr+ )T+ C5) sup [p(0)].
Ky = 16[(C1 + Co)T + (5], N

and Cy, Cy,C3 are positive arbitrary constants.
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STOCHASTIC FUNCTIONAL DIFFERENTIAL SYSTEM

Proof. Let (X(2),

XOPF < 4la(0)+4

+4

+4

Y (t)) be a solution for ([@). So, for all t € [0,T7], we have

/tfl(SaX(S)

/fg(s,X(s),Y(s)) d(B, B)(s)| + 4

92(5,X(s),Y(s))d<B,B>(s) +4

Y (s))ds

2

2 t

/ f5(5, X (5), Y (3))

0

t
/93
0

dB(s)

)) dB(s)| .

Taking the G-expectation, and by using BDG’s and Holder’s inequalities,

we obtain

sup E [[X(s)[°] < 4B [[a(0)

0<s<t

t

+402tE/yf2(s X(s),Y(s))| ds+4C’3E/|f3(s X(s),

0

and

sup E [|X(s)|2] < 4E [\a(O)\Q]

0<s<t

t

+4CltE/|flsX ()] ds

t

0

s))| ds

+8CltIE/(]f1(s X(s),Y () = 1 (,0,0)[+ [ 1 (5,0,0)") ds

t
+ SCgtIE/
0

+8CsE

o —_

| f2(s, X (s)

f2500|+|f2500)|>d

(|f3(s,X( )Y () = fi (5,0,0)[*+ | f5 (5,0,0)) ds.
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By using the assumptions (A1) and (A2), we have

E( sup |X(s)|2> < 4E [[a(0)]*]

0<s<t

8[(Cy + Ca)t + C5] E/ s) |X(s)] )
0

SO

E( sup |X<s>|2) < 4E [|a(0)*] +8[(C + Ca)t + C3 / p(s) ds

0<s<t
0

0<u<s

8[(Cy + Co)t + Cs] /w(s)E < sup |X(u)|2> ds.
0

Likewise, we obtain

t

B (s VOIE) < 4B [1B00)] +8[Ch + Cait+ & foo)as

0<s<t
0

0<u<s

+8[(Cy + Co)t + O] /tw(s)E< sup \X(u)|2> ds

which give

e (sup X0 + V(]

0<s<t

§K1+K2/t¢(U)E< sup [|X<u>|2+w<u>|2}) ds

0<u<s
where
K, = 4 (E la(0))* + E \ﬁ(o)F) + 16T[(Cy + Ca)t + Cs] sup (1),
0<t<T
Ky, = 16[(Cy + Co)t + Cs.

We conclude, by Gronwall’s Lemma that

B ( s [XOF +YOF]) < Ko (182 sup 00

0<t<T 0<t<T
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Noting that the fact
2 2 2
{ sup [ X(s)]” <"+ sup [X(s)[,
—oo<s<t 0<s<t

sup |Y(s)]* < w\2+0sup X (s)]°,

—oo<s<t <s<t
then
B (_sw_ [x@F+ver])
—oo<s<t
<[] +£[j5] + 2 (s [ + V)]
0<s<t
<& [jof’] +8 [197] + s cxp (7465 swp 00
0<t<T
which proves our Lemma. O

Now, we can prove the main result of this work.
Proof of Theorem
(i) Uniqueness:  Suppose that (Xi(t),Yi(t)) and (X(t),Ya2(t)) are two
solutions of the system (3, then we have

Xl(t) —X2<t) = Oél<0) — 042(0)

+£f1 (S,Xl(s),Y1<S)) - h (S,X2(s),Y2(s)) ds

+ 125 X061 T2(9) — oo Xa(o) Vo) (. B
+£f3(s,X1(s),Y1(s)) — f3(5,X2(s),Y2(s)) dB(s),

Yi(t) — Ya(t) = 81(0) — B2(0)

+ Oftgl (s, X1(s), Yl(s)) — g1 (s, Xo(s), Yg(s)) ds

+ fa2 (5, Xa(5). T2(9) g5, X (o) V() (. B
—I—bfgg (S,X1<S), Yl(s)) - g3 (S,XQ(S), Yg(s)) dB(s).

33



E. CHALABI—S. MESBAHI—A. OUAOUA

Taking the G-expectation of the first equation of (), by using the BDG’s and
Holder’s inequalities and (A2), we obtain

E < sup |Xi(s) — X2(3)|2> < A4E (|Oél(o) - 042(0)|2)

0<s<t

ive) /zb (1X1(9) = Xa(8) P4+ [¥i(9) — Ya(s)]?) ds
+4t02/¢ (1X1(5) = Xa()/ P+ [¥a(s) — Ya(s)[?) ds
140, / BE)E (1X1(s) = Xa(5) 2+ [¥i(s) — Yals)?) ds

therefore

B (s 1%0(6) = X9 ) <48 (|a(0) - a2(0)F)

0<s<t
t

+4[(Cy + Cy)t + C@,]/ﬁ;(s)E K|X1(s) ~ Xo(s)]? + [Yi(s) — Y2(8)|2>] ds.

0

Likewise, we have

(s 4i(s) - Yol ) <48 (1510 - 520

0<s<t

L A[(Ch+ O+ 03]/¢(3)E [(1X1(9) = Xa(o) + ¥i(s) — Ya(s))] s

Finally, we obtain

E( sup X1 (s) — Xa(s) + Vi (s) Y2<s>|2)

0<s<t

< 4[E (jos(0) ~ ax0)F) + 6:0) - 520))]

—|—8[(C1—|—Cg)t—|—03]/1/}(s)E< sup |X1(u)—X2(u)\2—|—\Y1(u)—Yg(u)|2> ds

0<u<s
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By using Gronwall’s Lemma, we find

E ( sup X1 (s) — Xa(s)]? + [Yis) — Y2<s>|2)

0<s<t

<4 [E (Joa(0) = a0 + & (151(0) = 5200 exp (G20 sup 1065)]).

0<s<t

Now, taking (a1 (0), 51(0)) = (a2(0), B2(0)), we obtain for ¢ = T':

B ( s 1600 - X0l + () - V(0] ) =0
which gives
(X1 (t), Yy (t)) = (Xg(t), Yg(t)), for each t € [0, T}

Therefore, for all t € (—o0,T], (X1(t),Y1(t)) = (X2(t), Ya(t)) q.s.

(ii) Existence: Let (XJ,YY) = (a,B) and (Xo(t),Yo(t)) = (a(0),5(0))
for t € [0,T]. Let (X{,Yg) = (o, 8), n > 1 and for ¢ € [0,T], we define
the following Picard sequence:

X"(t) =a(0) —l—oftfl (5, X" 1(s), Y™ 1(s)) ds

+({tf2 (S,X"_l(s),Y“_l(s)) d(B, B)(s)
+ [ f3 (s, X" (s), Y"1 (s)) dB(s),

¢ (5)
Yn(t) =p(0)+ Ofgl (s, X" 1(s), Y™ !(s)) ds
+£gz (s,X“_l(s),Y"_l(s)) d(B, B)(s)
+ Oftgg (3, Xn1(s), Y"‘l(s)) dB(s).

Obviously,

(Xo(t), Yo(t)) € ME ((—o0,T],R?) x M ((—00,T],R),

and by induction

(Xn(t)ayn<t)) € Mé‘ (<_003T}?Rd) X Mé‘ ((_ooaTLRd) :
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Indeed, X" (#)]* < 4]a0)]?
2

! /f1 (5, X" 1(s), Y"1 (s)) ds
0

2

+4 /f2 (S,X”_l(s),Y”_l(s)) d(B) (s)

2

+4 /f3 (S,X”_l(s),Y”_l(s)) dB(s)

Taking the G-expectation, by BDG’s, Holder’s and Dobe’s martingale ine-
qualities, we have

E|X"(t)]” < 4E |a(0)[*
t

n 801tE/(|f1 (5, X" 1), Y"1 (5)) = f1(5,0,0)|*+ |f1 (5,0, 0)|2) ds
0

+8C’gtE/(|f2(s,X”_l(s),Y”_l(s)) — £2(5,0,0) >+ | f2 (8,0,0)|2) ds
0

+8031E/ (yf3 (5, X" (5), Y"1 (8)) = f5 (5,0,0)|*+ | fs (8,0,0)|2> ds
0
and by (A1), (A2), it results

E|X™(t)|* < 4E |a(0)]* + 8 [(C1 4+ C2)T + Cs)
x E/<<p(s) + () (|x 1 6)] + yY"—l(s)|2)> ds.
0

In the same way, we find

E[Y"™(t)* < 4E [B(0)[* + 8[(Cy + C2)T + Cs

X E/t(go(s) + 1/1(3)(|X”_1(s)|2 + |Y”_1(s)|2)> ds
0

SO
t

B 370 < 6, 6t e o
0
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Hence, for any k& > 1, it results

mas (E[IX"0)F + 7 0)f]) <

K +K2/<1/)(s) max (E [|X”_1(s)|2 + |Y"‘1(s)ﬂ>> ds.

1<n<k
0

Noting that

max, (E[[X" @)+ [y 6)f])

< max {IE la(0))* + E|B(0)[%, max (IE {|X"(t)|2 + |Y"(t)l2} )}

<Ela() +E[BO + max (E[lx"0)] +[y"(0)])

we have
s, (5[ + o)
< K+ Ky /(w(s) <E FEBOF + max (E[[X"(s) + ‘Y"<8)|2D>> ds

0

and

mas (E[IX"0) +[y"(0)])

<Ko+ Ko [l max (E[X" P + ")) ds
where i

K3 = K1 + KT (EJa(0)] + E[B(O)]*) sup_[v(1)].

0<t<T
From the Gronwall’s inequality, we have
max (E [|X”(t)|2 + |Y"(t)|2D < Kz exp <K2T sup [w(t)]>.
1<n<k 0<t<T

Because k is arbitrary, we obtain

B[l OF + v 0F] < Keewp (KT s [060]). 1€ 0.7) n21 (6)

0<t<T
This shows that
(X" (1), Y"™(t)) € ME&((—o0, T); RY) x MZ((—o0,T|;RY).
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From the BDG’s and Hélder’s inequalities, (A1) and (A2), we obtain

E <OS§LlI%t ‘Xl(s) — Xo(s)|2>
< 6[(C1 + Co)t + C3]/<<,0(s) +(s)E ’Xo(s)ﬁ) ds
0

< 6[(Cy + Ca)t + Cs]t sup p(s)+6[(Cy + Co)t + Cs)tE |oz|2 sup ¥(s).
0<s<t 0<s<t

Similarly, we have

E ( sup |Y'(s) — Y0(3)|2> < 6[(C1 + Ca)t + Cs]t sup ¢(s)

0<s<t 0<s<t

+6[(Cy + Ca)t + C3)tE | 8| sup 1(s)
0<s<t
then

E( sup [|X1(s) —Xo(s)|2 +[Yi(s) YO(S)PD

0<s<t

< 12[(Cy + Co)t + Cs]t sup @(s)
0<s<t

+6[(C1 + Ca)t + Cslt sup () (Eaf* +E ).

0<s<t

Taking ¢t =T, we have

E ( sup “XI(S) ~ X))+ [Y(s) Y0(5)|2]>

0<s<t

3
< °TK, (2 sup o(t) + sup (1) (E|a|2+E|B|2>>
8 0<t<T 0<t<T

then

. (oSngEt “XI(S) —X°(s)|" + [Y(s) - Y0(5)|2]> <K,
where
K= gTKZ (2 sup o(t) + sup (t) (E|a|2 +E|ﬂ|2>>.

0<t<T 0<t<T
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STOCHASTIC FUNCTIONAL DIFFERENTIAL SYSTEM
We also obtain

E < sup [|X2(S) — XY(s)| + |Y2(s) - Yl(S)ﬂ)

0<s<t

Ky

IN
ool w

P(s)E < sup [’Xl (u) — X° (u)’2 + |Y1 (u) —Y° (u)ﬂ) ds

0<u<s

o .

IN
ooloo

0<s<t

t
/ )ds < Kth sup ¥ (s).
0

E < sup [|X3(s) . X2(s)|2 n |Y3(s) — Y2(S)’2}>

0<s<t

Ky O/@ZJ(S)E <0§i§s [|X2 (u) — X! (u)|2 + |Y2 (u) —Y! (u)ﬂ) ds

IN
ool w

t
3 . 3 e 2
§K2 X 8K2K021£T1/J( )O/Sw(s)ds <K (8K2OS<LLI;¢( )) o1
and
B (s (1460 - X + s - )]
0<s<t
t
< g8 [ue (s [1X° ) = X2 @) 4 v ) - v2 )] ) as
) 0<u<s
3~ (3 2 pg? ~ (3 £
< 3k (R 00) o0 K (G 00) .

We easily deduce, by recurrence, that for any positive integer n and for all
te[0,T7],
E ( sup [|X"+1(s) - X"(s)|2 + |y (s) — Y”(s)ﬂ)

0<s<t

K (3 s
< — [ =Kot 7
< <8 2 08;;;#}(8)) (7)
which means that (X" (¢),Y™(n)), ., is a Cauchy sequence.

We will prove that (X" (%), Y“(t))n>1 converges to the solution (X (t),Y (¢))
at the sense of LZ on MZ((—o0,T];R?) x ((—o0, T];R?). Taking ¢ = T in (@),
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we have
E (OE?ET UX"“(t) — X)) 4 [y - Y"(t)|2]>

K (3 "
< — (—KzT sup w(t)> )
n! 8 0<t<T

then

IN

S B

E (ozltlgT |X”+1(t) - X"(t)|

IN

E( sup [V (1) — Y"(¢)|
0<t<T

By the Chebyshev inequality, we have

N—— SN———" ~—
IN

. 1 K (3 "

C’< sup | X"H(t) — X" (t)] > — — | = KT sup 1/}(75)) ,
0<t<T 2n n! \ 2 0<t<T

_ 1 K (3 .

C < sup |[Y"TH(t) =Y ()| > — ) < — | KT sup 1/}(75)) ,
0<t<T 2m n! \ 2 0<t<T

where C' (-) is the capacity associated to P-
From the fact that

0<t<T

nz_om <§K2T sup w(t)> < 00,
and by Borel-Cantelli Lemma, for all w € § , there exists a positive integer
no = no (w), such that

0<t<T
1
sup |Y"FH(t) — X"(t)| < —, as n > ny,
0<t<T 2n
or
X (t) = X0 (t) + 30 [XM(t) — XM (1),
k=1
Yr)=y0 @)+ 3 [YE@) -YH@)],
k=1
which give )
XX - X0l < X =2
k=1 k=0
oo oo 1
> YRR - YRLe)| < o5 =2
k=1 k=0
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The series

ip(’@( — X*1(#)| and Z|Y’f —Y* (@)
k=1

are convergent on (—oo,T]. Moreover, according to Weierstrass’s criterion,
the series

)+ ) [XFE) = X)) and YO + Y [YVR(E) = Y1)
k=1 k=1
are also convergent on (—oo, T, then the series
X)) +Y°@t) + Z RUGED S GIES PN AOES G (]
k=1

is convergent on (—oo,T]. Furthermore, it’s uniformly convergent on (—oo, 7.
Therefore, approximate sequence (X" (¢),Y™ (t)) — (X (¢),Y (t)) on (—o0,T],
r (X" (t),Y™(t)),, is a Cauchy sequence in LZ. Hence

lim (X™(t),Y"™() = (X(t),Y(t))

then
lim E [|X”(t) — X))+ Y () - Y(t)ﬂ ~0.

n—oo

Letting n — oo in (@), it comes for all ¢ € [0, 7]

B [IX (OF + 17 (0] < Kexp (T sup [6(0)]).

0<t<T

We integrate the above over (0,t], we get

t 0

B [(IXEP+ Y F) ds<E [ (o) + Yo 6)) ds

— o0 —0o0

+ / K exp <K2T sup [¢ (t)]) ds

0<t<T

< I[-E/(|a(s)|2 + |B(3)|2> ds + TK3exp (KQT sup [1/}75]) < 00

0<t<T

Thus
(X(®),Y(t) € ME ((—o0,T],RY) x M ((—o00,T],R%).
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We show (X (t),Y(t)) solution of [@). For h; = fi, g;:

¢ 2

/[hl (5,X"(5),Y"(s)) — h1(s,X(s),Y(s))] ds

0

E

2

+E [hz (s,X"(s),Y"(s)) — ho (s,X(s),Y(s))] d(B, B)(s)

2

+E| [ [hs(s, X" (s),Y"(s)) — hs(s, X(s),Y(s))] dB(s)

S o—_ .

< 4](C + o)t + 03]/¢(3)E [1X7(5) = X ()2 + V" (s) = V()] ds.

Noting the sequence (X"(t),Y™(t)) _, uniformly converges on (—oo,T],

that for any € > 0, there exists a positive integer ng such that as n > ng;
for any t € (—o0, T

E [|Xn(s> — X()]2 4 [Y"(s) — Y(s)ﬂ <e.

Furthermore, we have
2

E

/[h1 (5,X"(s),Y"(s)) — h1(s,X(s),Y(s))] ds
0

2

+E [h2 (s,X”(s),Y”(s)) — ho (S,X(s),Y(s))] d(B, B)(s)

2

+E| [ [hs(s,X™(s),Y"(s)) — hs(s, X(s),Y(s))] dB(s)

S O —

t

< A4[(Cy + Cy)t + C5] 5/1/)(3) ds < ﬁsTsup W(t).
J 0<t<T
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In other words, for ¢ € [0, T], we have in LG since n — 00

/h1 (5,X™(s),Y"(s)) ds —>/h1 (5,X(s),Y(s))ds,

t

/hg(s,X"( ),Y"(s)) d(B, B)(s) —>/h2 5, X (), Y(s)) d(B, B)(s),

/hg s, X"(s),Y"(s)) dB(s) %/hg s,X(s),Y(s)) dB(s).
0

For t € [0,T], taking limits of (G), as n — oo, we obtain (X (¢),Y(t)) is solu-

tion of (B), what had to be proven. O
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