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ABSTRACT. We study two particular modifications of the P-property of ideals
and related cardinal invariants cofJ (I) and cov+(I). We give some results on the
existence of P (J )-ideals or non-P (J )-ideals regarding specific classes of ideals,
particularly meager ideals on ω. We also provide values of the cardinal invariant

cofJ (I) describing the smallest families ensuring P(J ) for particular critical
ideals. Moreover, we obtain a simple way of proving strict inequalities Fin <K

〈A〉 <K Fin × Fin for any MAD family A using the weak P-ideal notion.

1. Introduction

One of the extensively studied classes of ideals on ω is the class of (analytic)
P-ideals, i.e., ideals satisfying the P-property. In this paper, we study a natural
modification of the P-property called P(J )-property:

���������� 1.1� We say that an ideal I is a P(J )-ideal if for every family
{In : n ∈ ω} ⊆ I there is I ∈ I such that In ⊆J I for all n ∈ ω.

This property was introduced in [21] by M. Mačaj and M. Sleziak within
their study of ideal convergence in topological spaces. It later appeared in the
paper [9] by R. Filipów and M. Staniszewski, who studied ideal convergence
of sequences of real-valued functions. They showed that the setting in which
(among others) ideal uniform convergence is stronger than ideal quasi-normal1

convergence is characterized by the relationship “I is a P(J )-ideal”, hence the
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importance for the real functions field. This is an interesting result regarding
the fact that uniform convergence is stronger than quasi-normal convergence
(introduced in [4,5]) in the standard non-ideal setting.

	
����� 1.2 (R. Filipów, R.—M. Staniszewski [9], 2014)� Let X be a non-
-empty set and I,J be ideals on ω. The following are equivalent:

(1) I is a P(J )-ideal.

(2) For any sequence 〈fn : n ∈ ω〉 of real-valued functions on X, if 〈fn : n ∈ ω〉
is I-uniformly convergent to f , then 〈fn : n ∈ ω〉 is (I,J )-quasi-normally
convergent to f .

In [10, 25], the same authors proved some simple basic properties of this
P-like notion: e.g., “monotonicity” of P(J ) with respect to inclusion, i.e., if I is
a P(J )-ideal, then I is a P(J ′) for every J ′ ⊇ J, in particular, every P-ideal is
a P(J )-ideal for any ideal J. They have also shown that I is a P(I)-ideal for any
ideal I or the fact that I is a P(J ) and J is a P(I) for any pair of maximal
ideals I,J.

In this paper, we aim to concentrate on this characterization of the strength
of uniform functional convergence from a purely combinatorial point of view, i.e.,
we intend to study precisely the relationship “I is a P(J )-ideal”. First, we give
answers to some natural non-trivial2 questions about the existence of P(J ) or
non-P(J )-ideals. In particular, we prove that there is a meager non-P(J )-ideal
with cofinality being equal to c for any meager ideal J, and also that maximal
ideals are extreme cases of P(J )-ideals.

With the P(J )-property being defined, we can introduce a cardinal invari-
ant describing the smallest family ensuring the P(J )-property for a particular
ideal I, i.e., something like a base of this property. In addition to the basic
properties, we examined values of this cardinal invariant for some pairs of criti-
cal ideals on ω having nice representation in ω×ω, namely Fin, Fin×∅, ∅×Fin,
Fin × Fin, Sel, ED, see Table 2. The last three of them are determined some-
how by the family of all sequences of natural numbers, that is, ωω is a part
of a generating family. All these ideals are meager, see e.g. [6,23].3

We consider a particular modification of the P(J )-property in the last section.
After introducing a cardinal invariant cov+(A), where A is a MAD family on ω,
we show that there is an easy way of proving strict inequalities in Katětov order
regarding ideals generated by MAD families: Fin <K 〈A〉 <K Fin× Fin.

2Some of the questions related to the existence are trivial, e.g. any ideal I is a P(I)-ideal,

therefore for any ideal I there is an ideal J such that I is a P(J )-ideal.
3Fin, Fin × ∅, ∅ × Fin, Fin × Fin, ED are meager because they are Borel (see [15, 23]), hence
analytic. Thus, they have the Baire property, and consequently, they are meager (see, e.g. [2]
Theorem 4.1.1). The ideal Sel is not mentioned in these works, but since Sel ⊆ ED and ED
is meager, Sel is meager as well.
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2. Preliminaries

We refer the reader to [15, 23] for the basic facts about ideals. Let M be
a countable set (usually ω). A family I ⊆ P(M ) is an ideal on M if

1) ∅ ∈ I, M /∈ I,
2) if A ∈ I, B ⊆ A, then B ∈ I,
3) if A,B ∈ I, then A ∪ B ∈ I,
4) {x} ∈ I for every x ∈ M .

Throughout the text, M will always mean a countable set. A family B ⊆ I is
a base of I if for any I ∈ I there is B ∈ B such that I ⊆ B. The cardinality
of a smallest base of I will be denoted by cof(I), i.e.,

cof(I) = min{|B| : B is a base of I}.
For A,B ⊆ ω we write A ⊆∗ B if and only if A \ B is finite and A ⊆I B if
B \ A ∈ I. Let E be a family of subsets of M . If there is not a finite subfamily
C of E with finite M \⋃ C, then an ideal generated by E is the smallest ideal
containing E and Fin and we denote this ideal by 〈E〉, i.e.,

〈E〉 =
{
E ∈ P(M ) : E ⊆∗ ⋃

i<n

En for some E0, . . . , En−1 ∈ E
}
.

If I and J are ideals on the same set, then by I ∨ J we denote the ideal
generated by I ∪ J (i. e., the supremum of {I,J } in the family of all ideals
ordered by inclusion) if such an ideal exists. If I ∨J exists, it is easy to see that
I ∨J = {I ∪J : I ∈ I, J ∈ J }. The family of all I-positive sets (subsets of M
which are not in I) is denoted by I+, i.e., I+ = P(M ) \ I. For any E ∈ I+ we
define an ideal I�E = {I ∩ E : I ∈ I}. An ideal I is maximal if either A ∈ I
or M \A ∈ I for every A ∈ P(M ) (or equivalently, if I is maximal with respect
to the ordering by inclusion). A dual notion to a maximal ideal is a maximal
filter, commonly called an ultrafilter. We say that an ideal I on M is tall if for
any X ∈ [M ]ω there is I ∈ I such that X ∩ I is infinite.

A familyA ⊆ J+ is J -almost disjoint (J -AD) if A∩B ∈ J for eachA,B ∈ A,
A �= B. A J -AD family is a J -MAD family if for each X ∈ J+ there is an A ∈ A
such that X ∩ A ∈ J+ (i.e., A is ⊆-maximal among the J -AD families). It is
common to use terms AD family and MAD family instead of Fin-AD family
and Fin-MAD family. While (M)AD family is a standard set-theoretic term,
J -(M)AD family is a newer notion which has been studied mostly in recent
years, see, e.g. [1,7].
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For the set of all natural numbers we use the standard notation ω.
[X]<κ denotes the family of all subsets of X of cardinality smaller than κ.
Families [X]κ, [X]≤κ are defined in a similar manner. Therefore, condition (4)
in the definition of ideal can be replaced with [M ]<ω ⊆ I. We use (∀∞n < ω)
to abbreviate ‘for all but finitely many n’s”. For sets A,B denote by BA the set
of all functions from B to A. We usually identify functions with their graphs and
therefore we also identify BA with the family of graphs of functions from BA.
The Cantor space ω2 is viewed as the product of infinitely many copies of {0, 1}
(with discrete topology) endowed with the standard Tychonoff product topol-
ogy. We identify P(ω) with ω2 (and their topologies) via characteristic func-
tions. We call an ideal I on ω meager, analytic, etc. if I is meager, analytic, etc.
as a subset of the Cantor space P(ω).

We define a standard ≤∗-ordering on the set ωω by letting

f ≤∗ g if and only if (∀∞n < ω) f(n) ≤ g(n).

The cardinality of a smallest ≤∗-dominating4 family is denoted by d, i.e.,

d = min {|F| : F ⊆ ωω ∧ (∀g ∈ ωω)(∃f ∈ F) g ≤∗ f} 5

and the cardinality of a smallest ≤∗-unbounded family is denoted by b, i.e.,

b = min{|F| : F ⊆ ωω ∧ (∀g ∈ ωω)(∃f ∈ F) f �≤∗ g}.
We will consider following critical6 ideals on ω (although we will use handy

representations in ω × ω).

Fin = [ω × ω]<ω .

Fin× ∅ =
{
I ⊆ ω × ω : (∀∞n < ω) {m : 〈n,m〉 ∈ I} = ∅}.

∅ × Fin =
{
I ⊆ ω × ω : (∀n < ω) {m : 〈n,m〉 ∈ I} is finite

}
.

Fin× Fin =
{
I ⊆ ω × ω : (∀∞n < ω) {m : 〈n,m〉 ∈ I} is finite

}
.

Sel =
{
I ⊆ ω × ω : (∃k < ω)(∀n < ω) |{m : 〈n,m〉 ∈ I}| < k

}
.

ED =
{
I ⊆ ω × ω : (∃k < ω)(∀∞n < ω) |{m : 〈n,m〉 ∈ I}| < k

}
.

Note that Fin×∅ is the ideal generated by all vertical sections {n}×ω, ∅×Fin
is generated by all f−, where f− = {〈n,m〉 : m ≤ f(n)} for any f ∈ ωω7, and
Fin× Fin is the ideal generated by all vertical slices and all f−. Note also that
Sel = 〈ωω〉 and ED is the ideal generated by all the functions from ωω and all
the columns {n} × ω.

4i.e., cofinal in ωω preordered by ≤∗.
5For more details about cardinal characteristics of the continuum see, e.g. [3].
6The reason why we call these ideals “critical” can be found, e.g., in [15].
7In fact, it suffices to consider any ≤∗-dominating family.
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3. Existence results

In this section, we wish to give answers to some naturally arising questions
regarding existence of P(J ) or non-P(J )-ideals. For example, we wish to know if
there is a non-P(J )-ideal for an ideal J or if there there is an ideal J such that
every ideal I is a P(J )-ideal. Some of the results will be formulated in a general
setting with ideals on an arbitrary countable set M , since we will apply these
results on ideals with an underlying set that differs from ω, namely ω×ω, in other
sections. One can easily see that most of the results formulated for ideals on ω
can be stated in a general form where ω is replaced with any countable set M .

Ideals I, J on ω are said to be orthogonal, written I ⊥ J, if there is a set
A ⊆ ω such that A ∈ I and ω \A ∈ J.

���������� 3.1� If Jm is a maximal ideal on ω, then I is a P(Jm)-ideal
for every ideal I on ω.

P r o o f. It suffices to consider two cases. If Jm and I are orthogonal, we are
done. If Jm and I are not orthogonal, then we have ω \ I /∈ Jm for any
I ∈ I. Hence, from the definition of maximal ideal, I ∈ Jm for any I ∈ I,
i.e., I ⊆ Jm. �

Next, we wish to show that there is a non-P(J )-ideal for a broad class of ideals
which includes not only non-tall ideals but also, e.g., asymptotic density zero

ideal Z = {A ⊆ ω : limn→∞
|A∩n|

n = 0} (simply take a partition A = {An :
n ∈ ω} of ω such that d(An) = 1/2n, see Proposition 3.4) and hence also
van der Waerden ideal

W = {A ⊆ ω : A does not contain arbitrary long arithmetic progressions}
since W ⊆ Z (see [26]), Fin × Fin, ideals generated by MAD families, gener-
ally, meager ideals (see [24] Lemma 1.3), etc. Note that if X is an AD family,
then 〈X 〉 is tall if and only if X is a MAD family (see, e.g. [15]).

First, we introduce an important tool for studying ideals generated by two
ideals sharing only “very small” sets.


���������� 3.2 ([22])� Let J be an ideal on M and let I1, I2 be non-orthogonal
ideals on M such that I1 ∩ I2 ⊆ J. The following statements are equivalent.

(1) I1 and I2 are P(J )-ideals.

(2) I1 ∨ I2 is a P(J )-ideal.
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There is also an easy way to handle the ideals generated by AD families
described by the following assertion. By I ⊆� J we mean condition

(∃E ∈ I∗) I�E ⊆ J,
where I∗ = {M \ I : I ∈ I} is the dual filter. Note that if I ⊆ J, then I ⊆� J.

���������� 3.3 ([22])� Let J be an ideal on M and C be an infinite AD family.
The following statements are equivalent.

(1) 〈C〉 is a P(J )-ideal.

(2) C \ J is finite.

(3) 〈C〉 ⊆� J .

	
����� 3.4� If J is an ideal on ω such that there is a family

X = {Xn : n ∈ ω} ⊆ J+

of pairwise disjoint sets, then there is a tall ideal I such that I is not a P(J )-
-ideal.

P r o o f. Put I = 〈X 〉 ∨ {Y ⊆ ω : (∀n ∈ ω) |Y ∩Xn| < ω}. It is easy to see that
the family {Y ⊆ ω : (∀n ∈ ω) |Y ∩Xn| < ω} is an ideal, and moreover, it is
a P-ideal— the proof uses a similar technique as the standard proof of b>ω
(see [13] Theorem 8.3). Then, from Proposition 3.2 it follows that I is
a P(J )-ideal if and only if 〈X 〉 is a P(J )-ideal. By Proposition 3.3, I is a non-
-P(J )-ideal. The AD family X can be extended to a MAD X ′ by a routine
application of Zorn-Kuratowski lemma. Since 〈X ′〉 ⊆ I, the ideal I is tall. �

One can easily see that we can replace the assumption that there is a family
X ={Xn :n ∈ ω}⊆J+ of pairwise disjoint sets with the existence of J -AD family
A with |A| ≥ ω. Actually, the following weaker assertion with this assumption
holds true.


���������� 3.5� Let J be an ideal on ω and A be an infinite J -AD family.
Then 〈A〉 is not a P(J )-ideal.

P r o o f. Let {An : n ∈ ω} be a sequence of distinct members of A. Choose
A ∈ 〈A〉 arbitrarily. Then, there is a finite A′ ⊆ A with A ⊆∗ ⋃A′. Pick k ∈ ω
such that Ak /∈ A′. Note that Ak ∩ A ∈ J for all A ∈ A′, and consequently,
we have Ak ∩⋃A′ ∈ J. Next, we have Ak \⋃A′ /∈ J because otherwise Ak =
(Ak \

⋃A′)∪(Ak ∩
⋃A′) would be in J. Since A ⊆∗ ⋃A′, we have that Ak\A /∈

J as well. Thus, {An : n ∈ ω} is witnessing that 〈A〉 is not a P(J )-ideal. �

Consequently, we have that no ideal generated by an infinite AD family is
a P-ideal.
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We can improve the result in Proposition 3.4 for meager ideals in such a way
that the non-P(J )-ideal will also be “large” (of cofinality c). To prove this,
we need the following simple lemma.

����� 3.6� Every infinite MAD family A on ω is equipotent to the smallest
base of the ideal generated by A, that is,

cof(〈A〉) = |A| .
P r o o f. Assume not, i.e., assume that there is a MAD family A such that
cof(〈A〉) = κ < |A|, and let B be a base of cardinality κ. By the definition of gen-
erated ideals, for every B ∈ B there is a finite AB ⊆ A such that B ⊆∗ ⋃AB

for any B ∈ B. Then, B′ = {⋃AB ∪ F : B ∈ B, F ∈ [ω]<ω} is a base of 〈A〉
as well. A map f : B × [ω]<ω → B′ defined by

f(B,F ) =
⋃

AB ∪ F

is surjective, hence |B′| ≤ |B × [ω]<ω | = |B| · ℵ0 = |B|. For any B ∈ B′

let CB = {A ∈ A : A ⊆ B}. Clearly, |CB | < ω for all B ∈ B′. Then,∣∣∣∣∣
⋃

B∈B′
CB
∣∣∣∣∣ ≤ |B′| = κ < |A| ,

since
⋃

B∈B′ CB is a union of |B′| many finite sets. Moreover,⋃
B∈B′

CB = {A ∈ A : (∃B ∈ B′) A ⊆ B}

and since its cardinality is strictly less than that of A, there exists an A ∈ A
which is not covered by any B ∈ B′, which is a contradiction to the fact that B′

is a base of 〈A〉. �

Note that it was not necessary to construct a new base in this proof and we
could manage with the original base just as well. The only reason for this step
is that it is obvious which elements of the MAD family are covered by particular
sets from the new base.

Ideals generated by MAD families are meager (see e.g. [6]). We will need the
following corollary (see [23]) of a well-known theorem due to M. Talagrand and
S.-A. Jalali-Naini.


���������� 3.7 ([18, 28])� For any meager ideal J on ω and any J -positive
set X there is an almost disjoint family A of J -positive subsets of X of cardi-
nality c.

Now, we can formulate the intended improvement. The interesting thing about
the following theorem is the fact that the non-P(J )-ideal, where J is a meager
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ideal, behaves differently from different points of view — it is topologically negli-
gible, large in (set-theoretic) terms of base and also “dense” in some set-theoretic
sense since it is tall.

	
����� 3.8� If J is a meager ideal on ω, then there is a tall meager non-
-P(J )-ideal I with cof(I) = c.

P r o o f. By Porposition 3.7, there is an AD family A ⊆ J+ with |A| = c.
This family can be easily, similarly as in the proof of the Theorem 3.4, extended
to a MAD family A′. Since A′ \ J is infinite, it follows from Proposition 3.3
that 〈A′〉 is not a P(J )-ideal. Moreover, 〈A′〉 is meager and tall, because A′ is a
MAD family. Since |A′|= c, by applying Lemma 3.6, we get also cof(〈A′〉)= c. �

4. Smallest subfamilies ensuring P(J )-property

Here, we shall engage cardinal invariants in our study of the P(J )-property.
Cardinal invariants proved to be a very useful and also interesting tool for study-
ing characteristics of various families, mostly ideals – probably the most famous
example is the Cichoń’s diagram. Considering ideals on ω, we shall mention
at least [14,15,23]. We wish to contribute to this area by defining the following
cardinal invariant for a pair of ideals.

For any pair of ideals I,J on ω such that I is a P(J )-ideal we define the
following cardinal invariant:

cofJct(I) = min
{|A| : A ⊆ I ∧ (∀C ∈ [I]ω)(∃A ∈ A)(∀C ∈ C) C ⊆J A

}
.

If J = Fin, we write cof∗ct(I) instead of cofFinct (I). One can see that this
invariant describes the smallest family which ensures the relationship “I is
a P(J )-ideal” to be valid, i.e., it describes something like a base for the P(J )-
-property of an ideal I.

We shall justify the notation cofJct(I) for the introduced cardinal invari-
ant. In [14], F. Hernández-Hernández and M. Hrušák introduced the following
notation for tall ideals

cof∗(I) = min{|A| : A ⊆ I ∧ (∀I ∈ I)(∃A ∈ A) I ⊆∗ A}.
If we replace Fin with an arbitrary ideal J, we can consider the following cardinal
invariant

cofJ (I) = min{|A| : A ⊆ I ∧ (∀I ∈ I)(∃A ∈ A) I ⊆J A}.
One can easily check that cofJ (I) = cofJct(I) whenever I is a P(J )-ideal.
Indeed, let I be a P(J )-ideal. Then clearly,

{A : A ⊆ I ∧ (∀C ∈ [I]ω)(∃A ∈ A)(∀C ∈ C) C ⊆J A}
= {A : A ⊆ I ∧ (∀I ∈ I)(∃A ∈ A) I ⊆J A}.
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The “⊆” part is trivial. For the converse, let A be a member of the latter set,
and let C ∈ [I]ω . Since I is a P(J )-ideal, there is I ∈ I such that C ⊆J I
for all C ∈ C. By the assumption, there is A ∈ A such that I ⊆J A. Therefore,
C ⊆J A for any C ∈ C by the transitivity of ⊆J.

Therefore, to study cofJct(I) means to study cofJ (I) whenever I is a P(J )-
-ideal. So, even if our goal is to investigate cofJct(I), that is, the smallest
families ensuring the P(J )-property, it is sufficient to study cofJ (I) instead.
Note that in the case J = Fin, we obtain exactly cof∗(I) introduced in [14].
In the same paper, one can also find the following useful lemma.

����� 4.1 ([14])� cof∗(I) = cof(I) for any uncountably generated ideal I.
In the following assertion, we list some of the basic properties of the invariant.

����� 4.2� Let I,J ,J ′ be ideals on ω. Then, the following holds true.

(i) If I ⊆ J, then cofJ (I) = 1, in particular, cofI(I) = 1.

(ii) cofJ (I) ≤ cof(I).
(iii) If J ⊆ J ′, then cofJ

′
(I) ≤ cofJ (I).

(iv) Either cofJ (I) = 1 or cofJ (I) ≥ ω.

(v) If I is a P(J )-ideal, then either cofJ (I) = 1 or cofJ (I) ≥ ω1.

P r o o f.

(i) The family A = {∅} is a witness for cofJ (I) = 1.

(ii) If B is a base for I, then obviously

B ∈ {A ⊆ I : (∀I ∈ I)(∃A ∈ A) I ⊆J A
}
.

(iii) Let A witness the definition of cofJ (I). Since J ⊆ J ′, we also have

(∀I ∈ I)(∃A ∈ A) I ⊆J ′
A.

(iv) Let A be a witness for cofJ (I) and 1 < |A| < ω. Then
⋃A ∈ I, {⋃A}

satisfies the definition of cofJ (I) and is of cardinality smaller than A, which is
a contradiction.

(v) A finite cardinality of a witness has been solved in (iv). If A is a witness
for cofJ (I) and |A| = ω, then there is IA ∈ I such that A ⊆J IA for all A ∈ A
because I is a P(J )-ideal by the assumption. For any I ∈ I there is A ∈ A such
that I ⊆J A, since A is a witness for cofJ (I). The conclusion I ⊆J IA follows
immediately from the transitivity of the relation ⊆J. Then, {IA} is smaller than
A and satisfies the definition of cofJ (I), which is a contradiction. �
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Note that in the last part of this assertion, we prove that the cardinal cofJ (I)
cannot be countably infinite whenever I is a P(J )-ideal. In the following exam-
ple, we shall illustrate the smallest possible infinite case of the family ensuring
cofJ (I), i.e., of cardinality ω1.

Example. It is known that there exists an increasing chain in P(ω)/Fin
of length ω1 with a chain of representatives, say b = 〈Bα : α < ω1〉, such
that Bα ⊆∗ Bβ and |Bβ \Bα| = ω for any α < β < ω1. Then, the ideal
I = 〈{Bα : α < ω1}〉 is clearly a P-ideal.8 Indeed, let {In : n ∈ ω} ⊆ I. b is
a chain9, we have that there is an increasing sequence α = 〈αn : n ∈ ω〉 such
that In ⊆∗ Bαn

for every n. The ordinal ω1 is regular, so α is not cofinal in ω1

and hence sup{αn : n ∈ ω} = γ < ω1. Then, In ⊆∗ Bγ for any n. We will show
that cof∗(I) = ω1 without using the cofinality of I.

Let C ⊆ I with |C| < ω1. Since C is countable, there is an increasing sequence
〈αn : n ∈ ω〉 such that every C ∈ C is a subset of some Bαn

. Again, we have
sup{αn : n ∈ ω} = β < ω1. Then, C ⊆ 〈{Bα : α < β}〉 and Bβ+1 �⊆∗ C for any
C ∈ C.

At this point we wish to investigate relationships between aforementioned
critical ideals on ω × ω. In the following theorem we evaluate the invariant
cofJ (I) for all pairs of studied ideals if it makes sense, i.e., if I is a P(J )-ideal.

First, we list the P(J )-relationships between the ideals, see [22].

Table 1. P(J ) interactions between critical ideals on ω × ω.

P P(Fin× ∅) P(∅ × Fin) P(Fin× Fin) P(Sel) P(ED)

Fin � � � � � �

Fin× ∅ � � � � � �

∅ × Fin � � � � � �

Fin× Fin � � � � � �

Sel � � � � � �

ED � � � � � �

The next theorem shows that the cardinal invariant cofJ (I) has fairly simple
behavior regarding these pairs of ideals since it either collapses all the way down
to 1 or it is equal precisely to the dominating number.

8It is unclear to the author what the origin of this construction is, but it might be considered
folklore.
9So, from the fact that we do not have to deal with finite unions. For any In there is k < ω

and α1, . . . , αk<ω1 such that In ⊆∗ ⋃k
i=1 Bαi by the definition of a generated ideal. Since

Bα1 , . . . , Bαk ⊆∗ Bmax{α1,... ,αk}, we have that In ⊆∗ Bmax{α1,... ,αk}.
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����� 4.3�

(i) cofJ (Fin) = 1 for any ideal J.
(ii) cofJ (Fin× ∅) = 1 for any ideal J such that Fin× ∅ is a P(J )-ideal.

(iii) cof∗(∅ ×Fin) = cofFin×∅(∅× Fin) = cofSel(∅× Fin) = cofED(∅× Fin) =

cof(∅ × Fin) = d and cofFin×Fin(∅ × Fin) = 1.

(iv) cofFin×∅(Fin× Fin) = cofED(Fin× Fin) = cof(Fin× Fin) = d.

(v) cof∅×Fin(Sel) = cofFin×Fin(Sel) = cofED(Sel) = 1.

(vi) cofFin×Fin(ED) = 1.

P r o o f.
(i) follows directly from (i) of Lemma 4.2 and the fact that Fin ⊆ J for any
ideal J.
(ii) Fin × ∅ is the ideal generated by the partition C =

{{n} × ω : n ∈ ω
}
,

thus it is generated by an AD family. The ideal Fin × ∅ is a P(J )-ideal by the
assumption, hence it follows from Proposition 3.3 that C \ J is finite. One can
easily check that {⋃ (C \ J )} is a witness for cofJ (Fin× ∅) = 1.

(iii) First, note that cof(∅×Fin) = cof(Fin×Fin) = d (see, e.g. [23]). The equal-
ity cof∗(∅ × Fin) = d follows from Lemma 4.1.

Let A ⊆ ∅ × Fin be of cardinality κ < d and let {Aα : α < κ} be an
enumeration of the family A. Let F = {fα : α < κ} be such that Aα ⊆ f−

α

for every α < κ. The cardinality of F is strictly less than d, so there is g ∈ ωω
such that g �≤∗ fα (i.e., |{n : g(n) > fα(n)}| = ω) for all α < κ. Then, also
|g \ fα| = ω, and thus, |g \ f−

α | = ω for all α < κ. Consequently, g \ Aα is
infinite for any α < κ, which implies g \ Aα /∈ Fin × ∅ since it contains an
infinite partial function as a subset. Therefore, A does not satisfy the definition
of cofFin×∅(∅ × Fin).

To see cofSel(∅ × Fin) = d, start the proof analogously as in the previous
case. After finding g which is not dominated by any fα, define g

′ ∈ ωω as follows.
For any n let

g′(n) = g(n) + n.

Then, g−\f−
α /∈ Sel for every α < κ. This is actually easy to see, because for any

α we have that Nα = {n : g′(n) > fα(n)} is infinite. Then, |g′(n) \ fα(n)| ≥ 1+n
for any n ∈ Nα. Thus,

(∀k < ω)(∃n < ω)
∣∣{m : 〈n,m〉 ∈ g− \ f−

α }∣∣ ≥ k.

The proof of cofSel(∅ × Fin) works for cofED(∅ × Fin) as well.

The last result of (iii), cofFin×Fin(∅×Fin) = 1 follows from the fact ∅×Fin ⊆
Fin× Fin, and Lemma 4.2.
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(iv) This holds because of the same reason as cofFin×∅(∅ × Fin) = d and the
fact that for any I ∈ Fin × Fin there are I0 ∈ Fin × ∅ and I1 ∈ ∅ × Fin
such that I = I0 ∪ I1. Let {I0α ∪ I1α : α < κ} ⊆ Fin × Fin, where κ < d, with
I0α ∈ Fin × ∅, I1α ∈ ∅ × Fin for any α < κ, and let {fα : α < κ} be such that
I1α ⊆ f−

α for every α < κ. Again, there is g such that g �≤∗ fα and consequently
g \ f−

α /∈ Fin × ∅ for any α < κ. Moreover, g \ (f−
α ∪ I) /∈ Fin × ∅ for any

I ∈ Fin × ∅ since I covers only finitely many points of an infinite function g,
hence the residue g \ (f−

α ∪ I) contains an infinite partial function, which is not
in Fin× ∅. Therefore, g \ (I0α ∪ I1α) /∈ Fin× ∅ for every α < κ.

To see cofED(Fin × Fin) = d, just start the proof as in the previous case.
After finding g, construct g′ and define Nα for any α < κ as in (iii). Then, for all
n ∈ Nα we have |g′(n) \ fα(n)| ≥ 1+ n. Hence, for all but finitely many n ∈ Nα

we have
∣∣({n} × ω) ∩ (g′− \ (f−

α ∪ I0α)
)∣∣ ≥ 1 + n.

(v), (vi) All the equalities follow from the fact that Sel ⊆ ∅ × Fin, Fin × Fin,
ED and ED ⊆ Fin× Fin. �

The following table shows cofJct(I)-cardinal numbers (i.e., cofJ (I)) for all
pairs of aforementioned ideals if it makes sense (if the P(J )-condition is satis-
fied), i.e., the results following from Theorem 4.3. If the ideal I is not a P(J )-
-ideal, then we left the corresponding place in the table empty. The diagonal
is filled with ones by Lemma 4.2.

Table 2. Cardinal cofJct(I) = cofJ (I) for all pairs of ideals considered
in this work.

↓ I / J → Fin Fin× ∅ ∅ × Fin Fin× Fin Sel ED
Fin 1 1 1 1 1 1

Fin× ∅ 1 1 1

∅ × Fin d = cof(∅ × Fin) d = cof(∅ × Fin) 1 1 d = cof(∅ × Fin) d = cof(∅ × Fin)

Fin× Fin d = cof(Fin× Fin) 1 d = cof(Fin× Fin)

Sel 1 1 1 1

ED 1 1

It is an interesting observation that the cofJ (I)-cardinal numbers for every
particular pair of ideals mentioned in this work was either 1 or the cofinality
of an ideal itself. So, the question is whether there may exist ideals I,J with
1 < ω1 ≤ cofJ (I) < cof(I).10 The positive answer to this question follows from
the simple observation by M. Repický. First, if I,J are ideals on ω, we denote
by I ⊕ J the ideal on ω × {0, 1} given by

I ⊕ J =
{
X ⊆ ω × {0, 1} : {n : 〈n, 0〉} ∈ X

} ∈ {I ∧ {m : 〈m, 1〉 ∈ X} ∈ J }.
Note that cof(I ⊕ J ) = max{cof(I), cof(J )}.
10Note that this cannot be proved for ideals on ω within ZFC.
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Now, let I,J be two uncountably generated ideals on ω such that

ω1 ≤ cof(J ) < cof(I).
Clearly,

cofI⊕Fin(I ⊕ J ) = cof∗(J ) = cof(J ) < cof(I) = cof(I ⊕ J ).

5. Weak P-ideal and almost disjoint families

There is a slight modification of the P-property (P(J )-property), called weak-
P-property (weak-P(J )-property) which is closely related to the Katětov order.
We define another cardinal invariant and prove it to be uncountable, hence we
get interesting strict inequalities between MAD-generated ideals and Fin-based
ideals with respect to the Katětov order.

We say that I is a weak P(J )-ideal11 if for any family {An : n ∈ ω} ⊆ I
there is A ∈ I+ such that An ∩ A ∈ J for each n ∈ ω.12 Every P(J )-ideal is
a weak P(J )-ideal and consequently every P-ideal is a weak P-ideal.

In [8,12], the authors studied the cardinal invariant cov+(I)13 defined for any
tall ideal I as follows:

cov+(I) = min{|E| : E ⊆ I ∧ (∀A ∈ I+)(∃E ∈ E) |A ∩E| = ω}.
We are interested in studying cov+(I) when I is an ideal generated by a MAD

family.

If A is a MAD family, we use the notation cov+(A) instead of cov+(〈A〉).
Note that cov+(A) ≥ ω for any MAD family A because for any finite E we have⋃ E ∈ 〈A〉, A := ω \⋃ E ∈ 〈A〉+ and A ∩E = ∅ for any E ∈ E .

Clearly, for any MAD family A we have that

cov+(A) = min{|E| : E ⊆ A ∧ (∀A ∈ 〈A〉+)(∃E ∈ E) |A ∩E| = ω}.
The “≤” part is trivial since any subset of A is a subset of 〈A〉 as well. For the
converse, let {Eα : α < κ} be an enumeration of E , where E is a family of car-
dinality κ satisfying the definition of cov+(A). By the definition of generated
ideals, for any α < κ there is Aα ⊆ A such that Eα ⊆∗ ⋃Aα and |Aα| < ω.
Let E ′ =

⋃
α<κ Aα. Note that E ′ satisfies the definition of cov+(A) and since it

is an infinite union of κ many finite sets, its cardinality is at most κ. Obviously,
we also have |E ′| ≥ |E|.

This cardinal invariant is closely related to the weak P-property. In fact,
cov+(A) ≤ ω if and only if 〈A〉 is a non-weak P-ideal. Actually, a witness
for cov+(A) would be a witness for 〈A〉 being a non-weak P-ideal in that case.
However, we will prove that this is not the case for any MAD family A.

11Introduced in [27], inspired probably by [20].
12Again, if J = Fin, we use the term weak P-ideal instead of weak P(Fin)-ideal.
13In [8], denoted by cov∗(I,+).
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����� 5.1� cov+(A) ≥ ω1 for any infinite MAD family A.

P r o o f. We show that if |E| = ω for E ⊆ A, then there is X ∈ 〈A〉+ such
that |X ∩E| < ω for every E ∈ E . Let E = {En : n ∈ ω}. |A| ≥ a > ω
since A is MAD family. So, there is some subfamily A′ = {Ak : k ∈ ω} ⊆ A \ E .
Let us define

Xk = Ak

∖ ⋃
j<k

Ej ,

and

X =
⋃
k∈ω

Xk.

For any k

Ek ∩X =
⋃
i≤k

(Ek ∩Xi) ∪
⋃
j>k

(Ek ∩Xj).

Now, Ek ∩Xj = Ek ∩ (Aj \ (E0 ∪ . . . ∪ Ek ∪ . . . ∪ Ej)
)
= ∅ for any j > k, and

Ek∩Xi is finite for each i ≤ k since Xi ⊆ Ai and |Ek ∩Ai| < ω since Ai, Ek ∈ A.
So, Ek ∩X is finite for any k ∈ ω. It suffices to show that X /∈ 〈A〉.

X =
⋃
i∈ω

Xi =
⋃
i∈ω

(
Ai

∖⋃
k<i

Ek

)
=
⋃
i∈ω

⋂
k<i

Ai \ Ek.

Ai∩Ek is finite for each k < i and hence Xi =
⋂

k<i Ai \Ek is infinite. Moreover,
|Xi ∩Ai| = ω for every i ∈ ω. Then, |X ∩Ai| = ω holds for X =

⋃
j∈ω Xj and

for all i ∈ ω. If X was a set in 〈A〉, X ⊆∗ ⋃B, where B ⊆ A with |B| < ω and
also |X ∩ A| < ω for every A ∈ A \ B. Since A′ ⊆ A is countably infinite, there
is m ∈ ω such that Am /∈ B. Then, X ∩ Am is infinite, a contradiction. �

M. Repický has improved this result by proving the following statement
in a simple and elegant way (unpublished):

	
����� 5.2 (M. Repický)� cov+(A) ≥ b for any infinite MAD family A.

Let I,J be ideals on ω. We say that I is Katětov below J (we write I ≤K J )
if there is a function f ∈ ωω such that f−1[I] ∈ J for all I ∈ I. An ideal I is
Katětov equivalent to J (written I �K J ) if I ≤K J and J ≤K I. We write
I <K J whenever I ≤K J and I ��K J. This definition may be easily extended
to ideals on arbitrary sets. We say that I on M contains and isomorphic copy
of J on N (J � I, in short) if there is a bijection f : N → M such that f [J ] ∈ I
for each J ∈ J.

In [17, Proposition 2.1] the authors proved that for every MAD family A,
Fin ≤K 〈A〉 ≤K Fin× Fin. Now, we shall show that the reverse inequality with
Fin× Fin holds for no MAD family A.
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����� 5.3 ([11,15,19,20,23])� Let I be an ideal on ω. The following state-
ments are equivalent.

(1) I is not a weak P-ideal.

(2) Fin× Fin ≤K I.
(3) Fin× Fin � J.
It follows directly from Theorem 5.1 and Theorem 5.3 that no ideal generated

by MAD family is Katětov above Fin× Fin, i.e.,

��������� 5.4� For any infinite MAD family A ⊆ P(ω) the ideal 〈A〉 is a weak
P-ideal. In particular Fin× Fin �K 〈A〉.

One can easily see that I �K Fin if and only if I is not tall (see [16]). Hence,
by Theorem 5.1 and using aforementioned known facts, we have that for any
MAD family A the following strict inequalities hold

Fin <K 〈A〉 <K Fin× Fin.
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