
�

�
Mathematical Publications

DOI: 10.2478/tmmp-2023-0016
Tatra Mt. Math. Publ. 84 (2023), 61–76

ASYMPTOTIC PROPERTIES OF SOLUTIONS

TO FOURTH-ORDER DIFFERENCE EQUATIONS

ON TIME SCALES

Urszula Ostaszewska
1

— Ewa Schmeidel
2

— Ma�lgorzata

Zdanowicz
2

1Faculty of Mathematics, University of Bialystok, Bia�lystok, POLAND

2Institute of Computer Science, University of Bialystok, Bia�lystok, POLAND

ABSTRACT. We provide sufficient criteria for the existence of solutions for
fourth-order nonlinear dynamic equations on time scales

(
a(t)xΔ2

(t)
)Δ2

= b(t)f
(
x(t)

)
+ c(t),

such that for a given function y : T → R there exists a solution x : T → R to con-

sidered equation with asymptotic behaviour x(t) = y(t) + o
(

1
tβ

)
. The presented

result is applied to the study of solutions to the classical Euler–Bernoulli beam
equation, which means that it covers the case T = R.

1. Introduction

We consider the fourth-order nonlinear equation in the form(
a(t)xΔ2

(t)
)Δ2

= b(t)f
(
x(t)

)
+ c(t), (1)

for t ∈ T, where T is a time scale.
Throughout this paper x : T → R is unknown function and

b, c : T → R, a : T → R+,
1

a
∈ Crd(T,R+), f ∈ C(R,R)

are given. In this paper, we examine the existence of solutions of equation (1)
with asymptotic behaviour and approximation of solutions.
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Time scales research area has a tremendous amount of theoretical value, such
as differential equations and difference equations can be consolidated within
the theoretical framework of dynamics equations on time scales. Due to this,
it can avoid repeating studies in difference and differential equations while
exploring more similarities and differences between them. Likewise, the inves-
tigation of dynamic equations had a wide range of applications. In particu-
lar, fourth-order equations often arise in mathematical models in various fields
of science and engineering. For instance, the fourth-order equation describes
a mathematical model of beam deflection. A special case of Eq. (1), with b(t) ≡ 0,
takes the form (

a(t)xΔ2

(t)
)Δ2

= c(t),

and it is a generalization of the classical Euler–Bernoulli beam equation(
a(t)x′′(t)

)′′
= c(t) on any time scale T.

To notice the background of dynamic equations on time scales, see [5–7,15].

As it is commonly known, most dynamical equations with nonconstant coef-
ficients, especially some nonlinear equations, have no analytical solution.
Many authors concentrate on the oscillatory and asymptotic behaviour of the
second-order dynamic equation on time scales (see, for example, [2–4,8–11,14]).
So far, they are less interested in studying higher order dynamical equations
[18, 21–24, 27]. Oscillation results for fourth-order nonlinear dynamic equations
were considered in [1,12,13,20,25,26,28,29]. Our research concerns the asymp-
totic behaviour of solutions to fourth-order nonlinear dynamic equations. For the
case of the time scale T = N, our result is formulated as Theorem 3.1 in [19].
In [17], Migda presented a new approach to the theory of asymptotic properties
of solutions of difference equations. His method uses the regional topology on the
space of all real sequences and the ‘regional’ version of the Schauder Fixed Point
Theorem. We adopt this approach for dynamical equations on time scales.

2. Basic facts in time scales calculus

A time scale is a model of time [6,7], where the step size is a function of time.
From a mathematical point of view, it is an arbitrary nonempty closed subset T
of the set R of real numbers.

The mapping σ : T → T, defined by σ(t) = inf {s ∈ T : s > t} with
inf ∅ = supT, is called the forward jump operator. Similarly, we define the back-
ward jump operator ρ : T → T by ρ(t) = sup {s ∈ T : s < t} with sup ∅ = inf T.
The following classification of points is used within the theory: a point t ∈ T

is called right-dense, right-scattered, left-dense and left-scattered if σ(t) = t
(for t < supT), σ(t) > t, ρ(t) = t (for t > inf T) and ρ(t) < t, respectively.
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We say that t is isolated if ρ(t) < t < σ(t), and that t is dense if ρ(t) = t = σ(t).
The function μ : T → [0,∞) is defined by μ(t) = σ(t)−t and called the graininess
function. The delta (or Hilger) derivative of f : T → R at a point t ∈ T

κ, where

T
κ : =

{
T \ (ρ(supT), supT] if supT < ∞,

T if supT = ∞,

is defined in the following way.

���������� 2.1 ([6])� The delta derivative fΔ(t) is the number (provided it
exists) with the property that given any ε > 0, there is a neighborhood U of t
(i.e., U = (t− δ, t+ δ) ∩ T for some δ > 0) such that∣∣∣(f(σ(t))− f(s)

)
− fΔ(t)

(
σ(t)− s

)∣∣∣ ≤ ε|σ(t)− s| for all s ∈ U.

���������� 2.2 ([6])� A function f : T → R is called regulated provided its
right-sided limits exist (finite) at right-dense points in T, and its left-sided lim-
its exist (finite) at left-dense points in T. A function f : T → R is called rd-
-continuous provided it is continuous at right-dense points in T and its left-side
limits exist (finite) at left-dense points in T.

Let C(A,B), Crd(A,B) denote the set of all continuous functions mapping A
to B, the set of all rd-continuous functions mapping A to B, respectively.

���������� 2.3 ([6])� Assume f : T → R is a regulated function. We define the
indefinite integral of a regulated function f by

∫
f(t)Δt = F (t) +C, where C is

an arbitrary constant and F is a pre-antiderivative of f . We define the Cauchy

integral by
∫ b

a
f(t)Δt = F (b)− F (a) for all a, b ∈ T.

Since we investigate the asymptotic behaviour of (1), we assume, throughout
this paper, that T is an arbitrary time scale such that inf T = 0 and supT = ∞.
It implies that Tκ = T.

3. Preliminaries

Below we present five lemmas necessary in the proof of the main theorem.

	�

� 3.1� If y : T → R and
(
a(t)yΔ2

(t)
)Δ2

= 0, then there exist real constants

c1, c2, c3, c4 such that

y(t) = c1

t∫
0

⎛
⎝ r∫

0

w

a(w)
Δw

⎞
⎠Δr + c2

t∫
0

⎛
⎝ r∫

0

1

a(w)
Δw

⎞
⎠Δr + c3t+ c4 (2)

63



U. OSTASZEWSKA—E. SCHMEIDEL—M. ZDANOWICZ

for any t ∈ T. If c1, c2, c3, c4 ∈ R and y : T → R is defined by (2), then(
a(t)yΔ2

(t)
)Δ2

= 0.

	�

� 3.2� Assume x ∈ Crd(T,R), r, s, t, w, z ∈ T and the integral

∞∫
0

⎛
⎝ ∞∫

s

1

a(w)

⎛
⎝ ∞∫

w

⎛
⎝ ∞∫

r

x(z)Δz

⎞
⎠Δr

⎞
⎠Δw

⎞
⎠Δs

is convergent. Then, for any t ∈ T, we have⎧⎪⎨
⎪⎩a(t)

⎡
⎣ ∞∫

t

⎛
⎝ ∞∫

s

1

a(w)

⎛
⎝ ∞∫

w

⎛
⎝ ∞∫

r

x(z)Δz

⎞
⎠Δr

⎞
⎠Δw

⎞
⎠Δs

⎤
⎦
Δ2⎫⎪⎬

⎪⎭
Δ2

= x(t). (3)

	�

� 3.3� Assume U1,W1 ∈Crd

(
T, (0,∞)

)
,
∫∞

0
W1(s)

(∫∞
s

U1(r)Δr
)
Δs<∞

and r, s, t ∈ T. Then

∞∫
0

U1(r)

⎛
⎝ r∫

0

W1(s)Δs

⎞
⎠Δr < ∞,

and
∞∫
t

W1(s)

⎛
⎝ ∞∫

s

U1(r)Δr

⎞
⎠Δs ≤

∞∫
t

U1(r)

⎛
⎝ r∫

0

W1(s)Δs

⎞
⎠Δr. (4)

	�

� 3.4� Assume u ∈ Crd(T,R), r, s, t, w, z ∈ T,

Q(t) =

t∫
0

⎛
⎝ r∫

0

w

a(w)
Δw

⎞
⎠Δr, (5)

and
∞∫

0

⎛
⎝ ∞∫

s

1

a(w)

⎛
⎝ ∞∫

w

⎛
⎝ ∞∫

r

u(z)Δz

⎞
⎠Δr

⎞
⎠Δw

⎞
⎠Δs < ∞. (6)

Then
∞∫

0

Q(z)|u(z)|Δz < ∞,

and
∞∫
t

⎛
⎝ ∞∫

s

1

a(w)

⎛
⎝ ∞∫

w

⎛
⎝ ∞∫

r

|u(z)|Δz

⎞
⎠Δr

⎞
⎠Δw

⎞
⎠Δs ≤

∞∫
t

Q(z)|u(z)|Δz.
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The following lemma is a version of the Schauder Fixed Point Theorem

	�

� 3.5� Assume y, ρ ∈ C(T,R), ρ(t) ≥ 0 for t ∈ T, and lim
t→∞

ρ(t) = 0.

In the set
X = {C(T,R) 
 x : |x(t)− y(t)| ≤ |ρ(t)|, t ∈ T}

we define the metric by the formula d(x, z) = supt∈T
|x(t) − z(t)|. Then every

continuous map H : X → X has a fixed point.

The proof of Lemma 3.5 is analogous to the proof of Lemma 4.7 [16].

4. Approximate solutions

In this section, we present sufficient conditions for the existence of a solution x
to equation (1) such that for any constant C̃ > 0 there exists t0 ∈ T that

|x(t)− y(t)| ≤ C̃

tβ
, t ≥ t0,

where β ≥ 0 and y is a solution of the equation
(
a(t)yΔ2

(t)
)Δ2

= 0. Note that, by

Lemma 3.1, a function y is a solution of the equation
(
a(t)yΔ2

(t)
)Δ2

= 0 if and
only if there exist real constants c1, c2, c3, c4 such that

y(t) = c1

t∫
0

⎛
⎝ w∫

0

r

a(r)
Δr

⎞
⎠Δw + c2

t∫
0

⎛
⎝ w∫

0

1

a(r)
Δr

⎞
⎠Δw + c3t+ c4.

Below we present the main result of the article. We will need Lemma 3.5 to
prove this theorem.

�
����
 4.1� Assume β ≥ 0, y is a solution of the equation(
a(t)yΔ2

(t)
)Δ2

= 0,

and a, b, c are the coefficients in equation (1). Moreover, let

∞∫
0

sβ

⎛
⎝ ∞∫

s

1

a(w)

⎛
⎝ ∞∫

w

⎛
⎝ ∞∫

r

(|b(z)|+ |c(z)|)Δz

⎞
⎠Δr

⎞
⎠Δw

⎞
⎠Δs < ∞, (7)

and f be continuous and bounded on a set A where

A =

∞⋃
t=q

[y(t)− α, y(t) + α], for some q ∈ T, α > 0.

Then there exists a solution x of (1) such that for any constant C̃ > 0 there

exists t0 ∈ T that |x(t)− y(t)| ≤ C̃
tβ

if t ≥ t0.
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P r o o f. For t ∈ T and x : T → R let

x∗(t) = b(t)f
(
x(t)

)
+ c(t).

There exists a positive constant L, such that |f(τ)| ≤ L for any τ ∈ A.
Define u : T → R by

u(t) =

∞∫
t

sβ

⎛
⎝ ∞∫

s

1

a(w)

⎛
⎝ ∞∫

w

⎛
⎝ ∞∫

r

(L|b(z)|+ |c(z)|)Δz

⎞
⎠Δr

⎞
⎠Δw

⎞
⎠Δs.

Since u is finite (by assumption) and β ≥ 0, we have
∞∫

0

⎛
⎝ ∞∫

s

1

a(w)

⎛
⎝ ∞∫

w

⎛
⎝ ∞∫

r

(L|b(z)|+ |c(z)|)Δz

⎞
⎠Δr

⎞
⎠Δw

⎞
⎠Δs

≤
∞∫

0

sβ

⎛
⎝ ∞∫

s

1

a(w)

⎛
⎝ ∞∫

w

⎛
⎝ ∞∫

r

(L|b(z)|+ |c(z)|)Δz

⎞
⎠Δr

⎞
⎠Δw

⎞
⎠Δs < ∞.

Define ρ : T → R by

ρ(t) =

∞∫
t

⎛
⎝ ∞∫

s

1

a(w)

⎛
⎝ ∞∫

w

⎛
⎝ ∞∫

r

(L|b(z)|+ |c(z)|)Δz

⎞
⎠Δr

⎞
⎠Δw

⎞
⎠Δs.

Then

tβρ(t) = tβ
∞∫
t

⎛
⎝ ∞∫

s

1

a(w)

⎛
⎝ ∞∫

w

⎛
⎝ ∞∫

r

(L|b(z)|+ |c(z)|)Δz

⎞
⎠Δr

⎞
⎠Δw

⎞
⎠Δs

=

∞∫
t

tβ

⎛
⎝ ∞∫

s

1

a(w)

⎛
⎝ ∞∫

w

⎛
⎝ ∞∫

r

(L|b(z)|+ |c(z)|)Δz

⎞
⎠Δr

⎞
⎠Δw

⎞
⎠Δs.

Since β ≥ 0 we obtain s ≥ t ⇒ sβ ≥ tβ and

tβρ(t) ≤
∞∫
t

sβ

⎛
⎝ ∞∫

s

1

a(w)

⎛
⎝ ∞∫

w

⎛
⎝ ∞∫

r

(L|b(z)|+ |c(z)|)Δz

⎞
⎠Δr

⎞
⎠Δw

⎞
⎠Δs = u(t).

Hence for any constant C̃ > 0 there exists t1 ∈ T that for t ≥ t1

|ρ(t)| ≤ C̃

tβ
, t ∈ T. (8)

Let
Y = {C(T,R) 
 x : |x(t)− y(t)| ≤ α, t ∈ T},

where y is a solution of the equation(
a(t)yΔ2

(t)
)Δ2

= 0.
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There exists p ∈ T such that

ρ(t) ≤ α for t ≥ p.

Hence, by assumptions, f(x) is bounded for any x ∈ Y . Therefore, if x ∈ Y ,
then

∞∫
t

⎛
⎝ ∞∫

s

1

a(w)

⎛
⎝ ∞∫

w

⎛
⎝ ∞∫

r

|x∗(z)|Δz

⎞
⎠Δr

⎞
⎠Δw

⎞
⎠Δs

≤
∞∫
t

⎛
⎝ ∞∫

s

1

a(w)

⎛
⎝ ∞∫

w

⎛
⎝ ∞∫

r

(L|b(z)|+ |c(z)|)Δz

⎞
⎠Δr

⎞
⎠Δw

⎞
⎠Δs

= ρ(t) < α < ∞.

Let

X = {C(T,R) 
 x : |x(t)− y(t)| ≤ ρ(t) for t ≥ p and x(t) = y(t) for t < p},
where y is a solution of the equation(

a(t)yΔ2

(t)
)Δ2

= 0.

Moreover, we set

H : Y → C(T,R),

H(x)(t) =

⎧⎪⎨
⎪⎩
y(t) for t < p

y(t) +
∞∫
t

(∞∫
s

1
a(w)

(∞∫
w

(∞∫
r

x∗(z)Δz

)
Δr

)
Δw

)
Δs for t ≥ p.

It is obvious that X ⊂ Y . We will prove that the mapping H has a fixed point
in X. If x ∈ X, then for t ≥ p we have

|H(x)(t)− y(t)| =
∣∣∣∣∣∣
∞∫
t

⎛
⎝ ∞∫

s

1

a(w)

⎛
⎝ ∞∫

w

⎛
⎝ ∞∫

r

x∗(z)Δz

⎞
⎠Δr

⎞
⎠Δw

⎞
⎠Δs

∣∣∣∣∣∣
≤

∞∫
t

⎛
⎝ ∞∫

s

1

a(w)

⎛
⎝ ∞∫

w

⎛
⎝ ∞∫

r

|x∗(z)|Δz

⎞
⎠Δr

⎞
⎠Δw

⎞
⎠Δs ≤ ρ(t).

Therefore HX ⊂ X.

The task is now to show that H is continuous. Let us recall the function Q
given by (5), i.e.,

Q(t) =

t∫
0

⎛
⎝ r∫

0

w

a(w)
Δw

⎞
⎠Δr.
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By Lemma 3.4, we have ∞∫
0

Q(s)|b(s)|Δs < ∞.

Let x ∈ X, and ε > 0. Choose M ≥ p and a positive constant γ such that

L

∞∫
M

Q(s)|b(s)|Δs < ε and γ

M∫
0

Q(s)|b(s)|Δs < ε.

Set

A0 =

M⋃
t=1

[y(t)− α, y(t) + α].

Choose a positive δ ∈ R such that if τ1, τ2 ∈ A0 and |τ1 − τ2| < δ, then

|f(τ1)− f(τ2)| < γ.

Let us take x̃ ∈ X such that sup
t∈T

|x(t)− x̃(t)| < δ. Then

sup
t∈T

|H(x)(t)−H(x̃)(t)|

= sup
t≥p

∣∣∣∣∣∣
∞∫
n

⎛
⎝ ∞∫

s

1

a(w)

⎛
⎝ ∞∫

w

⎛
⎝ ∞∫

r

(
x∗(z)− x̃∗(z)

)
Δz

⎞
⎠Δr

⎞
⎠Δw

⎞
⎠Δs

∣∣∣∣∣∣
≤

∞∫
p

⎛
⎝ ∞∫

s

1

a(w)

⎛
⎝ ∞∫

w

⎛
⎝ ∞∫

r

|x∗(z)− x̃∗(z)|Δz

⎞
⎠Δr

⎞
⎠Δw

⎞
⎠Δs

≤
∞∫
p

⎛
⎝ ∞∫

s

1

a(w)

⎛
⎝ ∞∫

w

⎛
⎝ ∞∫

r

|b(z)|∣∣f(x(z))− f
(
x̃(z)

)∣∣Δz

⎞
⎠Δr

⎞
⎠Δw

⎞
⎠Δs.

By Lemma 3.4,

∞∫
p

⎛
⎝ ∞∫

s

1

a(w)

⎛
⎝ ∞∫

w

⎛
⎝ ∞∫

r

|b(z)|∣∣f(x(z))− f
(
x̃(z)

)∣∣Δz

⎞
⎠Δr

⎞
⎠Δw

⎞
⎠Δs

≤
∞∫
p

Q(s)|b(s)|∣∣f(x(s))− f
(
x̃(s)

)∣∣Δs.

Hence

sup
t∈T

|H(x)(t) − H(x̃)(t)| ≤ γ

M∫
0

Q(s)|b(s)|Δs + 2L

∞∫
M

Q(s)|b(s)|Δs < 3ε.
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Therefore the map H : X → X is continuous. By Theorem 3.5 there exists
a point x ∈ X such that x = Hx. Then for t ≥ p we have

x(t) = y(t) +

∞∫
t

⎛
⎝ ∞∫

s

⎛
⎝ 1

a(w)

∞∫
w

⎛
⎝ ∞∫

r

x∗(z)Δz

⎞
⎠Δr

⎞
⎠Δw

⎞
⎠Δs.

Finally, we show that the fixed point x is a solution of equation (1). Using
Lemma 3.2 and Lemma 3.1, for t ≥ p we get(
a(t)xΔ2

(t)
)Δ2

=
(
a(t)yΔ2

(t)
)Δ2

+

⎛
⎜⎝a(t)

⎛
⎝ ∞∫

t

⎛
⎝ ∞∫

s

⎛
⎝ 1

a(w)

∞∫
w

⎛
⎝ ∞∫

r

x∗(z)Δz

⎞
⎠Δr

⎞
⎠Δw

⎞
⎠Δs

⎞
⎠

Δ2⎞
⎟⎠

Δ2

= 0 + x∗(t) = b(t)f
(
x(t)

)
+ c(t).

Therefore x is a solution of (1). Since x ∈ X and |ρ(t)| ≤ C̃
tβ

for t ∈ T and t ≥ t1,
we have

x(t) = y(t) + o

(
1

tβ

)
.

It means that the thesis holds. �

Example. Consider equation (1) on the time scale T = R+∪{0} in the following
form (

1

2t
x′′(t)

)′′
=

1

4t
sin

(
x(t)

)
+

1

4t
. (9)

Let β = 10. The condition (7) is satisfied since

∞∫
0

s10

⎛
⎝ ∞∫

s

2w

⎛
⎝ ∞∫

w

⎛
⎝ ∞∫

r

2

4z
dz

⎞
⎠ dr

⎞
⎠ dw

⎞
⎠ ds =

1814400

ln14 2
< ∞.

One of the solutions to the equation(
1

2t
y′′(t)

)′′
= 0,

is the function

y(t) =
t 2t

ln2 2
+

(
1

ln 2
− 2

ln3 2

)
2t +

(
1

ln2 2
− 1

ln 2

)
t+

2

ln3 2
− 1

ln2 2
.

Then by Theorem 4.1 there exists a solution x of (1) such that for any constant

C̃ > 0 there exists t0 ∈ T that |x(t)− y(t)| ≤ C̃
t10 if t ≥ t0.
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Example. Let T = {2n, n ∈ N} ∪ {0} and take into account the following
equation (1)

xΔ4

(t) =
t

2t(t+ 1)7
arctan (x(t)) +

t

2t(t+ 1)7
. (10)

Assume β = 1. The condition (7) takes the form

∞∫
0

s

⎛
⎝ ∞∫

s

⎛
⎝ ∞∫

w

⎛
⎝ ∞∫

r

2z

2z(z + 1)7
Δz

⎞
⎠Δr

⎞
⎠Δw

⎞
⎠Δs < ∞.

Below we prove that condition (7) is satisfied.

Note that, for the considered time scale, we have

μ(t) =

{
2, if t = 0

t, if t ∈ {2n, n ∈ N} .
To show the convergence of the integral appearing in (7) we start with

∞∫
r

2z

2z(z + 1)7
Δz = 2

∑
z∈[r,∞)T

z

2z(z + 1)7
μ(z) = 2

∑
z∈[r,∞)T

z2

2z(z + 1)7

< 2
∑

z∈[r,∞)T

1

2z(z + 1)5
<

2

(r + 1)5

∑
z∈[r,∞)T

1

2z

<
2

(r + 1)5

∞∑
n=r

1

2n
=

4

2r(r + 1)5
,

and the above inequality yields the following one

∞∫
w

⎛
⎝ ∞∫

r

2z

2z(z + 1)7
Δz

⎞
⎠Δr ≤

∞∫
w

4

2r(r + 1)5
Δr =

∑
r∈[w,∞)T

4μ(r)

2r(r + 1)5

=
∑

r∈[w,∞)T

4r

2r(r + 1)5
<

∑
r∈[w,∞)T

4

2r(r + 1)4

<
4

(r + 1)4

∑
r∈[w,∞)T

1

2r
<

4

(w + 1)4

∞∑
n=w

1

2n

=
8

2w(w + 1)4
.
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Analogously, we have

∞∫
s

⎛
⎝ ∞∫

w

⎛
⎝ ∞∫

r

2z

2z(z + 1)7
Δz

⎞
⎠Δr

⎞
⎠Δw ≤ 16

2s(s+ 1)3
.

Finally,

∞∫
0

s

⎛
⎝ ∞∫

s

⎛
⎝ ∞∫

w

⎛
⎝ ∞∫

r

2z

2z(z + 1)7
Δz

⎞
⎠Δr

⎞
⎠Δw

⎞
⎠Δs ≤

∞∫
0

16s

2s(s+ 1)3
Δs

=
∑

s∈[0,∞)T

16sμ(s)

2s(s+ 1)3
=

∑
s∈(0,∞)T

16s2

2s(s+ 1)3

<
∑

s∈(0,∞)T

16

2s(s+ 1)
<

∞∑
n=1

16

2n(n+ 1)
< ∞,

which shows that condition (7) holds. One of the solutions to the equation

yΔ4

(t) = 0

is, by (3.2), the function

y(t) =

t∫
0

⎛
⎝ r∫

0

wΔw

⎞
⎠Δr +

t∫
0

⎛
⎝ r∫

0

1Δw

⎞
⎠Δr. (11)

Let us calculate the second integral in (11). Since

r∫
0

1Δw =
∑

w∈[0,r)T

μ(w) = 2 +
∑

w∈(0,r)T

μ(w)

= 2 +
∑

w∈(0,r)T

w = 2 + 2 + 22 + · · ·+ 2nr−1 = 2nr = r,

then we obtain
t∫

0

⎛
⎝ r∫

0

1Δw

⎞
⎠Δr =

t∫
0

rΔr =
∑

r∈[0,t)T

rμ(r) = 0 · 2 +
∑

r∈(0,t)T

r2

= 22 + (22)2 + · · ·+ (
2nt−1

)2

=
1

3
(2nt)2 − 4

3
=

1

3
t2 − 4

3
.

71



U. OSTASZEWSKA—E. SCHMEIDEL—M. ZDANOWICZ

Using the above result, we now proceed to calculate the first integral in (11)

t∫
0

⎛
⎝ r∫

0

wΔw

⎞
⎠Δr =

t∫
0

(
1

3
r2 − 4

3

)
Δr = −4

3

t∫
0

1Δr +
1

3

t∫
0

r2Δr

= −4

3
t+

1

3

∑
r∈[0,t)T

r2μ(r) = −4

3
t+ 0 · 2 +

∑
r∈(0,t)T

r3

= −4

3
t+

1

3

(
23 + (22)3 + · · ·+ (

2nt−1
)3)

= −4

3
t+

1

21
(2nt)3 − 8

21
=

1

21
t3 − 4

3
t− 8

21
and eventually, we get

y(t) =
1

21
t3 +

1

3
t2 − 4

3
t− 12

7
.

Then by Theorem 4.1 there exists a solution x of (1) such that

x(t) =
1

21
t3 +

1

3
t2 − 4

3
t− 12

7
+ o

(
1

t

)
, t ∈ T.

5. Proofs of lemmas from the paragraph 3

Proofs of Lemma 3.1 and Lemma 3.2 are omitted since are straightforward
and need only common calculations.

P r o o f o f L e mm a 3.3. Changing the order of integration, we get the first
part of the thesis

∞∫
0

W1(s)

⎛
⎝ ∞∫

s

U1(r)Δr

⎞
⎠Δs =

∞∫
0

U1(r)

⎛
⎝ r∫

0

W1(s)Δs

⎞
⎠Δr < ∞.

Similarly changing the order of integration, we obtain
∞∫
t

U1(r)

⎛
⎝ r∫

0

W1(s)Δs

⎞
⎠Δr =

t∫
0

W1(s)

⎛
⎝ ∞∫

t

U1(r)Δr

⎞
⎠Δs

+

∞∫
n

W1(s)

⎛
⎝ ∞∫

s

U1(r)Δr

⎞
⎠Δs ≥

∞∫
t

W1(s)

⎛
⎝ ∞∫

s

U1(r)Δr

⎞
⎠Δs,

since U1 and W1 are positive functions. �
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P r o o f o f L e mm a 3.4. Define functions W1, U1, W2, U2 by

W1(t) = 1, U1(t) =
1

a(t)

∞∫
t

(∞∫
r

|u(z)|Δz

)
Δr,

W2(t) =
t

a(t)
, U2(t) =

∞∫
t

|u(z)|Δz.

Then by assumption (6), there is∫ ∞

0

W1(s)

(∫ ∞

s

U1(w)Δw

)
Δs < ∞.

Using Lemma 3.3, we get

∞∫
0

W2(s)

⎛
⎝ ∞∫

s

U2(r)Δr

⎞
⎠Δs =

∞∫
0

s

a(s)

⎛
⎝ ∞∫

s

⎛
⎝ ∞∫

r

|u(z)|Δz

⎞
⎠Δr

⎞
⎠Δs

=

∞∫
0

s

⎛
⎝ 1

a(s)

∞∫
s

⎛
⎝ ∞∫

r

|u(z)|Δz

⎞
⎠Δr

⎞
⎠Δs

=

∞∫
0

sU1(s)Δs

=

∞∫
0

U1(s)

⎛
⎝ s∫

0

W1(w)Δw

⎞
⎠Δs < ∞.

Using Lemma 3.3 once more (in case of W2 and U2), we obtain

∞>

∞∫
0

U2(r)

⎛
⎝ r∫

0

W2(s)Δs

⎞
⎠Δr =

∞∫
0

⎛
⎝ ∞∫

r

|u(z)|Δz

⎞
⎠
⎛
⎝ r∫

0

s

a(s)
Δs

⎞
⎠Δr

=

∞∫
0

⎛
⎝ r∫

0

s

a(s)
Δs

⎞
⎠
⎛
⎝ ∞∫

r

|u(z)|Δz

⎞
⎠Δr. (12)

Define functions W3, U3 by

W3(t) =

t∫
0

s

a(s)
Δs, U3(t) = |u(t)|.

Then, by (12), we have
∞∫

0

W3(r)

⎛
⎝ ∞∫

r

U3(z)Δz

⎞
⎠Δr < ∞.
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By Lemma 3.3 (in case of W3 and U3), we obtain

∞ >

∞∫
0

U3(z)

⎛
⎝ z∫

0

W3(r)Δr

⎞
⎠Δz =

∞∫
0

⎛
⎝|u(z)|

z∫
0

⎛
⎝ r∫

0

w

a(w)
Δw

⎞
⎠Δr

⎞
⎠Δz

=

∞∫
0

|u(z)|Q(z)Δz.

For t ∈ T, we get

∞∫
t

(∞∫
s

1
a(w)

(∞∫
w

(∞∫
r

|u(z)|Δz

)
Δr

)
Δw

)
Δs

=
∞∫
t

(∞∫
s

U1(w)Δw

)
Δs =

∞∫
t

(
W1(s)

∞∫
s

U1(w)Δw

)
Δs

by (4)

≤
∞∫
t

U1(w)

(
w∫
0

W1(s)Δs

)
Δw =

∞∫
t

wU1(w)Δw

=
∞∫
t

(
w

a(w)

∞∫
w

(∞∫
r

|u(z)|Δz

)
Δr

)
Δw =

∞∫
t

(
W2(w)

∞∫
w

U2(r)Δr

)
Δw

by (4)

≤
∞∫
t

(
U2(r)

r∫
0

W2(w)Δw

)
Δr =

∞∫
t

(∞∫
r

|u(z)|Δz

)(
r∫
0

w
a(w)Δw

)
Δr

=
∞∫
t

(
r∫
0

w
a(w)Δw

)(∞∫
r

|u(z)|Δz

)
Δr =

∞∫
t

W3(r)

(∞∫
r

U3(z)Δz

)
Δr

by (4)

≤
∞∫
t

U3(z)

(
z∫
0

W3(r)Δr

)
Δz =

∞∫
t

(
|u(z)|

z∫
0

(
r∫
0

w
a(w)Δw

)
Δr

)
Δz

=
∞∫
t

|u(z)|Q(z)Δz.

�
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