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ABSTRACT. We provide sufficient criteria for the existence of solutions for
fourth-order nonlinear dynamic equations on time scales

(a0 (1) = b)f (2(0)) + <),

such that for a given function y: T — R there exists a solution z: T — R to con-
sidered equation with asymptotic behaviour z(t) = y(t) + o(t%). The presented
result is applied to the study of solutions to the classical Euler—-Bernoulli beam
equation, which means that it covers the case T = R.

1. Introduction

We consider the fourth-order nonlinear equation in the form

(a2 1) = b(f (2(1)) + 0. 1)

for t € T, where T is a time scale.
Throughout this paper z : T — R is unknown function and

1
be:T—R, a:T—R., -€Cyq(TRy), feCRR)
a

are given. In this paper, we examine the existence of solutions of equation (I
with asymptotic behaviour and approximation of solutions.
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Time scales research area has a tremendous amount of theoretical value, such
as differential equations and difference equations can be consolidated within
the theoretical framework of dynamics equations on time scales. Due to this,
it can avoid repeating studies in difference and differential equations while
exploring more similarities and differences between them. Likewise, the inves-
tigation of dynamic equations had a wide range of applications. In particu-
lar, fourth-order equations often arise in mathematical models in various fields
of science and engineering. For instance, the fourth-order equation describes
a mathematical model of beam deflection. A special case of Eq. (), with b(t) = 0,

takes the form 2 A2
(a(®)z™ ()" = (1),
and it is a generalization of the classical Euler—-Bernoulli beam equation
(a(t)x”(t))”: c(t) on any time scale T.

To notice the background of dynamic equations on time scales, see [BH7L15].
As it is commonly known, most dynamical equations with nonconstant coef-
ficients, especially some nonlinear equations, have no analytical solution.
Many authors concentrate on the oscillatory and asymptotic behaviour of the
second-order dynamic equation on time scales (see, for example, [2H4LRHTTLT4]).
So far, they are less interested in studying higher order dynamical equations
[18,21H241,27]. Oscillation results for fourth-order nonlinear dynamic equations
were considered in [T1,T2}[T3]20,25,26,28,29]. Our research concerns the asymp-
totic behaviour of solutions to fourth-order nonlinear dynamic equations. For the
case of the time scale T = N, our result is formulated as Theorem 3.1 in [19].
In [I7], Migda presented a new approach to the theory of asymptotic properties
of solutions of difference equations. His method uses the regional topology on the
space of all real sequences and the ‘regional’ version of the Schauder Fixed Point
Theorem. We adopt this approach for dynamical equations on time scales.

2. Basic facts in time scales calculus

A time scale is a model of time [6L[7], where the step size is a function of time.
From a mathematical point of view, it is an arbitrary nonempty closed subset T
of the set R of real numbers.

The mapping o : T — T, defined by o(t) = inf{se€T: s>t} with
inf ) = sup T, is called the forward jump operator. Similarly, we define the back-
ward jump operator p: T — T by p(t) = sup{s € T: s < t} with sup() = inf T.
The following classification of points is used within the theory: a point ¢t € T
is called right-dense, right-scattered, left-dense and left-scattered if o(t) = ¢
(for t < supT), o(t) > t, p(t) =t (for t > infT) and p(t) < t, respectively.
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We say that ¢ is isolated if p(t) <t < o(t), and that t is dense if p(t) =t = o ().
The function p: T — [0, 00) is defined by pu(t) = o(t) —t and called the graininess
function. The delta (or Hilger) derivative of f: T — R at a point ¢t € T", where

- T\ (p(supT),supT] if supT < oo,
o T if supT = oo,
is defined in the following way.

DEFINITION 2.1 ([6]). The delta derivative f2(t) is the number (provided it
exists) with the property that given any € > 0, there is a neighborhood U of ¢
(iie., U= (t—6,t+0)NT for some § > 0) such that

(£(o®) = £(9) = P2 B (o (0) — 5)

DEFINITION 2.2 ([6]). A function f: T — R is called regulated provided its
right-sided limits exist (finite) at right-dense points in T, and its left-sided lim-
its exist (finite) at left-dense points in T. A function f: T — R is called rd-
-continuous provided it is continuous at right-dense points in T and its left-side
limits exist (finite) at left-dense points in T.

<celo(t)—s| forall seU.

Let C(A, B), Crq(A, B) denote the set of all continuous functions mapping A
to B, the set of all rd-continuous functions mapping A to B, respectively.

DEFINITION 2.3 ([6]). Assume f: T — R is a regulated function. We define the
indefinite integral of a regulated function f by [ f(¢t)At = F(t) + C, where C is
an arbitrary constant and F' is a pre-antiderivative of f. We define the Cauchy

integral by f: ft)At = F(b) — F(a) for all a,b € T.

Since we investigate the asymptotic behaviour of (), we assume, throughout
this paper, that T is an arbitrary time scale such that inf T = 0 and sup T = cc.
It implies that T* = T.

3. Preliminaries

Below we present five lemmas necessary in the proof of the main theorem.

A2
LEMMA 3.1. Ify : T — R and (a(t)yAz (t)) = 0, then there exist real constants

c1,Ca, C3,Cq Such that

t T t T

y(t):cl/ /%Aw AT-l—Cg/ /@Aw Artesttes  (2)

0 0 0 0
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for any t € T. If ¢1,c9,¢c3,¢4 € R and y : T — R is defined by (@), then
2

(a(my™ ()™ =0.

LEMMA 3.2. Assume x € Crq(T,R), r,s,t,w,z € T and the integral

07(70@ (1w) (7 (79@(2)Az) Ar) Aw) As

S w T

s convergent. Then, for any t € T, we have

a(t) Uo (7 ’ (1;) (7 <7x(z)Az) AT) Aw) As

S w T

AZHA

LEMMA 3.3. Assume Uy, W1 € Crq(T, (0,00)), [~ Wa(s)([." Ur(r)Ar)As <oo

and r,s,t € T. Then
/Ul(r) (/ Wl(s)As) Ar < oo,

0

and

and
7 (7@&1}) (7 <7u(z)Az) Ar) Aw) As < oo. (6)
Then i ) woo '
0/ Q)lu()|Az < o,
and
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The following lemma is a version of the Schauder Fixed Point Theorem

LEMMA 3.5. Assume y,p € C(T,R), p(t) > 0 fort € T, and tlim p(t) = 0.
—00

In the set
X = {C(T,R) 52+ |a(t) - y(t)] < |p(t)], t € T}

we define the metric by the formula d(x,z) = sup,cp |x(t) — 2(t)|. Then every
continuous map H : X — X has a fixed point.

The proof of Lemma [31] is analogous to the proof of Lemma 4.7 [16].

4. Approximate solutions

In this section, we present sufficient conditions for the existence of a solution
to equation (I) such that for any constant C' > 0 there exists t, € T that

le(t) —y(t)| < =, t>to,

Tl

2
where 8 > 0 and y is a solution of the equation (a(t)yA2 (t))A = 0. Note that, by

2
Lemma Bl a function y is a solution of the equation (a(t)yA2 (t))A = 0 if and

only if there exist real constants ¢y, co, c3, ¢4 such that

t w

t w
1
iU(t):Cl/ /LAT Aw+02/ /—Ar Aw + cat + ¢q.
a(r) a(r)
0 0

0 0

Below we present the main result of the article. We will need Lemma [3.5] to
prove this theorem.

THEOREM 4.1. Assume 8> 0, y is a solution of the equation
2 A2
(a()y™ ()" =0,

and a, b, ¢ are the coefficients in equation (). Moreover, let

oo oo oo [/ oo

/sﬁ / L //(|b(z)|+|c(z)|)Az Ar| Aw | As<oo,  (7)

S a(w) w T

and f be continuous and bounded on a set A where

A= U[y(t) —a,y(t)+«f, for some g€ T, a>0.
t=q

Then there exists a solution x of~ ) such that for any constant C > 0 there
exists to € T that |z(t) —y(t)| < & if t > to.
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Proof. ForteTand z:T — R let

z*(t) = b(t) f(z(t)) + c(t).
There exists a positive constant L, such that |f(7)] < L for any 7 € A.
Define v : T — R by

u(t) = /Oosﬁ (/ooa éﬂ) (/OO (/OO(Lb(z)\ 4 |c(z)|)Az) Ar) Aw) As.

S w T

Since w is finite (by assumption) and 8 > 0, we have

7( ( (/OOLI; ) +[el2)DA )m)m)m
SO ( (w/( (LIb(=)] + [e(2))A )m)m>m<m.

Define p: T — R by

(o)
(o))

)>)
p(t) < / (7 (Z(?Lb )|+ le(z

Ar) w) As = u(t).

Hence for any constant C > 0 there exists t; € T that for t > t;

Then

tPp(t) =t° (

(L|b(2)| + |e(

2)))A )
(L[b(2)] + [e(z) A )
(2)1) 2)

i :
i .

A
Aw
t = s? >t and
A

(@]

p(t)| < =, teT. (8)

H-
Q

Let
Y = {C(T,R) 3 2 : [a(t) = y(t)| < a, t € T},

where y is a solution of the equation
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There exists p € T such that
p(t) <a for t>p.

Hence, by assumptions, f(x) is bounded for any x € Y. Therefore, if x € Y,

then
/ / ! / /|x* Az | Ar | Aw | As
a(w
t s w T
</ /(/(L|b(z)|+|c(z)|)Az Ar | Aw | As
t s w
=p(t) < a < 0.
Let

X ={C(T,R) >z : |z(t) —y(t)| < p(t) for t > p and z(t) = y(t) for t < p},

where y is a solution of the equation

Moreover, we set
H:Y — C(T,R),

y(t) fort <p

y(t) + f (f O] (70 (?x*(z)Az) Ar) Aw> As for t > p.

w T
It is obvious that X C Y. We will prove that the mapping H has a fixed point
in X. If z € X, then for ¢t > p we have

oo/ o0 oo/ o0

|H(x)(t)y(t)|:/ /@ / /x*(z)Az Ar | Aw | As

S w T

[ S IaYaNe el

g/ /a<1w) ]o ]ox*(z)Az Ar | aw | As < pe).

s w

Therefore HX C X.
The task is now to show that H is continuous. Let us recall the function @

given by (@), i.e.,

r

oo [ ([

Ar.
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By Lemma [34] we have

/Q(s)\b(s)|As < 0.
Let x € X, and € > 0. Choose M > p and a positive constant ~ such that
M
L/Q(s)|b(s)|As e and ~[Q(s)|b(s)|As < e
Set M 0

M

Ao =) — e, y(t) +al.

t=1

Choose a positive ¢ € R such that if 71,7 € Ag and |13 — 72| <, then

[f(1) = f(m2)] <7
Let us take & € X such that sup |z(t) — Z(t)| < 6. Then
teT

sup |H (z)(t) — H(z)(1)]

teT

oo [/ oo

s/ooa (tu) 1/ ( / (a*(2) - j*(z))Az) AT) Aw) As

(7 ]o|x*(z) _ j*(z)|Az) AT) Aw) As
< 7 (7 a(lw) (Z ]o|b(z)||f(x(z)) - f(j(z))]Az) Ar) Aw) As.

(/ b(z Hf z))’Az) Ar) Aw) As

Hence

S
8

sup [H(x)(t) — H(Z)(t)| < ~[Q(s)[b(s)[As + 2L [Q(s)[b(s)|As < 3e.

teT
0 M
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Therefore the map H : X — X is continuous. By Theorem there exists

oo

a point z € X such that x = Hz. Then for t > p we have
o0 o0
1

x(t):y(t)—l—/ / a(w)7 /ﬁ@)m Ar | Aw | As.

t s
Finally, we show that the fixed point z is a solution of equation (IJ). Using

Lemma [3.2] and Lemma [3.1] for ¢ > p we get
2 A2 2 ?
(a2 @) = (altiy™ )
oo oo oo oo AQ A2
+ | a(t) / / a(lw) / /z*(z)Az Ar|Aw|As

t s w T

=0+a2*(t) =b(t)f(z(t)) + c(t).

C fort e Tandt >t

Therefore x is a solution of (). Since x € X and |p(t)] <
we have
t)=y(t) + e
o) =y +o (5 )
It means that the thesis holds. 0
ExAMPLE. Consider equation () on the time scale T = R4 U{0} in the following
1
(z(t) + I 9)

1 1" 1
( ”(t)) = o

form
?l‘
Let 8 = 10. The condition () is satisfied since
Tl Towl T(T2 18144
/310 /2“’ / /—dz dr | dw | ds = 81400<oo.
4% In"" 2

One of the solutions to the equation
1 1

(50) = o

2 > ¢ < 1 1 > 2 1
n?2  In2 m®2  In?2

is the function
1

YO =129 " n2 ~ w2

4
Then by Theorem ET] there exists a solution x of (Il) such that for any constant
69

C > 0 there exists to € T that |z(t) — y(t)] < t% if t > 1.
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ExaMPLE. Let T = {2" n € N} U {0} and take into account the following

equation ()
t

Al t
= t t T 1
= (1) 1) arctan (z( ))+2t(t+1)7 (10)
Assume 8 = 1. The condition ([7]) takes the form
7 /OO /OO /OOLA Ar | Aw | As <
s HEE z | Ar | Aw | As < oc.
0 s w T

Below we prove that condition ([7) is satisfied.
Note that, for the considered time scale, we have

@ 2, if t=0
U7 6 it te{onneny.

To show the convergence of the integral appearing in () we start with

Az =2 =2
/2Z(Z+1)7 < Z Z+1 Z Z—l—l
. z€[r,00)T z€|[r,00)T
2 1
<2 < —
Z Z+1 (7’+1)5 Z 2z
z€[r,00)T z€|[r,00)r
(r+1)5 Z on "(r+ 1)

and the above inequality yields the following one

[e Sy aNe el [ee]

2z 4 Ap(r)
— Az | Ar< | ———Ar = —
/ /2Z(z+1)7 : T—/2T(r+1)5 ' E[Z) 2(r+1)°
w r w T w,o0 )T
4r 4
= Z 5 Z T 1
r€w,00)r 2 <T+1) re[w,00)r 2 (T_'—l)
4 =1
r+14e[z:) w+1)4nz:;u2_”
B 8
2w(w+1)4"
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Analogously, we have

o [/ oo [/ oo

22 16
2 A A Aaw<s —2
/ / /2Z(z+1)7 N il B I E

Finally,
/s / / /27Az Ar | Aw | As S/LAS
22(z+1)7 25(s+1)3
0 s w T 0
o Z 168/1/(8) - Z 1682
- s 3 s 3
s€[0,00)7 2 <S T 1) s€(0,00)T 2 <S T 1)
< 2 T6eD 2 D) <

s€(0,00)

which shows that condition ([7]) holds. One of the solutions to the equation

y™ (1) =0
is, by [3.2]), the function
t o/ or t /v
t) :/ /wAw Ar—i—/ /lAw Ar. (11)
0o \0 0 \0

Let us calculate the second integral in ([[I). Since

T

/1Aw: Z,u(w):2 +Z p(w)

0 wel0,r)r we(0,r)7

=24+ > w=2+4+2+422 4 2" =2 =,

we(0,r)r
then we obtain
t r t
/ /lAw AT:/TAT—Z )=20- 2—1—2
0 0 0 ’I‘E[O t ’I"E(O t

=224 (22244 (20

1 4 1 4
— _ 2nt 2 [ — _t2 - —.
3( ) 3 3 3
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Using the above result, we now proceed to calculate the first integral in (1))

r

t t t
1, 4 1 [,
— 2= - _Z 11 -
/ /wAw Ar /(3r >Ar 3/ AT+3/7’ Ar
0o \O 0 0

0

41 , 1 ;

:f§t+§ ZT u(r):f§t+0-2 + Zr
rel0,t)r re€(0,t)r

4
= ——t4 - (23 + (222 + -+ (2”t—1)3>

3 3

4 1 8 1 4 8
=t (2P - = S —

3 * 21( ) 21 21 3 21

and eventually, we get

1 1 4 12
t)= =3+t -t - =
vlt) =gt T3t — gt
Then by Theorem ] there exists a solution x of (Il such that
1 1 4 12 1
t)=—t>+ -t — —t — = teT.
=5t 383 7+O<t>’ <

5. Proofs of lemmas from the paragraph

Proofs of Lemma [B.I] and Lemma are omitted since are straightforward
and need only common calculations.

Proof of Lemma Changing the order of integration, we get the first
part of the thesis

oo

/OOW1(3) /OOUI(T)AT As:/Ul(r) /m(s)As Ar < oo
0 s 0 0

Similarly changing the order of integration, we obtain

7U1(r) / Wi(s)As | Ar = /t Wi (s) 7U1(T)Ar As

oo

/Wl /U1 r)Ar|As > /W1 /Ul(r)Ar As,

S

since Uy and Wy are positive functions. O

72



ASYMPTOTIC PROPERTIES OF SOLUTIONS TO 4TH-ORDER DIFFERENCE EQUATIONS

Proof of Lemma B4l Define functions Wy, Uy, Wa, Uy by

W) =1, Ur(t) = 2 :[O<f u z)|Az> Ar,
Wa(t) = ﬁ, Us(t) = { lu(z)|Az.

Then by assumption (@), there is

/ Wi (s) ( Ui ( w)Aw) As < 0.
Using Lemma B3] we get

]OWQ(S) <7U2(7')Ar) As = Oo ( ( lu(z |Az) Ar) As
OO (ﬁ (]OU(ZHAZ) Ar) As

- /SU1(5>AS

s) (/S Wl(w)Aw) As < 0.

Using Lemma [3.3] once more (in case of Wy and Us), we obtain

/ (/m As) {o(/u |Az)(/ﬁAs)A
J(/_As)w mz) N

oo

:/U1

0

Define functions W3, Us by

Then, by ([I2)), we have

/Oowg(r) (7U3(Z)Az) Ar < .
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By Lemma B3] (in case of W3 and Us), we obtain

%0 >7U3(z) /ng(r)m Az:7 |u(z)|/z /Tﬁmu Ar|Az
0 0 0

/ [u(2)|Q(2) Az,
0

For t € T, we get

(e (T (s

< (e -

&%8
S
=

5) :fm (w)Aw) As

< jfoU1 <fW1 As)Aw

TwUl (w)Aw

w) Zo Cfo \u(z)lAz> Ar) Aw f(wzm) ;[OU2(7~)AT> Aw

R
> (f lu(z IAz) Ar = ng(r) CfoUg(z)Az> Ar

fwg(r)m> Ar = ;}O(m(zn Of (bf %Aw) Ar) Az

= flu )IQ(2)Az.
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