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Abstract: A rectangular composite sandwich panel that is convectively heated by the external environment is
considered. A physical and mathematical model consisting of two stages is proposed to predict the operability of
such a panel depending on the heat transfer conditions. In the first stage, the unsteady temperature field is
determined from the relations of the unsteady heat conduction problem. In the second stage, the parameters of the
stress-strain state of the panel are determined from the relations of the quasi-static thermoelasticity problem. Under
the conditions of a panel hinged at the edges of the considered panel, general solutions to the problems of thermal
conductivity and quasi-static thermoelasticity are found using the Fourier and Laplace integral transforms. For
numerical analysis, a variant of a composite sandwich panel of the ceramic-metal-ceramic structure was chosen.
The temperature field, radial deflections, normal forces and stresses, and bending moments in the sandwich panel
under consideration are analyzed as a function of both geometric parameters and the dimensionless Biot criterion.
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1 Introduction

In various fields of modern technology, layered structural elements are often used to operate
at high temperatures and in aggressive environments. The layering properties of these structures
are used to insulate them from the external environment, or vice versa, to intensify heat transfer
in order to strengthen and increase the reliability of structures. Therefore, the study of the stress-
strain state of layered structural elements under conditions of their convective heating by the
external environment is an urgent engineering and technical task.

The behavior of layered structural elements has been studied, in particular, in [1-3]. Exact
solutions to the problems of thermoelasticity of layered panels based on three-dimensional
equations were constructed in [4], [5]. Refined models based on two-dimensional equations are
presented in [6]-[8]. Analytical solutions for the bending of heterogeneous and composite
plates under thermal and power loads were obtained in [9]-[13]. In [14], the equation of
interconnected thermoelasticity was used to analyze the effect of the coefficient of coupling on
the nonlinear behavior of plates. In [14], [15], the finite element method was used to study
thermoelastic processes in layered plates. The thermomechanical behavior of a
nonferromagnetic homogeneous plate under the action of electromagnetic pulses of different
durations is given in [16]. The temperature resistance of composite material plates was studied
in [17]. Models and methods for studying inhomogeneous thin-walled structures are presented
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in [1], [2], [18], [19]. Practical problems requiring the involvement of the stress-strain state
theory for the composite sandwich panels during particular external influences have been
addressed in numerous studies, particularly in [20], [21], [22]. The paper [20] considers the
impact of adding a micro-mixing chamber with inclined walls and a rectangular rib on heat
transfer and pressure drop in a microchannel heat sink. In [21], the authors investigate the
mechanical characteristics of composites reinforced with jute fibers and steel fillers to explore
their potential as advanced engineering materials. The accuracy and efficiency of Navier and
Rayleigh-Ritz methods for predicting the stress-strain state of laminated composite plates under
various external influences, compared to finite element analysis, are investigated in [22-24].

The aim of this paper is to study the temperature and stress-strain state of a composite
sandwich panel of the ceramic-metal-ceramic structure when it is heated by an external
environment with convective heat exchange. The obtained results will be implemented to
improve the processes of lapping and polishing of metal parts with the help of ceramic working
bodies (laps, polishers, etc.) while performing further research based on [25-27].

2 Physical and mathematical model

A rectangular composite sandwich panel consisting of three layers is considered. The
materials of these layers are homogeneous and isotropic. The sandwich panel is assigned to the
orthogonal coordinate system Oxyz (Fig. 1). The panel has the dimensions a x b (width a,
length b) and a constant thickness 2h, i.e., the points of the panel space belong to the orthogonal
coordinate system Oxyz and occupy the region [0, a] X [0, b] X [—h, h]. Consider further a
three-layer sandwich panel, the outer layers of which have the same thickness h; = h3, and the
inner layer has a thickness of h,, that is, the total thickness is h = 2 - hy + h,.

Fig. 1 Three-layer sandwich panel being studied

This panel is subjected to convective heat exchange with the external environment. To
determine its stress-strain state, a physical and mathematical model consisting of two stages is
proposed. In the first stage, the unsteady temperature field is determined from the relations of
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the unsteady heat conduction problem. In the second stage, the parameters of the stress-strain
state of the panel are determined from the relations of the quasi-static thermoelasticity problem.

2.1 Determining the temperature field

Suppose that at the initial time the temperature of the panel is zero. Starting at time 7 > 0,
the panel is heated by an external medium whose temperature on the surface z = +h is
tr (x,y,t) =t, (x,y) t*(7), and on the surface z = —h is t7 (x,y,t) = 0. The function
t*(7) describes the time change in the temperature of the medium on the surface z = +h.
Convective heat exchange with a constant heat transfer coefficient a, occurs between the
external environment and the surfaces z = +h. The temperature field of the panel t (x,y,t) is
determined from the system of two-dimensional heat conduction equations with a linear
dependence of temperature on the transverse coordinate [7]:

oT, T,

A*AT, — 2a,T, + B*MT, — A° — = — B¢—= 5 = = —a,t}, 1
y) y) A c aTl c 0T, + )
B*AT, + D*AT, — 2 7+ 20, | Ty = BS o= = DS === —a,t,

where T; = %f_hh tz/=1dz (j = 1,2) are the integral temperature characteristics, and

(A%, B%, D"} = f /1(2) —(3) }dz
)}, @
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A(z) is the thermal conductivity coefficient; c(z) is the specific heat capacity; p(z) is the
specific density; T is the time variable; t(x, y, t) is the temperature field function.

The system Eqg. 1 for the integral temperature characteristics and at the edges of the panel is
solved with homogeneous boundary conditions:

x=0aT;,=T,=0, y=0b:T, =T, =0,
h AIA: (3)
c c Ccl — —_ —_
{A¢, B¢, D¢} = J_hc,,(z){Lh,(h) }dz,

and zero initial conditions:

o509 = [ @l

4= (6121 + a222)1 Cy =Cp; 01 =

T:O:T1:T2:0. (4)

Using the integral Laplace transform in time 7 and the finite Fourier transform in coordinates
x and y, we obtain the general solutions of the system Eq. 1 in the form:

2C*Z” 1 2m= 121::] 1w[(c3p1 94) —(Czpj—

gz)] sm?x smTy.

Zn 12m IZlij 1%(;)31'[(612% - 91) - (Czpj -

93)] sm;nx sin%y.

(5)
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Here

91 = A (Ui + ui) + Bi; g, = g3 = Ay (uiy + 1) ga = Az(ui + pui) + Bi 4+ Ay;
. ash hmn hmm , A,

Bi = /10;‘un=7;ﬂm= i T =c3h2T; C*=C,C; — (Cr)%
(A, Ay, A }=L{A’l B*, D*}; {C,,C,, C3} = ! {A¢,B¢,D¢};
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Ao and c¢2 are some characteristic coefficients of thermal conductivity and heat capacity,
respectively; p; and p, are the roots of the quadratic equation:

C'p? +[C194 + C391 — C2(g3 + g2)Ip + 9194 — 9293 = 0;
_4fajbt( ),nn L ©)
an—ab o c(x,y) sin—-x sin——~ydxdy,

Z;(t) = f0"t+(v)e—Pf(T'-v)dv, G=12). ©)

2.2 Determination of the stress-strain state

To investigate the stress-strain state of the panel caused by the temperature field Eq. 5, we
use the basic equations of thermoelasticity based on the first-order shear theory [7], written for
isotropic plates through the generalized displacements u;, w,y; (i = 1,2). Physical equations
for stresses at any point of the plate are the following:

E(z)
R [01uy +vOyu, + 2(0171 +vO2y2) — (1 +v)a(2)t];
E(z)
022 =72 [0zu; +vO,uy + 2(0,y2 +vO1y1) — (1 + v)a,(2)t];
8
_ E@®@ @, + ) _ E®@ s+ 0uw) ©
) R G T I R
_ E(@ (s + 9,w)
023 = 21 +v) V2 2W).

where E(z) and at(z) are the elastic modulus and the coefficient of thermal linear expansion,
which depend on the coordinate z; v is the Poisson's ratio, which is assumed to be constant;

u;, w are the displacements of points in the median surface; y; are the angles of rotation of the
normal.

The physical equations for the forces and moments in the median surface are as follows:

T.
Nl = A(alul + Vazuz) + B(al)/l + Vazyz) - AtTl - Btf,

T
N, = A(0,u, +vo1uy) + B(95y, +vdyy,) — A'T; — B? 72,

)

T.
Ml = B(alul + Vazuz) + D(al)/l + Vazyz) - BtTl - th,

T

Mz == B(azuz + Valul) + D(azyz + 1/61)/1) - BtTl - th,
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1—v
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{A,B,D} = T E(2){1,z,z*}dz;
—h

1 h
{At,Bt, D'} = ﬁf E(2)a.(2){1,z,z*}dz;
— Vi
N;, N;,, Q; are normal, shear, and cutting forces, respectively; M;, M, are bending and torsional

moments; k' is the shear coefficient [28].
The equilibrium equations are as follows:
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Under the conditions of a panel hinged at the edges, the boundary conditions have the form:
x=0a uy=w=y; =0, N, =M; =0,
y=0,b: u2=W=]/2=0, N2=M2=0.

The system of differential equations Eq. 10, together with the boundary conditions Eq. 11,
constitutes the boundary value problem of temperature stresses for isotropic inhomogeneous

(11)
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rectangular plates in generalized displacements. This problem is solved by the finite double
Fourier transform method in the x and y coordinates. Based on the generalized displacements
found, we write down the temperature stresses, forces, and moments using the formulas Eq. 8
and Eq. 9.

3 Solution of the problem for a three-layer sandwich panel

Based on the above general relations, let's consider a three-layer sandwich panel. Let the
physical and mechanical characteristics of its layers be equal to

1 2
g =¢® =0, cPy, @ =, Py,

Then, the expressions for the integral characteristics of the quantities A9 = {A,At,A’l,AC},
B? ={B,B*,B* B} and D% = {D, D%, D% D¢} due to the characteristics of the constituent
layers of the panel according to [3] are determined by the following formulas:

h
quzh[z @ _M@_ ] B =0,
¢ —7-(a® - q") s
_2h3 hy (2

3
pa =22 1,04 (q@ _ @ (1__) _
3 {q +(q® - qW) p

The following expressions of the distribution functions of the external temperature were used
for numerical studies:

te(x,y) = t'N)N (), (13)
tt@) =1-eF", (14)
Here
N(x) = S_(x — (xo — o)) — S+ (x — (%0 + ap));
N(y) = S_(y - (o — bo)) - 5+(}’ — (o + bo));

S1(x) are asymmetric unit functions; 2a, and 2b, are the dimensions of the heating region;
(x0,yo) are the coordinates of the center of this region; t*, B* = const.

From the relations Eq. 6 and Eq. 13, we obtain the expressions for the Fourier coefficients
Qnm:

16t*  mna, . mnx, . mmby, . WMy,

Qnm = sin sin sin sin
"M mnm? a a b b

In the case of uniform heating over the entire surface of the plate (xo = %»3’0 = g, ay =

a b 4t*
E’bo = E) we have Q,,, = — (1 —=cosmtn)(1—cosmm).

The time function

46 = [ (1= o) g (e o)

is calculated using the formulas Eq. 7 and Eq. 14.
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4 Numerical analysis of temperature and stress-strain state

Metal (Ti-6Al-4V) and ceramics (ZrOz) with the following physical and mechanical
characteristics were chosen as the materials of the constituent layers of the ceramic-metal-
ceramic sandwich panel [13]. The metal is characterized by the following parameters:

1 w J
= 0.321; E,, = 66.2 GPa; af, = 10.3-107° —; =181 —; c= 33—
v = 0.321; E,, = 66.2 GPa; ay, 0.3-10 K,/lm 8 mK'C 8083kg-K
The ceramics is characterized by the following parameters:
1 w |
— . = C gt — .10-6 Z. = -
v =0.333; Ec =117 GPa; a¢ = 7.11-107° =5 A = 2.036 —; ¢ = 615.6 e K

The values of the other parameters are as follows:

h a ., 5
E=0.025;—=1;k =—; 17 =3; E, = 10% GPa;

7 W j
E=1075 —; dg=1—; cp = 610> ——,
%o K' 07 " mK’ 0 kg K

. . ’ t - ’ T;: . .
The dimensionless temperature t = —» temperature characteristics T; = t—‘ radial deflections

N . M
w’ = ——, normal forces N," = —— bending moments M;’ = —;—=— and normal stresses
ht*ag t*hEgay t*h"Epag
o, = t*‘;}lat were calculated in the center of a square three-layer sandwich panel of the
0o

ceramic/metal/ceramic (C/M/C) type with a uniform distribution of ambient temperature over
the surface. Figures 2-5 show the graphical dependencies of these dimensionless quantities
(temperature characteristics, normal stresses, normal forces, bending moments, and radial
deflections) for the Biot criterion Bi = 1, 8* = 0.5 and different values of the ratio h,/h; of
the thickness of the inner layer to the outer layer.

For a sandwich panel of the C/M/C structure, the influence of the metal layer increases with
an increase in the ratio h,/h,. Therefore, the values of T'; decrease, while the moments M',,
forces N';, and stresses o', increase (see Figs. 2-5).
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Fig. 2 Temperature characteristics T"; Fig. 3 Normal forces N;' and bending
depending on the ratio h,/h; moments M, ' depending on the ratio h,/h,
(Bi=1, B* =0.5) (Bi=1,B*=0.5)
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Fig. 5 Normal stresses o, depending on the
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Figures 6-9 illustrate the dependence of the temperature characteristics T';, and the
parameters w', N';, M';, o', of the stress-strain state of the sandwich panel for different values
of the dimensionless heat transfer coefficient Bi. The calculations were carried out for the values
h,/h, = 1, B* = 0.5. It is obtained that with an increase in the coefficient Bi, the values T';,
and w' increase, and the values of N';, M';, o', decrease.
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Fig. 6 Temperature characteristics T'; at
different values of the heat transfer
coefficient Bi (h,/h; = 1, B* = 0.5)
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Fig. 7 Normal forces N, and bending
moments M, ' at different values of the

coefficient Bi (h,/h; = 1, B* = 0.5)
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Figures 10-13 show the values of the temperature characteristics T';, and the parameters w’,
N';, M';, o', of the stress-strain state of the sandwich panel for the ratio h, /h, = 1, Bi = 1 and
different values of the coefficient 8*, which characterizes the rate of reaching the steady-state

heating

regime for all the considered values.

From the analysis of the dependencies shown in Figs. 10-13, it is established that the
characteristics of temperature T’; and deflection w' increase with an increase in the coefficient

B*, while the forces, moments, and stresses decrease.
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5 Method of prediction of sandwich panel operability

To evaluate the operability of the sandwich panel, after finding the components of the
displacement vector from the system of equations Eq. 10 using relations Eq. 8, we write down
the expressions of the components 6411, 622, 012, 613, 023 Of the stress tensor ¢. Based on the
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found components of the stress tensor in the sandwich panel, we determine the stress intensities
o; in it. These stress intensities in the sandwich panel are calculated by the formula [29]:

J 31,(8) - I2(3)
g; = 2 .

Here I;(6) is the j-th invariant of the stress tensor. After that, according to the known Huber-
Mises condition for an isotropic body, we compare the value of the stress intensity in the
sandwich panel g; with its ultimate strength g,,. If the condition g; < g, [26] is met, then the
considered layered sandwich panel retains its operability as a whole structural element. Note
that the strength limit o), of the entire sandwich panel can be chosen as the smallest of the
values of the strength limits o,; of the materials of its n-th component layers, i.e. gy =
min {ay;}. This means that a sandwich panel loses its operability if at least one of its component
layers fails according to the condition ¢* > ay;. The values of ¢/* and oy; are determined
experimentally for the material of the n-th component layer of the sandwich panel.

CONCLUSION

A methodology for solving the problems of thermal conductivity and quasi-static
thermoelasticity for a three-layer sandwich panel has been developed. The temperature and
parameters of the stress-strain state of a three-layer sandwich panel of the ceramic-metal-
ceramic structure are investigated depending on the values of the dimensionless Biot criterion,
the ratio of thicknesses of its outer and inner layers, and the dimensionless coefficient
characterizing the time for the studied values to reach the steady-state mode of convective
heating of the sandwich panel by the external environment. Based on the numerical analysis, it
was found that by changing the ratio of the thickness of the sandwich panel's constituent layers
and the conditions of convective heat transfer, it is possible to influence the temperature and
parameters that determine the stress-strain state of the three-layer sandwich panels of the
considered structure. A method for predicting the operability of a sandwich panel as a structural
element is proposed. The dependences of the studied values obtained as a result of numerical
analysis can serve as a scientific basis for predicting the reliability of the operation of three-
layer sandwich panels of the ceramic/metal/ceramic (C/M/C) type as elements of various
engineering structures.
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