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Abstract: In classical logic design, there are machine learning methods based on converting a set of input-output
traces to non-deterministic automata that are then converted to deterministic automata and synthesized using logic
gates. This approach has not yet been extended to quantum automata. In this paper, we present a method to convert
a set of input-output traces to a non-deterministic automaton, which is then converted to an incompletely specified
multi-output Boolean function. The existing logic synthesis approaches for designing quantum circuits are insuffi-
cient to handle incompletely specified functions. So, we present a novel algorithm to synthesize logic functions with
don’t cares using permutative quantum gates. The original MMD (D.M.Miller, D. Maslov, and G.W.Dueck) algo-
rithm minimizes only completely specified reversible functions using cascades of reversible gates. In this paper, this
algorithm is modified to allow for the inclusion of don’t cares within the given function’s truth table (reversible or
irreversible). The distinguishing property of our presented algorithm QAS, is that it does not add any ancilla qubits if
it is not necessary. This algorithm solves the problem of synthesizing deterministic and non-deterministic quantum

state machines, both completely specified and incompletely specified.

Keywords: deterministic quantum state machines; non-deterministic quantum state machines; incompletely specified
boolean functions; reversible logic; quantum gates; quantum logic synthesis; ancilla qubit minimization; quantum
cost; quantum automata

1. Introduction

Quantum Computing is a rapidly developing technology field that attempts to utilize quantum mechanical phe-
nomena to build computers that are vastly more powerful than classical computers [1,2]. The building blocks of a
quantum computer are quantum logic circuits that can manipulate information stored in qubits [3]. Quantum state
transformations (other than measurement) are reversible in nature [4], i.e., given an output state, we can apply the
inverse transformation to compute the input state [5]. The synthesis of quantum and reversible logic circuits is an
important problem that needs to be solved to advance the field of quantum computing.

Many computational problems can be modeled using automata or “state machines”. It may be useful to represent
some of the computational problems in quantum computing using the quantum equivalent of classical automata. Sev-
eral definitions for these automata exist under names like Quantum Automata (QA) [6], Quantum Finite Automata
(QFA) [7], etc. The two well-known definitions of Quantum Automata are the Kondacs-Watrous Quantum Finite
Automaton (KWQFA) [7] and the Moore-Crutchfield Quantum Finite Automaton (MCQFA) [6]. It has been demon-
strated that QFA can solve certain problems more efficiently than its classical counterpart [8,9]. In classical logic, the
abstract models of automata laid the foundations of computing and eventually evolved into practical state machines
that can be implemented using logic circuits. Quantum computing can expect a similar evolution as we discover more
useful algorithms and applications. It is important to develop practical state machine architectures and logic realiza-
tions using quantum gates. A variant of Quantum Automata called Quantum State Machines (QSMs) was introduced
in [10,11]. It applies a sequence of quantum logic operations to realize the output and state transition functions of a

state machine. The logic of quantum circuits is described by unitary matrices. If the matrices are permutative, then
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the circuit is deterministic [12]. We define a permutative quantum gate or permutative circuit as a quantum circuit
whose unitary operator performs a permutation of the computational basis states, i.e., its unitary matrix is permuta-
tive. Such circuits use gates like CNOT, CCNOT, and NOT. If the matrices are general unitary, then the circuit is
built from Hadamard, Chrestenson, and rotation gates in addition to Boolean or multi-valued logic gates (permutative
gates) and measurement gates [13].

The survey of literature indicates that the problem of synthesizing non-deterministic quantum finite state machines
has not been solved. The conversion of a non-deterministic FSM to a deterministic FSM is well known in classical
logic. But this conversion generates don’t cares, which are not handled by most of the logic synthesis frameworks
in quantum computing, including Qiskit [14] and Quipper [15]. However, the problem of synthesizing incompletely
specified reversible functions is of high importance in several areas listed below:

1. The oracles used in Grover [16], Quantum Walk [17] and similar algorithms like BHT QAOA [18] are
normally permutative circuits, i.e., circuits built entirely from permutative gates. In some applications, the
initial oracle is an incompletely specified logic function that should be converted to a completely specified
Boolean or multi-valued permutative function. This has applications in Machine Learning.

2. Design of blocks included in larger oracles or spectral transforms, such as adders or other arithmetic circuits
or code converters, where don’t cares occur, similar to classical logic network design.

3. Circuit-level synthesis of reversible sequential circuits [19] and deterministic or non-deterministic QSM.
This is especially useful in Machine Learning applications where the machine is created from input-output
traces [20,21].

4. When a completely specified, multi-output Boolean function is synthesized, one of the methods is the so-
called Miller Method [22] that transforms a multi-output (completely specified or incompletely specified)
Boolean function to a strongly unspecified single-output function.

5. Another cause of the occurrence of don’t cares in state machines is the encoding of states. Assume that the
state machine is represented by a table where columns correspond to input states and rows correspond to
internal states. For example, five symbolic input states encoded in minimum length code using three input
variables (qubits) create three columns of don’t cares in the transition table. Similarly, five internal states
encoded in three memory elements (qubits) create three rows of don’t cares.

6. Don’t cares can occur in combinational logic when the number of output lines is smaller than the number of
input lines. In such a situation, ancilla qubits are added to the output side to maintain the reversible nature.
This ancilla qubit addition will manifest itself as a column of don’t cares added to the output part of the truth
table.

Many of these problems are known from logic synthesis of classical automata and circuits, but have never been
solved for quantum automata. Clearly, there is a strong need to develop quantum logic synthesis tools that can handle
don’t cares in the output values.

The main contributions of this paper are as follows.

1. We propose a technique to realize non-deterministic state machines using quantum logic circuits.

2. We apply this technique to learning, where an automaton is derived from input-output traces and built using
quantum logic circuits.

3. We present an algorithm, which will be referred to henceforth as “Quantum Automata Synthesizer” or QAS,
that can transform an incompletely specified, or irreversible function, into a completely specified reversible
function that can be synthesized using existing quantum logic synthesis tools.

To the best of our knowledge, this is the first paper to address the problem of realizing non-deterministic state
machines using quantum circuits. The automata realization method presented in this paper is devoted mainly to
QSM, but it can also be applied to other types of quantum automata, such as QA, QFA, two-way QFA [23], etc., and
sequential reversible circuits. Moreover, not much is published on the efficient design of QSM. The current paper
will partially fill this gap.

Our synthesis method makes use of the “transformation-based” reversible circuit synthesis software developed
by D.M. Miller, D. Maslov, and G. W. Dueck (MMD) [24]. Our method has the following steps:

1. A non-deterministic symbolic automaton obtained from incomplete input-output traces is first transformed
to an incompletely specified, encoded non-deterministic automaton.

A state transition table for the encoded non-deterministic automaton is created.

The QAS algorithm converts this state transition and output table to a fully specified reversible function.
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4. The MMD algorithm is applied to generate a permutative quantum circuit that realizes the transition and
output functions.
5. The complete state machine is implemented as a quantum circuit using one of the proposed QSM models.

The procedure of QAS can be briefly outlined in three steps:

e Step 1: Assign values to the don’t cares outputs, and map the outputs according to the assigned input
value. The result must be a nxn reversible function (where 7 is the number of input and output qubits)
, as the algorithm assumes that each single-output Boolean function is a balanced function [25] and no
ancilla qubits are added.

¢ Step 2: Use the MMD algorithm to synthesize the quantum circuit. Thus the result of QAS is both the
truth table of the completely specified multi-output n X n function and the sequence of quantum reversible
gates such as NOT, CNOT and generalized TOFFOLI.

e Step 3: Compare the cost in terms of the number of gates and keep track of the don’t cares assighments
with the minimal cost. Backtrack to find K solutions or until no further backtracking is possible. Thus,
the algorithm creates several candidate circuits that may be evaluated for cost, quantum layout, etc.

QAS starts with the assumption that a reversible function can be built from an initial, incomplete description
without adding ancilla qubits. In case no reversible function can be created for the initial specification, a single
ancilla qubit is added, and the algorithm is repeated. This process continues until a fully specified reversible function
is created. Therefore, our method also solves the problem of realizing a reversible circuit with the minimum number
of qubits for an arbitrary irreversible initial function specification. Several reversible functions can be created for the
same initial specification, and the lowest-cost function is picked.

The paper is organized as follows: In Section 2, we provide a brief background on classical and quantum automata,
learning from input-output traces, etc. We also provide the basics of the MMD algorithm used by our QAS software.
Section 3 reviews the existing logic synthesis approaches for quantum circuits. In Section 4, we present an example
of converting a non-deterministic quantum automaton to a deterministic quantum automaton. Then, in Section 5,
we present the QAS algorithm in detail. We will also present analytical results and an evaluation of the algorithm’s
complexity. In Section 6, we illustrate an example where the synthesis with non-minimal number of qubits is explored.

Finally, we present our conclusions in Section 7.

2. Background
2.1. Classical Automata

In classical logic, a Deterministic Finite Automaton (DFA) [26] is a computing machine that has a tape head that
reads a finite tape with cells that hold symbols from an input alphabet. The tape head is allowed to move only from
left to right, changing the state of the machine as it moves right. The machine accepts or rejects a string of symbols
that it reads from the tape. The machine is called deterministic because, given its current state and an input symbol,
there is exactly one next state that it is allowed to enter, as specified by a state transition table. A Non-Deterministic
Finite Automaton (NFA), on the other hand, has a set of states that it is allowed to enter, for a given current state and
input symbol. In an NFA, there are non-deterministic transitions in which, for a given input value X,, the automaton
can transit from some internal present state S; to any of the next states Sj, Sk, Si, ..., etc. In addition, in the case
of a non-deterministic Mealy machine (such as those discussed in our example), the output is also non-deterministic.
Non-determinism can occur naturally in many real-life functions. For example, consider a modulo-3 counter which
goes from 0 — 1 — 2 — 0. Let us denote the states by Sg, S1, and Sy. The binary encoding of this 3-state function
will require 2 bits. When we create a state transition table as shown in Table 1, it can be observed that 2-bit encoding
creates a fourth state S3. If S3 is the initial state of the counter, it should transition to any of the valid states Sg, Sq
or Sy, but not to S itself. During hardware design, the designer, or the design automation tool, may pick one of the
possible next states to simplify the combinational circuit of the automaton’s realization.

In the case of Machine Learning, the non-determinism of a machine can be treated as a generalization of a don’t
care (don’t know) symbol that is used in logic-based machine learning methods [27-29].

It should be noted that in the literature, there are two ways of understanding the behavior of a non-deterministic
automaton. In the first variant, which we follow in this paper, the initial non-deterministic automaton can be converted
to a final deterministic automaton that is realized using logic circuits. In the other variant, the final circuit includes
probabilistic gates that realize the non-deterministic behavior in hardware. In the case of quantum circuits, this can
be done, for instance, using Hadamard gates and measurements [13]. Although, our method in this paper can be
extended to this second variant of non-deterministic automata, this topic is not focused on in our paper.
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Table 1. State transition table for a simple non-deterministic machine.

Present State (PS) Next State (NS)
SO S1
S1 S2
S2 SO
S3 S0, S1, S2

2.2. Learning Using Input-Output Traces

One of the fundamental ideas in machine learning is to make sense of large amounts of data. In automata theory,
this is similar to “grammatical inference” [30], where the learning algorithm is given some structured data and is
asked to come up with a grammar that explains the data. Once the grammar is inferred using the training data, it can
predict responses to, or classify unseen data. One approach is for the learning algorithm to derive a DFA that will
provide outputs for the corresponding inputs, consistent with the training data. The data set may take the form of
input-output traces, where the trace is a sequence of inputs, i1, iy, i3, ..., i, and the corresponding sequence of outputs,
01,07, 03, ..., 05, that the machine must produce when fed with the inputs [20,31]. This method of learning from traces
has vast applications in data analysis, pattern recognition, robotics, speech processing, and many other areas.

We will illustrate this learning from input-output traces using a simple example.

Consider a set of input-output traces as shown in Table 2. We can derive a Mealy FSM [32] which produces the
output response for the inputs provided by this table, as shown in Figure 1. Here, each arrow indicates a transition
from the current state to the next state, and the label indicates the input/output pair for that transition.

Table 2. Example Input-Output Traces.

Trace # Input Output
1 000000 000000
2 000001 000001
3 000101 000100
4 010011 010001
5 100010 100000
6 111000 101000
7 110101 100100
8 111110 101010

0/0 0/0
171

(o T
1/0

Figure 1. DFA which provides the input-output response shown in Table 2.

Realistic data sets may contain thousands of traces with more than 10 inputs. They will also contain a large
amount of “don’t cares”, which may indicate unknown values or ambiguous values. Deriving state machines for large
data sets is a complex task. The FSM may contain hundreds of possible states. State minimization techniques can be
applied to reduce the size of the machine before synthesis [32].

One technique to reduce the complexity of deriving the initial specification from traces is to transform it into an
NFA. It is well known that NFAs can offer exponential savings in the number of states compared to DFAs [33-35].
We illustrate this using a state machine that can take binary strings of length L as inputs and detect a string that has the
k-th from last symbol as a 1. For example, if we assume L=9 and k=3, such a state machine will output a 1 for strings
(10,12, i3..i8) such as 000001000, 010011101, 100001001, etc., and a O for strings such as 111110111, 010100110,
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etc. A partial input-output trace for this problem is shown in Table 3. Note that, in this example, the traces are of
variable length. By analyzing thousands of such traces, it is possible to derive a state machine that produces the

desired output pattern.

Table 3. Input-Output Trace for a machine that detects a 1 in the third from last symbol of a string.

Trace # Input Output
1 0000 0000
2 1000 0001
3 000101 000000
4 011011 000001
5 011100 000001
6 1110001 0000000
7 1111001 0000001
8 111110111 000000000
9 000001000 000000001

The DFA for this problem is shown as a Mealy machine in Figure 2 and the NFA is shown in Figure 3. The dotted
arcs in the NFA indicate non-deterministic transitions. It can be seen that the DFA has many more states than the
NFA. In the general case, the NFA will need k+2 states and the DFA will need 2k states [34]. For large traces, it is
easier to derive an NFA and then convert it into a DFA. This conversion will result in don’t cares being introduced
into the output function and state transition function. The traces in our example were fully specified. But in large
datasets, don’t cares are very likely to show up. For example, a medical dataset may contain some patients whose
ages are unknown. Hence, the ability to handle don’t cares is an important feature for any synthesis approach.

0/0

Figure 2. DFA for detecting a 1 in the third from last position of an input string of length L. Each state
encodes the last three input bits. On input X, the output is the oldest bit of the window (the 3rd-from-last).

1/0 1/0 1/1
tart o C 1 /2\/_\: 3 T
ar @ o e o1 @

1/0
Figure 3. NFA for detecting a 1 in the third from last position of an input string of length L. The dotted

arcs indicate non-deterministic transitions.
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2.3. Review of Quantum Automata and QSM Models

Quantum Finite Automata (QFA) are the quantum analogs of classical finite automata. The one-way quantum
finite automata (1QFA) has a tape head that moves one cell only to the right at each step. On the other hand, two-way
quantum finite automata (2QFA) allow the tape head to move right or left, or remain stationary. There are two types
of 1QFA: measure-once 1QFA (MO-1QFA) described by Moore and Crutchfield [6], where a single measurement is
made after reading the last symbol, and measure-many 1QFA (MM-1QFA) introduced by Kondacs and Watrous [7],
where measurement is made after reading each symbol.

Practical, quantum gate and circuit based implementations of Quantum Automata have been presented under the
name Quantum State Machines (QSMs) [10,11]. Two models of QSMs are of interest to us.

1. Quantum State Machines with State Retention (QSM-SR)
2. Quantum State Machines with Classical Memory (QSM-CM)

Figure 4 illustrates a QSM-SR. Qubits are prepared to be in an initial state based on a stream of bits received
from a classical computer. Some of the qubits represent the state of the system, while some of them are designated as
input qubits. The qubits undergo a series of transformations that correspond to the state transition function. The input
qubits may be re-initialized before the next pass through the quantum array. The state qubits retain their values and
do not get re-initialized. This initialization process is dependent on the underlying quantum technology. It is assumed
that the initializer is capable of re-initializing individual qubits without requiring all qubits to be re-initialized. The
quantum array represents a series of unitary operations on the qubits. In this model, measurement is performed only
once, after many passes through the quantum array.

. Qutput
E}Pm Tnput Q.l]b‘lts bits
1ts . after
qubits
quantum
9 -
operations
° 1 >
e e Quantum Arra b e o Measurement °
° Initialization e o o Yy . o o and read out. o
— +—

Figure 4. Quantum State Machines with State Retention (QSM-SR). Inputs are classical bits that are
used to initialize some qubits. Quantum operations are performed on these qubits by the array. After each
pass through the array, the states are retained by the qubits. Thus the state qubits do not get re-initialized
after the first pass through the array, while some inputs may get re-initialized before every pass through
the array.

Figure 5 illustrates a QSM-CM. After each pass through the array, the state qubits are measured, and their binary
values are stored in a classical memory. When inputs change, the input qubits are reinitialized based on the new
values. The state qubits are also reinitialized using the bits retrieved from classical memory. A QSM-CM needs more
frequent measurements than a QSM-SR, but they are conceptually closer to classical logic and may be easier to realize
using current quantum technologies.

The main differences between Quantum Automata described in Section 2.1 and our QSMs are the following:

1. There are two types of Quantum Automata discussed in the literature: Not unrolled (standard) and unrolled.
The unrolled Quantum Automata unroll a standard automaton to a certain depth. So they are essentially
quantum circuits of a certain depth. These automata accept only strings of limited length. Another variant
of these automata has a controller that converts a string of theoretically arbitrary length to a sequence of
control pulses for the quantum automaton. Both these types of automata do not work in real-time, they are
only language acceptors.

2. Our QSM are not unrolled, they are automata with quantum circuits (binary or multi-valued) for transition and
output logic. One variant of QSM (QSM with State Retaining qubits or QSM-SR) uses stateful logic. Another
variant (QSM with Classical Memory or QSM-CM) uses classical memory elements like flip-flops (binary
or multi-valued) to keep the internal state. In this variant, every output or next state qudit is measured before
it is stored in classical memory. After keeping the internal state for some time, the new initialization of the

quantum combinational circuits is done, using classical input signals and feedback signals from the classical
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memory. From the outside, these machines behave like deterministic or probabilistic classical automata. The

QSM-CM model is very similar to classical automata.

Qubits
after
Input Input Output
1p qubits quantum uip
bits — 1= ; bits
operations
+——
. * ¢ o0 Measurement . 5
. Luitialization * e @ Quantum Array e o @ and read our .
—_— ]
E.tate State
its bits
Classical Memory

Figure 5. Quantum State Machines with Classical Memory (QSM-CM). Inputs are classical bits that are
used to initialize some qubits. Quantum operations are performed on these qubits by the array. After each
pass through the array, the states are read out and stored in a classical memory. These state bits are used
to re-initialize some qubits before the next pass through the array.

2.4. MMD Algorithm

MMD is an algorithm to synthesize quantum circuits by finding a sequence of Toffoli, Feynman, and NOT gates
to transform a given reversible function to the identity function. It does not add ancilla qubits. For simplicity, the term
Toffoli gate is used to broadly refer to the standard generalized Toffoli gate, including variants with inverted control
inputs, as well as to the Feynman (CNOT) gate, which represents a special case of the Toffoli gate. In Algorithm 1,
the basic MMD algorithm, which applies Toffoli and other gates only on the specification’s output side, is presented.
It takes as its input a reversible function specified as a mapping over 0, 1, ..., 2" — 1, where 7 is the number of qubits.

Algorithm 1 Basic MMD Algorithm
1: Step 1:
2: if f(0) # O then
3: Invert all output bits corresponding to the 1s in f(0).
Each inversion uses a single Toffoli gate with one control input (TOF1).

4

5 After these inversions, the transformed function f* satisfies f 7 (0) = 0.
6: end if
7

8

9

: Step 2: Iterative Transformation

:fori=1t02" —1do

: Let £ denote the current reversible function.
10:  if f7(i) =i then

11: No transformation (and hence no Toffoli gate) is needed.
12: else
13: Apply a sequence of gates to obtain a new function f+ such that f* (i) = i.

Let p be a bitstring with 1s at positions where the binary expansion of i has a 1 but £ (i) has a 0.
These bits represent positions that must be set to 1 during the transformation f (i) — i.
Let g be a bitstring with 1s at positions where i has a 0 but f* (i) has a 1. These bits correspond
to positions that must be reset to 0 during the transformation f* (i) — i.
For each bit position j where p; = 1, apply a Toffoli gate with control lines being all the outputs
where the binary expansion of 7 has 1s and the target line being the output in position j.
For each bit position k where g, = 1, apply a Toffoli gate with control lines being all outputs
where the binary expansion of f (i) has 1s and the target line being the output in position k.
14: end if
15: end for
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In this procedure, once a row of the specification is transformed to the correct value by applying Toffoli gates,
it will remain at that value regardless of the transforms required for later rows. The algorithm has a complexity of
n X 2", After applying the basic algorithm, the MMD package applies template matching to reduce the circuit size.
A template consists of a sequence of gates to be matched and a sequence of gates to be substituted, when a match is
found.

The algorithm constructs the circuit by applying Toffoli gates on the output side of the reversible specification.
Because the specification itself is reversible, it is also possible to construct its inverse, and then select the smaller
of the two implementations. An even more effective strategy, however, is to apply the synthesis procedure in both
directions simultaneously, allowing gates to be added on either the input or output side as needed.

3. Related Work

The standard approach to hardware synthesis of classical DFA involves the following stages [32]:

1. Description of the automaton as a table, graph, flow chart, or other notation.
2. Minimization of the number of internal states and/or input symbols of the automaton.
3. Encoding (state assignment) for internal states and/or input symbols of the automaton.

4. Realization of the structure and logic of the automaton.

The same design stages as for classical automata have been proposed in a few published papers about quantum
automata and particularly about QSM.

1. Description of quantum automata can be found in [8,10,36] and has been summarized in Section 2.3.

2. Minimization of quantum automata can be found in [37]. Two automata over the same input alphabet are
considered to be equivalent if they have the same accepting probability for each input. The minimization
problem is then reduced to finding the equivalent automaton with the smallest number of states that satisfy
the constraints on the given initial automaton with respect to the initial state, acceptance probabilities for
each input, etc.

3. Encoding of quantum automata can be found in [38], which applied one-hot encoding to quantum automata,
and [10], which used the SIS package [39] from UC Berkeley to study the impact of multiple state encoding
schemes like NOVA and Jedi for quantum automata realized with reversible circuits.

4. Realization of the structure and logic of quantum automata can be found in [11,13,40—42]. Traditionally,
research on automata has either a mathematical or an engineering approach. The mathematical approach
is related to grammars, languages, decisions, and mathematical properties. There are very few papers with
an engineering approach related to the structure and practical hardware realization of quantum automata.
In [11] and [40], the concept of a Classically Controlled Quantum Computer (CCQC) is introduced, where
quantum state machines are implemented using combinational quantum circuits and a classical controller
initiates the initialization, quantum transformations, and measurement of qubit state. Genetic algorithms are
used to synthesize QFSMs as sequence detectors in [42]. The Chrestenson family of ternary quantum gates
is used to realize QFA in the method introduced by [13]. Such a QFA can be combined with a DFA built
from quantum reversible circuits to create a more powerful machine, capable of more complex language and
pattern recognition.

None of these works discusses the synthesis of non-deterministic quantum automata. The application of quantum
automata to machine learning has also not been researched in detail.

The implementation of state transition functions and output functions requires efficient logic synthesis techniques.
Since 1994, many synthesis methods have been proposed for reversible and quantum combinational circuits. Some of
the reported methods are: transformation-based synthesis [24,43]; using Toffoli and Maitra-like gates to implement
an EXOR sum of products (ESOP) and wave cascade [44]; exhaustive enumeration [45]; search using Reed-Muller
representation [46]; heuristic methods that iteratively make the function simpler (simplicity is measured in terms of
Hamming distance) [47]; spectral methods [48]; template-based approaches [49]; bottom-up construction of circuit
implementations of unitary matrices [50-52]; unitary synthesis using machine learning [53]; applying reinforcement
learning for automated discovery and application of circuit transformation rules [54,55]; applying simulated annealing
for circuit synthesis [56], etc. In terms of applications of these methods to particular types of automata, one notable
approach was the method in [57] where Positive Polarity Reed Muller (PPRM) expansion of Boolean functions was
used to synthesize synchronous counters with reversible quantum gates.

Most of the reported synthesis methods for quantum circuits are devoted only to the synthesis of completely
specified reversible logic functions. A few notable exceptions include heuristic methods to handle don’t cares [58]
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and the application of Muller Transform to ESOP and similar circuits [59,60]. As of yet, don’t cares cannot be
handled efficiently by these methods. The algorithm from [59,60] is efficient for single-output functions, but uses
several ancilla qubits. If this algorithm is used for multi-output functions, then the number of ancilla qubits can
significantly increase. Another notable effort was in [61], which used repeated addition of ancilla qubits to make a
function reversible. This method also produces a large number of ancilla qubits. Our approach in QAS targets an
efficient circuit design for single-output and multi-output functions, and assumes that the minimum number of ancilla
qubits is added. In the best case, our algorithm adds no ancilla qubits at all. In [41], an algorithm for the synthesis of
incompletely specified functions using quantum logic gates was introduced, but it was not extended to the concept of
quantum automata.

4. Illustration of Converting a Non-deterministic Automaton to a Deterministic
Quantum Automaton

In this section, we provide an example for converting a non-deterministic automaton to a deterministic quantum
automaton realized using a quantum circuit with no ancilla qubits.

A classical non-deterministic symbolic automaton is presented in Figure 6a. In this example, the automaton
is incompletely specified. Symbol X denotes a “don’t care” also called “don’t know” in Machine Learning, when
this graph is created from examples of input-output traces. Notation A/B near the arrow from arbitrary state M to
arbitrary state N means that when the machine is in state M and input A is received, the machine generates output
B and transitions to state N. Please observe that the dotted arc transitions are non-deterministic because there are
multiple outputs or state transitions possible for the same input. For instance, there are two arrows leaving state A
with input symbol 0 and corresponding output symbol X. This graph represents a Mealy non-deterministic automaton.
By encoding the internal states A, B, C, and D, the automaton is converted to the form shown in Figure 6b. There
are many methods to find the minimum encoding, some of them presented in [10,38]. Note that the encoding still
preserves the non-deterministic behavior of the automaton.

The standard encoded diagram of the non-deterministic machine from Figure 6b is transformed to the form shown
in Figure 7. Here, we have added new states encoded as 0X and 1X, where 0X represents 00 or 01, and 1X represents
10 or 11. These states represent the end states of non-deterministic transitions shown as dotted arcs in Figure 6b. For
instance, in Figure 6b, there are two non-deterministic transitions from state 00: 0/X to state 00 and 0/X to state O1.
They are combined to form transition 0/X from state 00 to state 0X.

The automaton from Figure 7 can be described using the state transition table from Table 4. This conversion is a
standard transformation in circuit design, from a graph of a Mealy machine to a truth table of the transition and output
functions. The LHS of the table has a 3-qubit encoding (Q1Q>In) consisting of the 2-qubit “present state” (Q1Q>)
and 1-qubit input (I). The RHS of the table also has a 3-qubit encoding (Q} Q5Out) consisting of the 2-qubit “next
state” (Qa Q’Z) and 1-qubit output (Out). For future use, and consistency with other examples, we use the generic
ABC to represent the input qubits and PQR to represent the output qubits. Observe the presence of Xs (don’t cares)

in the RHS, indicating that the function (ABC) i) (PQR) is an incompletely specified function. The realization
of a quantum circuit to implement this function will require a synthesis technique that can handle don’t cares. Since
the MMD algorithm cannot handle don’t cares, we first transform the function to a fully specified reversible function
using our QAS algorithm.

Starting from the incompletely specified multi-output function in Table 4, QAS creates the truth table of the com-
pletely specified reversible function (Table 5), as well as the sequence of reversible gates to realize the transition
function that transforms the primary inputs Q1, Q2, In to the outputs Q1, Q2, Out. This completely specified re-
versible function does not require any ancilla qubits and is consistent with the initial incompletely specified Boolean
function from Figure 6. For illustration, we also present in Figure 8, the graph of the quantum state machine corre-
sponding to the truth table from Table 5. It can be verified that this machine is deterministic.

The advantage of using a non-deterministic automaton as the first step is that it allows us to reduce the number
of states. An exact method to convert an NFA to a DFA using powerset construction exists [26], but the space and
time complexity of this conversion makes it prohibitive for large machine learning data sets. The method we have
illustrated here may result in the machine being unable to represent some of the traces that it is learning from. This
is an acceptable trade-off for machine learning. Our method provides a statistically accurate machine that may not
perfectly match every trace in a data set, but can represent the vast majority of the traces.
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(a) NFA before state encoding. (b) NFA after state encoding.

Figure 6. Non-deterministic finite automaton with some outputs as don’t cares.

Table 4. State transition table that represents the operation of the non-deterministic automaton in Figure 7
as an incompletely specified 3 x 3 function.

Present State Inputs Q1Q,In (ABC) Next State Outputs Q7 Q50ut (PQR)
000 0XX
001 010
010 00X
011 1X1
100 1X1
101 1XX
110 1XX
111 00X
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Figure 7. Non-deterministic finite automaton with some outputs and states as don’t cares.

0/0

1/0 0/0

Figure 8. Deterministic automaton with state transition table that is consistent with the non-deterministic
automaton in Figure 6.
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Table 5. State Transition Table that represents the operation of the automaton in Figure 8 as a completely
specified 3 x 3 function.

Present State Inputs Q10,11 (ABC) Next State Outputs Q7 Q50ut (PQR)
000 011
001 010
010 000
011 101
100 111
101 100
110 110
111 001

In the next section, we present in detail the steps involved in the QAS algorithm and apply them to the truth table
in Table 4.

5. The QAS Algorithm for Multi-output Reversible Function Realization

In the MMD algorithm, the function is represented as a binary truth table. However, in QAS, there is an additional
representation for don’t cares. The don’t cares are represented by the character (-) or (X) as a placeholder for future
assignments that take place in the QAS process. This don’t cares symbol does not initially have any binary value
assigned to it. QAS uses a branching/backtracking approach to assign a binary value to the don’t cares in each row
of the truth table. The process is continued until all rows have only binary values. The inputs continue to be on the
left-hand side and the outputs remain on the right-hand side of the truth table. The function is evaluated from the
output to the input since the reversible circuit can be constructed from either end [24]. The MMD algorithm uses only
reversible gates like NOT, CNOT, Fredkin, Toffoli, etc. to realize the function. All the gates used are self-inverses.
QAS is designed as a pre-processor module that is completely separate from the MMD code. The pre-processor
generates an output in the standard binary format used by MMD and passes it as input data to the MMD code (see
Figure 9).

Incompletely specified Completely specified Circuit
function reversible function with cost
_ > QAS MMD

Iterate to improve cost

Figure 9. Black box model of the QAS system. The input and output of QAS are in the form of truth
tables, incompletely specified and completely specified, respectively.

The original MMD algorithm works by taking a given binary truth table and for each row in the truth table, adding
NOT, CNOT, Toffoli and Fredkin gates one at a time such that, finally, the output equals the input for that row. For
each truth table row, MMD makes sure that the added gates do not affect the previous rows’ outputs. This procedure
continues until it has iterated through all rows in the truth table.
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5.1. QAS Method for Constructing a Reversible Function

In this section, we provide a step-by-step procedure to convert an irreversible or incompletely specified function

into a reversible function. It is also summarized in Algorithm 2.

Step 1. For a function f with n input variables, write all the outputs as a binary truth table in the natural
order of the 2" input minterms (see Table 4).

Step 2. If the function has the same completely specified output for more than one minterm (eg: if £(011)
= f(001) = 001), then add a column of don’t cares to the most significant bit position of the outputs.
Step 3. Going from top to bottom in the truth table, assign values to the don’t care bits in the first
incompletely specified minterm in the truth table. The number of possible values for ‘m’ don’t care bits
in an ‘n’ bit minterm is 2", ranging from all zeros to all ones. Initially, all zeros are assigned to the don’t

care bits. When needed, increment the value of the don’t care bits by one.

Step 4. Once a value is assigned to all the don’t care bits of a minterm, go back and check all pre-
vious minterms to ensure that the assigned don’t care combination is unique (see definition of unique
assignment below).

Step 5. If unique, go to the next minterm and check for uniqueness. Wherever don’t care bits are encoun-
tered, they are first assigned certain values before the uniqueness is checked.

Step 6. If not unique, increment the value of the don’t care bits by 1. For example, initially, if all the
don’t cares were assigned zeros, the least significant don’t care bit is now set to 1 and the others continue
to be zeros. If it still does not give a unique value, then increment it again. Keep incrementing until a
unique value is found.

Step 7. If none of the 2™ bit combinations in a ‘n’ bit value with ‘m’ number of don’t cares gives a
unique value, then add a column of don’t cares to the most significant bit position of the outputs and try
again from Step 3.

Step 8. If at any point, it was found that a previously assigned don’t care combination conflicts with a
“no-other-choice” combination (see definition of “no-other-choice” assignment below) that comes down
the truth table at a later instance, backtrack to the conflicting assignment and re-assign the don’t cares

with another combination. Start the process again from Step 5.

Step 9. When all the minterms have been assigned values such that each value is unique, and in adherence
with the original incompletely specified function, stop the process.

Definition 1. Uniqueness of don’t care assignment: A unique don’t care assignment is any assignment of output don’t

cares for an incompletely specified function f : X — Y that maps each element x € X to a unique outputy € Y.

Definition 2. “No-other-choice” assignment: If the ‘m’ don’t cares in an ‘n’ bit output value are such that only one

of the 2™ bit combinations will give a unique, non-repeated value to the n bit combination (i.e., all other 2™ — 1

combinations give an existing completely specified output), it is considered a “no-other-choice” assignment.

Example 1. Consider the transition function f(ABC) = PQR. If f(110) = 001 and f(100) = 00X, the only
possible value that can be assigned to the don’t care X is 0. Otherwise, the function f will not be reversible, since

the input — output mapping is not unique. Note that if f(110) = 00X and f(100) = 00X, then the assignment is
not “no-other-choice” because f(100) could also take the value 000 or 001 depending on whether f(110) is 000 or

001.
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Algorithm 2 Conversion of an irreversible or incompletely specified function to a reversible function

Input: Truth table of a function f with n input variables. The function may be incompletely specified
or irreversible.

Output: Fully specified reversible function f’

1: Write all outputs of f as a binary truth table.
2: If f has identical, completely specified outputs for multiple minterms, add a column of don’t cares
to the most significant bit position of the outputs.
3: For each minterm i (0 < i < 2" — 1, assign values to the don’t cares (if there are m don’t care bits
in the output, there are 2™ possible combinations). Initially, assign all zeros.
4: Check all previous minterms to ensure uniqueness.
if unique then
Proceed to the next minterm.
else
Increment the currently assigned value of the don’t care bits and recheck.
end if
5: If none of the 2™ combinations yield uniqueness, add another column of don’t cares and restart from
Step 3.
6: If a conflict arises with a later “no-other-choice” assignment, backtrack and reassign.
7: Stop when all minterms have unique values consistent with the original function.

5.2. Formalisms and examples for QAS operation

Let f(A, B, C) be defined by Table 4.

The task of the QAS algorithm is to convert outputs PQR to completely specified binary values so that the function
f becomes reversible, i.e. there is a one-to-one mapping between inputs and outputs. Recall that these properties result
from our assumption of not adding any ancilla qubits to the realization of QSM, unless necessary.

The steps of our algorithm are illustrated in the Figures 10—17. In each step (shown as a column S* in the figures),
binary values are assigned to the don’t cares in one row of the truth table. A black-colored square indicates a newly
assigned bit combination that is invalid i.e., the bit combination appears previously in the truth table and will break
the uniqueness of the outputs. Gray represents an assignment that is temporarily valid (i.e. it leads to an output value
that is unique till now, but could turn out later to be invalid as QAS moves further down the table). Observe that
similar to the MMD algorithm, the output vectors in Figure 10 become fixed from top to bottom, and a once-fixed
output value is never modified. In each S* column, every row above the gray-colored square is fixed.

S1 S2 S3 S4 S5
0XX 000 000 000 000
010 010 010 010 010
00X (Dl o000 B 001

1X1 1X1 1X1 1X1 101
1X1 1X1 1X1 1X1 1X1
IXX IXX IXX IXX IXX
1IXX 1IXX 1IXX 1IXX 1IXX

00X 00X 00X 00X 00X

Figure 10. QAS outputs, steps S1-S5.

Column S1 is just the outputs (PQR) column from Table 4. For the first pass of column S1, QAS finds the first
output that contains don’t cares (row 0 in this case) and assigns binary values to the two don’t care symbols, as detailed
in Section 5.1. It checks this new assignment and finds it temporarily valid, as illustrated by the gray square in column
S2 of Figure 10. QAS then continues down the truth table outputs until another assignment needs to be made. When it
finds the next output that has don’t cares (row 2), it applies the same steps that it did for row 0. Column S3 in Figure 10
has a black-colored square, which indicates that the bit combination 000 has already been used. So, it changes the
assignment to 001 in S4. It proceeds with the same approach for the next rows.
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S6 S7 S8 S9 S10
000 000 000 000 000
010 010 010 010 010
001 001 001 001 001
101 101 101 101 101
111 111 111 111
1XX 1XX 100 100 100
1XX 1XX 1XX
00X 00X 00X 00X 00X

Figure 11. QAS outputs, steps S6-S10.

S11 512 S13 S14 S15
000 000 000 000 001
010 010 010 010 010
001 001 (T o0 DY
101 101 101 1X1 1X1
[ [ 1 X1 1X1
100 100 100 IXX IXX
110 110 110 IXX IXX
00X 000 001 00X 00X

Figure 12. QAS outputs, steps S11-S15.

Partial assignment S13 in Figure 12 proves that one of the earlier assignments was invalid because there are no
possible assignments to 00X in row 7 that could lead to unique Input—Output mapping. Thus, the first instance of
backtracking occurs at S14. The backtracking to the possible invalid assignment (row 2) occurs and the re-assignment
is performed as shown in S14. When QAS backtracks, it references the data structure for the original output values
before they had been assigned binary values. It then restores the original output values to the last output that had
don’t cares. QAS then tries a new combination. If that new combination also leads to an invalid assignment, QAS
backtracks to an earlier point in the process. In S14, it exhausts all possible bit combinations for row 2 and backtracks
to an earlier possible invalid assignment as shown in S15 (Figure 12).

In S26 (Figure 15), QAS backtracks again and re-assigns a value to the minterm in row 0.

516 S17 S18 519 520
001 001 001 001 001
010 010 010 010 010
000 000 000 000 000
1X1 101 101 101 101
X1 DYEE 101 [N 11

XX XX IXX XX 100
XX IXX IXX IXX IXX
00X 00X 00X 00X 00X

Figure 13. QAS outputs, steps S16-S20.

521 522 S23 524
001 001 001 001
010 010 010 010
000 000 000 000
101 101 101 101
111 111 111 111
100 100 100 100

110 110
00X 00X 00X

Figure 14. QAS outputs, steps S21-S24.
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S25 526 27 S28 529
001 010 010 011 011
010 010 010 010
000 00X 00X 00X 000
101 X1 X1 X1 X1
[ X1 X1 X1 X1
100 1XX XX XX XX
110 IXX IXX IXX IXX

00X 00X 00X 00X

Figure 15. QAS outputs, steps S25-529.

530 | 31 | s32 | s | s
011_|_0i1_|_0fi 011 | o1l
010 | 010 | 010 | 010 | 010
000 | 000 | 000 | 000 | 000
101|101 101 101|101

X1 T [ 1
IXX_| IXX | XX | 0000] 100
IXX_|_IXX_|_IXX_| IXX
00X | 00X | 00X | 00X | 00X

Figure 16. QAS outputs, steps S30-S34.

S35 S36 S37 S38
011 011 011 011
010 010 010 010
000 000 000 000
101 101 101 101
111 111 111 111
100 100 100 100
101 110 110 110
00X 00X 000 001

Figure 17. QAS outputs, steps S35-S38.

At the end of Stage 38 (Figure 17), a completely specified reversible function f(A, B, C) is found. This function
is rewritten as a truth table in Table 6. This table is then provided as the input to the MMD algorithm to synthesize
the network shown in Figure 18.

Table 6. Original function versus final function f (A, B, C) after QAS application.

Inputs (ABC) Original Outputs (PQR) Final Outputs (PQR)
000 0XX 011
001 010 010
010 00X 000
011 1X1 101
100 1X1 111
101 1XX 100
110 1XX 110
111 00X 001

X @D P
Y D D Q
77— D D $—R

Figure 18. Final Circuit for realization of transition and output functions for automaton from Figure 0,
assuming no ancilla qubits.
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The full system for realizing the automaton as a QSM with State Retaining qubits (QSM-SR) was shown in
Figure 4. The initialization step involves accepting a bit stream from a classical computer and preparing qubits in
the desired initial state. The quantum array in Figure 4 represents a series of permutative operations on the qubits,
as shown in Figure 18. In this model, the qubits that represent the state of the system (i.e., Q1 and Q2) undergo a
sequence of transformations and retain their final values (i.e., Q1’ and Q2’) after completing a pass through the array.
When any new inputs (In) are to be applied, the initializer preserves the values of the state qubits from the previous
pass.

The same automaton can also be implemented as a QSM with classical memory (QSM-CM) as shown in Figure 5.
The initialization step is the same as described in the QSM-SR model. After each pass through the quantum array,
the state qubits (i.e., Q1 and Q2) are measured and their binary values are stored in a classical memory (latches, flip
flops, etc.). When a new input (In) arrives, the initializer uses the input bit stream to initialize the corresponding
qubit. The state bits stored in the classical memory are used to initialize the state qubits. Classical memory can be
clocked (like a synchronous register), making the whole model synchronous.

5.3. Experimental Results of QAS

For testing, QAS was applied to 6-bit and 9-bit incompletely specified Boolean functions created from reversible
(one-to-one) functions. The published results for the original MMD algorithm were for a maximum of 9 input vari-
ables. So, we picked 6 and 9 bits as representative sizes for the max and mid-sized functions that the software can
support. The original functions used for MMD were reversible, while QAS is broader and should be tested with in-
completely specified or irreversible functions. Some of the new benchmark functions for testing were obtained from
Dmitri Maslov’s Reversible Logic Synthesis Benchmarks Webpage [62]. The other incompletely specified functions
were generated using an “Incompletely Specified Function Generator” program developed by our group. This pro-
gram creates incompletely specified functions of any number of variables using random number generators. Multiple
versions of these functions were tested. The cases included 20%, 40%, 60%, and 80% don’t cares in the function
outputs. When generating a function with a higher percentage of don’t cares, the already existing don’t cares were
preserved. The successive increase in the number of don’t cares in the given function was expected to allow QAS to
find solutions with smaller costs. This expectation was tested by analyzing the MMD cost that was produced from
each of the runs.

For each benchmark function and each percentage of don’t cares, QAS produced up to a maximum of 25 com-
pletely specified functions. Out of those 25 completely specified functions, the completely specified function with the
lowest MMD cost was selected. Figure 19 and Figure 20 show the trends found in this testing for 6-qubit and 9-qubit
functions, respectively. The graphs of different functions are indicated by different colors as well as line patterns in
the figures. The cost of synthesizing a function decreases as the percentage of don’t cares in the function increases.

The goal was to see if QAS could allow MMD to handle incompletely specified functions. Also, these tests were
an exploration into whether the MMD cost of the incompletely specified function could be improved upon through
multiple iterations of QAS. We were successful in both of these goals. The current implementation of QAS doesn’t
guarantee a solution with the absolute minimum cost. There are several reasons for this:

1. We make an attempt to minimize the number of ancilla qubits. This is based on the current technological
landscape, which imposes restrictions on how many qubits are available. In some functions, addition of more
ancilla qubits can help reduce the cost of the quantum circuit. We provide an example in Section 6.

2. We limit the number of iterations performed by QAS to a configurable limit N. This is to reduce the compu-
tation time. The optimal solution may require all possible don’t care assignments to be evaluated.

3. For a given completely specified function, MMD does not guarantee a circuit with the absolute minimal cost.

This places limits on QAS’s ability to find the lowest cost circuit.
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QAS with 6 variable inputs
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= it
S xes Gbit_4

200 A
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100 T : | I

20 40 60 80
Percentage of 'don't cares'

Figure 19. QAS trend of MMD cost versus percentage of don’t cares for four 6-qubit benchmark func-
tions.

QAS with 9 variable inputs

5350

5300 A

5250 A

5200 -|
— 9bit 1

—— 9bit 2
—- 9bit 3
---- 9bit 4

5150 ~

MMD Cost

5100 ~

5050 A

5000 ~

4950 T T T T
20 40 60 80

Percentage of 'don't cares'

Figure 20. QAS trend of MMD cost versus percentage of don’t cares for four 9-qubit benchmark func-
tions.

The cost of a solution generated by QAS was expected to decrease with an increase in the percentage of don’t
cares in the input. This expectation was based on the greater flexibility in bit assignments associated with more don’t
cares. However, the graphs do not always show a monotonically decreasing trend because in many cases, the solution
with lower cost was beyond reach since we have set limits on the number of iterations. In principle, QAS can operate
not only with MMD but with any minimizer of reversible functions.

The algorithms from [60] and [59] require a large number of ancilla qubits for multi-output functions. In contrast,
our approach tries to add the minimum number of qubits required to make the function reversible. In the best case, our
algorithm adds no ancilla qubits at all. Considering the limited number of qubits available in state-of-the-art quantum

computing systems today [63], this is a significant advantage.
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5.4. Complexity of QAS

For the worst possible circumstances, the complexity of the QAS algorithm can run into O2M), where M is the
total number of don’t cares in the truth table of the function (It is assumed that M >> n, where n is the number of
qubits). QAS will run much faster as the number of unassigned don’t cares decreases over each iteration.

5.5. Performance limitations of QAS

The current version of QAS has been tested for a maximum of 9 qubits. Functions with more input qubits will
be slower to evaluate. This is not a severe limitation since larger functions can be easily decomposed into smaller
functions that can be realized with QAS. The original MMD algorithm was also limited to 8 or 9 inputs and outputs.

In the worst case, finding even a non-optimal solution may take a huge amount of iterations, because of the
possibility of a large number of collisions and a proportionate increase in backtracking. QAS opts for a trade-off by
adding a column of don’t cares if the number of iterations exceeds a configurable maximum limit. In other words,
if for n-qubit inputs/outputs, the program cannot find a solution even with many back-trackings, it will add a single
ancilla qubit and repeat the program for n+1 qubit inputs/outputs. This addition of an ancilla bit guarantees a quick
solution.

Since MMD uses truth tables to represent functions, the software’s performance is slowed down by the size of
data that the search method encounters. Further work needs to be done to speed up the code execution by better

representation of data. The scope of this project did not address this optimization problem.

6. Synthesis with Non-Minimal Number of Qubits

It can be observed that when the assumption of the minimal number of qubits (i.e., no ancilla added) is not made,
the circuit that realizes the function from Table 4 can be realized as shown in Figure 22 using the excitation functions
derived in Figure 21. This implementation requires only 3 gates and is cheaper than the implementation in Figure 18,
which requires 8 gates. This would suggest that the assumption of having a minimal number of qubits is not always
optimal. However, there are applications for which, taking into consideration the layout of the quantum device, the
assumption of no ancilla qubits is the better choice for the design of the entire circuit composed of many reversible and
quantum blocks. Besides, the problem of minimizing the number of ancilla qubits is not yet solved in the literature
and only heuristic approaches are known. Let us assume that our quantum computer has 20 qubits. QAS may be
able to synthesize the circuit with 20 qubits (analogous to the example in Figure 18), which can be mapped to this
particular quantum computer. In contrast, if one would use the method with non-minimal number of qubits, we would
not be able to map the circuit (analogous to the example in Figure 22) to this quantum computer.

z z z
0 1 0 1 0 1
XY XY XY
00 0 0 00 X 1 00 X 0
01 0 1 01 0 X 01 X 1
11 1 0 11 X 0 11 X X
10 1 1 10 X X 10 1 X
P Q R
(a) (b) (c)

Figure 21. Karnaugh maps that represent the transition and output functions for the state machine in
Table4. @ P=XBYZBL) Q=Y and(c)R=XPYZ
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Figure 22. Circuit to realize transition and output functions for automaton from Figure 6 assuming one
ancilla qubit.

7. Conclusions

Creating deterministic or non-deterministic state machines from input-output traces is an approach used in both
machine learning and classical circuit design. This paper, for the first time, presents a complete methodology to build
such quantum state machines. We also solve the problem of implementing incompletely specified boolean functions
using quantum logic circuits. Such functions are very common in machine learning and circuit design. Although we
outline the entire methodology in this paper, we focus on the conversion of traces to an incomplete truth table of the
transition and output functions of a quantum state machine. The stages of state minimization and state encoding, as
well as other methods to convert non-deterministic state machines to deterministic state machines, are not presented
in this paper. Due to current technological constraints, we begin by assuming a machine with no ancilla qubits. If
such a machine cannot be realized, we allow for the use of one ancilla qubit. If that too is not feasible, the method
incrementally increases the number of ancilla qubits, adding them one at a time. Tests have confirmed the expectation
of improved MMD costs when the percentage of don’t cares included in a given function increases for the 9-qubit and
6-qubit functions.
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