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Abstract: Quantum state tomography (QST) is an essential technique for characterizing quantum states. However,
practical implementations of QST are significantly challenged by factors such as shot noise, attenuation, and Raman
scattering, especially when photonic qubits are transmitted through optical fibers alongside classical signals. In this
paper, we present a numerical framework to simulate and evaluate the efficiency of QST under these realistic condi-
tions. The results reveal how the efficiency of QST is influenced by the power of the classical signal. By analyzing
the fidelity of reconstructed states, we provide insights into the limitations and potential improvements for QST in
noisy environments.
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1. Introduction
Quantum state tomography (QST) is a fundamental tool in quantum information science, providing a means to

fully characterize the quantum state of a physical system [1–4]. It serves as a bridge between experimental measure-
ments and the theoretical description of quantum systems, enabling us to verify and validate the behavior of quantum
devices. Accurate knowledge of quantum states is essential for a wide range of applications, including quantum com-
puting, quantum communication, and quantum cryptography [5–10]. As these technologies advance, the ability to
reliably reconstruct quantum states from experimental data becomes increasingly important.

However, the practical implementation of QST is challenged by various imperfections that arise during the trans-
mission of quantum states. Although photonic states are preferred for their practical applications [11–14], they en-
counter limitations when transmitted through optical fibers. As quantum states propagate through optical channels,
they are subject to attenuation, which reduces the number of photons that can reach the detection system, and to
various types of noise, such as shot noise and Raman scattering [15–17]. These factors can significantly distort the
measured data, leading to inaccuracies in the reconstructed quantum states. Attenuation in optical fibers, for instance,
causes an exponential decay in the signal strength with distance, while shot noise introduces random fluctuations in
the photon count due to the inherent quantum nature of light. For this reason, developing and testing frameworks
that account for various sources of measurement uncertainty remains an important area of ongoing research, see, for
example, Refs. [18–21].

The concept of this paper is directly related to wavelength-division multiplexing (WDM), which is one of the key
technologies in modern optical communication systems. WDM allows multiple optical carrier signals to be transmit-
ted simultaneously through a single fiber by utilizing different wavelengths for each signal [22]. This technique greatly
increases the capacity and efficiency of optical networks, making it possible to transmit large volumes of data over
long distances. However, when quantum signals are transmitted alongside classical signals in the same fiber, as in
WDM systems, the interaction between these signals can introduce significant noise into the quantum channel [23–25].
A particular concern is Raman scattering, a nonlinear optical process where photons from the classical signal scatter
and generate noise in the quantum channel, potentially degrading the quality of the quantum signal. Raman scattering
further complicates the measurement by introducing additional noise that can mask the true quantum signal. This
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motivates the study of Raman scattering’s impact on QST, as understanding and mitigating this noise is crucial for
the reliable reconstruction of quantum states in practical WDM-based quantum communication systems.

Another critical issue in WDM systems is channel crosstalk, where signals from adjacent wavelength channels
interfere with each other due to imperfections in optical components, such as filters and multiplexers, or nonlinear
effects within the fiber, including Raman scattering and four-wave mixing [26,27]. This spectral crosstalk occurs when
optical signals at different wavelengths interact, causing leakage of power between channels. In the context of quantum
communication, crosstalk can introduce additional noise into the quantum channel, especially when classical signals
are transmitted alongside quantum states [16]. This noise complicates the accurate reconstruction of quantum states
by obscuring the quantum signal, thus reducing the fidelity of QST. In this contribution, we investigate the impact of
spectral crosstalk on QST, analyzing how interference from neighboring classical channels affects the fidelity of the
reconstructed quantum states.

In this paper, we propose a numerical framework to simulate and evaluate the efficiency of QST under realistic
conditions, taking into account shot noise, attenuation, and Raman scattering. Our framework allows for the genera-
tion of photon counts corresponding to a variety of noise scenarios, enabling a detailed analysis of the performance
of QST in practical settings. We model the expected photon counts using the Born rule, incorporate the effects
of fiber attenuation, and simulate the impact of Raman scattering on the measurements. This approach provides a
comprehensive tool for assessing the robustness of QST in the face of these challenges.

The theoretical foundations of our framework are outlined in Section 2, where we describe the mathematical mod-
eling of realistic sources and the corresponding photon-counting schemes. In Section 3, we present the results of our
numerical simulations, offering a detailed analysis of how attenuation and noise affect the fidelity of the reconstructed
quantum states. By comparing the performance of QST under different conditions, we provide insights into the limita-
tions of current techniques and suggest potential avenues for improving the accuracy of quantum state reconstruction
in noisy environments. The paper is concluded in Section 4, where discussion and conclusions are presented.

2. Mathematical Modeling of Realistic Sources
We consider a laser that emits weak pulses characterized by coherent states |𝛼⟩. The number of photons detected

in a photon-counting measurement, 𝑋, is a random variable that follows a Poisson distribution. Thus, the probability
of detecting exactly 𝑛 photons is given by

Prob(𝑋 = 𝑛) = | ⟨𝑛|𝛼⟩ |2 = 𝑒−|𝛼|2 (|𝛼|2)𝑛

𝑛! , (1)

where |𝛼|2 denotes the expected value of the random variable 𝑋, i.e., |𝛼|2 = E[𝑋]. For simplicity, we set |𝛼|2 ≡ N,
which can be interpreted as the mean number of photons registered by the detector, meaning that 𝑋 ∼ Pois(N). Each
photon is prepared in an identical quantum state, described by a density matrix 𝜌𝑥.

To reconstruct an unknown quantum state encoded in the photon’s polarization degree of freedom, we imple-
ment a measurement scheme based on symmetric, informationally complete, positive operator-valued measures (SIC-
POVMs) [28,29]. For qubit tomography, the SIC-POVM involves four measurement operators that form a regular
tetrahedron [30]. SIC-POVMs are known to be optimal for QST, providing a good balance between the number of
measurements and the quality of state reconstruction.

Let us denote the measurement operators by 𝑀1, … , 𝑀4. This allows us to express the expected photon counts
as:

exp𝑗 = ⌈N 10−𝛾𝐿 Tr𝑀𝑗𝜌𝑥⌋ for 𝑗 = 1, … , 4, (2)

where the symbol ⌈𝑎⌋ denotes rounding 𝑎 to the nearest integer, since the number of photons cannot be fractional.
The factor 10−𝛾𝐿 represents the transmittance for a fiber characterized by length 𝐿 and an attenuation coefficient 𝛾.
The density matrix 𝜌𝑥 is unknown to the observer, and thus we parameterize it using the Cholesky decomposition,
which depends on the dimension of the Hilbert space, cf. [11,12]. For qubits, any density matrix is fully characterized
by four real parameters 𝑡1, … , 𝑡4.

The formula in Eq. (2) models photon counts according to the Born rule, the theoretical foundation of this mea-
surement scheme. However, in practice, any measurement involves errors and uncertainty, meaning that the detected
values may differ from theoretical expectations. In quantum optics, shot noise describes fluctuations in the number of
photons reaching the detection system [15]. As a result, the measured counts, {𝑚𝑗}, are statistically independent Pois-
sonian random variables. To simulate an experimental scenario, we select photon numbers randomly from a Poisson
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distribution: Ñ ∼ Pois(N 10−𝛾𝐿). This procedure is repeated for each measurement operator, and the corresponding
photon counts registered at the detector are given as:

𝑚𝑗 = ⌈Ñ𝑗 Tr𝑀𝑗𝜌𝑖𝑛⌋ for 𝑗 = 1, … , 4, (3)

where 𝜌𝑖𝑛 represents the input state of the photons. The value of Ñ𝑗 is generated randomly, including the effects of
fiber attenuation, since the number of photons in the coherent beam after propagation still follows a Poisson distri-
bution. By assuming a specific form of 𝜌𝑖𝑛, we can generate noisy photon counts 𝑚𝑗 that simulate an experimental
scenario.

In practice, beyond shot noise and attenuation, other phenomena contribute to errors in photon-counting schemes.
As a specific example, we consider Raman scattering, which may occur due to the simultaneous transmission of
quantum and classical light pulses. Based on Ref. [16], we compute the power of forward Raman scatter as:

𝑃 𝑅𝑎𝑚
𝑓𝑜𝑟 = 𝑃𝑖𝑛 𝐿 10−𝛾𝐿 𝑑(𝜆) Δ𝜆, (4)

where 𝑃𝑖𝑛 denotes the input classical power, 𝑑(𝜆) is the effective Raman cross-section, and Δ𝜆 is the spectral band-
width. When considering Raman scattering, the spectral dependence of the Raman cross-section 𝑑(𝜆) plays a signifi-
cant role. The closer the quantum and classical channels are in wavelength, the more significant the Raman scattering
noise. This dependence should be carefully accounted for, especially in systems where the wavelength separation
between channels is minimal.

The formula in Eq. (4) can be used to compute the number of scattered photons per second:

𝑁𝑅𝑎𝑚 = 𝑃 𝑅𝑎𝑚
𝑓𝑜𝑟 ⋅ 𝜆𝑞

ℎ𝑐 , (5)

where 𝜆𝑞 denotes the wavelength for the quantum channel. Assuming that each measurement requires establishing a
temporal detection window 𝜏 , the expected number of scattered photons is given by E[𝑛𝑅] = 𝜏𝑁𝑅𝑎𝑚. However, this
is a stochastic process, and by using its expected value, we can simulate 𝑛𝑅, assuming it follows a Poisson distribution,
i.e., 𝑛𝑅 ∼ Pois(𝜏𝑁𝑅𝑎𝑚).

Similarly, we can simulate noise photons that appear in the quantum channel due to crosstalk. The power of the
crosstalk photons is given by [16]

𝑃 𝑐𝑟 = 𝑃𝑖𝑛 𝐿 10−𝛾𝐿 𝜉, (6)

where 𝜉 will be referred to as the crosstalk factor. The number of crosstalk photons per second, 𝑁𝑐𝑟, can be computed
analogously as in Eq. (5). Then, for a detection window 𝜏 , the number of crosstalk photons is a random variable such
that 𝑛𝑐𝑟 ∼ Pois(𝜏𝑁𝑐𝑟). Finally, if two random variables follow a Poisson distribution, their sum is also a Poissonian
random variable, with the expected value equal to the sum of the individual means. This allows us to consider the
number of noise photons as a Poissonian variable, i.e., 𝑛𝑛𝑜𝑖𝑠𝑒 ∼ Pois(𝜏(𝑁𝑅𝑎𝑚 + 𝑁𝑐𝑟)).

Overall, the total number of photons arriving at the detection system, 𝑁 𝑡𝑜𝑡, can be simulated as:

𝑁 𝑡𝑜𝑡 ∼ Pois(N 10−𝛾𝐿 + 𝜏(𝑁𝑅𝑎𝑚 + 𝑁𝑐𝑟)). (7)

For the measurement in the polarization basis, we assume that for any measurement operator, 𝑀𝑗, statistically
50% of scattered and crosstalk photons will pass through the measurement device. As a result, we obtain an expanded
formula for the measured count:

𝑚𝑗 = ⌈Ñ𝑗 Tr𝑀𝑗𝜌𝑖𝑛 + 0.5 (𝑛𝑅
𝑗 + 𝑛𝑐𝑟

𝑗 )⌋ for 𝑗 = 1, … , 4. (8)

The approach described above allows one to numerically generate photon counts corresponding to a realistic
scenario for any input density matrix 𝜌𝑖𝑛. We then use the method of least squares (LS) to evaluate how well one can
reconstruct the density matrix despite the uncertainties, cf. [31,32]. This involves minimizing the function:

𝑓𝐿𝑆(𝑡1, 𝑡2, 𝑡3, 𝑡4) =
4

∑
𝑗=1

(exp𝑗 − 𝑚𝑗)2, (9)
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where 𝑡1, 𝑡2, 𝑡3, 𝑡4 denote the set of four real parameters that characterize the density matrix 𝜌𝑥. The measured count
𝑚𝑗 can be given by Eq. (3) or (8), depending on the noise scenario being analyzed.

To evaluate the performance of QST in the presence of fiber attenuation, we compute, for any input density matrix
𝜌𝑖𝑛, its fidelity with the estimated result 𝜌𝑥 [33]:

𝐹[𝜌𝑖𝑛, 𝜌𝑥] ∶= (Tr√√𝜌𝑖𝑛𝜌𝑥
√𝜌𝑖𝑛)

2
, (10)

known as the Uhlmann-Jozsa fidelity, which measures the closeness of two quantum states [34,35].
The efficiency of the framework should not be affected by the properties of input states 𝜌𝑖𝑛. Therefore, to find

an indicator of the average performance, we first select a sample of input states, then apply the QST procedure to
each 𝜌𝑖𝑛, and finally compute the average fidelity for the sample. Additionally, we calculate the sample standard
deviation (SD) to quantify statistical dispersion. The sample SD is a natural choice for quantifying the uncertainty in
QST affected by random noise since it effectively captures the variability in the performance of the framework. In our
study, the fiber length is treated as an independent variable, implying that the average fidelity can be expressed as a
function of 𝐿 and denoted by 𝐹𝑎𝑣(𝐿). Consequently, this figure of merit can be plotted to observe how the efficiency
of QST changes as 𝐿 increases.

To ensure that the reconstructed density matrix 𝜌𝑥 remains physically valid, we employ the Cholesky decom-
position. This approach is particularly advantageous as it guarantees that 𝜌𝑥 is positive semidefinite and has a unit
trace, both of which are essential properties of any quantum state. The parameters derived from this decomposition
correspond to physical characteristics of the quantum state, making them suitable for optimization in the least squares
framework.

3. Results and Analysis
3.1. Model Assumptions for Qubit Tomography

For the numerical simulation, we select a sample of 200 qubits parameterized as

|𝜓𝑖𝑛⟩ = ⎛⎜⎜
⎝

cos 𝜃
2

𝑒𝑖𝜙 sin 𝜃
2

⎞⎟⎟
⎠

, (11)

where 0 ≤ 𝜙 < 2𝜋 and 0 ≤ 𝜃 ≤ 𝜋. The sample is selected in such a way that the parameters 𝜙 and 𝜃 cover the
full range. The simulations are limited to pure states since such states are predominantly encoded in the polarization
degree of freedom and are widely used for quantum communications. For each sample qubit, we define an input
density matrix 𝜌𝑖𝑛 = |𝜓𝑖𝑛⟩ ⟨𝜓𝑖𝑛| and generate noisy photon counts according to Eq. (3) or (8).

Some parameters introduced in Section 2 are fixed and their values are provided in Table 1. We assume that the
carrier for the classical channel is 1, 550 nm. The quantum channel is then adjusted to fall within the minimum value
of the effective Raman cross-section. Based on Ref. [16], we select 𝜆𝑞 = 1, 548 nm with the corresponding value of
the effective cross-section 1.5 ⋅ 10−9(km ⋅ nm)−1.

Table 1. Parameters used in the QST simulations.

𝜆𝑞 Δ𝜆 𝑑(𝜆𝑞) 𝛾 𝜏
1548 nm 45 pm 1.5 ⋅ 10−9 (km ⋅ nm)−1 0.2 dB/km 10−5 s

3.2. QST Performance under Shot Noise and Attenuation
First, we test how attenuation and shot noise affect the efficiency of the framework. To do this, we generate noisy

data according to Eq. (3) for the sample of input states 𝜌𝑖𝑛 and then implement the estimation technique.
Figure 1 provides an insightful analysis of the efficiency of the framework under varying average photon numbers—

specifically, N = 100, 200, and 500 photons—while excluding Raman scattering and crosstalk effects. The results
illustrate a clear relationship between the average photon number and the impact of attenuation on QST performance.
The error bars in the plot represent the SD of the sample.

34



● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ●
● ●

● ● ●

●
●

●

●
● ● ● ●

●
●

▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼
▼ ▼ ▼ ▼

▼
▼ ▼

▼ ▼ ▼ ▼

◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆
◆ ◆ ◆ ◆

◆ ◆ ◆
◆

◆ ◆ ◆
◆

◆

◆

Average number of photons
● 100 ▼ 200 ◆ 500

0 10 30 50 70 90 110 130 150

0.2

0.4

0.6

0.8

1

L (km)

F
av
(L
)

Figure 1. Average fidelity of QST without Raman scattering and crosstalk.

As the average photon number increases, the decline in QST efficiency due to attenuation becomes less pro-
nounced. This trend demonstrates the increased robustness of the framework to attenuation when a higher photon
number is employed. Conversely, for lower average photon numbers, the effect of attenuation is significantly more
severe. This sensitivity to attenuation in lower photon regimes underscores a critical challenge in maintaining high-
quality QST in scenarios where photon counts are limited.

The significant degradation in efficiency at lower photon numbers can be attributed to the increased relative impact
of attenuation on the signal. With fewer photons, each photon carries a larger fraction of the total signal, making the
measurement more susceptible to losses. As a result, the ability of the QST framework to accurately reconstruct
quantum states diminishes more rapidly with attenuation when the initial photon number is low.

The results presented in Figure 1 are quite analogous to the results presented in Ref. [20], where a similar problem
was considered. However, the key difference lies in type of distribution used to simulate the attenuation effects—in
Ref. [20] the binomial distribution was employed to model the number of photons that pass through the fiber.

3.3. Impact of Raman Scattering and Crosstalk on QST Efficiency
Figure 2 presents the efficiency of the QST framework, including the effects of Raman scattering but assuming

zero crosstalk. The analysis involves four different levels of classical power 𝑃𝑖𝑛 = 0, 1 mW, 10 mW, and 50 mW.
As the classical power 𝑃𝑖𝑛 increases, there is a clear trend of more rapid degradation in the average fidelity 𝐹𝑎𝑣(𝐿).
Specifically, with higher classical powers, the fidelity begins to drop off sooner as the fiber length increases.
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Figure 2. Average fidelity of QST with Raman scattering. Zero crosstalk assumed, i.e., 𝜉 = 0.

For 𝑃𝑖𝑛 = 0 (no classical power), the fidelity remains relatively high over a longer distance, indicating that
without additional noise from the classical channel, QST is robust to fiber attenuation. As the classical power is
increased to 1 mW, 10 mW, and eventually 50 mW, the onset of fidelity degradation occurs at progressively shorter
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fiber lengths. This confirms that a higher classical power induces more noise, particularly due to Raman scattering,
which negatively impacts the quantum signal and therefore the accuracy of state estimation.

All the plots in Figure 2, regardless of the initial classical power, converge to a fidelity value of approximately 0.5
as the fiber length increases. This means that for each case, we ultimately approach a situation when the framework
results in random density matrices, for which the fidelity spans from 0 to 1 with the average value of 0.5.

Finally, Figure 3 illustrates the average fidelity QST as a function of fiber length 𝐿 for different values of the
crosstalk factor, with the classical power fixed at 1 mW. The analysis of these results reveals several important trends
regarding the impact of crosstalk on the efficiency of QST.
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Figure 3. Average fidelity of QST with Raman scattering and crosstalk. Classical power is fixed,
𝑃𝑖𝑛 = 1 mW.

For very low crosstalk factors, specifically 10−12 (km)−1 and 5 ⋅ 10−11 (km)−1, the impact of the crosstalk noise
on QST efficiency is negligible. The plots for these values are nearly indistinguishable from the scenario where
crosstalk is assumed to be zero, cf. Figure 2. This suggests that at such low levels, the noise introduced by crosstalk is
minimal and does not contribute significantly to the degradation of the quantum state reconstruction. In other words,
QST maintains high fidelity across a wide range of fiber lengths, indicating that the framework is robust to these small
levels of interference.

However, as the crosstalk factor increases to 5 ⋅ 10−10 (km)−1 and 5 ⋅ 10−9 (km)−1, the effects on QST become
much more pronounced. For these higher values of crosstalk, the average fidelity declines more rapidly as the fiber
length increases. This rapid decline indicates that the noise generated by crosstalk becomes significant enough to
interfere with the accurate reconstruction of the quantum state. The framework’s ability to perform reliable QST
diminishes as the additional noise overwhelms the quantum signal, particularly over longer distances.

The results clearly demonstrate a threshold-like behavior where the crosstalk factor must exceed a certain value
before it begins to significantly impact the fidelity of QST. Below this threshold, the QST process is relatively unaf-
fected by crosstalk, but above it, the degradation is both rapid and severe. This suggests that in practical scenarios,
managing crosstalk is critical. The findings highlight the importance of controlling crosstalk in quantum communica-
tion systems to ensure the reliable performance of QST, particularly in WDM environments where multiple signals
are transmitted simultaneously.

4. Discussion and Conclusions
In this paper, we have developed and analyzed a numerical framework to simulate the efficiency of QST under

realistic conditions, including shot noise, fiber attenuation, Raman scattering, and crosstalk. Our results demonstrate
how these factors collectively influence the fidelity of quantum state reconstruction, with particular emphasis on the
impact of classical power and crosstalk in WDM systems.

The transmittance factor 10−𝛾𝐿 expresses the exponential dependence of photon loss on fiber length 𝐿. As the
attenuation coefficient 𝛾 varies with fiber material and wavelength, it becomes a critical determinant for the feasibility
of long-distance quantum communication. Our findings suggest that as the fiber length increases, the accuracy of QST
decreases more rapidly, especially when high classical powers are transmitted simultaneously. Future research could

36



extend this work by exploring different types of fibers, where variations in the attenuation coefficient and the effective
Raman cross-section may lead to distinct effects on the efficiency of QST frameworks. Such studies could provide
valuable insights for optimizing quantum communication over a range of fiber types and operational conditions.

Furthermore, while our primary focus has been on the effects of shot noise, Raman scattering, and crosstalk, it is
crucial to consider additional sources of error in photon-counting detectors, such as detector inefficiencies and dark
counts. These factors, although not modeled in the current framework, can introduce further noise and uncertainty,
complicating the QST process. Incorporating these sources of error into future frameworks could lead to even more
complex frameworks, making them more applicable to real-world scenarios where such imperfections are inevitable.

In addition to the specific noise factors studied, our results highlight the importance of carefully managing
crosstalk in WDM systems. The threshold-like behavior observed in our simulations indicates that crosstalk must
be kept below certain levels to prevent significant degradation in QST performance. This insight could inform the
design of quantum communication networks, where minimizing crosstalk is essential for maintaining high fidelity in
quantum state estimation.

Overall, this study provides a comprehensive understanding of the challenges posed by realistic noise sources in
QST and offers a foundation for further research aimed at improving the reliability and accuracy of QST in practi-
cal quantum communication systems. Future work could explore advanced error mitigation techniques, alternative
quantum state reconstruction methods, and the integration of these frameworks into experimental setups to validate
and refine the theoretical predictions presented here. By addressing these challenges, we can move closer to realizing
robust quantum communication networks capable of operating effectively under real-world conditions.

In addition, future research on QST could be influenced by recent findings on generalized measurements, which
have demonstrated the potential for improved randomness certification and enhanced state estimation techniques [36].
Moreover, quantum states encoded in a photon’s degrees of freedom other than polarization could be considered. For
instance, encoding quantum information into the frequency of photons has recently been demonstrated as an effective
approach to transmitting quantum information in the presence of classical signals [37]. Finally, the method introduced
in the present paper can be extended to investigate the efficiency of other state characterization techniques, such as
quantum state discrimination [38].
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