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ABSTRACT 
 
In quantitative instrumental analysis, measurement results are most often obtained in the form of relative analytical signals, which require in the calibration 
process1 reference to measurement standards2 in order to determine the value of the measured quantity3 with the accuracy and precision needed. The 
measurement results are influenced by a number of interfering factors that are difficult to define unambiguously and simultaneously4 and which shape the 
magnitude of systematic errors. These are mitigated by carrying out measurements on test samples and reference samples under conditions that are as 
close to identical as possible, which allows for the determination of appropriate corrections to the measurement results obtained from the conversion of 
relative analytical signals. The measurement process, which takes such corrections into account, is considered to be under statistical control, i.e. on the 
assumption that random components are the dominant component of measurement uncertainty. 
The articles present a method for estimating measurement uncertainty based on measurement standards, used in instrumental analysis, which is under 
statistical control of the process. It is illustrated by the determination of the content of the main components of breathing mixtures in diving with the separation 
of components by gas chromatography using a thermal conductivity detector5. 
Keywords: decompression, diving safety, underwater works, decompression tables, dive computers. 
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INTRODUCTION 
 
From the point of view of ensuring diver safety, 

the composition of the breathing gas should be determined 
together with its adequate uncertainty6, allowing the 
certifying body to approve the breathing gas for use during 
a defined diving process.  

The basis for this study is my doctoral 
dissertation [1]. Although it was written many years ago, it 
has not lost its relevance in terms of the approach to 
measuring the composition of breathing mix in diving 
technology.  

The approach described here is still significantly 
narrowed in many respects in relation to existing needs. 
The focus here is on estimating confidence intervals when 
determining the quantitative content of basic components 
of breathing mix for divers using instrumental methods, 
primarily gas chromatography separation using  
a thermoconductometric ܶܥܦ sensor. The linear 
regression approach is general in nature and can be used 
in other instrumental methods, such as spectroscopy [2,3]. 

Methods for eliminating gross and systematic 
errors have not been taken into account here, assuming 
that during the implementation of the measurement 
method, every effort was made to ensure that the 
measurement process was under statistical control, hence 
confidence intervals are estimated only for random errors 
[4]. 

There exist quite a few textbooks that explain 
how to calculate uncertainty using instrumental analysis 
methods. A comprehensive work devoted to the 
processing of measurement results using physicochemical 
instrumental analysis methods is worth recommending 
[5]. Most textbooks do not describe the derivations of the 
models used, which may raise objections as to their 
reliability, as editorial errors should always be taken into 
account. An example of this is the Polish translation of  
a monograph which contains a significant number of 
editorial errors [6]. Quite often, when analysing confidence 
intervals, the lack of information on the simplifications and 

assumptions underlying the derivations can lead to 
interpretation problems.  

In the approach proposed in this paper, certain 
differences can be observed between the approach to 
uncertainty budgeting based on statistical error 
propagation and the metrological approach [7]. The 
proposed approach differs from that presented in 
monographs on metrology, because the functions that 
capture the metrological uncertainty budget usually take 
into account a significant number of parameters, hence the 
uncertainty value calculated using these methods seems to 
be overestimated. This is a consequence of the fact that this 
approach assumes the accumulation of errors owing to the 
fact that they all have their maximum estimate and the 
same signs7. The probability that errors arising from 
different parameters/arguments will have the same sign 
decreases rapidly as their number increases. A comparison 
of the key differences between the two approaches is 
summarised in Table 1. 

 
INSTRUMENTAL ANALYSIS 
 
The professional literature lists measuring 

devices recommended for determining the composition of 
breathing mixes in diving operations. However, it should 
be noted that diving conditions may vary and thus affect 
the requirements for measuring devices. It follows that, 
before applying the relevant methodologies—such as 
verification, adjustment, calibration, analytical 
procedures, etc.—their suitability must be assessed [8].  

In analytical measurements, instrumental 
analysis methods are of the greatest importance. Their use 
shortens the time needed to perform a single analysis, 
which means that it can be repeated multiple times or even 
used to monitor the composition of the breathing mix. This 
allows for statistical validation of the measurements and 
estimation of the confidence intervals of the analyses [9]. 
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Tab. 1   
 
 
Comparison of maximum error calculation with statistical methods [5]. 
 

 Metrological error calculation Statistical methods 

range 
assessment of random error of a single 
measurement and systematic errors for 

indirect measurements 

assessment of random errors for direct  
and indirect errors for counts ݊ > 1 

absolute error 

additive, named upper bound ∆ for absolute 
error: 

ݔ ±  ݔ∆

additive, dimensionless (unnamed) variance  
from the sampleݏଶ and non-additive, named 

standard deviation of the mean valueݏ௫̅ : 

ݔ̅ ± ,ߙ)ݐ (ߥ ∙ ௫̅ݏ  

relative error 

for the product additive upper bound of 
relative error 

ߜ = ∆௫
௫̅

 

non-additive coefficient of variation 

ݒ = ఙෝ
ఓෝ

 

composite error 
 

.ଵݔ)݂∆ . (௡ݔ = ∑ | ങ೑
ങೣ೔௜ | ∙ ௜ݔ∆   

 

௙ߪ
ଶ = ∑ ( ങ೑

ങೣ೔௜ )ଶ ∙ ௜ߪ
ଶ  

 
 

At present, classical chemical analysis methods 
are of very limited significance. However, it is commonly 
believed that they are just as accurate as instrumental 
chemical analysis methods. This belief is generally 
mistaken and stems solely from the inability to account for 
all errors in classical chemical analysis methods. However, 
it should not be assumed that instrumental chemical 
analysis methods are always superior simply because they 
often employ technologically advanced equipment. Most 
instrumental analysis methods continue to require 
instrument calibration using standards. For precise or 
critical measurements, this procedure is required prior to 
each measurement. It can be assumed that in quantitative 
instrumental analysis, almost all instruments require 
calibration using special standards. This is because the 
measurement result consists of relative analytical signals, 
which must be related to standards that reproduce 
absolute physicochemical values. Moreover, the values of 
the measured quantities depend on many elusive factors 
that influence or interfere with the analytical signals. The 
effect of these factors can be mitigated by performing  
a measurement under the same conditions as on the 
reference sample, thereby estimating the appropriate 
corrections. 

 
MASS SPECTROSCOPY 
 
Mass spectroscopy MS enables the 

characterisation of the mass of ions and ionised molecules 
based on the deflection of their trajectories in magnetic 
and electric fields. [10]. Mass spectroscopy is one of the 
most sensitive methods of instrumental analysis, 
providing invaluable services, particularly in the 
qualitative analysis of organic compounds. It is  
a destructive method, but requires extremely small 
samples. For quantitative measurements, mass 

spectroscopy requires calibration with spectrally pure 
reference substances. MS can only be used to analyse 
gaseous samples or samples that can be converted into  
a highly rarefied vapour, usually in the range from 0.01 
mPa to100 mPa. The analytical result is a relative mass 
spectrum, the interpretation of which is not 
straightforward, and currently the processing of the 
spectrum is based entirely on libraries and computer 
software.  

The mass spectrum is characteristic of a given 
chemical compound. The intensities of the individual ion 
beams, whether obtained from pure substances or 
mixtures, depend on a number of factors, primarily the 
method of ionisation. To obtain reproducible results, the 
spectra of the reference and analysed substances must be 
recorded under the same conditions. The calculation of the 
composition of mixtures involves solving a system of 
equations for selected bands.  

The information obtained from the spectrum MS 
is not unambiguous. This is caused by multiple ionisation 
of molecules, which manifests itself in the fact that, in 
addition to the band for ions with the expected mass-to-
charge ratio m/e, bands are also observed in other places: 
m/2e ,m/3e, etc. Another reason for the complexity of the 
spectra is the fact that during the decay of different 
substances, ions with the same mass-to-charge ratio may 
be formed, meaning that the bands will overlap. Even the 
spectrum of a mixture of simple substances such as: : ܱܥଶ, 
 ଶ, ଶܰ, shows strong band overlap [11].To a largeܱ ,ܱܥ
extent, the inconvenience in interpreting spectra is 
eliminated in MS by coupling a mass spectrometer with  
a gas chromatograph GC. The separated bands of 
individual components in the GC chromatographic process 
are identified using a mass spectrometer MS. Coupling  
a gas chromatograph with a mass spectrometer GC/MS 
seems to be one of the best solutions for laboratory 
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measuring stations used to determine contaminants in 
breathing mix. This method can also be used to determine 
the composition of reference mixtures for other analytical 
methods. 

 
INFRARED SPECTROSCOPY 
 
Infrared spectroscopy IR is a recognised and 

valued method of instrumental analysis used for 
qualitative determination of organic compounds. Infrared 
spectra of molecules show slight broadening of absorption 
bands in the gas phase [12]. This method can be used to 
detect trace amounts of organic compounds. Gases such as: 
 produce clear and well-distinguishable ,ܱܥ ଶ andܱܥ
absorption bands, which only partially overlap. In the 
wave number range from 800 ܿ݉ିଵ do 2000 ܿ݉ିଵ the 
spectrum is clear. This is the so-called "fingerprint" range, 
in which the characteristic absorption bands of many 
organic compounds occur. Just as fingerprints distinguish 
people, the bands in this range allow us to distinguish 
between chemical compounds, provided we can interpret 
them correctly, which is not a simple task. Similarly, in the 
wavelength range around 3000 ܿ݉ିଵ the spectrum is 
clear. Within this range, the absorption bands of 
hydrocarbons occur.  

In the wave number ranges from 800 ܿ݉ିଵ to 
2000 ܿ݉ିଵ and around 3000 ܿ݉ିଵ, organic compounds 
that may be present in the breathing atmosphere as 
metabolic products show high IR absorption activity. They 
can be identified together with typical pollutants such as 
 .ܱܥ ଶ iܱܥ

Quantitative measurements using this method 
cannot always be performed with sufficient accuracy and 
reproducibility due to significant blurring of the IR bands, 
their overlapping in the case of mixtures, the inability to 
separate and integrate them accurately, the curvature of 
the signal-concentration8 relationship characteristics, 
cumbersome calibration procedures, etc. [13,14,15]. Due 
to the widespread use of IR spectroscopy methods, the 
equipment is available in a specialised form for 
measurements in gas mixtures. With the help of IR 
spectroscopy, it is possible to measure the composition of 
breathing mixtures during the flow of the tested medium. 
This method cannot be used to determine homonuclear 
and atomic gases, therefore it is impossible to determine 
the argon Ar content with its use. Apart from that, the rest 
of the typical impurities can be determined [16,17,18]. The 
water vapour content causes significant difficulties in IR 
measurements owing to the very broad absorption bands 
of this compound. 

 
GAS CHROMATOGRAPHY 
 
Gas chromatography GC involves the separation 

of the components of the analysed sample as a result of 
specific adsorption on the chromatographic column filling 
and then their determination using a detector. The 
separation of the sample components is achieved by 
changing the operating parameters of the 
chromatographic9 column. Adequate reproducibility and 
repeatability of measurements is achieved by selecting the 
detector and its10 operating conditions. Descriptions of 
fillings can be found in the catalogues of companies that 
manufacture them and in chromatography journals11. The 
basics of the use of fillings and detectors in gas analysis can 
be found in monographic publications [19,20].  

Using GC, it is possible to separate almost all 
vapours and gases that may contaminate the breathing gas 
[16]. 

 
ELECTROCHEMICAL ANALYSERS 
 
Electrochemical methods are often used to 

measure the content of contaminants in gas mixtures. The 
principle of measurement is based on the penetration of 
gas particles through a selective or almost selective barrier 
into the interior of an electrochemical cell, where they 
dissolve in the electrolyte12.  

As a result of a chemical reaction with the 
electrolyte solution, ions are formed, which undergo 
electrochemical reactions on the electrodes of the cell. The 
electrode reactions lead to the formation of a current 
signal, which, after electronic processing, constitutes an 
analytical signal.  

These methods require calibration. The use of 
ion-selective electrodes, although less accurate than 
spectroscopic methods, has the advantage that the 
measurement is relatively simple and can be carried out in 
field conditions [21]. Ion-selective electrodes can be used 
to measure the content of ܱܥଶ i ܪܰ ,ܱܥଷ, ܰ ௫ܱ  ସ andܪܥ ,
pairs of other hydrocarbons. Hydrocarbon and CO 
analysers show low selectivity in relation to the 
compounds being measured, which means that the 
measurement may be disturbed by other components of 
the tested breathing atmosphere. The selection of 
appropriate electrodes is troublesome, thus it should be 
performed by a specialist analytical chemist for each 
analytical problem. 

 
CHEMICAL METHODS 
 
At present, the only chemical method commonly 

used to measure the content of pollutants in breathing 
mixtures is indicator tubes, e.g. [22]. The principle of 
measurement using indicator tubes is based on  
a characteristic chemical reaction with appropriate 
chemical reagents applied to the filling in a transparent 
tube, which is most often silica gel. The reaction takes place 
along the tube in accordance with the flow of the gas 
medium. By measuring the distance of the reaction front 
per unit of gas passed, it is possible to roughly estimate the 
concentration of the chemical compound being measured. 
The flow can be forced by: a bellows pump with a known 
volume, pressure reducing devices under, for example, 
rotametric flow control, various types of constant flow 
pumps or diffusion pumps. The analytical tubes are sealed 
at both ends. The tube must be unblocked before 
measurement. Most often, glass tubes are sealed at the 
ends, and unblocking them involves breaking off the ends 
of the tube. Analytical reagents are applied to a carrier or 
are contained in internal ampoules. Before or after 
adsorption of the contaminant, these ampoules should be 
broken and saturate the filling with the poured reagent. 
The ampoules are broken with a piercer or by breaking the 
inner tube16. The indicator tubes have an appropriate scale 
and are supplied with instructions for measuring and 
estimating the results. An important part of the 
instructions is to provide analytical reactions and a list of 
substances that may interfere with the measurement. If 
measuring tubes are used as indicators for a given 
measurement issue for the first time, the applicability of  
a specific tube should be analysed. Measuring tubes for  
a selected type of chemical substance can be made for 
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different measurement ranges and for different analytical 
reactions. It is best if the type of analytical tube is selected 
by a specialist analytical chemist. Since there are different 
analytical situations, it is very important to select the 
appropriate tube and procedure for its use, e.g. the use of 
tubes for pre-conditioning or protective tubes.  

Measuring methods using indicator tubes as very 
simple methods have found wide application as threshold 
indicators for swift, approximate assessment of 
contaminant content. 

 
SPECIAL AND SPECIALISED ANALYSERS 
 
Some chemical compounds display specific 

properties. These properties form the basis for the 
development of special analysers. Such analysers are often 
highly resistant to interference, which means that chemical 
compounds with these specific properties can be 
determined with good repeatability and reproducibility, 
regardless of the other components of the analysed 
sample. Nevertheless, before using such an analyser, it is 
always necessary to check for the possibility of 
measurement interference. An example of this is the 
magneto-thermo-conductometric method of measuring 
oxygen content, which utilises the paramagnetic 
properties of oxygen. This method is used with good 
results for nitrogen-oxygen and helium-oxygen mixtures.  

Often, universal measurement methods are 
narrowed down to specific measurements. This is how 
specialised measuring devices are created. As a rule, the 
use of universal laboratory measurement methods is not 
possible in field conditions. The creation of specialised 
devices reduces their capabilities and, as a rule, their 
accuracy, but allows measurements to be taken in field 
conditions. Typical specialised analysers include gas 
chromatographs used to measure exhaust gas 
composition. Other examples include specialised 
 ଶ emissions orܱܥ spectrometers for measuring ܴܫ
specialised thermoconductometers for measuring 
hydrogen emissions.  

 
CONCLUSION 
 
It would appear that the widespread adoption of 

instrumental analysis methods in diving technology 
provides sufficient control over the composition of the 
breathing gas, subject to their correct metrological 
operation. Unfortunately, even minor oversights in this 
regard can lead to significant errors. Regrettably, a high 
degree of reliance on instrumental analysis methods often 
goes hand in hand with a relaxation of rigorous 
metrological supervision, on account of the costs involved 
and the time-consuming nature of the process. This paper 
aims to make users of instrumental analysis methods 
aware that such methods continue to rely on calibration; 
otherwise, they may lead to serious errors and endanger 
the health of divers. 
 

1. LINEAR REGRESSION 
 
Regression analysis is one of the most commonly 

used models for studying covariation. This model defines 
the influence of independent variables17 ∀௜∈[ଵ;௡]  ݔ௜ ݕ:  =
.ଵݔ)݂ .  According to the .ݕ ௡) on the dependent variable18ݔ
paradigm of stochastic determinism19 under observation 
conditions, the regression function is disturbed by  

a confounding factor ߳. Thus, the regression model can be 
written down as an equation: 
 

ݕ = .ଵݔ)݂ . (௡ݔ + ߳ (1.1) 
 
where: ݕ-  dependent variable, ݂-  regression function, ݔ௜-  independent 
variable, ݅ ∈ [1; ݊], ߳- confounding factor. 
 
Often, the regression model used will take the form of a 
linear combination: 
 
ݕ = ܽ଴ + ܽଵ ∙ .+ଵݔ . +ܽ௡ ∙  ௡                                             (1.2)ݔ
 
where: ܽ௜ − linear regression coefficients20,  ݅ ∈ [0; ݊] 
 

The confounding factor ߳ is treated in (1.1) as a 
random variable with a standard normal distribution21 
ℕ(̅ݔ, ݔ̅ with a mean of zero (ߪ = 0, and a standard 
deviation ߪ = 1. It is important that this assumption is 
validated when analysing the problem situation. 

 
REGRESSION 
 
The word regression22 has many meanings in 

different fields of knowledge. It was introduced into 
statistics by F. Galton and used in biological observations 
to describe changes in green pea populations23 [23].  
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Fig. 1.1 Concentration ellipse for linear regression observed in a green pea population. 

 
 

The average value of the pea radius x for offspring 
shows regression24, which can be modelled by a straight 
line. Of course, this trend applies to the mean value ̅ݔ,, as 
individual seeds show an almost constant spread around 
this value x  ̅ compensating for the observed regression25. 
This phenomenon can be traced using the example of  
a concentration ellipse – Fig. 1.1 (24). 

In Fig. 1.1, for the diameter of a ݔ ≥ ܽ pola, the 
fields A and B represent large parents, for which only the 
fraction B represents equally large offspring. 

The fraction C represents large offspring that are 
the generation of not quite large parents. The relatively 
large offspring represented by the field B+C is 
approximately the same as the large parents represented 
by the field A+B. It can be seen from this that the natural 
spread compensates for the observed regression of the 
mean value x  ̅so that the widespread so-called "ferality" of 
green pea crops is not observed. 

Research on the green pea population 
contributed to the establishment of the concept of linear 
regression in statistics, which is conceptually distant from 
its original meaning. 

 
LINEARISATION 
 
An important feature of the linear regression 

function is that it is the sum of factors a_i multiplied by 
variables ݔ௜ ,, where ܽ௜ are unknown coefficients, and ݔ௜  are 
the results of measurements of independent variables X. 
The origin of the values ݔ௜  is irrelevant. The factors ܽ௜  of 
linear regression for predicting26 the values y  ̂are obtained 
by solving a system of linear equations for the 
observations made: 

(1.3) 

∀௝∈[ଵ;௠]  ∧  ௜∈[ଵ;௡] ൝
ଵݕ = ܽ଴ + ܽଵ ∙ .+ଵ,ଵݔ . +ܽ௡ ∙ ௡,ଵݔ + ߳ଵ
. .
௠ݕ = ܽ଴ + ܽଵ ∙ .+ଵ,௠ݔ . +ܽ௡ ∙ ௡,௠ݔ + ߳௠

 

 
where: ݕ ௝-  is the realisation of the dependent variable݆ ∈ [1; ݉], ݂-  is 
the regression function, ݔ௜,௝-  is the realisation of the independent 
variable for which ݅ ∈ [1; ݊] , ௝߳-  is the confounding factor, 

 

assuming that ߳ଵ. . . ߳௠ are an independent random sample 
from the same general population with a standard normal 
distribution N(0,1). 

A linear relationship does not have to be an 
adequate mathematical model of the phenomena 
occurring, but it is a useful form of approximation used in 
practice27. The assumptions made should be validated for 
the developed model: 

 testing the differences between the values of the 
dependent variable calculated from 
measurements and predicted by the model, 

 testing the differences between the full model 
and simpler linear combinations, which are 
usually preferred, 

 testing the distribution of residual values, etc. 
 
EXPECTED VALUE 
 
Certain characteristic numerical values are 

associated with the distribution of a random variable ܺ. 
These characteristics are called th e  p ar am et er s  o f  th e  
dis tr ib ut io n  of  a  r an do m v ar i a bl e  ܺ. The most 
important parameters of random variables include: 
expected value ܺܧ and variance ܦଶܺ. 

The ex p ec te d v a lu e  is the number 28ܺܧ 
around which the values of the random variable ܺ cluster 
when the experiment is repeated multiple times. The 
expected value of a random variable ܺ with a discrete 
distribution {ܺ ← ;௜ݔ ௜ݔ  |(௜ݔ)ܲ ∈ ∈ ܵ} is the numberܧ ܺ, 
defined by the following formula29: 

∀௫೔∈௑    ܺܧ = ∑ ௜ݔ ∙ ௜(௜ݔ)ܲ ห ݔ௜ ∈ ܵ   (1.4) 

where; ܺܧ − is the expected value, ܺ − is a random variable, ݔ௜ − are the 
realizations of the random variableܺ , ܲ(ݔ௜) − is the probability of the 
occurrence of the event ݔ௜ of the random variableܺ  : ܺ ← ܵ ,௜ݔ − is the 
set of results of the draws 

 
The expected value has the following properties: 

 ܧ(ܿ) = ܿ 
 ܧ(ܿ ∙ ܺ) = ܿ ∙   ܺܧ
 (ܫ)ܧ = 1 whereܫ  denotes the identity function 1 
 if ܺ and ܻ are defined in the same probability 

space (Ω, ℱ, ܲ), then ܧ(ܺ + ܻ) = ܺܧ +  ܻܧ
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According to the above rules, the expected value for the 
linear function ܻ = ܽ ∙ ܺ + ܾ will be: 
 

ܻ)ܧ = ܽ ∙ ܺ + ܾ) = ܽ ∙ ܺܧ + ܾ (1.5) 

The expected value ܺܧ of the random variable ܺ with  
a zero-one distribution ܺ ∈ {0; 1}, for which the 
occurrence of the event in question will be marked with 
number one {ܺ ← {ݔ = 1 , and the absence of this event 
with a zero {ܺ ← {ݔ = 0 and the probability of the event 
occurring {ܺ ← ݔ = 1} will be ݌, then according to relation 
(1.4), the  expected value ܺܧ will be: 
 

ܺܧ = 1 ∙ ݌ + 0 ∙ (1 − (݌ =  (1.6) ݌

The expected value ܵܧே of the random variable ܵே, which 
is the sum ܰ of the random variables ܵே = ଵܺ+. . +ܺே , 
denoting the number of successes in ܰ  independent 
B er no ul l i  trials, will be: 

 
ேܵܧ = )ܧ ଵܺ+. . +ܺே) = ܧ ଵܺ+. . ேܺܧ+

= ܰ ∙  (1.7) (௜ݔ)ܲ

 
Where: ܲ(ݔ௜) − is the probability of occurrence of event ݔ௜ of random 
variable ܺ :ܺ ← ܺ ௜ with distributionݔ ← ௜ݔ ∈ {0; 1} 

VARIANCE 
 
 is a measure of ݈ܾ݁ܽ݅ݎܽݒ ݉݋݀݊ܽݎ ܽ ݂݋ ݁ܿ݊ܽ݅ݎܸܽ

the dispersion of the values of the random variable ܺ 
around the expected value ܺܧ, denoted by the symbol ܦଶܺ 
and defined by the formula: 

 
ଶܺܦ ≡ ܺ)ܧ − ଶ(ܺܧ = ଶܺܧ − ଶܺܧ   |    ଶ(ܺܧ) =

∑ ௜ݔ
ଶ ∙   (௜ݔ)ܲ

(1.8) 

where: ܦଶܺ − variance of a random variable ܺ 

 
with properties30: 

 ܦଶܿ = 0 
 ܦଶ(ܿ ∙ ܺ) = ܿଶ ∙  ଶܺܦ
 for independent random variables ܺ and ܻ 

variance: 
ܺ)ଶܦ + ܻ) = ଶܺܦ +   ଶܻܦ

 (1.9) 

where: ܿ − is a constant. 

 
According to definition (1.8), the variance ܦଶܺ is 

a measure of the difference between the value of the 
random variable ܺ and the expected value ܺܧ, and 
squaring this difference gives a non-negative number31.  

To calculate the variance ܦଶܺ for the B er noul l i  
distribution, we can use the aforementioned property of 
the variance of the sum of independent random 
variables ܦଶ(ܺ + ܻ) = ଶܺܦ +  ଶܻ, which is equal to theܦ
sum of their variances: 

 
)ଶܦ ଵܺ+. . +ܺே) = ଶܦ

ଵܺ+. .  ଶܺே (1.10)ܦ+

 
Performing calculations according to formula (1.8), 

similarly to relation (1.6), it can be shown as32: 
 

(1.10) 
∀ଡ଼←୶∈{଴;ଵ}  DଶX = EXଶ − (EX)ଶ

= [0ଶ ∙ (1 − p) + 1ଶ ∙ p] − pଶ

=  p ∙ (1 − p) 
hence, the variance of the random variableܵே = ଵܺ+. . +ܺே 
with a B er nou l l i  distribution will be: 

(1.11) 
ଶܵேܦ = )ଶܦ ଵܺ+. . +ܺே) = ଶܦ

ଵܺ+. . ଶܺேܦ+  
= ݌ ∙ (1 − .+(݌ . ݌+ ∙ (1 − (݌ = ܰ ∙ ݌ ∙ (1 −  (݌

 
The B er n oul l i  distribution described here in 

more detail is important in the validation process, but it 
does not play a significant role in this study. 

 
COVARIANCE 
 
A generalisation of variance (1.8) to the two-

dimensional case is covariance, which describes the co-
variability of two features: 
 

,ܺ)ݒ݋ܿ ܻ) = ∑ ௜ݔ) − (ܺܧ ∙ (ܺ)௜݌ ∙௜ ௜ݕ) − (ܻܧ ∙
,ܺ)ݒ݋ܿ (ܻ)௜݌ ܻ) = భ

೙
∑ ௜ݔ)] − (ݔ̅ ∙௜ ௜ݕ) −  ത)]   (1.12)ݕ

 
with the following properties: 

 ܿݒ݋(ܺ, ܽ) = 0   |  ܽ =  ݐݏ݊݋ܿ
 ܿݒ݋(ܽ ∙ ܺ, ܾ ∙ ܻ) = ܽ ∙ ܾ ∙ ,ܺ)ݒ݋ܿ ܻ)   |  ܽ, ܾ =

  ݐݏ݊݋ܿ
 ܿݒ݋(ܽ + ܺ, ܾ + ܻ) = ,ܺ)ݒ݋ܿ ܻ) 
 ܿݒ݋(ܽ ∙ ܺ + ܾ ∙ ܻ, ܿ ∙ ܹ + ݀ ∙ ܸ) = ܽ ∙ ܿ ∙

,ܺ)ݒ݋ܿ ܹ) + ܽ ∙ ݀ ∙ ,ܺ)ݒ݋ܿ ܸ) + +ܾ ∙ ܿ ∙
,ܻ)ݒ݋ܿ ܹ) + ܾ ∙ ݀ ∙ ,ܻ)ݒ݋ܿ ܸ)  |  ܽ, ܾ, ܿ, ݀ =  ݐݏ݊݋ܿ

 
,ܺ)ݒ݋ܿ ܺ) =  (1.13) (ܺ)ݎܽݒ
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Figure 1.2 Variance decomposition and analysis for a single value and a linear regression model; where:(y_c-y )̅^2- total variance,(y ̂_C-y )̅^2- variance 
explained deterministically by the linear model. (y_C-y ̂_C )^2- unexplained residual variance. 

 
Covariance is a measure of the simultaneous 

dispersion of two quantities from their mean values34, 
hence: 

 
VARIANCE ANALYSIS 
 
Many statistical methods are based on the 

analysis of deviations35 calculated from a sample. Figure 
1.2 shows an example mathematical model of the 
phenomenon represented by a segment ܤܣതതതത of a straight 
line described by the equation ೤ಳష೤ಲ

ೣಳషೣಲ
=  and the ,ݐݏ݊݋ܿ

distribution of deviations from the model for the 
point ܥ(ݔ஼; ݕ஼) . 

The total observed variance ݏ = భ
ಿ

∑ ௜ݕ) − ത)ଶݕ
௜  

consists of the variability explained by the linear 
model ݏ௥ = భ

ಿ
∑ ො௜ݕ) − ത)ଶݕ

௜  and the variability unexplained36 
ఢݏ = భ

೙
∑ ௜ݕ) − ො௜)ଶݕ

௜ ݏ :  = ௥ݏ + ఌݏ . After dividing both sides 
by the total variability ݏ , we obtain: 

 
௦ೝ

௦
+ ௦ച

௦
= 1 ቚ  ݎଶ = ௦ೝ

௦
;   ߮ଶ = ௦ച

௦
  (1.14)  (

 
 

where: ݎଶ − coefficient of determination, ߮ଶ − coefficient of 
convergence,ݏ − total variance, ݏ௥ − deterministic share in the observed 
variance explained by the model, ݏఢ − random share in the observed 
variance. 

 
The coefficient of determination ݎଶ from 

equation (1.14) represents the fraction37 of explained 
variance38. Its complement, the coefficient of 
convergence ߮ଶ = 1 −  ଶ, represents the fraction ofݎ
variance not explained by the linear regression model [25].  

 
VARIANCE FRACTIONS 
 
For ݆ − multiple sampling of an ݊ −element 

sample consisting of values ݕ௡,௝ , which are the realisation 
of a random variable ܻ = ௡,௝ݕ: (ܺ)݂ ← ܻ , it is possible, in 
accordance with the second paradigm of physics dealing 
with the statistical analysis of averaged quantities, to 

assume as a mathematical model of the value of each 
elementݕ௡,௝ , a linear combination: 

(1.15) 
 

௡,௝ݕ = ߤ + ௡,௝ܣ +   ௡,௝ߝ

 
where: ݕ௡,௝- is the result nrepetition of this measurement, ߤ- is the true 
value, ܣ௡,௝- is the difference between the result ݕ௡,௝ and the true value ߤ 
݊ ௡,௝- is the factor related to the stochastic dispersionߝ, − of this result in 
the jth this sample 

 
For each sample with number ݊ ∈ [1, . . , ܰ] , the 

mean ݕഥ௝ can be calculated. The mean calculated from all 
values ݕ௡,௝  , denoted as ݕത, is considered a natural estimator 
of the true value ̂ߤ̂: ߤ ≜  ത , where the symbol≜ should beݕ
equated with the term "corresponds to" or "is proportional 
to"39. 

The values ܣ௡,௝ of the difference between the 
result ݕ௡,௝  and the true value ߤ are considered here as  
a systematic component40 and the dispersion ߝ௡,௝  as  
a s toc h as t ic  component41 of the uncertainty of each 
dependent variable ݕ௡,௝ =  . (௝ݔ)݂

In accordance with the central limit theorem, it is 
most often assumed that the dispersion factor ߝ௡,௝ has a 
normal distribution with variance ߪଶ and an expected 
value equal to zero42: ߝ௡,௝~ܰ(0,   .(ߪ

Without prejudice to the generality of the 
considerations, it is assumed here that for each ݆ −  ℎݐ
sample of size ݊, the sum of the differences ܵ(ܣ௡,௝) 
between each element of the sample ݕ௡,௝ and the actual 
value ߤ should be equal to zero:  
ߤ = 0 with an accuracy of a constant43: ∀௜  ܵ(ܣ௜) =
∑ ௡,௜ܣ

ே
௡ୀଵ = 0.  

The estimator of the total systematic variance  
 ഥ௝ of theݕ መ can be the difference between the mean valueܣ
measurement results for j-th of this repetition of sampling 
with size ݊ and the total mean value ݕഥ መܣ:  ≜ ത௝ݕ −  ത. Theݕ
natural unbiased estimator of the square of the total 
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systematic variance ܣመଶ will be: ܣመଶ = భ
ೕషభ

∙ ∑ ത௝ݕ) − ത)ଶூݕ
௝ୀଵ . 

The denominator contains the number of degrees of 
freedom ݆-1 due to the following relationship:  
തݕ = భ

ೕ
∑ ത௝ݕ

ூ
௝ୀଵ . 

The sum of squares ܵ(ܣ) of the estimators ܣ෡ ଶ of 
deterministic variance after all ܬ trials with accuracy to  
a constant can be written as44: 

(1.16) 

(ܣ)ܵ = ∑ ∑ ത௝ݕ) − ത)ଶேݕ
௝ୀଵ

௃
௝ୀଵ  ,  

 
where: ܵ(ܣ) − sum of squares of systematic deviations. 

 
Similarly, for the dispersion value ߝ, the sum of 

squares of statistical dispersion ܵ(ߝ) can be written as: 
 

(1.17) 

(ߝ)ܵ = ∑ ∑ ௜,௝ݕ) − ത௝)ଶேݕ
௝ୀଵ

௃
௝ୀଵ  , (

1.17) 
 
where: ܵ(߳) − sum of squares of statistical dispersion. 

 
The total value of the squares of deviations ܵ can 

be calculated in the same way as before: 
(1.18) 

ܵ = ∑ ∑ ௡,௜ݕ) − ത)ଶேݕ
௡ୀଵ

ூ
௜ୀଵ    

 
where: ܵ − global sum of squares of deviations. 

 
To show that the total value of deviations ܵ from 

(1.18) is the sum of the values given by equations (1.16) 
and (1.17): ܵ = (ܣ)ܵ + ܵ(߳) , we can extend the sum of 
squares of deviations ܵ from relation (1.18) by the 
means ݕത௜ for individual samples, and then use the 
properties of the quadratic function: 

(1.19) 

ܵ = ∑ ∑ ௡,௜ݕ) − ത)ଶݕ
௡௜ = ∑ ∑ ௡,௜ݕ) − ത௜ݕ + ത௜ݕ − ത)ଶݕ =௡௝

      = ∑ ∑ ௡,௜ݕ)] − ത௜)ଶݕ + 2 ∙ ൫ݕ௡,௜ − ത௜൯ݕ ∙ ത௜ݕ) − (തݕ + ത௜ݕ) − [ത)ଶݕ =௡௜

      = ∑ ∑ ௡,௜ݕ)] − ത௜)ଶݕ + ∑ ∑ ത௜ݕ) − ത)ଶݕ +௡௜ 2 ∙ ∑ ∑ [൫ݕ௡,௜ − ത௜൯ݕ ∙ ത௜ݕ) − ത)]௡௜ݕ =௡௜

      = ܵ(߳) + (ܣ)ܵ + 2 ∙ ∑ ∑ ௡,௜ݕ)] − (ത௜ݕ ∙ ത௜ݕ) − ത)]௡௜ݕ

  
 

 
The sums of the products ∑ ∑ ௡,௜ݕ)] − (ത௜ݕ ∙ ത௜ݕ) −௡௜

 :ത)] from formula (1.19) can be written asݕ
(1.20) 

 
∑ ∑ [(y୬,୧ − yത୧) ∙ (yത୧ − yത)]୬୧ =
= (yଵ,ଵ − yതଵ) ∙ (yതଵ − yത) + ⋯ + (y୒,ଵ − yതଵ) ∙ (yതଵ − yത) +
+(yଵ,ଶ − yതଶ) ∙ (yതଶ − yത) + ⋯ + (y୒,ଶ − yതଶ) ∙ (yതଶ − yത) +
…
+(yଵ,୍ − yത୧) ∙ (yത୍ − yത) + ⋯ + (y୒,୍ − yത୍) ∙ (yത୍ − yത) =
= N ∙ ∑ {(y୧ − yത) ∙ ൣ∑ (y୬,୧ − yത୧)୬ ൧}୧

 
 

In relation (1.20), the average values ݕത௜ in the 
summation ∑ ௡,௜ݕ) − ത௜)௡ݕ  do not depend on the sample 
size ܰ , therefore: 

 

∑ ௡௜ݕ) − ത௜)ேݕ
௡ୀଵ = ∑ ௡,௜ݕ

ே
௡ୀଵ − ܰ ∙    ത௜ݕ

 

According to the definition of the mean value, we 
can write: 

(1.22) 

∀ேୀ௖௢௡௦௧    ݕത௝ = ଵ
ே

∙ ∑ ௡,௜ݕ
ே
௡ୀଵ     ⇒     ∑ ௡,௜ݕ

ே
௡ୀଵ = ܰ ∙ ത௜ݕ   

 
From relations (1.21) and (1.22) it follows 

that: ∑ ௡,௜ݕ) − ത௜)ேݕ
௡ୀଵ = 0. Therefore, the expression 

∑ ∑ ௡,௜ݕ)] − (ത௜ݕ ∙ ത௜ݕ) − ത)]௡௜ݕ  from equation (1.20) is 
identically equal to zero: 

Na podstawie zależności: (1.23) i (1.19) można 
stwierdzić, że: 

(1.23) 

∑ ∑ ௡,௜ݕ)] − (ത௜ݕ ∙ ത௜ݕ) − ത)]௡௜ݕ = 0  

(1.24) 

ܵ = (ܣ)ܵ + ܵ(߳)      ∎ 

CONCLUSION 
 

Equation (1.24) shows the sum of the squares of 
the deviations associated to the difference between the 
result and its actual value, which leads to the conclusion 
that the total variance of the regression ܵ is the sum of the 
partial variances ܵ = (ܣ)ܵ + ܵ(߳). This property is often 
used to evaluate the maximum variance using regression 
as a reference curve. 

 
1. LINEAR CORRELATION OF TWO 

VARIABLES 
 
It often happens that the results of measurements 

of the dependence of the dependent variable ܻ on the 
independent variable ܺ should theoretically lie along  
a straight line. Since the measurement results are subject 
to random errors, it is not possible to select the coefficients 
of the equation so that the straight line graph passes 
exactly through all the measurement points. Therefore, the 
coefficients of the equation {ܽ; ܾ} should be selected so that 
the resulting straight line ݕ = ܽ + ܾ ∙  describes the ݔ
measurement results (ݔ௜;  ௜) as accurately as possible. Oneݕ
of the methods for calculating the coefficients {ܽ; ܾ} of  
a straight line equation ݕ = ܽ + ܾ ∙  that meets this ݔ
requirement is the least squares method. In this method, 
the value of the slope coefficientܾ  and the intercept ܽ in 
the equation of a straight line ݕ = ܽ + ܾ ∙  are selected in ݔ
accordance with Gaus s ' s  postulate so that the sum of the 
squares of the deviationsi is minimised. If we write the 
equation of a straight line in the form ݕ = ܽ + ܾ ∙  the ,ݔ
sum of the squares of the deviations ܵ will be expressed by 
the formula: 
 

(2.1) 

ܵ = ∑ ௜ݕ) − ܽ − ܾ ∙ ௜)ଶݔ
௜ ≡ ∑ ௜ݕ) − ො௜)ଶݕ

௜   

 
where: ܵ − is the sum of squares of deviations, ܽ − is the intercept of the 
regression line , ܾ − is the slope of the regression line, ݕො௜ − is the 
estimated value ݕ௜ for the observed value ݔ௜ for a linear regression. 

 
LEAST SQUARES METHOD 
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The least squares method can be based on  
a standard search for the minimum of function (2.1) by 
calculating partial derivatives with respect to the slope 
coefficient ܾ with a constant intercept  ܽ and with respect 
to the intercept ܽ with a constant slope coefficient ܾ, and 
setting them equal to zero: 

 
 

(2.2) 
 

⎩
⎪
⎨

⎪
⎧ቀడௌ

డ௔
ቁ

௕
= −2 ∙ ∑ ௜ݕ) − ܽ − ܾ ∙ (௜ݔ = 0௜

ቀడௌ
డ௕

ቁ
௔

= −2 ∙ ∑ ௜ݔ ∙ ௜ݕ) − ܽ − ܾ ∙ (௜ݔ = 0௜

   

 
 
By transforming the equation−2 ∙ ∑ ௜ݕ) − ܽ − ܾ ∙௜

(௜ݔ = 0 , we obtain: ∑ ௜௜ݕ − −ܰ ∙ ܽ − ܾ ∙ ∑ ௜௜ݔ = 0|݊ =
{1. . ܰ}. For the equation −2 ∙ ∑ ௜ݔ ∙ ௜ݕ) − ܽ −௜  
−ܾ ∙ (௜ݔ = 0, we obtain: ∑ ௜ݔ ∙ ௜௜ݕ − ܽ ∙ ∑ ௜௜ݔ − ܾ ∙ ∑ ௜ݔ

ଶ
௜ = 0. 

For the value , which is the midpoint of the regression line, 
the regression equation can be written as: ݕഥ = ܽ + ܾ ∙  . ݔ̅
From this, we can calculate the value of the slope 
coefficient ܽ = തݕ − ܾ ∙  and transform the system of ݔ̅
equations (2.2) to the form:  

(2.3) 
 

ቐ
ොܽ = തݕ − ෠ܾ ∙ ݔ̅

∑ ௜ݔ ∙ ௜௜ݕ − ොܽ ∙ ∑ ௜௜ݔ − ෠ܾ ∙ ∑ ௜ݔ
ଶ

௜ = 0
  2.3) 

 
where: ݕത − is the arithmetic mean of the measurements of the valuesݕ௜, 
ݔ̅ − is the arithmetic mean of the measurements of the values ݔ௜. 

 
The parameters of the regression equation can be 

easily calculated from the system of equations (2.3). By 
solving the system of equations (2.3) by substituting the 
first equation into the second, we obtain: ∑ ௜ݔ ∙ ௜௜ݕ − തݕ ∙
∑ ௜௜ݔ = ܾ ∙ (∑ ௜ݔ

ଶ
௜ − ݔ̅ ∙ ∑ ௜௜ݔ ). Thus, the estimates of the 

coefficients of the regression line { ොܽ; ෠ܾ} can be written as: 
(2.4) 

 

∀௬ୀ௔ොା௕෠∙௫   ൞
ොܽ = തݕ − ෠ܾ ∙ ݔ̅

෠ܾ = ∑ ௫೔∙௬೔೔ ି௬ത∙∑ ௫೔೔
∑ ௫೔

మ
೔ ି௫̅∙∑ ௫೔೔

    ተ ̅ݔ = ଵ
ே

∙ ∑ ௜௜ݔ  ∧ തݕ  = ଵ
ே

∙ ∑ ௜௜ݕ  , 2.4) 

 
 

where: ܰ − is the number of points for determining the regression 
equation, ොܽ − is the estimate of the intercept of the simple regression 
equation, ෠ܾ − is the estimate of the slope of the simple regression 
equation. 

 
The estimates (2.4) are the best unbiased 

estimators of the linear regression parameters46: ܧ(ܽ) = ොܽ 
and ܧ(ܾ) = ෠ܾ (26) . 

The system of equations (2.4) shows that for all 
values known from measurements47 ∑ ௜ݔ ∙ ௜௜ݕ  ,∑ ௜௜ݔ  ,∑ ௜ݔ

ଶ
௜  

 the equation of the regression line can be ,ݔ̅ ത andݕ,
estimated from an ܰ − element sample: ݕො = ොܽ + ෠ܾ ∙  .ݔ

The equation of a straight line regression can 
sometimes be used even when the graph in the Cartesian 
coordinate system is non-linear, but it can be linear in the 
semi-logarithmic system48 log ෠ܻ = log ܽ + ܾ ∙ ܺ or 
logarithmic49 log ෠ܻ = log ܽ + ܾ ∙ log ܺ. 

In the system of equations (2.4), the 
denominator ∑ ௜ݔ

ଶ
௜ − ݔ̅ ∙ ∑ ௜௜ݔ  of the estimation of the 

directional coefficient ෠ܾ is the sum of squares ܵ௑௑ for 
independent variables ݔ௜: 

(2.5) 
 

ܵ௑௑ = ∑ ௜ݔ
ଶ

௜ − ݔ̅ ∙ ∑ ௜௜ݔ = ∑ ௜ݔ) − ଶ(ݔ̅
௜  .. 

 
Using relations (2.5) and (2.6), the estimation of 

the directional coefficient from the system of equations 
(2.4) can be written in a simpler form: 

(2.6) 
 

ܵ௑௒ = ∑ ௜ݔ ∙ ௜௜ݕ − തݕ ∙ ∑ ௜௜ݔ = ∑ ௜ݕ ∙ ௜ݔ) − ௜(ݔ̅ .  

 
Using relations (2.5) and (2.6), the estimation of 

the directional coefficient from the system of equations 
(2.4) can be written in a simpler form: 

(2.7) 
 

෠ܾ = ௌ೉ೊ

ௌ೉೉
= ∑ ܿ௜ ∙ ௜௜ݕ    ቚ    ܿ௜ = (௫೔ି௫̅)

ௌ೉೉
 . 

 
For a straight line regression passing through the 

origin of the coordinate system, equation (2.2) takes the 
form: డௌ

డ௕
= −2 ∙ ∑ ௜ݔ ∙ ௜ݕ) − ܾ ∙ (௜ݔ = 0௜ , hence the slope 

coefficient for such a straight line regression can be written 
as: 

(2.8) 
 

∀௬ୀ௕෠∙௫   ෠ܾ = ∑ ௫೔∙௬೔೔
∑ ௫೔

మ
೔

 . 

 
F-TEST 
 
The distribution of the random variable ܨ is used 

to compare population parameters. The shape of its 
probability density distribution is similar to the 
distribution ߯ଶ and is called the F–Snedecor distribution 
(27) . The test value ܨ is obtained by constructing the ratio 
of two values ߯ଵ  and χଶ  and the corresponding degrees of 
freedom ߥ ଵ and ߥଶ: ∀ఔభவఔమ ߙ)ܨ, ,ଵߥ (ଶߥ = ఞభ

ఔభ

ఞమ

ఔమ
ൗ  , where 

 represents the significance level of inferenceii and the ߙ 
variables (߯ଵ, ߯ଶ ) have the distribution ߯ଶ. Note that the 
order of the values in the formulated proportion is 
important. The mean value ߤ for the distribution  
ߤ is ∀ఔభவଶ ܨ = ഌమഌమ

ഌమషమ
 and the variance ∀ఔభவସ ߪଶ = ( ഌమ

ഌమషమ
)ଶ ∙

మ∙(ഌభశഌమషమ)
ഌభ∙(ഌమషర)

 . The density of the distribution ܮ does not depend 
on the variance ߪଶ, but is a function of the number of 
degrees of freedom ߥ for the distributions of the variable ߯ 
and reaches its maximum at the point ܮ௠௔௫ = ഌభషమ

ഌభ
∙ ഌమ

ഌమశమ
 . 

Fisher’s statistical test ܨ will be based on F – 
Snedecor distribution to assess the difference between the 
variances between the regression equation ݕො = ܽ + ܾ ∙  ොݔ
and passing through the origin of the coordinate 
system ݕො = ܾ ∙  :ො. The test proportion will be the valueݔ
where:ߪො௬ୀ௕∙௫

ଶ − variance for the simplified equation ݕ =
෠ܾ ∙ ො௬ୀ௔ା௕∙௫ߪ, ݔ

ଶ − variance for the full equation ݕ = ොܽ + ෠ܾ ∙
 ,ݔ

(2.9) 

ܨ ∀ = ఙෝ೤స್∙ೣ
మ

ఙෝ೤సೌశ್∙ೣ
మ

ఙෝభ
మவఙෝమ

మ
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where:ߪො௬ୀ௕∙௫
ଶ − variance for the simplified equation ݕ = ෠ܾ ∙ ො௬ୀ௔ା௕∙௫ߪ, ݔ

ଶ − 
variance for the full equation ݕ = ොܽ + ෠ܾ ∙  ,ݔ
 

which should be compared with the critical 
value ܨ௞௥( തܲ, ଵߥ = ݊ − 1, ଶߥ = ݊ − 2) of the F-Snedecor 
distribution. If ܨ௞௥ ≥  then it should be assumed that the ,ܨ
variances of both equations do not differ from a statistical 
point of view, hence the simplified regression equation ݕ =
ܾ ∙   can be adopted, which is preferred ݔ
from a theoretical point of view (5). 

 
Example 1. 
For the results of measurements of the field 

under the bands, for different volumes of injected oxygen,  
To calculate the residual variance, the 

relationship (3.7) derived in the next chapter was used: 

ොଶߪ = ∑ (௬೔ି௬ො೔)మ
೔

ఔ
 . Hence, the test value ܨ will be: ∀ఙෝభ

మவఙෝమ
మ ܨ =

഑ෝభ
మ(೤స್∙ೣ)

഑ෝమ
మ(೤సೌశ್∙ೣ)

 . 
F-Fishe inference based on F-Snedecor distribut 

n shows that the following inequality holds: ܨ௞௥ ≡
,ܲ)ܨ ,ଵߥ (ଶߥ ≥  It can therefore be assumed that the . ܨ
variances of both linear regression equations: ݕ = ܾ ∙  ݔ
and ݕ = ܽ + ܾ ∙  do not differ from a statistical point of ݔ
view. Hence, as a model of observed variability,  
a simplified regression equationݕ = ܾ ∙  ,can be adopted ݔ
which is preferred from a theoretical point of view. 

The results of the calculations are summarised in 
the table below: 
 

 

 
 
 

COEFFICIENT OF DETERMINATION 
 
The coefficient of determination ݎଶ corresponds 

numerically to the value of the correlation coefficient ݎ 
after squaring it. The greater the ratio of the variance from 
the sample for residual values ݏఢ = భ

ಿ
∙ ∑ ௜ݕ) − ො௜)ଶݕ

௜  around 
the regression line to the total variance51 from the 
sample ݏ = భ

ಿ
∙ ∑ ௜ݕ) − ത)ଶݕ

௜  , the better the quality of  th e  
p r ed ic t i on 52 : ଶݎ = ೞച

ೞ = ∑ (೤೔ష೤ෝ೔)మ
೔

∑ (೤೔ష೤ഥ)మ೔
 − Figure 1.2. In the 

absence of any relationship between the variables ܺ and ܻ, 
the coefficient of determination ݎଶ, which is the ratio of 
residual variance ݏఢ  to total variance ݏ, would be equal to 
unity: ߮ଶ = ೞച

ೞ
= 1 . If the variables ܺ and ܻ were strictly 

functionally dependent, then the residual variance ݏఢ 
would be equal to zero ݏఢ = 0 and the convergence 
coefficient would be ߮ଶ = ೞച

ೞ = 0 .  
 
 
 
 

Most often, the convergence coefficient ߮ଶ is in 
the range [0; 1]. Based on equation (1.14), we can record: 

 
(2.10) 

ଶݎ = 1 − ߮ଶ = 1 − ௦ച

௦
= ௦ି௦ച

௦
= ௦ೝ

௦
 ቚ ݏ  = భ

ಿ ∙ ∑ ௜ݕ) − ത)ଶݕ
௜ ∧ ఢݏ = భ

ಿ ∙ ∑ ௜ݕ) − ො௜)ଶݕ
௜   

where: ݎଶ − coefficient of determination, ߮ ଶ − coefficient of variation, ݏఢ − 
residual variance, ݏ − total variance, ݏ௥ − variance explained by the 
simple regression model 

 
Equation (2.10) defines the coefficient of 

determination ݎଶ, which is an indicator of the quality of the 
model's fit to the measurement data53. It informs us what 
part of the total variance ܻ is explained by the regression 
model.  

The coefficient of determination ݎଶ can be 
defined as the ratio (2.10) of the explained variance54 ݏ௥ to 
the total variance55 ݏ. A higher value of the coefficient of 
determination ݎଶ indicates a better fit to the model. For 
example, the value of the coefficient of determination ݎଶ =
0,4 indicates that the variance of the values ܻ around the 
regression line is 60%56. In other words, 40% of the 
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observed variability ܻ was explained by regression, 
and 60% remained in residual variance. 

For a small sample, the value of ݎଶ may be 
overestimated. This disadvantage is not present in the 
corrected coefficient of determination ̂ݎଶ, where the 
corresponding sums of squares are divided by the number 
of corresponding degrees of freedomiii:  

 
ଶݎ̂ = 1 −

ఢݏ

ݏ
∙

ߥ
ఢߥ

   ฬ  ߥఢ

= ݊ − ݇ − 1  ∧ ߥ 
= ݊ − 1 

(2.11) 

 
where: ̂ݎଶ − is the corrected coefficient of determination, ݊ − is the 
number of variables for the model, ݇ − is the number of model 
coefficients, ߥ − is the total number of degrees of freedom for the 
variance. 

 
 

 

  

  

  Example 2.
  For  the  results  of  measurements  of  the  field
under the bands for different volumes of injected oxygen,
collected in Table 4.3, simple regression calculations were
performed according to the system of equations (2.4) and
using equation (2.8).
  Then,  using  relation  (2.10),  the  coefficient  of
determination ଶݎ   was calculated.
  The results of the calculations are summarised in
the  table  below,  which  shows  that  over  99%  of  the
observed  variability  was  explained  by  the  regression
line: ݕ≅1141,0+9043,12   .

 
 
 

 

 
 

The correction takes into account the fact that the 
coefficient of determination ݎଶ is calculated  
from a sample and therefore has an overestimated value58 
when generalising the results to the general population. 
The corrected coefficient of determination ̂ݎଶ determines 
how well the obtained regression equation would fit  
a sample of infinite size ݊ → ∞ from the same population 
ܰ. Hence, the correction ഌ

ഌഄ
 for a large ݊ sample size is 

negligible, since using relation (2.11) we can 
write: lim

௡→ஶ
ഌഄ
ഌ ୀ lim

௡→ஶ
೙షೖషభ

೙షభ ୀ lim
௡→ஶ

1 − ೖ
೙షభ

= 1.  
As mentioned earlier, the key issue in the least 

squares method is to estimate the value of the sum ܵ =
∑ ௜ݕ) − ܽ − ܾ ∙௜ ௜)ଶݔ ≡ ∑ ௜ݕ) − ො௜)ଶݕ

௜  of the squares of the 
deviations (2.1) of the empirical measurement points ݕ௜  
from their estimates obtained in the prediction59 ݕො௜  . When 
linear regression completely explains the variability, the 
sum ܵ from relation (2.1) is identically equal to zero: ܵ ≡ 0 
. This case is also referred to as volatility elimination by 
linear regression. By inserting the regression 
equation ݕො௜ = ܽ + ܾ ∙  into equation (2.1) and ݔ
transforming the first expression ܽ = തݕ − ܾ ∙  from the ݔ̅
system of equations (2.3), we can write that ܵ = ∑ ௜ݕ) −௜
തݕ − ܾ ∙ ݔ̅ − ܾ ∙ ௜)ଶݔ = ∑ ௜ݕ) − ത௜)ଶݕ

௜ − ܾଶ ∙ ∑ ௜ݔ) − ௜)ଶݔ̅
௜  , and 

hence 
 

ܵ = ∑ ௜ݕ) − ො௜)ଶݕ
௜ = ∑ ௜ݕ) −௜

ത௜)ଶݕ − ܾଶ ∙ ∑ ௜ݔ) − ௜)ଶݔ̅
௜   (2.12) 

 
CONCLUSION 
 
The chapter describes the least squares method 

for estimating linear regression coefficients and the use of 
F–Fisher based on F–Snedecor distribution to assess the 
homogeneity of variance (ߪ ) for two versions of linear 
regression equations: simplified ݕ = ܾ ∙ ݕ and full ݔ = 
= ܽ + ܾ ∙  The expected result of the test is to conclude .ݔ
that there is no statistical difference between the 
variances, and therefore the simplified regression 
equation ݕ = ܾ ∙  can be adopted, which is preferred from ݔ
a metrological point of view60 [6]. The preference for the 
equation ݕ = ܾ ∙   is related to the fact that when ݔ
establishing the relationship between the values indicated 
by the measuring device reproduced for the standard61, 
only a model in the form of a simplified regression 
equation should be adopted, for an intercept equal to zero: 
ොܽ ≡ 0 , as theoretically, when a blind sample is given62, no 
signal generated by the measuring device should be 
observed. 

The chapter also discusses the coefficient of 
determination ݎଶ, which illustrates the extent to which the 
regression equation explains the observed variability 
during the calibration process. 
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2. REGRESSION ANALYSIS 

 
Based on variance analysis, it is assumed that the 

best estimate ߪොଶ of the actual variance ߪଶ from the sample 
is the sum of squares of deviations from the mean (2.1) ܵ =
∑ ௜ݕ) − ො௜௜ݕ )ଶ, divided by the number of degrees of 
freedom ݏ ,ߥଶ = ೄ

ഌ
= ∑ (೤೔ష೤ෝ೔೔ )మ

ഌ
 . The standard deviation 

divided by the square root √ߥ of the number of degrees of 
freedom63 ߥ is proportional to the estimation of the 
confidence interval ∆ݕො for the value ݕො :∆ݕො = ± ೞ

√ഌ
∙ .ܲ)ݐ  − (ߥ

see further (3.15).  

VARIANCE OF THE SLOPE COEFFICIENT 
 
Using the properties of variance, for independent 
variables:  

ܿ)ଶܦ (1.9) ∙ ܺ) = ܿଶ ∙  ଶܺܦ

)ଶܦ (1.10) ଵܺ+. . +ܺே) = ଶܦ
ଵܺ+. . ଶܺேܦ+  

and using the relationship (2.7) ෠ܾ = ೄ೉ೊ
ೄ೉೉

= ∑ ܿ௜ ∙ ௜௜ݕ |ܿ௜ =
൫ೣ೔షഥೣ൯

ೄ೉೉
 , the variance of the slope coefficient of a simple 

regression can be written as:  

(3.1) 
ଶ൫ܦ ෠ܾ൯ = ∑)ଶܦ ܿ௜ ∙ ௜௜ݕ ) = (௜ݕ)ଶܦ ∙ ∑ ܿ௜

ଶ
௜    ቚ   ܿ௜ = (௫೔ି௫̅)

ௌ೉೉
  (3.1) 

 

Assuming that ܦଶ(ݕ௜) ≡  and using the relationship ߪ
(2.5) ܵ௑௑ = ∑ ௜ݔ

ଶ
௜ − ݔ̅ ∙ ∑ ௜௜ݔ = ∑ ௜ݔ) − ଶ(ݔ̅

௜  , equation (3.1) 
can be transformed into the form: 

(3.2) 
 

ଶ൫ܦ ෠ܾ൯ ≜ ௕෠ݏ
ଶ = ොଶߪ ∙ ∑ ܿ௜

ଶ
௜ = ොଶߪ ∙ ∑ (௫೔ି௫̅)మ

೔

ௌ೉೉
మ = ఙෝమ

ௌ೉೉
   

 
VARIANCE OF THE INTERCEPT 
 
To estimate the variance of the intercept, proof is 

needed that the covariance ܿݕ)ݒ݋ത, ෠ܾ) of the mean value of 
the dependent variable ݕത and the estimated slope 
coefficient ෠ܾ is equal to zero: ܿݒ݋൫ݕത, ෠ܾ൯ = 0.  
Using the relationship:  

 

(2.4) 
∀௬ୀ௔ොା௕෠∙௫   ൞

ොܽ = തݕ − ෠ܾ ∙ ݔ̅

෠ܾ = ∑ ௫೔∙௬೔೔ ି௬ത∙∑ ௫೔೔
∑ ௫೔

మ
೔ ି௫̅∙∑ ௫೔೔

    ተ ̅ݔ = ଵ
௡

∙ ∑ ௜௜ݔ  ∧

തݕ  = ଵ
௡

∙ ∑ ௜௜ݕ    
  
(2.5) ܵ௑௑ = ∑ ௜ݔ

ଶ
௜ − ݔ̅ ∙ ∑ ௜௜ݔ = ∑ ௜ݔ) − ଶ(ݔ̅

௜   
 

The following transformations can be performed: 

෠ܾ = ∑ ௫೔∙௬೔೔ ି௬ത∙∑ ௫೔೔
∑ ௫೔

మ
೔ ି௫̅∙∑ ௫೔೔

= ௡∙(∑ ௫೔∙௬೔೔ ି௬ത∙∑ ௫೔೔ )
௡∙൫∑ ௫೔

మ
೔ ି௫̅∙∑ ௫೔೔ ൯

=  

 

=
௡మ∙ቀభ

೙
∙∑ ௫೔∙௬೔೔ ିభ

೙
∙௬ത∙∑ ௫೔೔ ቁ

௡∙൫∑ ௫೔
మ

೔ ି௫̅∙∑ ௫೔೔ ൯
=

௡∙ቀభ
೙

∙∑ ௫೔∙௬೔೔ ିభ
೙

∙∑ ௬೔೔ ∙௫̅ቁ

∑ ௫೔
మ

೔ ି௫̅∙∑ ௫೔೔
=  

     
= ∑ ௫೔∙௬೔೔ ି௫̅∙∑ ௬೔೔

ௌ೉೉
= ∑ (௫೔∙௬೔೔ ି௫̅∙௬೔)

ௌ೉೉
= ∑ [௬೔∙(௫೔ି௫̅)]೔

ௌ೉೉
  

 
Based on the above transformations, where ෠ܾ =

∑ [௬೔∙(௫೔ି௫̅)]೔

ௌ೉೉
 and from the covariance property 

ܽ)ݒ݋ܿ :(1.12) ∙ ܺ, ܾ ∙ ܻ) = ܽ ∙ ܾ ∙ ,ܺ)ݒ݋ܿ ܻ)   |  ܽ, ܾ =  ,ݐݏ݊݋ܿ
the expression ܿݒ݋൫ݕത, ෠ܾ൯ = ݒ݋ܿ ቀ∑ ௬೔೔

௡
, ∑ ௬೔∙(௫೔ି௫̅)೔

ௌ೉೉
ቁ can be 

transformed into the form: ܿݒ݋൫ݕത, ෠ܾ൯ = ଵ
௡∙ௌ೉೉

∙
∑]ݒ݋ܿ ௜௜ݕ , ∑ ௜ݕ ∙௜ ௜ݔ) −  :and hence furtheriv to ,[(ݔ̅
,തݕ൫ݒ݋ܿ ෠ܾ൯ = ଵ

௡∙ௌ೉೉
∙ ∑ ௜ݔ) − ௜(ݔ̅ ∙ ,௜ݕ)ݒ݋ܿ  ௜). Given theݕ

relationship (1.14) ܿݒ݋(ܻ, ܻ) = (ܻ)ݎܽݒ ≡  ଶ, we can writeߪ
down the following: 

(3.3) 
 

,തݕ൫ݒ݋ܿ ෠ܾ൯ = ∑ (௫೔ି௫̅)೔

௡∙ௌ೉೉
∙   ଶߪ

 
Using the fact that65 ∑ ௜ݔ) − ௜(ݔ̅ ≝ 0, relation (3.3) 

can be written as the covariance value equal to zero (28):  
(3.4) 

 

,തݕ൫ݒ݋ܿ ෠ܾ൯ = 0  

 
Using relation (2.4), which is an estimate of the 

directional coefficient of linear regression ොܽ = തݕ − ෠ܾ ∙  ݔ̅
using the least squares method, the variance ܦଶ ොܽ for the 
intercept ොܽ can be written as: ܦଶ ොܽ = തݕଶ൫ܦ − ෠ܾ ∙  ൯. Usingݔ̅
the properties of variance66 (1.8): ܦଶ(ܺ ± ܻ) = ଶܺܦ +
ଶܻܦ ± 2 ∙ ,ܺ)ݒ݋ܿ ܻ), we can write: ܦଶ ොܽ = തݕଶܦ + ଶ൫ܦ ෠ܾ ∙
൯ݔ̅ − 2 ∙ ,തݕ൫ݒ݋ܿ ෠ܾ ∙  ൯. Using the properties of varianceݔ̅
ܿ)ଶܦ (1.8) ∙ ܺ) = ܿଶ ∙ ଶܦ :ଶܺ , we can further writeܦ ොܽ =
തݕଶܦ + ଶݔ̅ ∙ ଶܦ ෠ܾ − 2 ∙ ݔ̅ ∙ ,തݕ൫ݒ݋ܿ ෠ܾ൯. 

Using relation (3.4) ܿ ,തݕ൫ݒ݋ ෠ܾ൯ = 0, the expression 
can be further simplified as: ܦଶ ොܽ = തݕଶܦ + ଶݔ̅ ∙ ଶܦ ෠ܾ. The 
variance value for the mean value ܦଶݕത is ܦଶݕത = ఙෝమ

௡
, which 

can be further transformed to: ܦଶ ොܽ = ఙෝమ

௡
+ ଶݔ̅ ∙ ଶܦ ෠ܾ. Using  

the relation (3.2) ܦଶ൫ ෠ܾ൯ = ఙෝమ

ௌ೉೉
 , we can write that the 

variance of the estimation of the intercept ܦଶ ොܽ is: 
(3.5) 

 

ଶܦ ොܽ ≜ ௔ොݏ
ଶ = ොଶߪ ∙ ቀଵ

௡
+ ௫̅మ

ௌ೉೉
ቁ . 

 
VARIANCE OF THE ESTIMATED VALUE 
 
In prediction, two cases should be distinguished, 

namely when the prediction is made for: 
 the reference population used to estimate the 

parameters of the simple regression, 
 another population67 used to draw conclusions 

about it based on simple regression from the 
reference population. 
 
The first case concerns the determination of the 

confidence interval for simple regressionݕ = ොܽ + ෠ܾ ∙ ݔ + ߳. 
The second concerns the determination of the confidence 
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interval for the use of simple regression to predict the 
dependent variable ݕො or the independent variable ݔො, for  
a population from another sample, for example using 
simple regression as a regression curve characterising the 
detector response for the analysis of an unknown 
sample68. 

 
VARIANCE FOR LINEAR REGRESSION 
 
In linear regression, it is assumed that there 

exists a linear relationship between any realisation of the 
independent variable ܺ ← ௜ݔ  and the corresponding 
realisation of the dependent variable ܻ ← (ݔ|ݕ)ܧ: ௜ݕ = ܽ +
ܾ ∙  However, in reality, there occur deviations ߳ from the .ݔ
estimated regression line ݕ = ොܽ + ෠ܾ ∙  hence the model ,ݔ
taking into account deviations from the estimated 
regression line will take the form: 

(3.6) 
 

ݕ = ොܽ + ෠ܾ ∙ ݔ + ߳  (
3.6) 

 
where: ߳ − represents a random error with a normal distribution ℕ(0,  (ߪ
with  a mean value of zero: ߤ = 0 and an unknown variance ߪ. 

 
For the estimated regression line (3.6) ∀௜∈ℕ   ݕ௜ =

ොܽ + ෠ܾ ∙ ௜ݔ + ߳௜ , the sum of squares of deviations ܵఢ from the 
linear regression can be written analogously to equation 
(2.1): ܵఢ = ∑ ߳௜

ଶ
௜ = ∑ ௜ݕ) − ොܽ − ෠ܾ ∙ ௜)ଶݔ

௜ = ∑ ௜ݕ) − ො௜)ଶݕ
௜ . On 

this basis, the unbiased estimator of the unknown 
variance ߪ of the random error distribution ߳ can be 
estimated as:  

(3.7) 
 

ොఢߪ
ଶ = ௌച

ఔ
= ∑ (௬೔ି௬ො೔)మ

೔

ఔ
= ௌೊೊି௕෠∙ௌ೉ೊ

ఔ
   

 
where: ߥ − represents the number of degrees of freedom ߥ = ݊ − 1 for 
the simplified equation ݕ = ෠ܾ ∙ ߥ and ݔ = ݊ − 2 for the equation ݕ = ොܽ + ෠ܾ ∙
݊ ,ݔ − the number of measurements. 
 

In some situations, it is convenient to transform 
regression equation (3.6) into the form: 

(3.8) 
 

௜ݕ = ොܽ + ෠ܾ ∙ ௜ݔ) − (ݔ̅ + ෠ܾ ∙ ݔ̅ + ߳
     = ൫ ොܽ + ෠ܾ ∙ ൯ݔ̅ + ෠ܾ ∙ ௜ݔ) − (ݔ̅ + ߳
     = ොܽᇱ + ෠ܾ ∙ ௜ݔ) − (ݔ̅ + ߳

 

 
Redefining the explanatory variable69 in equation 

(3.8), in relation to relationship (3.6), caused the 
intersection point with the axis ܱܺ to shift from zero ݕ =
0 to the value ݕ =   Comparing the first equation from the .ݔ̅
system of equations (2.4) ොܽ = തݕ − ෠ܾ ∙  ,with equation (3.8) ݔ̅
it can be seen that ොܽᇱ can be expressed as: ෝܽ ᇱ = തݕ = 
= ොܽ + ෠ܾ ∙  During the transformation, the value of the . ݔ̅
determined slope coefficient of the regression line ෠ܾ does 
not change. Therefore, the regression equation (3.8) can be 
written in a simpler form as: 

(3.9) 
 

௜ݕ = തݕ + ෠ܾ ∙ ௜ݔ) − (ݔ̅ + ߳. (
 

 
The main application of the regression model is 

to estimate the expected response (ݕ)ܧ for a specific value 
of the variable ݔ. Let ݔ଴ be the value of the variable ܺ ←  ଴ݔ
occurring in any formula adopted to determine the 

regression line for which we want to read the average 
response: ܧ(ݕො|ݔ଴) , where ݔ଴ is any value of the 
independent random variable ܺ within the range of the 
original data ݔଵ

଴. . ௜ݔ
଴ used to determine the regression line 

model. The unbiased point estimator ܧ(ݕො|ݔ଴) can be found 
based on the fitted model as ܧ(ݕො|ݔ଴) = 
= ௬|௫బߤ̂ = ොܽ + ෠ܾ ∙  ௬ො|௫బ൯ can beߤଶ൫̂ܦ ଴. The varianceݔ
written as ܦଶ൫̂ߤ௬ො|௫బ൯ = )ଶܦ ොܽ + ෠ܾ ∙ ௜ݔ

଴).  
 
Using the equations: 

ܿ)ଶܦ (1.8) ∙ ܺ) = ܿଶ ∙   ଶܺܦ
(2.3) ොܽ = തݕ − ෠ܾ ∙   ݔ̅
ଶ൫ܦ (3.2) ෠ܾ൯ = ఙమ

ௌ೉೉
  

,തݕ൫ݒ݋ܿ (3.4) ෠ܾ൯ = 0  
ොݕ (3.9) = തݕ + ෠ܾ ∙ ௜ݔ) − (ݔ̅ + ߳ 

 

௬|௫బ൯ߤଶ൫̂ܦ =
ೞ

೤ෝ|ೣబ
మ

೙
= )ଶܦ ොܽ + ෠ܾ ∙  :଴) can be written as70, asݔ

(3.10) 
 

(௬ො|௫బߤ̂)ଶܦ = ଶ൫ܦ ොܽ + ෠ܾ ∙ ଴൯ݔ = തݕ]ଶܦ + ෠ܾ ∙ ଴ݔ) − [(ݔ̅ =
                    = തݕଶܦ + ଴ݔ) − ଶ(ݔ̅ ∙ ଶܦ ෠ܾ − 2 ∙ ଴ݔ) − (ݔ̅ ∙ ,തݕ൫ݒ݋ܿ ෠ܾ൯ =

                    =
ଶߪ

݊ + ଴ݔ) − ଶ(ݔ̅ ∙
ଶߪ

ܵ௑௑
= ଶߪ ∙ ቆ

1
݊ +

଴ݔ) − ଶ(ݔ̅

ܵ௑௑
ቇ .

 

 
As can be seen from equation (3.10), the value of 

the estimated variance during the calibration process 
௦೤ෝ|ೣబ

మ

௡
  

depends on the value of the standard ݔ଴ and reaches its 
minimum for its mean value71 ݔ଴ =  It should also be .ݔ̅
noted that there is no summation sign in the numerator of 
the second fraction. 

Equation (3.10) is used to determine the 
confidence interval ∆ݕ for each point corresponding to the 
reference value ݔ଴ for the determined regression line ݕෝ =
ොܽ + ෠ܾ ∙  ଴ of the calibration process. The confidenceݔ
interval is bounded on both sides by hyperbolas, and their 
distance is smallest for the mean value ̅ݔ. The variance 
value (3.10) differs from the variance value for the 
reference curve calculated for all points. 

 
VARIANCE OF OUTLIERS 
 
When deciding whether measurement points can 

be added to the set of points used to determine the 
regression line for inference based on the existing 
regression line72 (3.6), the variance73 must first be 
determined: ܦଶ൫̂ߤ௬|௬బ൯ = ො଴ݕ)ଶܦ −   ଴) for the regressionݕ
line ݕ଴ = ܽ଴ + ܾ଴ ∙ ଴ݔ + ߳, when the value of the dependent 
variable is fixed and equals ݕ଴ = ,଴ݔ)݂ ߳) , and the 
estimated value for ݔ଴ is: ݕෝ଴ = ොܽ଴ + ෠ܾ଴ ∙  ଴. The error ߳ hasݔ
a normal distribution ߳ ∈ ℕ(0,  ଶ) with a central value ofߪ
zero ߤ = 0 and variance ߪଶ. Hence, we can write: 

(3.11) 
ො଴ݕ)ଶܦ − (଴ݕ = ]ଶܦ ොܽ଴ + ෠ܾ଴ ∙ ଴ݔ − (ܽ଴ + ܾ଴ ∙ ଴ݔ + ߳)] =
                        = ଶ൫ܦ ොܽ଴ + ෠ܾ଴ ∙ ଴ݔ − ߳൯ = )ଶܦ ොܽ଴) + ଴ݔ

ଶ ∙ ଶ൫ܦ ෠ܾ଴൯ + ଶ߳ܦ +
                           +2 ∙ ଴ݔ ∙ ൫ݒ݋ܿ ොܽ଴, ෠ܾ଴൯ − 2 ∙ ଴ݔ ∙ )ݒ݋ܿ ොܽ଴, ߳) − 2 ∙ ଴ݔ ∙ )ݒ݋ܿ ෠ܾ଴, ߳)

 

 
The covariances ܿݒ݋( ොܽ଴, ߳) ≝ 0 and ܿݒ݋( ෠ܾ଴, ߳) ≝

0 are by definition equal to zero, as they concern the 
interdependence between independent variables. Using: 
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,ܺ)ݒ݋ܿ (1.14) ܺ) = (ܺ)ݎܽݒ =  (ܺ)ଶܦ

(2.3) ොܽ = തݕ − ෠ܾ ∙   ݔ̅

ଶ൫ܦ (3.2) ෠ܾ൯ = ఙෝమ

ௌ೉೉
  

,തݕ൫ݒ݋ܿ (3.4) ෠ܾ൯ = 0  

the transformation can be written as: ܿݒ݋൫ ොܽ଴, ෠ܾ଴൯ =
തݕ൫ݒ݋ܿ − ෠ܾ଴ ∙ ,ݔ̅ ෠ܾ଴൯. And further: ܿݒ݋൫ݕത − ෠ܾ଴ ∙ ,ݔ̅ ෠ܾ଴൯ =
,തݕ൫ݒ݋ܿ ෠ܾ଴൯ − ݔ̅ ∙ ൫ݒ݋ܿ ෠ܾ଴, ෠ܾ଴൯ = ݔ̅− ∙ ଶ൫ܦ ෠ܾ଴൯.  
Hence, ultimately, we can written [26]: 

(3.12) 
൫ݒ݋ܿ ොܽ଴, ෠ܾ଴൯ = ݔ̅− ∙ ఙෝమ

ௌ೉೉
   

Therefore, since 

ܿ)ଶܦ (1.8) ∙ ܺ) = ܿଶ ∙   ଶܺܦ

ଶܿܦ (1.9) = 0 

ଶܦ (3.2) ෠ܾ = ఙෝమ

ௌ೉೉
   

ଶܦ (3.5) ොܽ ≜ ௔ොݏ
ଶ = ොଶߪ ∙ ቀଵ

௡
+ ௫̅మ

ௌ೉೉
ቁ  

ଶ߳ܦ (3.7) =  ߪ

൫ݒ݋ܿ (3.12) ොܽ଴, ෠ܾ଴൯ = ݔ̅− ∙ ఙෝమ

ௌ೉೉
  

the relationship (3.11) can be written as: 

(3.13) 
 

ො଴ݕ)ଶܦ − (଴ݕ = ොଶߪ ∙ ቆ
1
݊ +

ଶݔ̅

ܵ௑௑
+

଴ݔ
ଶ

ܵ௑௑
+ 1 − 2 ∙ ଴ݔ ∙ ݔ̅ ∙

ොଶߪ

ܵ௑௑
ቇ =

                        = ොଶߪ ∙ ቆ1 +
1
݊

+
ଶݔ̅ + ଴ݔ

ଶ − 2 ∙ ଴ݔ ∙ ݔ̅
ܵ௑௑

ቇ =

                        = ොଶߪ ∙ ቆ1 +
1
݊ +

଴ݔ) − ଶ(ݔ̅

ܵ௑௑
ቇ .

 

 
 
PREDICTION VARIANCE 
 
The system of equations (2.4) can be used to 

predict the value of the independent variable ݔഥ௭ = ೤ഥ೥షෝೌ
෡್   

based on the regression line and the mean values of the 
dependent variable ݕത௭ = ∑ ೤೔೔

ೖ  [6]: 
(3.14) 

 

௫̅೥ߪ
ଶ = ఙమ

௕෠మ ∙ ቀଵ
௞

+ ଵ
௡

+ (௫೔ି௫̅)మ

௕෠మ∙ௌ೉೉
ቁ  (

3.14) 
 

This situation occurs when measuring the gas 
content in a breathing mixture based on a reference curve, 
using gas chromatography and a ܶܦܥ detector. 

The prediction variance ߪ ௫̅೥
ଶ  (3.14) can be 

estimated using the variance estimate for error 
propagation (5.7).  

The regression equation (3.9) expressed by the 
ොݕ = തݕ + ෠ܾ ∙ ௜ݔ) − ݔ means can be written as (ݔ̅ = ݔ̅ + భ

෡್ ∙
ොݕ) −  ത and ෠ܾ are independent of each other, theݕ ,ݕ ത). Sinceݕ
variance can be estimated from the error propagation 
modelling relationship (1.25). Expanding the function for 
first-order derivatives74 [5] ߪ௫

ଶ = [ങೣ൫೤,೤ഥ,෡್൯
ങ೤ෝ

]ଶ ∙ ௬ොߪ
ଶ +

[ങೣ൫೤,೤ഥ,෡್൯
ങ೤ഥ ]ଶ ∙ ௬തߪ

ଶ + [ങೣ൫೤,೤ഥ,෡್൯
ങ෡್ ]ଶ ∙ ௕෠ߪ

ଶ and substituting: ߪ௬ො
ଶ = ഑మ

೘  
௬തߪ,

ଶ = ഑మ

೙
௕෠ߪ, 

ଶ = (ೣ೔షഥೣ)మ

ೄ೉೉
  we obtain equation (3.14). 

 
CONFIDENCE INTERVAL FOR REGRESSION 
 
Variance estimates can be used to determine 

confidence intervals for linear regression parameters 
estimated by the least squares method (3.9) and 
confidence intervals for predictions based on simple 
regression in a similar way to that used to estimate the true 
valueߤ from a small sample using T–Student distribution: 

(3.15) 

ොݕ∆ = ݕ ± )ݐ തܲ, (ߥ ∙
ݏ

ߥ√
 

where: ݐ( തܲ, (ߥ − expansion coefficient being the quantile for the  
T-Student distribution for the confidence level ഥܲ = 1 −  and the number ߙ
of degrees of freedom75 ߙ ,ߥ − significance, ݏ − standard deviation 

 
The difference between the observed value of the 

dependent variable ݕ௜ and the value estimated by the least 
squares method ݕො௜ can be considered as the residual 
unexplained by the regression line ߳௜, as given in equation 
(3.7). 

The uncertainties in determining the directional 
coefficient ∆ܾ and the intercept ∆ܽ can be written similarly 
to the calculation of the uncertainty in determining the 
means from a small sample76 using variance analysis 
[6,26,29,30]: 

(3.16) 

ቐ
∆ ොܽ = )ݐ തܲ, (ߥ ∙ ௔ݏ

∆ ෠ܾ = )ݐ തܲ, (ߥ ∙ ௕ݏ

  

where: ∆ ොܽ − uncertainty in estimating the intercept of the linear 
regression, ∆ ෠ܾ − uncertainty in estimating the slope coefficient of the 
linear regression, ݐ( തܲ, (ߥ − coefficient for T-Student's two-tailed 
distribution at a confidence level തܲ and number of degrees of freedom77 
௔ݏ ,ߥ − variance from intercept  measurements for simple regression, 
௕ݏ − variance from slope coefficient measurements for the regression line 
 

 
Using relation (3.5)ݏ௔ො

ଶ = ොଶߪ ∙ (భ
೙

+ ഥೣమ

ೄ೉೉
) and 

relations from the system of equations (3.16), confidence 
intervals for the intercept can be estimated as: 

 
(3.17) 

ොܽ − )ݐ തܲ, ߥ = ݊ − 2) ∙ ටߪොଶ ∙ ቀଵ
௡

+ ௫̅మ

ௌ೉೉
ቁ ≤ ܽ ≤ ොܽ + )ݐ തܲ, (ߥ ∙ ටߪොଶ ∙ ቀଵ

௡
+ ௫̅మ

ௌ೉೉
ቁ  

 
where: ݐ( തܲ, ߥ = ݊ − 2) − quantile for the two-tailed T-
Student distribution for significance  
ߙ = 1 − തܲ andߥ = ݊ − 2 degrees of freedom,ߙ − 
significance, തܲ = 1 − ௑௑ܵ, ߙ = ∑ ௜ݔ

ଶ
௜ − ݔ̅ ∙ ∑ ௜௜ݔ ==

∑ ௜ݔ) − ଶ(ݔ̅
௜  according to (2.5),ߪොଶ − variance for linear 

regression ߪොଶ = ೄച
ഌ = ∑ (೤೔ష೤ෝ೔)మ

೔
ഌ = ೄೊೊష෡್∙ೄ೉ೊ

ഌ   according to (3.7). 
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Using relation (3.2) ݏ௕෠
ଶ = ഑ෝమ

ೄ೉೉
 and relations from 

the system of equations (3.16), confidence intervals for 
the intercept can be estimated as: 

(3.18) 

 
෠ܾ − )ݐ തܲ, (ߥ ∙ ට ఙෝమ

ௌ೉೉
≤ ܾ ≤ ෠ܾ + )ݐ തܲ, (ߥ ∙ ට ఙෝమ

ௌ೉೉
   

 
where: ݐ( തܲ, (ߥ − quantile for the two-tailed T-Student for significance ߙ =
1 − തܲ and ߥ degrees of freedom, ߙ − significance തܲ = 1 − ௑௑ܵ, ߙ =
∑ ௜ݔ

ଶ
௜ − ݔ̅ ∙ ∑ ௜௜ݔ = ∑ ௜ݔ) − ଶ(ݔ̅

௜  according to (2.5), ߪෝ ଶ − variance for linear 

regression ߪොଶ = ೄച
ഌ = ∑ (೤೔ష೤ෝ೔)మ

೔
ഌ = ೄೊೊష෡್∙ೄ೉ೊ

ഌ  according to (3.7), ߥ − degrees of 
freedom78. 

 
Example 3. 
The equation of the regression line was 

determined by the least squares method from the averages 
of oxygen band integrations observed after injecting 
different volumes of oxygen− Table 4.3.  
 

 
Tab 4.3. 

௜ݔ ݅ ௜ݕ  ௜ݔ 
ଶ ݔ௜ ∙ ௜ݕ ො௜ݕ   

1 0,005 0,0796803 0,00003 0,0004 0,179 
2 0,01 0,175846 0,00010 0,0018 0,243 
3 0,015 0,2624235 0,00023 0,0039 0,308 
4 0,02 0,3445894 0,00040 0,0069 0,372 
5 0,025 0,4239291 0,00063 0,0106 0,437 
6 0,04 0,6674096 0,00160 0,0267 0,630 
7 0,05 0,83516585 0,00250 0,0418 0,759 
8 0,08 1,2001927 0,00640 0,0960 1,146 
9 0,1 1,500583567 0,01000 0,1501 1,404 

10 0,15 2,0900684 0,02250 0,3135 2,050 
11 0,2 2,78011545 0,04000 0,5560 2,695 
12 0,25 3,3105919 0,06250 0,8276 3,340 
13 0,3 3,8780566 0,09000 1,1634 3,985 

Suma 1,245 17,549 0,237 3,1987 17,549 
Średnia 0,096 1,350   0,179 

 
 

Using the system of equations (2.4), we can 
calculate the following: 

 

ቐ
ොܽ ≅ 1,350 − 12,9 ∙ 0,096 ≅ 0,110

෠ܾ ≅ ଷ,ଵଽ଼଻ିଵ,ଷହ଴∙ଵ,ଶସହ
଴,ଶଷ଻ି଴,଴ଽ଺∙ଵ,ଶସହ

≅ 12,9
 . 

 
Using equation (2.8), the slope coefficient will be: 
 

෠ܾ ≅ ଷ,ଵଽ଼଻
଴,ଶଷ଻

≅ 13,5 ± 0,5. 
 
The calculations were performed on a calculator 

with an accuracy of three significant digits. They are 
consistent with the results obtained from calculations 
performed in EXCEL according to the system of equations 
(3.16). Using the equations: 

(3.16) ቐ
∆ ොܽ = )ݐ തܲ, (ߥ ∙ ௔ݏ

∆ ෠ܾ = )ݐ തܲ, (ߥ ∙ ௕ݏ

  

௕෠ݏ (3.2)
ଶ = ഑ෝమ

ೄ೉೉
  

.(2.5) ܵ௑௑ = ∑ ௜ݔ
ଶ

௜ − ݔ̅ ∙ ∑ ௜௜ݔ =
∑ ௜ݔ) − ଶ(ݔ̅

௜   

(3.16) 
∆ ෠ܾ = )ݐ± തܲ, ߥ = ݊ − 1) ∙

ට ഑ෝమ

∑ ೣ೔
మ

೔ షഥೣ∙∑ ೣ೔೔
  

 
the uncertainty ∆ ෠ܾ of determining the slope coefficient ෠ܾ 
was estimated. 
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For the determined regression line ݕ = ොܽ + ෠ܾ ∙  ,ݔ
its confidence interval ±∆ can be determined, i.e. the 
values of the dependent variable ݕ based on the given 
values of the independent variable ݔ. Due to unavoidable 
errors ߳, when estimating the value ݕෝ  based on the 
regression line ݕ = ොܽ + ෠ܾ ∙ ݔ + ߳, consisting of the 
uncertainty in determining the intercept ∆ ොܽ and the slope 
∆ ෠ܾ the estimated value ݕො should be treated as a random 
variable ܻ. Taking into account the variance ܦଶ(߳) =  ଶߪ
from relation (3.10) and the uncertaintyv ߳ the confidence 
interval for the expected value of the dependent 
variable ݕܧ for the value ݔ଴ from the pool of standards 
already used to determine the regression line can be 
written as:  

(3.19) 

ොܽ + ෠ܾ ∙ ௜ݔ
଴ − )ݐ തܲ, (ߥ ∙ ටߪොଶ ∙ [భ

೙
+ (ೣ೔

బషഥೣ)మ

ೄ೉೉
] ≤

≤ ݕܧ ≤ ොܽ + ෠ܾ ∙ ௜ݔ
଴ + )ݐ തܲ, (ߥ ∙ ටߪොଶ ∙ [భ

೙
+ (ೣ೔

బషഥೣ)మ

ೄ೉೉
]
   

 
Similarly, based on the variance (3.13), the 

confidence interval ∆ݕො = )ݐ തܲ, (ߥ ∙ ටߪොଶ ∙ [1 + భ
೙

+ (ೣ೔షഥೣ)మ

ೄ೉೉
] for 

rejecting an additional point ݔ௜  can be estimated, or it can 
be added to the estimation of the regression line80 as: 

(3.20) 
 

ොܽ + ෠ܾ ∙ ௜ݔ − )ݐ തܲ, (ߥ ∙ ටߪොଶ ∙ [1 + భ
೙

+ (ೣ೔షഥೣ)మ

ೄ೉೉
] ≤

≤ ොݕ ≤ ොܽ + ෠ܾ ∙ ௜ݔ + )ݐ തܲ, (ߥ ∙ ටߪොଶ ∙ [1 + భ
೙

+ (ೣ೔షഥೣ)మ

ೄ೉೉
]
 . 

 
Example 4. 
The confidence interval (3.19) was calculated for 

simple regressions of the type ݕ = ෠ܾ ∙  from the mean ݔ
band integrations for oxygen observed after injecting 
different volumes collected in Table 4.3.  

The confidence limits determined according to 
formula (3.19) show which straight line equations can be 
drawn within these limits. In the case under consideration, 
the regression equation after calibration must correspond 
to the equation ݕ = ෠ܾ ∙  as follows from the inference) ݔ
based on F-Fisher distribution), pass through the point 
representing the mean values, and fall within the limits 
determined by formula (3.19). 
 
 
 

 
 



2026 Vol. 95 Issue 2  
 

Journal of Polish Hyperbaric Medicine and Technology Society  
 

 
 

This type of calculated limits does not provide 
any significant information for the analyst. More 
interesting is the confidence interval calculated according 
to formula (3.20). The results of calculations for simple 

regressions of the type ݕ = ෠ܾ ∙  from the average band ݔ
integrations for oxygen, observed after injecting different 
volumes of it, collected in Table 4.3, are shown below. 
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This type of calculated limits provides 

information for the analyst as to whether there are any 
outliers in the reference curve. The confidence interval 
calculated according to formula (3.20) for the best-fit least 
squares method of ݕ = ෠ܾ ∙  regression, estimated from the ݔ
average band integrations for oxygen observed after 
injecting different volumes collected in Table 4.3, does not 
contain any outliers, as all points lie within the limits set by 
formula (3.20). 

 
Example 5. 
For the results of measurements of the field 

under the bands for different volumes of injected oxygen 
collected in Table 4.3, simple regression calculations were 
performed in Example 1. In Example 2, it was established 
that there is no statistical difference between the variance 
for the simplified equation ݕ = ෠ܾ ∙  and the full ݔ
equation ݕ = ොܽ + ෠ܾ ∙ ݕ hence the simplified equation ,ݔ =

෠ܾ ∙  was adopted to predict the volume of the analyte in ݔ
the injected sample. In Example 3, the confidence interval 
for the slope coefficient ෠ܾ ≅ 13,5 ± 0,5 was established.  

Using equation (3.20), limits for outliers were 
plotted, showing that all points used to estimate the 
calibration curve did not contain any outliers. 

Under the same conditions, the analysed sample 
was injected three times, obtaining signals for oxygen at 
the level of ݕ௜ ∈ {3,33;  3,00; 3,34 }. The oxygen volume 
value ைܸమ  in the analysed sample was ைܸమ ≡ ො஺ݔ ≅
(0,2451 ± 0,007)ܿ݉ଷ . 

Using the syringe dosing method, the uncertainty 
of the determined concentration ∆ܥ , according to (5.9), 
will be:∀஼ୀෝೣ

ೇ
ܥ∆    = భ

ೇ ∙ ොݔ∆ + ෝೣ
ೇమ ∙ ∆ܸ. Since the volume of the 

analysed sample was ܸ ≅ (1,00 ± 0,02)ܿ݉ଷ, the oxygen 
content in the analysed sample was: ܥ ≅ (24,6 ± 0,8). 
 

 

 
 
 

 
CONFIDENCE INTERVAL FOR THE PREDICTION OF AN 

INDIVIDUAL VALUE 
 

Based on the measured mean values of the 
measurand ݕത௭ = ∑ ೤೔೔

೘
 for the analysed sample, the 

confidence interval for the independent variable ݔഥ௭ = ௬തି௔ො
௕෠

 
can be estimated as: 

(3.21) 

௬ത೥ି௔ො
௕෠

− ௧(௉ത,ఔୀ௡ିଵ)
௕෠మ ∙ ටߪොଶ ∙ [ భ

೘
+ భ

೙
+ (ೣ೔షഥೣ)మ

ೄ೉೉
] ≤

≤ ௭ݔ̅ ≤ ௬ത೥ି௔ො
௕෠

− ௧(௉ത,ఔୀ௡ିଵ)
௕෠మ ∙ ටߪොଶ ∙ [ భ

೘
+ భ

೙
+ (

∑ ೤೔೔
೘ ష೤ഥ)మ

ೄ೉೉
]
  

 
In equation (3.21), the number of degrees of 

freedom ߥ was assumed to be ߥ = ݊ − 1 corresponding to 
a regression line passing through the origin of the 
coordinate system ݕ = ෠ܾ ∙  as only such a regression line ,ݔ
is consistent with the theoretical assumptions [6]. 
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Tab. 3.1   

 
 
Basic mathematical relationships used in regression analysis. 
 

Name Formula No 

Means 
ݔ̅ = ∑ ೣ೔೙

೙   
(2.4) 

തݕ = ∑ ೤೔೙
೙   

Sums of squares 
ܵ௑௑ = ∑ ௜ݔ

ଶ
௜ − ݔ̅ ∙ ∑ ௜௜ݔ = ∑ ௜ݔ) − ଶ(ݔ̅

௜   (2.5) 
ܵ௒௒ = ∑ ௜ݕ

ଶ
௜ − തݕ ∙ ∑ ௜௜ݕ = ∑ ௜ݕ) − ത)ଶݕ

௜    
ܵ௑௒ = ∑ ௜ݔ ∙ ௜௜ݕ − തݕ ∙ ∑ ௜௜ݔ = ∑ ௜ݕ ∙ ௜ݔ) − ௜(ݔ̅   (2.6) 

Linear regression 
model 

ܻ = ܽ + ܾ ∙   ݔ
ܻ = ܾ ∙   ݔ

Estimators  
ොܽ = തݕ − ෠ܾ ∙  (2.4) ݔ̅

෠ܾ = ௌ೉ೊ
ௌ೉೉

 (2.7) 
Residual 

Residua of ߪොଶ ≜ ଶݏ = ∑ (௬೔ି௬ො೔೔ )మ

ఔ
= ௌೊೊି௕෠∙ௌ೉ೊ

ఔ
 (3.7) 

intercept ܦଶ ොܽ ≜ ௔ොݏ
ଶ = ଶߪ ∙ (భ

೙
+ ഥೣమ

ೄ೉೉
)  (3.5) 

slope coefficient ܦଶ൫ ෠ܾ൯ ≜ ௕෠ݏ
ଶ = ොଶߪ ∙ ∑ ܿ௜

ଶ
௜ = ഑మ∙∑ (ೣ೔షഥೣ)మ

೔
ೄ೉೉

మ = ഑ෝమ

ೄ೉೉
  (3.2) 

estimation ܻ ܦଶܻ = ොଶߪ ∙ (ଵ
௡

+ (௫ି௫̅)మ

ௌ೉೉
) (3.10) 

estimation ܺ ܦଶܺ = ఙෝమ

௕෠మ ∙ (ଵ
௡

+ ଵ
௠

+ (∑ ೤ೖೖ
೘ ି௬ത)మ

௕෠మ∙ௌ೉೉
) (3.14) 

Confidence interval for estimation of value 
ොܽ ∆ ොܽ = ,ܲ)ݐ (ߥ ∙ ∆ ௔ (3.16) ෠ܾݏ̂ ෠ܾ = ,ܲ)ݐ (ߥ ∙  ௕ݏ̂
ܻ ∆ܻ = ොܽ + ෠ܾ ∙ ݔ ± )ݐ തܲ, (ߥ ∙ ඥܦଶܻ (3.15) 

ܺ ∆ܺ =
∑ ೤ೖೖ

೘ షෝೌ
෡್ ± )ݐ തܲ, (ߥ ∙    ଶܺܦ√

 

Where: ݊ − number of calibration measurements, ݔ௜ − known concentration or other independent variable, ݕ௜ − measured signal for the independent 
variable ݔ௜, ̅ݔ − mean for the independent variable ݔ௜ ,ݕത − mean for the measured values ݕ௜, ܵ௑௑ − sum of squares of deviations from the mean ̅ݔ for 
independent variables ݔ௜, ܵ௒௒ − sum of squares of deviations from the mean ݕത for independent variablesݕ௜, ܵ௑௒ − adjusted sum for the product of 
independent variables ݔ௜ and dependent variables ݕ௜, ܽ − intercept of the regression line, ܾ − slope coefficient of the regression line, ݐ( തܲ, (ߥ − T-Student 
coefficient, ݉ − number of replicates of analyte signal measurements in the analysed sample, ܻ − expected signal value for the analyte when estimating 
the calibration curve, ܺ − estimated signal value for the analyte in the analysed sample. 
 

 
CONCLUSION 
 
This chapter presents methods for estimating 

instrumental analysis results, including confidence 
intervals for analyte concentrations. In particular, it 
provides a theoretical introduction to the use of linear 
regression as a method for processing results using  
a calibration curve in gas chromatography with  
a thermoconductometric detector ܶܥܦ. The error in 
determining the concentration decreases quite rapidly 
with the number ݉ of analyses performed, therefore it is 
recommended that it be at least ݉ ≥ 5 and the calibration 
curve should contain at least ݊ ≥ 7 points within the linear 
range of ܶܦܥ the sensor. 

Table 3.1 lists useful relationships used in 
practice for linear regression [30].  

 
Example 6. 
In the examples analysed, an EXCEL spreadsheet 

was used to simplify the calculations. In this way, the 
tedious calculations that must be performed during 
calibration and measurements become an almost 
imperceptible burden, not to mention that they support 
the process at every stage. 

For instance, performing calculations on an 
ongoing basis makes it possible to eliminate outliers 
immediately as they appear. 

The structure of the spreadsheet, with references 
to the relationships derived in the text of this study, is 
shown below. 
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1 Calibration is a set of operations that, under specified conditions, establishes the relationship between the values of a measured quantity indicated by a 
measuring instrument or measuring system, or the values represented by a measurement standard or reference material, and the corresponding values of 
the quantity realised by [33,34,35], measurement standards 
2 etalons 
3 measurand 
4 in most cases, it is not possible to carry out the measurement process for the standard and the measurand simultaneously, so the interfering factors in both 
processes may also be slightly different 
5 Thermal Conductivity Detector ܶܦܥ 
6 confidence levels are specified by relevant standards and regulations 
7 worst-case scenario method 
8 deviations from Lambert-Beer's law 
9 e.g.: carrier gas flow rates, carrier gas type, measurement temperature, length, diameter and type of column filling, etc. 
10 e.g. Supelco SA, Machery-Nagel GmbH 
11 e.g. J.Chrom.; J.Chrom.Sci.; Gas Chrom.; Chromatographia 
12 as a rule, these are concentrated solutions of various coloured salts 
13 colour 
14 through an appropriate number of suctions 
15 reaction substrate 
16 in this case, the outer tube is divided and sealed with elastic tape 
17 enforcement, explanatory variables 
18 system response, explanatory variable 
19 in short: we cannot measure anything accurately 
20 linear regression parameters 
21 The probability density function of the normal distribution ℕ with mean ߤ and standard deviation ߪ, or variance ߪଶ, is given by the formula: ఓ݂,ఙ(ݔ) =

భ
഑∙√మ∙ഏ exp ି(௫ିఓ)మ

ଶ∙ఙమ  . The fact that the random variable ܺ has a normal distribution with expected value ߤ and variance ߪଶ is often written as ܺ~ℕ(ߤ,  ,(ଶߪ
although the notation ܺ~ℕ(ߤ, ߤ is also encountered. If (ߪ = 0 and ߪ = 1, then the distribution is called the standard normal distribution,  
and its density function simplifies to the form: ߶ఓୀ଴,ఙୀଵ(ݔ) = భ

√మ∙ഏ
exp − ௫మ

ଶ
   

22 regression (in biology) – a decrease in the diversity and abundance of a group of animals or plants 
23 studies of changes in the average diameter of peas in intergenerational parentsoffspring relationships 
24 decrease in the average diameter of peas in offspring 
25 defined by Galton as "regression towards the mean" 
26 formulation of a judgement 
27 linear regression is of great practical importance due to its broad theoretical basis – for example, in linear programming 
28 mathematical hope 
29 the symbol ܧ comes from the French word ݁݌ݏé݁ܿ݊ܽݎ , meaning hope 
30 for (1.8): ܦଶ(ܿ ∙ ܺ) ≡ ܿ)ܧ ∙ ܺ)ଶ − ܿ)ܧ] ∙ ܺ)]ଶ = ଶܿ)ܧ ∙ ܺଶ) − (ܿ ∙ ଶ(ܺܧ = ܿଶ ∙ ଶܺܧ − ܿଶ ∙ ଶ(ܺܧ) = 
                                         = ܿଶ ∙ ଶܺܧ] − [ଶ(ܺܧ) = ܿଶ ∙  ଶܺܦ
for (1.9): ∀ா௑≡ఓ   ܦଶܺ ≡ ܺ)ܧ − ଶ(ܺܧ ≡ ܺ)ܧ − ଶ(ߤ = ଶܺ)ܧ − 2 ∙ ߤ ∙ ܺ + (ଶߤ = 
                                            = ଶܺܧ − 2 ∙ ߤ ∙ ܺܧ + ଶߤ ∙ (ܫ)ܧ = ଶܺܧ − 2 ∙ ଶߤ + ଶߤ ≡ ଶܺܧ −  ଶ(ܺܧ)
31 In addition to the symbol ܦଶܺ, variance is also denoted as: ߪ௫

ଶ or ܺݎܽݒ 
32 The variance for ܰ  of Bernoulli  trials can also be calculated in another way. According to the properties of the expected value, we can write: ܵܧே

ଶ =
∑൫ܧ ௜ܺ

ଶ + 2 ∙ ∑ ∑ ௜ܺ ∙ ௝ܺ
ே
௝ஷ௜

ே
௜ஷ௝

ே
௜ ൯ = ∑ ܧ ௜ܺ

ଶே
௜ + 

+2 ∙ ∑ ∑ )ܧ ௜ܺ ∙ே
௝ஷ௜

ே
௜ஷ௝ ௝ܺ). The random variable ௜ܺ

ଶ has the same distribution as the random variable 
ܺ :{(1; ,(ߩ (0; 1 − ܧ :and it follows that , {(ߩ ௜ܺ

ଶ = ܧ ௜ܺ = ௜ . The random variable ௜ܺߩ ∙ ௝ܺ takes the value 1 only when: ௜ܺ = ௝ܺ = 1, i.e. it is determined by the 
product of independent events: {w: ௜ܺ (w) = 1} ∩ 
∩ ൛w: ௝ܺ(w) = 1ൟ. These events are independent, thus: ܲ൫ ௜ܺ · ௝ܺ = 1൯ = ܲ( ௜ܺ = 1) ∙ ܲ൫ ௝ܺ = 1൯. Hence: ௜ܺ ∙ ௝ܺ has the distribution:{(1; ,(ଶߩ (0; 1 −  ଶ)}, soߩ
ܲ൫ ௜ܺ · ௝ܺ = 1൯ = 1 ∙ rଶ + 0 ∙ (1-r) = rଶ. There are {ே·(ேିଵ)}

ଶ
 different products of ௜ܺ ∙ ௝ܺ, therefore the above equation  takes the form: ܵܧே

ଶ = ∑ ௜ߩ
ே
௜ + 2 ∙ ே∙(ேିଵ)

ଶ
∙∙ 

∑ ௜ߩ
ଶே

௜ = ܰ ∙ ߩ + ܰ ∙ (ܰ − 1) ∙  .ଶߩ
33 As can be seen from the figure, for a single point in the field, the sums do not add up (ݕ஼ − ത)ଶݕ ≠ ො஼ݕ) − ത)ଶݕ + ஼ݕ) −  ො஼)ଶ. Only the sums for all points forݕ
which the regression was calculated can be globalised according to the relationship (1.24) discussed below 
34 for linear regression, the covariance is correlated with the slope of the line: ∀௒ୀ௔ା௕∙௑  ܽ = ௖௢௩(௑,௒)

௩௔௥(௑)
  

35 residual 
36 variance 
37 the part of the whole, most often measured by a fractional share or percentage content 
38 removed by correlation 
39 sometimes used to denote proportionality the tilde symbo l~, which is used here to express "has a distribution" 
40 deterministic 
41 stochastic – random; this term is used to distinguish it from the term statistical, which also has a meaning outside mathematical statistics 
42 the tilde ~ is used here to express "has a distribution" 
43 when the sum ܵ(ܣ௝) is equal to some constant value ܥ, a scale shift can be applied where the systematic factor ܣ௡,௝ from equation (2) will take the 

form: ܣ௡,௝
ᇱ = ௡,௝ܣ −  will still be equal to zero (௝ܣ)ܵ and hence the sum , ܥ

44 the values of the difference estimator ܣመଶ do not depend on the number of repetitions ܰ for the sample, hence summing ݊ gives ܰ the values ܣመଶ : ܵ(ܣ) =
݊ ∙ መଶܣ = ಿ

೔షభ
∑ ത௜ݕ) − ത)ଶூݕ

௜ୀଵ  
45 squares of the distances of the measurement points from the line drawn 
46 proof can be found, for example, in [26] 
47 often a different set of values is used based on a different system of equations (2.4), but this is not significant, as the calculations are usually performed 
using various types of software, e.g. Excel 
48 after logarithming both sides of the exponential function: ෠ܻ = ܽ ∙ 10௕∙௑ 
49 after taking the logarithm of both sides of the power function: ෠ܻ = ܽ ∙ ܺ௕  
ߙ 50 = 1 − തܲ, where തܲ represents the confidence level 
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51 of total variability 
52 formulation of the adjudicating judgement 
 ଶ close to 1 indicates that almost all of the variability of the dependent variable can be explained by the independent variables included in the modelݎ 53
54 sum of squares of deviations of the model from the mean value 
55 total sum of squares of deviations of experimental values from the mean value 
56 because, based on equation (2.10) ݏఢ = (1 − (ଶݎ ∙  ݏ
57 the corrected coefficient of determination ̂ݎଶ is always smaller than the coefficient of determination ݎଶ : ̂ݎଶ <  ଶݎ
58 it is biased 
59 a scientific method of inference used to predict how the values of important parameters of a process or event will develop in the future 
60 for the regression equation ݕ = ܾ ∙  which is a calibration curve, a zero concentration corresponds to a zero response from the measuring device ,ݔ
62 a blind test is used to exclude the expectation effect, for example, during a clinical trial, it consists in keeping the subjects unaware of whether they are 
taking the drug or a neutral substance (placebo) 
ߥ 63 = ݊ − 1 for the simplified equation ݕ = ෠ܾ ∙ ߥ and ݔ = ݊ − 2 for the equation ݕ = ොܽ + ෠ܾ ∙  ݔ
64 by multiplying the terms of the sum in sequence, we obtain: ܿݒ݋{[∑ ௜,௜ݕ ∑ ௜ݕ] ∙௜ ௜ݔ) − {[(ݔ̅ = ∑ ௜ݔ)] − (ݔ̅ ∙ ,௜ݕ)ݒ݋ܿ ௜)]௜ݕ + + ∑ ௜ݔ)] − (ݔ̅ ∙ ,ଵݕ)ݒ݋ܿ ௜)]௜ݕ +
∑ ௜ݔ)]} − (ݔ̅ ∙ ,ଶݕ)ݒ݋ܿ ௜)]௜ݕ +. . + ∑ ௜ݔ)] − (ݔ̅ ∙ ,௡ݕ)ݒ݋ܿ ௜)]௜ݕ , for mixed terms ܿݒ݋൫ݕ௜, ௝൯ݕ ≝ 0 | ݅ ≠ ݆ , because the values of the variable ܻ ←  are independent ݕ
(there is no covariance), we can write: ܿݒ݋{[∑ ௜,௜ݕ ∑ ௜ݕ] ∙௜ ௜ݔ) − {[(ݔ̅ = ∑ ௜ݔ)] − (ݔ̅ ∙ ௜ݕ)ݒ݋ܿ , ௜)]௜ݕ  
,തݕ൫ݒ݋ܿ 65 ෠ܾ൯ = ఙమ

௡∙ௌ೉೉
∙ ∑ ௜ݔ) − ௜(ݔ̅ = ఙమ

ௌ೉೉
∙ ∑ (௫೔ି௫̅)೔

௡
= ఙమ

ௌ೉೉
∙ ௡∙௫̅ି∑ ௫೔೔

௡
= ఙమ

ௌ೉೉
∙ ݔ̅) − (ݔ̅ = 0; of course, the sum of deviations ∑ ௜ݔ) − ௜(ݔ̅  is by definition equal to zero 

∑ ௜ݔ) − ௜(ݔ̅ ≝ 0 
66 the derivation will be shown only for the sum, because for the difference the argument is analogous: 
ܺ)ଶܦ + ܻ) = ܺ)]ܧ + ܻ − ܺ)ܧ + ܻ))ଶ] = ܺ)]ܧ + ܻ − ܺܧ − [ଶ(ܻܧ = ܺ)]}ܧ − (ܺܧ + (ܻ − {ଶ[(ܻܧ =  
= ܺ)]ܧ − ଶ(ܺܧ + 2 ∙ (ܺ − (ܺܧ ∙ (ܻ − (ܻܧ + (ܻ − ଶ(ܻܧ = ଶܺܦ + ଶܻܦ + 2 ∙ ,ܺ)ݒ݋ܿ ܻ) 
67 Here, the measurement population 
68 as in the case of physicochemical analysis of gases using the chromatographic method 
69 regressor 
70 in equation (3.10), the factor ߳ representing random error was not taken into account, as the considerations concern a regression curve without 
deviations. 
71 Hence, the value of the "uncertainty corridor" is narrowed down to the mean value 
72 characterising, for example, the  ܶܦܥ detector 
73 The question must be answered as to whether the obtained value can still be included in the set that has been used so far to determine the regression 
line, or whether it should be rejected. It is therefore interesting to consider the average deviation for a single measurement ݕ௜ from the mean representing 
the value ݕܧ. That is, the tolerance limits must be found when the variance of the difference sought ∆௜= ௜ݕ| −  Hence, the variance will be the sum of .|ݕܧ
the variances: ߪ∆

ଶ = ଶߪ + ଶߪ ∙ [ଵ
௡

+ (௫೔ି௫̅)మ

ௌ೉೉
] = ଶߪ ∙ [1 + ଵ

௡
+ (௫೔ି௫̅)మ

ௌ೉೉
]. It can be seen from this that the derivation presented in the text can be obtained more 

quickly by this alternative method of reasoning Określono nieprawidłowe źródło. .    
74 for mixed derivatives, the values are zero due to the independence of the parameters: ݕ ,ݕത and ෠ܾ 
ߥ 75 = ݊ − 1 for the simplified equation ݕ = ෠ܾ ∙ ߥ and ݔ = ݊ − 2 for the equation ݕ = ොܽ + ෠ܾ ∙  ݔ
76 Using T-Student distribution 
ߥ 77 = ݊ − 1 for the simplified equationݕ = ෠ܾ ∙ ߥ and ݔ = ݊ − 2 for the equation ݕ = ොܽ + ෠ܾ ∙  ݔ
78 ݅݀݁݉ 
79 errors in determining the intercept ∆ ොܽ and the slope coefficient ∆ ෠ܾ 
80 constituting, for example, the characteristics of the ܶܦܥ detector 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 




