PoLisH HYPERBARIC RESEARCH 2(95)2026

Journal of Polish Hyperbaric Medicine and Technology Society

ASSESSMENT OF THE CONTENT OF THE MAIN COMPONENTS OF BREATHING
MIX. PART |

Ryszard Kflos

Department of Underwater Work Technology, Naval Academy in Gdynia

ABSTRACT

In quantitative instrumental analysis, measurement results are most often obtained in the form of relative analytical signals, which require in the calibration
process1 reference to measurement standards? in order to determine the value of the measured quantity® with the accuracy and precision needed. The
measurement results are influenced by a number of interfering factors that are difficult to define unambiguously and simultaneously* and which shape the
magnitude of systematic errors. These are mitigated by carrying out measurements on test samples and reference samples under conditions that are as
close to identical as possible, which allows for the determination of appropriate corrections to the measurement results obtained from the conversion of
relative analytical signals. The measurement process, which takes such corrections into account, is considered to be under statistical control, i.e. on the
assumption that random components are the dominant component of measurement uncertainty.

The articles present a method for estimating measurement uncertainty based on measurement standards, used in instrumental analysis, which is under
statistical control of the process. It is illustrated by the determination of the content of the main components of breathing mixtures in diving with the separation
of components by gas chromatography using a thermal conductivity detector®.
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INTRODUCTION

From the point of view of ensuring diver safety,
the composition of the breathing gas should be determined
together with its adequate uncertainty®, allowing the
certifying body to approve the breathing gas for use during
a defined diving process.

The basis for this study is my doctoral
dissertation [1]. Although it was written many years ago, it
has not lost its relevance in terms of the approach to
measuring the composition of breathing mix in diving
technology.

The approach described here is still significantly
narrowed in many respects in relation to existing needs.
The focus here is on estimating confidence intervals when
determining the quantitative content of basic components
of breathing mix for divers using instrumental methods,
primarily gas chromatography separation using
a thermoconductometric TDC sensor. The linear
regression approach is general in nature and can be used
in other instrumental methods, such as spectroscopy [2,3].

Methods for eliminating gross and systematic
errors have not been taken into account here, assuming
that during the implementation of the measurement
method, every effort was made to ensure that the
measurement process was under statistical control, hence
confidence intervals are estimated only for random errors
[4].

There exist quite a few textbooks that explain
how to calculate uncertainty using instrumental analysis
methods. A comprehensive work devoted to the
processing of measurement results using physicochemical
instrumental analysis methods is worth recommending
[5]. Most textbooks do not describe the derivations of the
models used, which may raise objections as to their
reliability, as editorial errors should always be taken into
account. An example of this is the Polish translation of
a monograph which contains a significant number of
editorial errors [6]. Quite often, when analysing confidence
intervals, the lack of information on the simplifications and

assumptions underlying the derivations can lead to
interpretation problems.

In the approach proposed in this paper, certain
differences can be observed between the approach to
uncertainty budgeting based on statistical error
propagation and the metrological approach [7]. The
proposed approach differs from that presented in
monographs on metrology, because the functions that
capture the metrological uncertainty budget usually take
into account a significant number of parameters, hence the
uncertainty value calculated using these methods seems to
be overestimated. This is a consequence of the fact that this
approach assumes the accumulation of errors owing to the
fact that they all have their maximum estimate and the
same signs’. The probability that errors arising from
different parameters/arguments will have the same sign
decreases rapidly as their number increases. A comparison
of the key differences between the two approaches is
summarised in Table 1.

INSTRUMENTAL ANALYSIS

The professional literature lists measuring
devices recommended for determining the composition of
breathing mixes in diving operations. However, it should
be noted that diving conditions may vary and thus affect
the requirements for measuring devices. It follows that,
before applying the relevant methodologies—such as
verification, adjustment, calibration, analytical
procedures, etc.—their suitability must be assessed [8].

In analytical measurements, instrumental
analysis methods are of the greatest importance. Their use
shortens the time needed to perform a single analysis,
which means that it can be repeated multiple times or even
used to monitor the composition of the breathing mix. This
allows for statistical validation of the measurements and
estimation of the confidence intervals of the analyses [9].

Journal of Polish Hyperbaric Medicine and Technology Society



Polish Hyperbaric Research

Comparison of maximum error calculation with statistical methods [5].

Metrological error calculation

Tab. 1

Statistical methods

assessment of random error of a single
range measurement and systematic errors for
indirect measurements

assessment of random errors for direct
and indirect errors for counts n > 1

additive, named upper bound A for absolute
error:
absolute error
x + Ax

additive, dimensionless (unnamed) variance
from the samples? and non-additive, named
standard deviation of the mean valuesy :

Xxtt(a,v) - sg

for the product additive upper bound of
relative error

non-additive coefficient of variation

=l

composite error
a
Af (xg..x0) = X |a_£- " Ax;

At present, classical chemical analysis methods
are of very limited significance. However, it is commonly
believed that they are just as accurate as instrumental
chemical analysis methods. This belief is generally
mistaken and stems solely from the inability to account for
all errors in classical chemical analysis methods. However,
it should not be assumed that instrumental chemical
analysis methods are always superior simply because they
often employ technologically advanced equipment. Most
instrumental analysis methods continue to require
instrument calibration using standards. For precise or
critical measurements, this procedure is required prior to
each measurement. It can be assumed that in quantitative
instrumental analysis, almost all instruments require
calibration using special standards. This is because the
measurement result consists of relative analytical signals,
which must be related to standards that reproduce
absolute physicochemical values. Moreover, the values of
the measured quantities depend on many elusive factors
that influence or interfere with the analytical signals. The
effect of these factors can be mitigated by performing
a measurement under the same conditions as on the
reference sample, thereby estimating the appropriate
corrections.

MASS SPECTROSCOPY

Mass spectroscopy MS enables the
characterisation of the mass of ions and ionised molecules
based on the deflection of their trajectories in magnetic
and electric fields. [10]. Mass spectroscopy is one of the
most sensitive methods of instrumental analysis,
providing invaluable services, particularly in the
qualitative analysis of organic compounds. It is
a destructive method, but requires extremely small
samples. For quantitative measurements, mass

2 _ 2
9 = Zi(ﬁ—,{i)z " 0

spectroscopy requires calibration with spectrally pure
reference substances. MS can only be used to analyse
gaseous samples or samples that can be converted into
a highly rarefied vapour, usually in the range from 0.01
mPa to100 mPa. The analytical result is a relative mass
spectrum, the interpretation of which is not
straightforward, and currently the processing of the
spectrum is based entirely on libraries and computer
software.

The mass spectrum is characteristic of a given
chemical compound. The intensities of the individual ion
beams, whether obtained from pure substances or
mixtures, depend on a number of factors, primarily the
method of ionisation. To obtain reproducible results, the
spectra of the reference and analysed substances must be
recorded under the same conditions. The calculation of the
composition of mixtures involves solving a system of
equations for selected bands.

The information obtained from the spectrum MS
is not unambiguous. This is caused by multiple ionisation
of molecules, which manifests itself in the fact that, in
addition to the band for ions with the expected mass-to-
charge ratio m/e, bands are also observed in other places:
m/2e ,m/3e, etc. Another reason for the complexity of the
spectra is the fact that during the decay of different
substances, ions with the same mass-to-charge ratio may
be formed, meaning that the bands will overlap. Even the
spectrum of a mixture of simple substances such as: : CO,,
CO, 0,5, N,, shows strong band overlap [11].To a large
extent, the inconvenience in interpreting spectra is
eliminated in MS by coupling a mass spectrometer with
a gas chromatograph GC. The separated bands of
individual components in the GC chromatographic process
are identified using a mass spectrometer MS. Coupling
a gas chromatograph with a mass spectrometer GC/MS
seems to be one of the best solutions for laboratory
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measuring stations used to determine contaminants in
breathing mix. This method can also be used to determine
the composition of reference mixtures for other analytical
methods.

INFRARED SPECTROSCOPY

Infrared spectroscopy IR is a recognised and
valued method of instrumental analysis used for
qualitative determination of organic compounds. Infrared
spectra of molecules show slight broadening of absorption
bands in the gas phase [12]. This method can be used to
detect trace amounts of organic compounds. Gases such as:
CO, and CO, produce clear and well-distinguishable
absorption bands, which only partially overlap. In the
wave number range from 800 cm™! do 2000 cm™! the
spectrum is clear. This is the so-called "fingerprint" range,
in which the characteristic absorption bands of many
organic compounds occur. Just as fingerprints distinguish
people, the bands in this range allow us to distinguish
between chemical compounds, provided we can interpret
them correctly, which is not a simple task. Similarly, in the
wavelength range around 3000 cm™! the spectrum is
clear. Within this range, the absorption bands of
hydrocarbons occur.

In the wave number ranges from 800 cm™! to
2000 cm™?! and around 3000 cm™!, organic compounds
that may be present in the breathing atmosphere as
metabolic products show high IR absorption activity. They
can be identified together with typical pollutants such as
C0,1icCoO.

Quantitative measurements using this method
cannot always be performed with sufficient accuracy and
reproducibility due to significant blurring of the IR bands,
their overlapping in the case of mixtures, the inability to
separate and integrate them accurately, the curvature of
the signal-concentration® relationship characteristics,
cumbersome calibration procedures, etc. [13,14,15]. Due
to the widespread use of IR spectroscopy methods, the
equipment is available in a specialised form for
measurements in gas mixtures. With the help of IR
spectroscopy, it is possible to measure the composition of
breathing mixtures during the flow of the tested medium.
This method cannot be used to determine homonuclear
and atomic gases, therefore it is impossible to determine
the argon Ar content with its use. Apart from that, the rest
of the typical impurities can be determined [16,17,18]. The
water vapour content causes significant difficulties in IR
measurements owing to the very broad absorption bands
of this compound.

GAS CHROMATOGRAPHY

Gas chromatography GC involves the separation
of the components of the analysed sample as a result of
specific adsorption on the chromatographic column filling
and then their determination using a detector. The
separation of the sample components is achieved by
changing the operating parameters of the
chromatographic® column. Adequate reproducibility and
repeatability of measurements is achieved by selecting the
detector and its1® operating conditions. Descriptions of
fillings can be found in the catalogues of companies that
manufacture them and in chromatography journals!!. The
basics of the use of fillings and detectors in gas analysis can
be found in monographic publications [19,20].

Using GC, it is possible to separate almost all
vapours and gases that may contaminate the breathing gas
[16].

ELECTROCHEMICAL ANALYSERS

Electrochemical methods are often used to
measure the content of contaminants in gas mixtures. The
principle of measurement is based on the penetration of
gas particles through a selective or almost selective barrier
into the interior of an electrochemical cell, where they
dissolve in the electrolyte!2.

As a result of a chemical reaction with the
electrolyte solution, ions are formed, which undergo
electrochemical reactions on the electrodes of the cell. The
electrode reactions lead to the formation of a current
signal, which, after electronic processing, constitutes an
analytical signal.

These methods require calibration. The use of
ion-selective electrodes, although less accurate than
spectroscopic methods, has the advantage that the
measurement is relatively simple and can be carried out in
field conditions [21]. lon-selective electrodes can be used
to measure the content of CO, i CO, NH;, NO,, CH, and
pairs of other hydrocarbons. Hydrocarbon and CO
analysers show low selectivity in relation to the
compounds being measured, which means that the
measurement may be disturbed by other components of
the tested breathing atmosphere. The selection of
appropriate electrodes is troublesome, thus it should be
performed by a specialist analytical chemist for each
analytical problem.

CHEMICAL METHODS

At present, the only chemical method commonly
used to measure the content of pollutants in breathing
mixtures is indicator tubes, e.g. [22]. The principle of
measurement using indicator tubes is based on
a characteristic chemical reaction with appropriate
chemical reagents applied to the filling in a transparent
tube, which is most often silica gel. The reaction takes place
along the tube in accordance with the flow of the gas
medium. By measuring the distance of the reaction front
per unit of gas passed, it is possible to roughly estimate the
concentration of the chemical compound being measured.
The flow can be forced by: a bellows pump with a known
volume, pressure reducing devices under, for example,
rotametric flow control, various types of constant flow
pumps or diffusion pumps. The analytical tubes are sealed
at both ends. The tube must be unblocked before
measurement. Most often, glass tubes are sealed at the
ends, and unblocking them involves breaking off the ends
of the tube. Analytical reagents are applied to a carrier or
are contained in internal ampoules. Before or after
adsorption of the contaminant, these ampoules should be
broken and saturate the filling with the poured reagent.
The ampoules are broken with a piercer or by breaking the
inner tubel6. The indicator tubes have an appropriate scale
and are supplied with instructions for measuring and
estimating the results. An important part of the
instructions is to provide analytical reactions and a list of
substances that may interfere with the measurement. If
measuring tubes are used as indicators for a given
measurement issue for the first time, the applicability of
a specific tube should be analysed. Measuring tubes for
a selected type of chemical substance can be made for
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different measurement ranges and for different analytical
reactions. It is best if the type of analytical tube is selected
by a specialist analytical chemist. Since there are different
analytical situations, it is very important to select the
appropriate tube and procedure for its use, e.g. the use of
tubes for pre-conditioning or protective tubes.

Measuring methods using indicator tubes as very
simple methods have found wide application as threshold
indicators for swift, approximate assessment of
contaminant content.

SPECIAL AND SPECIALISED ANALYSERS

Some chemical compounds display specific
properties. These properties form the basis for the
development of special analysers. Such analysers are often
highly resistant to interference, which means that chemical
compounds with these specific properties can be
determined with good repeatability and reproducibility,
regardless of the other components of the analysed
sample. Nevertheless, before using such an analyser, it is
always necessary to check for the possibility of
measurement interference. An example of this is the
magneto-thermo-conductometric method of measuring
oxygen content, which utilises the paramagnetic
properties of oxygen. This method is used with good
results for nitrogen-oxygen and helium-oxygen mixtures.

Often, universal measurement methods are
narrowed down to specific measurements. This is how
specialised measuring devices are created. As a rule, the
use of universal laboratory measurement methods is not
possible in field conditions. The creation of specialised
devices reduces their capabilities and, as a rule, their
accuracy, but allows measurements to be taken in field
conditions. Typical specialised analysers include gas
chromatographs used to measure exhaust gas
composition. Other examples include specialised
IR spectrometers for measuring CO, emissions or
specialised thermoconductometers for measuring
hydrogen emissions.

CONCLUSION

It would appear that the widespread adoption of
instrumental analysis methods in diving technology
provides sufficient control over the composition of the
breathing gas, subject to their correct metrological
operation. Unfortunately, even minor oversights in this
regard can lead to significant errors. Regrettably, a high
degree of reliance on instrumental analysis methods often
goes hand in hand with a relaxation of rigorous
metrological supervision, on account of the costs involved
and the time-consuming nature of the process. This paper
aims to make users of instrumental analysis methods
aware that such methods continue to rely on calibration;
otherwise, they may lead to serious errors and endanger
the health of divers.

1. LINEAR REGRESSION

Regression analysis is one of the most commonly
used models for studying covariation. This model defines
the influence of independent variables!? V(1) x; 1y =
f(x1..xy,) on the dependent variable!8 y. According to the
paradigm of stochastic determinism!® under observation
conditions, the regression function is disturbed by

a confounding factor €. Thus, the regression model can be
written down as an equation:

y=f(x..x,) +€ (1.1)

where: y— dependent variable, f— regression function, x;— independent
variable, i € [1;n], e~ confounding factor.

Often, the regression model used will take the form of a
linear combination:

y=ag+ay x+..+a,  x, (1.2)
where: a; — linear regression coefficients®, i € [0;n]

The confounding factor € is treated in (1.1) as a
random variable with a standard normal distribution?2!

N(X,0) with a mean of zero ¥ =0, and a standard
deviation ¢ = 1. It is important that this assumption is
validated when analysing the problem situation.

REGRESSION

The word regression?? has many meanings in
different fields of knowledge. It was introduced into
statistics by F. Galton and used in biological observations
to describe changes in green pea populations23 [23].
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Fig. 1.1 Concentration ellipse for linear regression observed in a green pea population.

The average value of the pea radius x for offspring
shows regression24, which can be modelled by a straight
line. Of course, this trend applies to the mean value ¥, as
individual seeds show an almost constant spread around
this value X" compensating for the observed regression?s.
This phenomenon can be traced using the example of
a concentration ellipse - Fig. 1.1 (24).

In Fig. 1.1, for the diameter of a x > a pola, the
fields A and B represent large parents, for which only the
fraction B represents equally large offspring.

The fraction C represents large offspring that are
the generation of not quite large parents. The relatively
large offspring represented by the field B+C is
approximately the same as the large parents represented
by the field A+B. It can be seen from this that the natural
spread compensates for the observed regression of the
mean value X so that the widespread so-called "ferality" of
green pea crops is not observed.

Research on the green pea population
contributed to the establishment of the concept of linear
regression in statistics, which is conceptually distant from
its original meaning.

LINEARISATION

An important feature of the linear regression
function is that it is the sum of factors a_i multiplied by
variables x;,, where a; are unknown coefficients, and x; are
the results of measurements of independent variables X.
The origin of the values x; is irrelevant. The factors a; of
linear regression for predicting?¢ the values y"are obtained
by solving a system of linear equations for the
observations made:

(1.3)

Y1 = Qg + a, - X1'1+. . +an " xn’1 + €1

Vie[1;m] A ie[1;n] )
Ym=ao+a " Xymt..+anxpm + €y

where: y ;— is the realisation of the dependent variablej € [1;m], f— is
the regression function, x; j— is the realisation of the independent
variable for which i € [1;n] ,¢;~ is the confounding factor,

assuming that €;... €, are an independent random sample
from the same general population with a standard normal
distribution N(0,1).

A linear relationship does not have to be an
adequate mathematical model of the phenomena
occurring, but it is a useful form of approximation used in
practice?’. The assumptions made should be validated for
the developed model:

e testing the differences between the values of the
dependent variable calculated from
measurements and predicted by the model,

e testing the differences between the full model
and simpler linear combinations, which are
usually preferred,

e testing the distribution of residual values, etc.

EXPECTED VALUE

Certain characteristic numerical values are
associated with the distribution of a random variable X.
These characteristics are called the parameters of the
distribution of a random variable X. The most
important parameters of random variables include:
expected value EX and variance D?X.

The expected value EX?8 is the number
around which the values of the random variable X cluster
when the experiment is repeated multiple times. The
expected value of a random variable X with a discrete
distribution {X « x;; P(x;)| x; € € S} is the numberE X,
defined by the following formulaZ29:

Viex EX=3ix P(x)|x €S (1.4)

where; EX — is the expected value, X — is a random variable, x; — are the
realizations of the random variableX , P(x;) — is the probability of the
occurrence of the event x; of the random variableX :X < x;, S — is the
set of results of the draws

The expected value has the following properties:
e FE()=c
e E(c-X)=c-EX
e E(I) = 1wherel denotes the identity function 1
e ifX andY are defined in the same probability
space (O, F,P),then E(X +Y) = EX + EY
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According to the above rules, the expected value for the
linear function Y = a - X + b will be:

E(Y=a-X+b)=a-EX+b (1.5)

The expected value EX of the random variable X with
a zero-one distribution X € {0;1}, for which the
occurrence of the event in question will be marked with
number one {X < x} =1, and the absence of this event
with a zero {X < x} = 0 and the probability of the event
occurring {X « x = 1} will be p, then according to relation
(1.4), the expected value EX will be:

EX=1p+0-(1—-p)=p (1.6)

The expected value ESy of the random variable Sy, which
is the sum N of the random variables Sy = X;+.. +Xy ,
denoting the number of successes in N independent
Bernoulli trials, will be:

ESN = E(X1+..+XN) = EX1+..+EXN (1 7)
=N P(x) '

Where: P(x;) — is the probability of occurrence of eventx; of random
variable X :X « x; with distribution X « x; € {0; 1}

VARIANCE

Variance of a random variable is a measure of
the dispersion of the values of the random variable X
around the expected value EX, denoted by the symbol D2X
and defined by the formula:

D2X = E(X — EX)? = EX? — (EX)? | EX%=
527+ P(x) (.9

where: D?X — variance of a random variable X

with properties30:
e D%=0
e D% X)=c? DX
e for independent random variables X and Y
variance:
D%(X +Y) = D?X + D?Y
(1.9)

where: ¢ — is a constant.

According to definition (1.8), the variance D?X is
a measure of the difference between the value of the
random variable X and the expected value EX, and
squaring this difference gives a non-negative number31.

To calculate the variance D2X for the Bernoulli
distribution, we can use the aforementioned property of
the variance of the sum of independent random
variables D?(X + Y) = D?X + D?Y, which is equal to the
sum of their variances:

D2(X;+..+Xy) = D2X,+.. +D%Xy (1.10)

Performing calculations according to formula (1.8),
similarly to relation (1.6), it can be shown as32:

(1.10)
Vxexefo;1y D?X = EX? — (EX)?
=[0?-(1-p)+1%-p] - p°
=p-(1-p)
hence, the variance of the random variableSy = X;+.. +Xy
with a Bernoulli distribution will be:
(1.11)
D%Sy = D?(Xy+..+Xy) = D2X;+..+D%Xy
=p-1-p+.+p-1-p)=N-p-(1-p)

The Bernoulli distribution described here in
more detail is important in the validation process, but it
does not play a significant role in this study.

COVARIANCE

A generalisation of variance (1.8) to the two-
dimensional case is covariance, which describes the co-
variability of two features:

cov(X,Y) = ¥;(x; — EX) - p;(X) - (y; — EY) -

() cov(X,¥) =%, — %) i -] D)

with the following properties:

e cov(X,a) =0 | a=const

e cov(a-X,b-Y)=a-b-cov(X,Y) | ab=
const

e cov(a+X,b+7Y)=cov(X,Y)

o cov(a-X+b-Y,c-W+d-V)=a-c-
covX,W)+a-d-cov(X,V)++b-c-
cov(Y,W)+b-d-cov(Y,V) | a,b,c,d = const

cov(X,X) = var(X) (1.13)
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Figure 1.2 Variance decomposition and analysis for a single value and a linear regression model; where:(y_c-y )*2- total variance,(y~_C-y )*2- variance
explained deterministically by the linear model. (y_C-y~_C )*2- unexplained residual variance.

Covariance is a measure of the simultaneous
dispersion of two quantities from their mean values34,
hence:

VARIANCE ANALYSIS

Many statistical methods are based on the
analysis of deviations3> calculated from a sample. Figure
1.2 shows an example mathematical model of the
phenomenon represented by a segment AB of a straight
line described by the equation ﬁ= const, and the

distribution of deviations from the model for the
point C(x¢; yc) -

The total observed variances = %Zi(yi - y)?
consists of the variability explained by the linear
model s, = %Zi(ﬁi — ¥)? and the variability unexplained36
Se = %Zi(yi —9)?% : s = s, + s,. After dividing both sides
by the total variability s , we obtain:

Sy, Se

+

s s

— 2 5. 2 _ Se
=1 r =2 0t =3 (1.14)

where: r?— coefficient of determination, @2 — coefficient of
convergence,s — total variance, s, — deterministic share in the observed
variance explained by the model, s, — random share in the observed
variance.

The coefficient of determinationr? from
equation (1.14) represents the fraction3” of explained
variance38. Its complement, the coefficient of
convergence 2 = 1 — 1?2, represents the fraction of
variance not explained by the linear regression model [25].

VARIANCE FRACTIONS

For j — multiple sampling of ann —element
sample consisting of values y, ; , which are the realisation
of a random variable Y = f(X) :y, ; < Y, itis possible, in
accordance with the second paradigm of physics dealing
with the statistical analysis of averaged quantities, to

assume as a mathematical model of the value of each
elementy,, ;, a linear combination:

(1.15)

Ynj = U+ An,j +&nj

where: y, ;—is the result n-repetition of this measurement, u—is the true
value, A, ;- is the difference between the result y,, ; and the true value u
,€n,j— I8 the factor related to the stochastic dispersion n — of this result in
the ji" this sample

For each sample with numbern € [1,..,N], the
mean’; can be calculated. The mean calculated from all
values y,, ;, denoted as y, is considered a natural estimator
of the true value fi :f1 £ y , where the symbol2 should be
equated with the term "corresponds to" or "is proportional
to"39,

The values A, ; of the difference between the
result y, ; and the true value u are considered here as
a systematic component* and the dispersion gy ; (s
a stochastic componentt! of the uncertainty of each
dependent variable y,, ; = f(x;) .

In accordance with the central limit theorem, it is
most often assumed that the dispersion factor &, ; has a
normal distribution with variance 62 and an expected
value equal to zero*2: &, ;~N(0, g).

Without prejudice to the generality of the
considerations, it is assumed here that for each j —th
sample of size n, the sum of the differences S(4y, ;)
between each element of the sample y, ; and the actual
value u should be equal to Zero:
n=0 with an accuracy of a constant®3:V; S(4;) =
Zﬁ:lAn,i =0.

The estimator of the total systematic variance
A can be the difference between the mean value7y; of the
measurement results for j-th of this repetition of sampling
with sizen and the total mean valuey :A 2 yi —¥. The
natural unbiased estimator of the square of the total
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systematic variance A% will be: A2 = F%-Zﬂ»zl(}_/j - ¥)2.
The denominator contains the number of degrees of
freedomj-1 due to the following relationship:
y =% 5‘:1 ;-

The sum of squares S(A) of the estimators A2 of
deterministic variance after allJ trials with accuracy to
a constant can be written as#4:

(1.16)

—vJ/ N = )2
S(A) =X Xj=1 —9)*,
where: S(4) — sum of squares of systematic deviations.

Similarly, for the dispersion value ¢, the sum of
squares of statistical dispersion S(¢) can be written as:

(1.17)

—vJ N .)2
S(e) = X1 Lj=a (0 — Y%,
where: S(e) — sum of squares of statistical dispersion.

The total value of the squares of deviations S can
be calculated in the same way as before:
(1.18)

— vy N Y
S= 21’:1 Zn:l(yn,i - Y)
where: S — global sum of squares of deviations.

To show that the total value of deviations S from

(1.18) is the sum of the values given by equations (1.16)

and (1.17): S = S(A) + S(e) , we can extend the sum of

squares of deviationsS from relation (1.18) by the

means y; for individual samples, and then use the
properties of the quadratic function:

(1.19)

S=Yi%nOni =N =2 X — Vi + 7 —F)* =
=22l = ¥)? 42 (Vi = 7)) -G =P + G — ¥)?] =

According to the definition of the mean value, we
can write:
(1.22)

— 1 —
VN=const Y= N Zﬁ:l Yni = Zﬁ:l Yni=N"Y;

From relations (1.21) and (1.22) it follows
that: YN_;(yn; —¥;) = 0. Therefore, the expression
2i2alOni—¥) @i —y)] from equation (1.20) is
identically equal to zero:

Na podstawie zaleznosci: (1.23) i (1.19) mozna
stwierdzi¢, ze:

(1.23)
2iZnlOni —¥)-GFi—M]=0
(1.24)
S=S(A)+5SE) = (

1.17)
CONCLUSION

Equation (1.24) shows the sum of the squares of
the deviations associated to the difference between the
result and its actual value, which leads to the conclusion
that the total variance of the regression S is the sum of the
partial variances S = S(A) + S(e). This property is often
used to evaluate the maximum variance using regression
as a reference curve.

1. LINEAR CORRELATION OF TWO
VARIABLES

It often happens that the results of measurements
of the dependence of the dependent variable Y on the
independent variable X should theoretically lie along
a straight line. Since the measurement results are subject
to random errors, it is not possible to select the coefficients
of the equation so that the straight line graph passes
exactly through all the measurement points. Therefore, the
coefficients of the equation {a; b} should be selected so that

= Tl i = V)2 + B S = D)2 42 i Sl s = 71) - G = 9] _the resulting straight liney =a+ b-x describes the

=S+ SA)+2- X XnlOni =7 i = 9]

The sums of the products X; Xn[(Vni — ¥:) - (7 —
)] from formula (1.19) can be written as:
(1.20)

2iZolOni =¥ Fi—9] =
=01 V) 1=+t On1 V) T =9+
T2 —92) G2 =9+ -+ Onz—V2) G-+
=) G =P o+ O =) G- F) =
=N-Zf{i = V) [Zalyni —¥D]}

In relation (1.20), the average values y; in the

summation Y,(y,; —¥;) do not depend on the sample
size N , therefore:

Sne1ni = ¥1) = X1 Vni — N ¥

measurement results (x;; y;) as accurately as possible. One
of the methods for calculating the coefficients {a; b} of
a straight line equation y =a+ b-x that meets this
requirement is the least squares method. In this method,
the value of the slope coefficientb and the intercept a in
the equation of a straightliney = a + b - x are selected in
accordance with Gauss's postulate so that the sum of the
squares of the deviations! is minimised. If we write the
equation of a straight line in the form y =a + b - x, the
sum of the squares of the deviations S will be expressed by
the formula:

2.1)
S=%ii—a—b-x)* =Xy — 9)*

where: S — is the sum of squares of deviations, a — is the intercept of the
regression line , b — is the slope of the regression line, ; — is the
estimated value y; for the observed value x; for a linear regression.

LEAST SQUARES METHOD
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The least squares method can be based on
a standard search for the minimum of function (2.1) by
calculating partial derivatives with respect to the slope
coefficient b with a constant intercept a and with respect
to the intercept a with a constant slope coefficient b, and
setting them equal to zero:

(2.2)

—2:-%(i—a-b-x)=0

—_
N
Q)lQ)
Qlwn
N—
S
I

—2-2%ix-(vi—a—b-x)=0

~~
el
S |o
—
N

I

By transforming the equation—2-Y;(y; —a—b -
x)=0 , we obtain:};y;——N-a—b-Y;x;=0|n=
{1..N}. For the equation =2 - Y x; - (y; —a —
—b-x;)) =0,weobtain:¥;x;-y;—a-Y;x;—b-Y;x? = 0.
For the value, which is the midpoint of the regression line,
the regression equation can be written as:y =a+b-x .
From this, we can calculate the value of the slope
coefficient a =y — b-x and transform the system of
equations (2.2) to the form:

(2.3)

a=y-b-x

Yixiyi—a-Xixi—b-Yixf =0

where: y — is the arithmetic mean of the measurements of the valuesy;,
X — is the arithmetic mean of the measurements of the values x;.

The parameters of the regression equation can be
easily calculated from the system of equations (2.3). By
solving the system of equations (2.3) by substituting the
first equation into the second, we obtain: Y};x; - y; — ¥ -
Yix;=b-(Xix? —x%-Y;x;). Thus, the estimates of the
coefficients of the regression line {d@; b} can be written as:

(2.4)

b= XiXiYi—YNiXi
Yixf-%Lix;

where: N — is the number of points for determining the regression
equation, @ — is the estimate of the intercept of the simple regression
equation, b — is the estimate of the slope of the simple regression
equation.

The estimates (2.4) are the best unbiased
estimators of the linear regression parameters46: E(a) = a
and E(b) = b (26).

The system of equations (2.4) shows that for all
values known from measurements®” ¥, x; - y; ,X; X; ;2 X7
,y and X, the equation of the regression line can be
estimated from an N — element sample: ¥ = a + b - .

The equation of a straight line regression can
sometimes be used even when the graph in the Cartesian
coordinate system is non-linear, but it can be linear in the
semi-logarithmic ~ system*8 log¥ =loga+h-X or
logarithmic# log¥ = loga + b - log X.

In the system of equations (2.4), the
denominator ¥;x2 — ¥ - Y; x; of the estimation of the

— 1 — 1
X==Xixi Ny =5 LiVi,

directional coefficienth is the sum of squares Syy for
independent variables x;:
(2.5)

Syx = Xixf — % Xix; = X (0 — %)% ..

Using relations (2.5) and (2.6), the estimation of
the directional coefficient from the system of equations
(2.4) can be written in a simpler form:

(2.6)

Sxy =2iXi ¥ — ¥ Xixi =2y (; — %).

Using relations (2.5) and (2.6), the estimation of
the directional coefficient from the system of equations
(2.4) can be written in a simpler form:

2.7)

7~ _ Sxy _
b=22=%cy |
XX

_ (xi—x)
S ==,

Sxx

For a straight line regression passing through the
origin of the coordinate system, equation (2.2) takes the
as
5= 2 “Yixi-(yi —b-x;) =0, hence the slope
coefficient for such a straight line regression can be written
as:

form:

23 (2.8)

b= XiXiyi

Y., _5. .
y=b=x Tix?

F-TEST

The distribution of the random variable F is used
to compare population parameters. The shape of its
probability density distribution is similar to the
distribution 2 and is called the F-Snedecor distribution
(27) . The test value F is obtained by constructing the ratio
of two values y; andx, and the corresponding degrees of
freedomv; andv,: V, s, F(a,vy,v,) = f—i/i(—z , where

a represents the significance level of inferencel! and the
variables (x4, ¥, ) have the distribution y2. Notez_tb)at the
order of the values in the formulated proportion is
important. The mean valuepu for the distribution

F isVy,5; u =72 and the varianceV,,., 0% = ()%

V-2

zitva-2) The density of the distribution L does not depend

v1'(v2—4)
on the variance ¢2, but is a function of the number of
degrees of freedom v for the distributions of the variable y

and reaches its maximum at the point Ly,q, = 2=+ 22,
1 2

Fisher’s statistical test F will be based on F -
Snedecor distribution to assess the difference between the
variances between the regression equation y =a +b-%
and passing through the origin of the coordinate
system y = b - X. The test proportion will be the value:

where:&jzb.x — variance for the simplified equation y =

b-x ,6§=a+b.x — variance for the full equationy = a@ + b -

X,

(2.9)

V= e

=2
=a+bxz2y52
Y 61>03
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a2 - . e _ R (vi—:)2 .
wh('-)re.ayzb.x variance ff)r the snrAnpllfed equationy = b+ x .67 g1px 52 = 2iyi=9)* . Hence, the test value F will be: Vo 52 F =
variance for the full equationy =a+ b - x, v 1202

83 (y=bx)

33 (y=a+bx)
) _ - F-Fishe inference based on F-Snedecor distribut
which — should be compared with the critical n shows that the following inequality holds: F, =

value Fir(P,v; =n—1,v,=n—2) of the F-Snedecor F(P,v1,v,) = F . It can therefore be assumed that the
distribution. If Fy,,- = F, then it should be assumed that the variances of both linear regression equations:y = b - x

variances of both equations do not differ from a statistical andy = a + b - x do not differ from a statistical point of
point of view, hence the simplified regression equation y = view. Hence, as a model of observed variability,
b-x  can .be .adopte.d, which is  preferred a simplified regression equationy = b - x can be adopted,
from a theoretical point of view (5). which is preferred from a theoretical point of view.

The results of the calculations are summarised in

Example 1. the table below:

For the results of measurements of the field
under the bands, for different volumes of injected oxygen,
To calculate the residual variance, the
relationship (3.7) derived in the next chapter was used:

i Vi i X ,'! Vi Yy ,'! A Vi
0.005| 0.07968] 0.005 0.000 | 0.080 0.006 0.000
Sux = T,x2 — 15, x: = (60— )° 0.010{ 017585] 0.070 [ 0.000 [ 0176 | 0.031 | 0.002
5. = _ _ _ 0.015| 0.26242| 0.015 0.000 | 0.262 0.069 0.004
"f _H_Z"f_"\_'“ ~YLexi =L (D) 0.020] 0.34459] 0.020 | 0.000 | 0345 | 0119 | 0.007
g7 = i 0025 042393] 0.025 | 0.001 | 0424 0.180 0.011
0.040( 0.66741] 0.040 0.002 | 0.667 0.445 0.027
0.050( 0.83517| 0.050 0.003 | 0.835 0.698 0.042
0.080] 120019] 0080 | 0.006 | 1200 | 1440 0.096
v ) 0100 150058] 0100 | 0.010 | 1501 | 2282 0.150
G1>F a+irx) 0150 209007 0.150 | 0.023 | 2.090 4.368 0.314
- 0.200{ 2.73012| 0.200 0.040 | 2.780 7.729 0.556
Fir(Pvy=n-1lv,=n—-2)2F-y=b-x 0250 331059 0250 | 0.063 | 3311 | 10960 | 0828
0.300{ 3.87806] 0.300 0.090 | 3.878 15.039 1.163
sumy 1.245 0.237 | 17.549 | 43337 3.199
grednial 010 | 135
liczba punktdw pomiarowych n= 13
réwnanie regresji y=a+bx | y=hx
wspdtczynnik kierunkowy prostej regresji b =| 12.9043 | 13.5038
wyraz wolny proste] regresji = 01141
wariancja pomiedzy wartosciami zmierzonymi (y;) i obliczonymi (Y;) &% = 0.00526 | 0.00482
poziom ufnosci P= 0.95
wybdr réwnania prostej regresji przy pomocy testu F dla wariancji F= 0.9167
wartos€ krytyczna testu F F(Povov,) = 2.7876
decyzja 0 1
COEFFICIENT OF DETERMINATION Most often, the convergence coefficient ¢? is in
the range [0; 1]. Based on equation (1.14), we can record:
The coefficient of determination r? corresponds
numerically to the value of the correlation coefficient r (2.10)
after squaring it. The greater the ratio of the variance from . sese s _ .
uariie & P=1og? =B oty - ) A = 4 i — 9

the sample for residual values s, = % - Y:(v; — 9;)? around
where: r? — coefficient of determination, ¢? — coefficient of variation, s, —

the regression line to the total varianceS! from the
sample s = % ¥;(y; — ¥)? , the better the quality of the
2 =55£=Ezlf(yy‘l—:?y‘;; — Figure 1.2. In the

absence of any relationship between the variables X and Y,
the coefficient of determination 72, which is the ratio of
residual variance s, to total variance s, would be equal to
unity: @? = % =1 .If the variables X andY were strictly
functionally dependent, then the residual variance s,
would be equal to zero s, =0 and the convergence
coefficient would be 9% == 0.

predictions? :r

residual variance, s — total variance, s, — variance explained by the
simple regression model

Equation (2.10) defines the coefficient of
determination 2, which is an indicator of the quality of the
model's fit to the measurement datas3. It informs us what
part of the total variance Y is explained by the regression
model.

The coefficient of determinationr? can be
defined as the ratio (2.10) of the explained variance5¢ s, to
the total variancess s. A higher value of the coefficient of
determination 2 indicates a better fit to the model. For
example, the value of the coefficient of determination r? =
0,4 indicates that the variance of the values Y around the
regression line is 60%°%¢. In other words,40% of the
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observed variability Y was explained by regression,
and 60% remained in residual variance.

For a small sample, the value ofr? may be
overestimated. This disadvantage is not present in the
corrected coefficient of determination #2, where the
corresponding sums of squares are divided by the number
of corresponding degrees of freedomiii:

F2=1- eV Ve
§ Ve (2.11)
=n—k—-1Av

=n-1

where: 72 — is the corrected coefficient of determination,n — is the
number of variables for the model, k — is the number of model
coefficients, v — is the total number of degrees of freedom for the
variance.

Example 2.

For the results of measurements of the field
under the bands for different volumes of injected oxygen,
collected in Table 4.3, simple regression calculations were
performed according to the system of equations (2.4) and
using equation (2.8).

Then, using relation (2.10), the coefficient of
determination 2 was calculated.

The results of the calculations are summarised in
the table below, which shows that over 99% of the
observed variability was explained by the regression
line: y = 12,9043 + 0,1141.

S R S N e T -
1 0.005 0.079680 0.00003 0.00040 0.17858 0.00978 161345
2 0.010  0.175846 000010 0.00176 024311 0.00452 1.37839
3 0.015  0.262424 000023 0.00394 030763 0.00204 1.18260
4 0.020  0.344589 0.00040 0.00689 037215 0.00076 1.01064
5 0.025  0.423929 000063 0.01060 043667 0.00016 0.85742
6 0.040  0.667410 000160 0.02670 0.63023 0.00138 0.46579
7 0.050 0.835166 0.00250 0.04176 075928 0.00576 0.26495
8 0.080 1.200193 000640 0.09602 1.14641 0.00289 0.02241
9 0.100  1.500584 001000 0.15006 1.40449 0.00923 0.02271
10 0.150  2.090068 0.02250 031351 2.04971 0.00163 0.54785
11 0.200 2780115 0.04000 055602 2.69492 0.00726 2.04553
12 0250  3.310592 006250 0.82765 3.34013 0.00087 3.84433
13 0300  3.878057 0.09000 116342 3.98535 0.01151 6.39159
suma 1.245 17.549 0237 3199 17549 005781 19.648
Srednia 0.096 1.350
a=j—b-¥
i: liiﬁi bz}:ixi'ﬂyi_f'zixi
Yix; — i x;
o 2oq_ e Ei('.}’i*fa‘):
= 0.99705763 . 50— 7)

The correction takes into account the fact that the S=Xily;i —9)?=Xi(v; — 212
coefficient of determination r? is calculated ¥)? = b% - Xi(x; — x;)? (212)
from a sample and therefore has an overestimated value58
when generalising the results to the general population. CONCLUSION
The corrected coefficient of determination #2 determines
how well the obtained regression equation would fit The chapter describes the least squares method
a sample of infinite size n - oo from the same population for estimating linear regression coefficients and the use of
N. Hence, the correction :—e for a large n sample size is F-Fisher based on F-Snedecor distribution to assess the
negligible, since using relation (2.11) we can homogeneity of variance (o ) for two versions of linear
write: lim ¥e= lim 2=*=1= lim 1 — X = regression equations: simplified y =b-x and full y =

noe Vo poe T n—seo . . =a + b - x. The expected result of the test is to conclude

As mentioned earlier, the key issue in the least . L. .

: . that there is no statistical difference between the
squares method is to estimate the value of the sum § = . . o .
variances, and therefore the simplified regression

Yi(yvi—a—b-x)*=Y;(y; —$)? of the squares of the
deviations (2.1) of the empirical measurement points y;
from their estimates obtained in the predictions® ; . When
linear regression completely explains the variability, the
sum S from relation (2.1) is identically equal to zero: S = 0
. This case is also referred to as volatility elimination by
linear regression. By inserting the regression
equationy; =a+b-x into equation (2.1) and
transforming the first expressiona =y — b+ x from the
system of equations (2.3), we can write that S = Y};(y; —
y=b-%—b-x)*=%;(yi —¥)* - b* Li(x; — %)* , and
hence

equation y = b - x can be adopted, which is preferred from
a metrological point of viewt0 [6]. The preference for the
equation y = b - x is related to the fact that when
establishing the relationship between the values indicated
by the measuring device reproduced for the standard¢?,
only a model in the form of a simplified regression
equation should be adopted, for an intercept equal to zero:
a = 0, as theoretically, when a blind sample is givené2, no
signal generated by the measuring device should be
observed.

The chapter also discusses the coefficient of
determination r2, which illustrates the extent to which the
regression equation explains the observed variability
during the calibration process.

Journal of Polish Hyperbaric Medicine and Technology Society
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2. REGRESSION ANALYSIS

Based on variance analysis, it is assumed that the
best estimate 2 of the actual variance o2 from the sample
is the sum of squares of deviations from the mean (2.1) S =
Y:(y; —9)? divided by the number of degrees of

Tii-yp?
v

= . The standard deviation

freedomv, s? =

N
divided by the square root +/v of the number of degrees of
freedom® v is proportional to the estimation of the
confidence interval Ay for the value § :Ay = £=- t(P.v) —
see further (3.15).

VARIANCE OF THE SLOPE COEFFICIENT

Using the properties of variance, for independent
variables:

(1.9) D?(c-X) =c?-D%X
(1.10) D2(Xi+..+Xy) = D2X;+..+D?Xy

and using the relationship (2.7)b = 3‘—; =Y yile =

(xi=%)
Sxx
regression can be written as:

, the variance of the slope coefficient of a simple

(31)
D2(b) = D2(Sic; - y) = D) S F | e = &2

Sxx

Assuming that D?(y;) = o and using the relationship
(2.5) Syx = Xy x? — % Y;x; = Xi(x; — ¥)? , equation (3.1)
can be transformed into the form:

(3.2)

VARIANCE OF THE INTERCEPT

To estimate the variance of the intercept, proof is
needed that the covariance cov(j, b) of the mean value of
the dependent variable y and the estimated slope
coefficient b is equal to zero: cov(;‘z, E) = 0.

Using the relationship:

a=y—-b-x
= 1
4y ) mssme [ FTREA
o LT
= 1
yzz'ziyl

(2.5)  Syx =Xixf — % Xix; = Xi(x; — X)?

The following transformations can be performed:

b= Zixpyi=yTixi _ nEixiyi—yTix) _
Yix}-%Yix; n(Zixf-%-Li x;)

_ nz'(i'Zixi'Yi_%'y'Zixi) _ n'(%‘Zixi'Yi—%'ZiYi'f) _

T n(Cia-wTix) SiXF XY x;

_ ZixeyimXNiyi _ Lixieyi=Xy) _ iy (i=%)]
Sxx Sxx Sxx

Based on the above transformations, where b =
Zilyi-(xi—x)]
Sxx
(1.12):cov(a-X,b-Y)=a-b-cov(X,Y) | a,b = const,

. =7 Xiyi Xiyi(—x)
the expression cov(y, b) = cov (Ty'%) can be
_ 1
form: cov(y, b) =i

cov[Y;y;, Y yi-(x; —%)], and hence furtherv to:
cov(i,E): !

n-Sxx
relationship (1.14) cov(Y,Y) = var(Y) = g2, we can write

down the following:

and from the covariance property

transformed into the

‘Yilx; — %) - cov(y;,y;). Given  the

(3.3)

cov(y,b) = D), 2

n-Sxx

Using the fact thaté5 },;(x; — X) & 0, relation (3.3)
can be written as the covariance value equal to zero (28):
(3.4)

cov(;‘z, B) =0

Using relation (2.4), which is an estimate of the
directional coefficient of linear regression @ £3y13- b - x
using the least squares method, the variance D24 for the
intercept @ can be written as: D?a@ = D?(j — b - x). Using
the properties of variances¢ (1.8): D2(X +VY) = D2?X +
D?Y +2-cov(X,Y), we can write: D24 = D?*y + D?(b-
f) -2 cov(j/,l;-f). Using the properties of variance
(1.8) D%(c* X) = ¢?-D%X , we can further write: D%a =
D%y + x2-D%bh — 2- % - cov(¥,b).

Using relation (3.4) cov()_/, E) = 0, the expression
can be further simplified as: D?d@ = D%y + %2 - D?b. The
variance value for the mean value D?y is D%y = %2, which

2 -
can be further transformed to: D?a = % + 2+ D%b. Using
. =2
the relation (3.2) Dz(b) = :— , we can write that the
XX
variance of the estimation of the intercept D24 is:
(3.5)

~ ~ 1, x?
D%a 2 s3 = 02-(—+—).
n  Sxx

VARIANCE OF THE ESTIMATED VALUE

In prediction, two cases should be distinguished,
namely when the prediction is made for:
e the reference population used to estimate the
parameters of the simple regression,
e another populationé’ used to draw conclusions
about it based on simple regression from the
reference population.

The first case concerns the determination of the

confidence interval for simple regressiony = @ + b - x + .
The second concerns the determination of the confidence
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interval for the use of simple regression to predict the
dependent variable j or the independent variable X, for
a population from another sample, for example using
simple regression as a regression curve characterising the
detector response for the analysis of an unknown
sample6s.

VARIANCE FOR LINEAR REGRESSION

In linear regression, it is assumed that there
exists a linear relationship between any realisation of the
independent variable X « x; and the corresponding
realisation of the dependent variable Y « y; :E(y|x) = a +
b - x. However, in reality, there occur deviations € from the
estimated regression liney = @ + b - x, hence the model
taking into account deviations from the estimated
regression line will take the form:

(3.6)

y=d+bh-x+e

where: € — represents a random error with a normal distribution N(0, o)
with a mean value of zero: ¢ = 0 and an unknown variance o.

For the estimated regression line (3.6) Viey ¥; =
a + b - x; + €;, the sum of squares of deviations S, from the
linear regression can be written analogously to equation
(21):Se =Xief =Xy —a—b-x)? = Xy(y; — $)* On
this basis, the unbiased estimator of the unknown
variance ¢ of the random error distribution € can be
estimated as:
3.7)

>

2 _ Se _ Zii=9)* _ Syy—b-Sxy
€ — v - -

v v

where: v —-represents the number of degrees of freedomv =n — 1 for
the simplified equation y = b - x and v = n — 2 for the equation y = a +b -
x, n — the number of measurements.

In some situations, it is convenient to transform
regression equation (3.6) into the form:
(3.8)

yi=a+b-(x;—xX)+b-x+e
(@+b-x)+b-(x;—%) +e
=a" +b-(x;—%) +e€

Redefining the explanatory variable$? in equation
(3.8), in relation to relationship (3.6), caused the
intersection point with the axis OX to shift from zero y =
0 to the value y = . Comparing the first equation from the
system of equations (2.4)d = ¥ — b - X with equation (3.8),
it can be seen that @' can be expressed as:a' =y =
=a+b-x . During the transformation, the value of the
determined slope coefficient of the regression line b does
not change. Therefore, the regression equation (3.8) can be
written in a simpler form as:
(3.9

yi=y+b-(x;—%) +e

The main application of the regression model is
to estimate the expected response E (y) for a specific value
of the variable x. Let x, be the value of the variable X « x,
occurring in any formula adopted to determine the

regression line for which we want to read the average
response: E(§x%) , where x° is any value of the
independent random variable X within the range of the
original data x{..x} used to determine the regression line
model. The unbiased point estimator E(§]x°) can be found
based on the fitted model as E(9|x0) =
= fly0 =a+b-x° The variance D?(fly,0) can be
written as D?(fy,0) = D2(@ + b - x{).

Using the equations:

(1.8) D%*(c-X)=c?-D2X
(23) a=y-b-x
2(p) = 2=

(3.2) D?(b) = 5o
(3.4) cov(;‘z, b) =0
(39) 9=y+b-(x;—%) +e€
s2 ~

D?(fiyp0) = 22° = D2(@ + b - x°) can be written 70, asf

3.6)

(3.10)

D?(fgx0) =D*(@+b-x°) =D*[y+b- (x°—%)] =

= D2)7 + (xo _f)z .DZE —2. (xO _f) . COU()_/,B) —

o? o? 1 (x°-x)7?
_2 0_mn2.- 2. (2 )
" + (x° —X%) Ser g <n+ Ser )

As can be seen from equation (3.10), the value of

2
S~
y1x0

the estimated variance during the calibration process .

depends on the value of the standard x° and reaches its
minimum for its mean value’! x° = x. It should also be
noted that there is no summation sign in the numerator of
the second fraction.

Equation (3.10) is used to determine the
confidence interval Ay for each point corresponding to the
reference value x° for the determined regression liney =
d+b-x° of the calibration process. The confidence
interval is bounded on both sides by hyperbolas, and their
distance is smallest for the mean value X. The variance
value (3.10) differs from the variance value for the
reference curve calculated for all points.

VARIANCE OF OUTLIERS

When deciding whether measurement points can
be added to the set of points used to determine the
regression line for inference based on the existing
regression line’2 (3.6), the variance’ must first be
determined: D2(fiyy,) = D?(§ — ¥o) for the regression
line yo = aq + by * xg + €, when the value of the dependent
variable is fixed and equalsyy, = f(xo,€) , and the
estimated value for x, is: 35 = @, + by - Xo. The error € has
a normal distribution € € N(0, 0%) with a central value of
zero u = 0 and variance a2. Hence, we can write:

(3.11)
D2($o — yo) = D[y + by - xo — (ag + by * Xo + €)] =
=D2(8y + by - xo — €) = D2(&,) + x4 - D?(b,) + D%e +

+2 x5 cav(&o,Eo) — 2+ x5 cov(ly,€) — 2 x, -(cov(Eo,e)

The covariances cov(dy, €) ¥ 0 and cov (b, €)
0 are by definition equal to zero, as they concern the
interdependence between independent variables. Using:
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(1.14)  cov(X,X) = var(X) = D?(X)

(23) a=y-b-x

32) D)=

Sxx
(3.4) cov(;‘z, E) =0

the transformation can be written as: cov(do, BO) =
cov()_/ — by %, EO). And further: cov(;‘z — by %, BO) =
cov(y, by) — x - cov(by, by) = —x - D?(b).

Hence, ultimately, we can written [26]:

. (3.12)
cov(do, EO) =—Xx- ;:(_x
Therefore, since
(1.8) D?(c-X)=c%-D?X
(199 D?%c=0
(32) D= %
(35) Dxaasi=6%(+ S’;—X)
(37) D?e=c¢
(3.12) cov(do, BO) = —f-%
the relationship (3.11) can be written as:
(3.13)

1 %2 x2 52
Dz(ﬁo—yo)=&2-<—+—+—°+1—2.x0.f._>:

n o Sxx Sxx Sxx

1 2 +x2—2-x0%
=62'<1+—+0—0 =
n SXX

— ¥\2
26—2.<1+1+M>_

n SXX

PREDICTION VARIANCE

The system of equations (2.4) can be used to
predict the value of the independent variablex, = yzga
based on the regression line and the mean values of the
dependent variable y, = % [6]:

(3.14)

2 72

2 o (1 1 (x;—x) )
o2 =Z . (2424 ¥
Xz b2 \k n  b2%Sxx

This situation occurs when measuring the gas
content in a breathing mixture based on a reference curve,
using gas chromatography and a TCD detector.

The prediction variance o ,232 (3.14) can be

estimated using the variance estimate for error
propagation (5.7).

The regression equation (3.9) expressed by the
$=3%+b-(x;— %) means can be written asx = X+
(9 — 7). Since y, ¥y and b are independent of each other, the
variance can be estimated from the error propagation
modelling relationship (1.25). Expanding the function for

first-order  derivatives’ [5] o2 = [%‘;‘B)]Z o) +

[—a"(gg 2. 62 + [a"(;g M2. 62 and substituting: of = e
.—%)2 . B
,03% = % ,aff = %" we obtain equation (3.14).

CONFIDENCE INTERVAL FOR REGRESSION

Variance estimates can be used to determine
confidence intervals for linear regression parameters
estimated by the least squares method (3.9) and
confidence intervals for predictions based on simple
regression in a similar way to that used to estimate the true
valuey from a small sample using T-Student distribution:

(3.15)

_ s
Ay =yit(P»V)'W

where: t(P,v) — expansion coefficient being the quantile for the
T-Student distribution for the confidence level P = 1 — a and the number
of degrees of freedom’® v, a — significance, s — standard deviation

The difference between the observed value of the
dependent variable y; and the value estimated by the least
squares method J; can be considered as the residual
unexplained by the regression line ¢;, as given in equation
3.7).

The uncertainties in determining the directional
coefficient Ab and the intercept Aa can be written similarly
to the calculation of the uncertainty in determining the
means from a small sample’¢ using variance analysis
[6,26,29,30]:

(3.16)

Ad =t(P,v) s,

Ab =t(P,v)-sp
where: A@d — uncertainty in estimating the intercept of the linear
regression, Ab — uncertainty in estimating the slope coefficient of the
linear regression, t(P,v) — coefficient for T-Student's two-tailed
distribution at a confidence level P and number of degrees of freedom’”
v, sq — variance from intercept measurements for simple regression,
s, — variance from slope coefficient measurements for the regression line

%2

Using relation (3.5)s3 =462 (2 + 5;) and

relations from the system of equations (3.16), confidence
intervals for the intercept can be estimated as:

(3.17)
a—tPv=n—2)- /&L(ﬁﬁ) <aga+tPv)- /&2-(%+£a
3.14)
where: t(P,v = n — 2) — quantile for the two-tailed T-
Student distribution for significance
a=1—P andv=n—2 degrees of freedoma—
significance, P=1-a ,Syx=X;x?—Xx-Y;x; ==

Y:(x; — ¥)? according to (2.5),6% — variance for linear
. A (yi—y:)2 —b- .
regression 62 = S = ZOCID. = SvPSxy according to (3.7).

v v
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Using relation (3.2) sl% = % and relations from

the system of equations (3.16), confidence intervals for

the intercept can be estimated as:
(3.18)

~ — o2 -~ — 62
b—t(Pv)- /gsb <b+tPv)- /E

where: t(P,v) — quantile for the two-tailed T-Student for significance a =
1—P and v degrees of freedom, a — significance P=1—a ,Sxx =
Yix? —x- X% = Yi(x; — X)? according to (2.5), 52 — variance for linear

. ~ (yi—92 5 .
regression 62 = fe = L0 = Maccordmg to (3.7), v — degrees of
freedom’®.

Example 3.

The equation of the regression line was
determined by the least squares method from the averages
of oxygen band integrations observed after injecting
different volumes of oxygen— Table 4.3.

Tab 4.3.
i X Vi xf xXiyi i
1 0,005 0,0796803 0,00003 0,0004 0,179
2 0,01 0,175846  0,00010 0,0018 0,243
3 0,015 0,2624235 0,00023 0,0039 0,308
4 0,02 0,3445894 0,00040 0,0069 0,372
5 0,025 0,4239291 0,00063 0,0106 0,437
6 0,04 0,6674096 0,00160 0,0267 0,630
7 0,05 0,83516585 0,00250 0,0418 0,759
8 0,08 1,2001927 0,00640 0,0960 1,146
9 0,1 1,500583567 0,01000 0,1501 1,404
10 0,15  2,0900684 0,02250 0,3135 2,050
11 0,2 2,78011545 0,04000 0,5560 2,695
12 0,25 3,3105919 0,06250 0,8276 3,340
13 0,3 3,8780566  0,09000 1,1634 3,985
Suma 1,245 17,549 0,237 3,1987 17,549
Srednia 0,096 1,350 0,179
Using the system of equations (2.4), we can Ad =t(P,v) s,
calculate the following: (3.16)
Ab =t(P,v) sy

a=1,350-12,9-0,096 = 0,110 2 a2

~ 3198713501245 _ Syx = Nix2—%-Yx; =

b= 023700061285 = 129 (2.5) Yi(x; — f))Z{X o 2i

, , . _ Ab=+t(P,v=n—-1)-
Using equation (2.8), the slope coefficient will be: (3.16) po
~ _ 31987 Iy - T
b == =135+0,5
0,237

The calculations were performed on a calculator
with an accuracy of three significant digits. They are
consistent with the results obtained from calculations
performed in EXCEL according to the system of equations
(3.16). Using the equations:

the uncertainty Ab of determining the slope coefficient b
was estimated.
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X Vi x; xf 4 i Xi- Vi
Ser =L VE— 7 Ty = Ty — 7)° 0.005| 0.07968] 0.005 | 0.000 | 0.080 0.006 0.000
0.010| 017585 0.010 | 0.000 | 0.176 0.031 0.002
Sux =X %] — XX % =X — %)° 0.015] 0.26242] 0.015 | 0.000 | 0.262 | 0.069 0.004
=B 55 B =B b
§2 = Sew Py 0040 066741 0.040 0.002 0.667 0445 0.027
) 0.050| 0.83517] 0.050 | 0.003 | 0.835 0.698 0.042
oot 0 ot [ |40 | oo
0.150] 2.09007] 0.150 | 0.023 | 2.090 4.368 0.314
=672 x) Ad = t(a ) - 5, 0200 278012] 0200 [ 0040 | 2780 | 7729 0.556
0.250| 3.31059| 0.250 | 0.063 | 3.311 10.960 0.828
0.300] 3.87806| 0.300 | 0.090 | 3.878 15.039 1.163
sumy 1.245 | 0.237 | 17.549 | 43337 3.199
grednial 010 | 135
liczba punktdw pomiarowych 1 =] 13
riwnanie regresji y=d&-b-x| y=5x
wspdtczynnik kierunkowy proste] regresji b =| 12.9043 | 13.5038
wyraz wolny prostej regresji a=| 0.1141
wariancja pomiedzy wartosciami zmierzonymi (y,) i obliczonymi (Y;) g2 =] 0.00526 | 0.00482
wariancja wspdlczynnika kierunkowego prostej regresji 58: =| 0.04467 | 0.04095
wariancja wyrazu wolnego prostej regresji sé =| 0.00081
poziom ufnosci P= 0.95
btad wspdlczynnika kierunkowego prostej regresji Ab=| 0465 0.441
btad wyrazu wolnego prostej regresji Ad=| 0.063
wybdr réwnania prostej regresji przy pomocy testu F dla wariancji F= 0.9167
wartos¢ krytyczna testu F F(Ev,v.) = 2.7876
decyzja 0 1
For the determined regressionliney = a + b - x, (3.20)

its confidence interval +A can be determined, i.e. the
values of the dependent variable y based on the given
values of the independent variable x. Due to unavoidable
errors €, when estimating the valuey based on the
regression liney=a-+b-x+e¢€ consisting of the
uncertainty in determining the intercept Ad and the slope
Ab the estimated value § should be treated as a random
variable Y. Taking into account the variance D?(¢) = o2
from relation (3.10) and the uncertainty” € the confidence
interval for the expected value of the dependent
variable E'y for the value x, from the pool of standards
already used to determine the regression line can be
written as:

(3.19)

A4+bh-x0—t(Pv)- ,Az. 1 &f-R?
a+b-x; —t(Pv)- |6 [Z+W]S
<Ey<a+b-x+t(Pv)- 62 [+ LY

Similarly, based on the variance (3.13), the

confidence interval Ay = t(P,v) - \/52 142+ %] for

rejecting an additional point x; can be estimated, or it can
be added to the estimation of the regression line80 as:

a+hx—t(Py) [0 (1424557 <

Sxx

<y<a+b-x +t(P_’,v)-J62 142+

Example 4.

The confidence interval (3.19) was calculated for
simple regressions of the type y = b - x from the mean
band integrations for oxygen observed after injecting
different volumes collected in Table 4.3.

The confidence limits determined according to
formula (3.19) show which straight line equations can be
drawn within these limits. In the case under consideration,
the regression equation after calibration must correspond
to the equationy = b - x (as follows from the inference
based on F-Fisher distribution), pass through the point
representing the mean values, and fall within the limits
determined by formula (3.19).
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TLEN 2023-08-14 | WZORCOWANIE

i Ji X xf ¥i ¥ X ¥i ¥i i+ Af; | ¥ — AF;
0.005 007983 0.005 | 0.000 | 0.080 | 0.008 | 0.000 | 0.088 | 0125 | -0.094
0.010] 047585| 0.010 | 0.000 | 0176 | 0.031 0.002 | 0135 | 0102 | 0079
0.015| 026242 0.015 | 0.000 | 0.262 | 0069 | 0.004 | 0203 | ozss | 04148
0.020] 0.34450] 0.020 | 0.000 | 0.345 | 0418 | 0.007 | 0270 | 0324 | 0246
0.025| 04z393| 0.025 | 0.001 | 0.424 | 0480 | 0.01 | 0338 | 0390 | 0285

T 0.040] 066741] 0.040 | 0002 | 0667 | 0445 | 0027 | 0540 | osse | o492
0.050] 083517] 0050 | 0.003 | 0835 | 0698 | 0042 | 0675 | o722 | ns29
MG =t(Pv) s, 0.080] 120019| 0080 | 0006 | 1200 | 1440 | 0095 | 1080 | 1123 | 1038

0.100] 150058] 0100 | ooto | 1501 2252 0.150 1.350 1392 | 1.308
0.150| 2.09007] 0.150 0.023 | 2.090 4.368 0.314 2.026 2074 1.977
0.200] 273012 0.200 | o040 | 2780 7729 0.556 2701 5763 | 2630
0.250| 231050] 0.250 0.063 3.311 10.960 0.828 3.376 3 456 3296
0.300| 3.87808| 0.300 0.090 | 3.878 15.039 1.163 4.0581 4232 3.870

Af=d+b-x +e(Pv) /DY DWW =g L=

-

+t(F) /DX DIF =0

sumy 1245 | 0237 | 17549 | 43.337 3.199
Srednia]l 010 [ 1.35 ;
liczba punktdw pomiarowych n = 13 Integracja
réwnanie regresii y=ibx | y=bx 45
wspdtczynnik kierunkowy prostej regresiji b =| 12,9043 | 13.5038 40 A
wyraz wolny prostej regresji a=| 01141 325 4
wariancja pomiedzy wartoSciami zmierzonymi () i obliczonymi (¥;) &% o 0.00526 | 0.00432 20 4
wariancja wspdlczynnika kierunkowego prostej regresji s, =| 0.04467 | 0.04095 25
wariancja wyrazu wolnego prostej regresji sé =| 0.00081 ;
poziom ufnosci F= 0.95 20 4
T 3 = = = 15 -Granice dla mozliwych
btad wspdlczynnika kierunkowego prostej regresji Ab =| 0465 0.441 M prostychregresiitypuy Ta+ b-x
btad wyrazu wolnego prostej regresji Ad = 0.063 10 4 Le] Ijun.ht_ysuurcmgama
wybdr rdwnania prostej regresji przy pomocy testu F dla wariancji F = 0.9167 05 4 ¢ Srednia dlaanglitu
wartosc krytyczna testu F F(Pvv) = 27876 L
decyzja o [ ¢ 000 005 010 015 020 025 Objetosé
regressions of the typey = b - x from the average band
This type of calculated limits does not provide integrations for oxygen, observed after injecting different
any significant information for the analyst. More volumes of it, collected in Table 4.3, are shown below.

interesting is the confidence interval calculated according
to formula (3.20). The results of calculations for simple

TLEN 2023-08-14 WZORCOWANIE
x| ow | x| x| ow | v lmew | $ [sitassioan
= E,-)}-: -5 Ly =X. ¥)* 0.005| 0.07963| 0.005 0.000 (0.080 0.006 0.000 0.068 0.229 -0.094

0.010| 0175es| 0.070 | o.ooo | 0476 0.031 0.002 0.135 0.206 | -0.026
bt _ 0.015| 026242| 0.015 0.000 0262 0.069 0.004 0.203 0363 0.042
Sy =Lixiyi =V Lix =Ly (5—%) 0.020| 034450] 0.020 | 0.000 | 0.345 | 0.119 0007 | 0270 | 0431 | 0110
G2 = Sy —uey 0.025| 042393 0.025 | 0001 | 0424 0180 0.011 0.338 0.498 0178
0.040( 066741 0.040 0.002 0.667 0.445 0.027 0.540 0.699 0.281
0.050| 083517| 0.050 0.003 0.835 0.698 0.042 0.675 0.833 0517
0.080| 1.20019] 0.080 0.006 1.200 1.440 0.096 1.080 1.237 0.923
0.100| 150058 0.100 0.010 | 1.501 2.252 0.150 1.350 1507 1.193
0150 2.09007] 0.150 0.023 2.090 4368 0.314 2.026 2184 1.867
0.200| 278012 0.200 0.040 | 2780 7.729 0.556 270 2 864 2537
0250 3.31059] 0.250 0.063 3311 10.960 0.528 3.376 3547 3.205
0.200| 287208 0300 | ooso | 3878 | 15039 1163 4.051 4232 | 3870

Sex = Tixf —%-Xix =Ly~ B)°

Ab =HP,v) 5

AG =t(P.v) s

a

sumy| 1.245 0.237 | 17.549 43.337 3.199
Srednia|l 010 135 Int .
liczha punkidw pomiarowych n = 13 n:;gmqa
rdwnanie regresji y=d-b-x | y=b-s ’

_ : : il e _ v = 13.504x
wspotczynnik kierunkowy prostej regresji b =| 129043 | 13.5038 40 1 R7Jp9928
wyraz wolny prostej regresji a=| 0.1141 35 4
wariancja pomigdzy wartosciami zmierzonymi (y,) i obliczonymi (¥;) &% = 0.00526 | 0.00482 320 4
wariancja wspdleczynnika kierunkowego proste] regresji si =| 0.04467 | 0.04095 25 |
wariancja wyrazu wolnego prostej regresji s% =| n.oo081 ’
poziom ufmoéc F= 0.95 24 4 -

— -- Granice dla

btad wspdlezynnika kierunkowego proste] regresji Ab=| 0485 0.441 15 - punkéw odstajacych
btad wyrazu wolnego prostej regresji Ad=| 0083 1.0 4 o Punktywzorcowania

— - - = — Rownanie regresji
wybdr réwnania prostej regresji przy pomocy testu F dla wariangji = 0.9167 05 | | |
warto$¢ krytyczna testu F FPvywm) = 27876 il e
decyzja 0 1 0.00 005 010 015 020 025 Objetos¢
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This type of calculated limits provides
information for the analyst as to whether there are any
outliers in the reference curve. The confidence interval
calculated according to formula (3.20) for the best-fit least
squares method of y = b - x regression, estimated from the
average band integrations for oxygen observed after
injecting different volumes collected in Table 4.3, does not
contain any outliers, as all points lie within the limits set by
formula (3.20).

Example 5.

For the results of measurements of the field
under the bands for different volumes of injected oxygen
collected in Table 4.3, simple regression calculations were
performed in Example 1. In Example 2, it was established
that there is no statistical difference between the variance
for the simplified equationy =bh-x and the full
equation y = @ + b - x, hence the simplified equation y =

b - x was adopted to predict the volume of the analyte in
the injected sample. In Example 3, the confidence interval
for the slope coefficient b = 13,5 + 0,5 was established.

Using equation (3.20), limits for outliers were
plotted, showing that all points used to estimate the
calibration curve did not contain any outliers.

Under the same conditions, the analysed sample
was injected three times, obtaining signals for oxygen at
the level of y; € {3,33; 3,00;3,34 }. The oxygen volume
valueVy, in the analysed sample was Vy, =% =
(0,2451 4+ 0,007)cm3.

Using the syringe dosing method, the uncertainty
of the determined concentration AC , according to (5.9),
willbe:v, _z AC =-A% + % - AV. Since the volume of the

analysed sample wasV = (1,00 + 0,02)cm?3, the oxygen
content in the analysed sample was: C = (24,6 + 0,8).

ANALIZA TLEN 2023-08-14 | WZORCOWANIE
vi x yi x; «f yi ¥ Xy Fi | Fi+ A5 | Fi— A%
3.33000 5 Loy = N - )" 0.005| 007968 0.005 | 0.000 | 0.080 | 0.006 0000 | 0088 | 0220 | -0.004
3.30000 B et 0.010| 017585 0.010 | 0.000 | 0.176 0,031 0002 | 0135 | 0296 | 0026
3.34000 _‘ ' . 0.015| 0.26242| 0.015 | 0.000 | 0.262 0.069 0.004 0.203 0.363 0.042
suma| 9.87000 Lxeyi=¥ Lxn =Ly (5= 9 0.020| 0.34459] 0.020 | 0.000 | 0245 | 0.118 0007 | 0270 | 0431 | 0410
Srednia] 3.32333 0.025| 042393 0.025 | 0.001 [ 0.424 | 0.180 0011 | 0338 | 0498 | 0178
liczoa punkidw pomiarowych m= 3 i HPv) -5 0.040| 0.66741| 0.040 0.002 | 0.667 0.445 0.027 0.540 0.699 0.381
y=dibr |y=bx ‘ 0.050| 0.83517| 0.050 | 0.003 | 0.835 0698 0042 | 0675 | 0833 | 0517
wariancia D% =/ 0.000012 | 0.000010 A& =t(Pv) 5q 0.080| 1.20019 0.080 | 0.006 | 1.200 | 1.440 0096 | 1080 | 1237 | 0923
btad oznaczenia AZ = 00078 0.0070 0.100| 1.50058| 0.100 0.010 | 1.501 2252 0.150 1.350 1507 1193
objetoie ienu = = 0.2451 0.150] 209007| 0150 | 0.023 | 2000 [ 4368 0314 | 2026 | 2484 | 1867
Objetos ¢ prébki V= 1 0200) 278012 0.200 | 0.040 | 2780 7729 0.556 2701 2864 2537
Niepewnoét objgtosci av= 0.002 0.250[ 3.31050] 0250 | 0.063 [ 3311 | 10960 0828 3376 3547 | 3205
Stezenie c= - | 24.6 0.300| 387806] 0.300 0090 [ 3878 15.039 1.163 4.051 4232 3870
Niepewnosé AC =| - | 0.8 Sumy] 1.245 | 0237 | 17.549 | 43337 3199
732 o Dare Sy Srednia] 010 [ 135 )
=7 = lplA% + 5 Ticzba punkiow pormarowych = 33 Integracja
réwnanie regresji y=ébx | y=bx 45
= 20 1 ¥ =13.504x
Kierunkowy praste] regresji 5 =| 129043 | 13.5038 z 27 09328
'wyraz wolny prostej regresji é= 01141 3.5 4
wariancja pomigdzy warto§ciami zmierzonymi (y,) i obliczonymi (¥;) &° = 0.00526 | 0.00482 320 1
wariancja wspdlczynnika kierunkowego proste] regresji 55 =| 0.04467 | 0.04095 254
wariancja wyrazu wolnego prostej regresji sz =| 0.00081 -
poziom ufnoéci = 0.95 20:7
5 L - Granice dla
btad wspdlczynnika kierunkowego prostej regresji Ab=| 0.485 | 0.441 15 4 - punkévw odstajacych
blad wyrazu wolnego prostej regresji aéd=| oos2 B ©  Punktywzorcowania
= ,W, 20 Procte) eaTee) = | 1 @ Srednia dlaanalitu
'wybdr réwnania prostej regresji przy pomocy testu F dia wariancji F =| 0.9167 0.5 4 réivnanie regresii
warlos¢ krytyczna testu F FPv, ) = 27876 o A&
decyzja o [ ¢ 000 005 010 015 020 025 Objetosé
y.—a _t(Py=n-1) 62 [1 +14 (xi—a?)z] <
CONFIDENCE INTERVAL FOR THE PREDICTION OF AN b b? m - n Sxx - T
INDIVIDUAL VALUE y-a P 1 S 2
_ -a V=n— ~ ( -¥)
<x, <8 BV, g2 Ly 1y G Py
b b? m - n Sxx

Based on the measured mean values of the
measurand 372=% for the analysed sample, the
y-a
b

>

confidence interval for the independent variablex, =

can be estimated as:
(3.21)

In equation (3.21), the number of degrees of
freedom v was assumed to be v = n — 1 corresponding to
a regression line passing through the origin of the
coordinate system y = b - x, as only such a regression line
is consistent with the theoretical assumptions [6].
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Tab. 3.1
Basic mathematical relationships used in regression analysis.
Name Formula No
¥ = In%i
Means 7= Tnyi (2.4)
Sxx = Xixf — X%+ Xix; = Xi(x; — %)? (2.5)
Sums of squares Syy = XiyE — ¥ 2iyi = 2i(yi — ¥)?
Syy =XiXi Yi— ¥V Xixi =2 yi- (x; — %) (2.6
Linear regression Y=a+b-x
model Y=b-x
. a=y—b-x (2.4)
Estimators P Sxy 2.7)
XX
Residual
Residua of 62 252 = Zi(y"v_y")z = SYY_:)'SXY (3.7)
intercept D?assf=0% A+ % (3.5)
. N ac2_ 2 — 2Rix-0? _ 8?2
slope coefficient D*(b) £ 55 = 6% %icf = T kx| Sxx (32)
2
estimation Y p?y =42 &+ &9, (3.10)
n Sxx
~ YiVk_ 2
. . 2y 02 11 (GFE-9)
estimation X D2X = = (n + ~ + o ) (3.14)
Confidence interval for estimation of value
a Ad =t(P,v)-$§,
b Ab =t(P,v) 8, (3.16)
Y AY =da+b-x+t(P,v) -yD2Y (3.15)
M_a —
X AX =+ t(P,v) -VD2X

Where: n — number of calibration measurements, x; — known concentration or other independent variable, y; — measured signal for the independent
variable x;, ¥ — mean for the independent variable x; ,y — mean for the measured values y;, Sxyx — sum of squares of deviations from the mean x for
independent variables x;, Syy — sum of squares of deviations from the mean y for independent variablesy;, Sxy — adjusted sum for the product of
independent variables x; and dependent variables y;, a — intercept of the regression line, b — slope coefficient of the regression line, t(P,v) — T-Student
coefficient, m — number of replicates of analyte signal measurements in the analysed sample, Y — expected signal value for the analyte when estimating

the calibration curve, X — estimated signal value for the analyte in the analysed sample.

CONCLUSION

This chapter presents methods for estimating
instrumental analysis results, including confidence
intervals for analyte concentrations. In particular, it
provides a theoretical introduction to the use of linear
regression as a method for processing results using
a calibration curve in gas chromatography with
a thermoconductometric detector TDC. The error in
determining the concentration decreases quite rapidly
with the number m of analyses performed, therefore it is
recommended that it be at least m = 5 and the calibration
curve should contain atleast n > 7 points within the linear
range of TCD the sensor.

Table 3.1 lists useful relationships used in
practice for linear regression [30].

Example 6.

In the examples analysed, an EXCEL spreadsheet
was used to simplify the calculations. In this way, the
tedious calculations that must be performed during
calibration and measurements become an almost
imperceptible burden, not to mention that they support
the process at every stage.

For instance, performing calculations on an
ongoing basis makes it possible to eliminate outliers
immediately as they appear.

The structure of the spreadsheet, with references
to the relationships derived in the text of this study, is
shown below.
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ANALIZA Probka Data WZORCOWANIE
Y X b X «f ¥ » X ¥ Fi | Pt Ay [ —ad
Y
suma| >y
Srednia i
|I|r:ma punktow pomiarowych m=] m AE:t(P‘vJ‘s-, . R N
=i b =5 x x5 Vi x5 x7 ¥ ¥ XY #i (@320 | (20
wariancja DX = (3.14) (3.14) Ad=t(P,V) s,
Objetoéé prébki V= o B
NiepewnoscC objetosci av 0002 Af=S—He(Pv) DX
Slezenis o 69 [ 69
[Niepewnose ace 59 | 59 sumy| x; & ¥ ¥ X
i Liag + 1R AY Srednia] (2.4) [ (25) )
C=p A= plA%+ LAY M iraw pormiarowych = n Integracja
réwnanie regresji y=d-box | y=hx 3 |'*.13’ S04x
wspdtczynnik kisrunkowy proste] regresji (2.4) 2.8) 40 R%=0.9928
'wyraz wolny prostej regresji (2.4) 25
wariancia pomiedzy warto$ciami zmierzenymi (y.) i obliczonymi (¥ 37 @37 30
'wariancja wspdlczynnika kierunkowego proste] regresji 3.2) 2.2) 25 4
wariancja wyrazu wolnego prostej regresji (35) 204
poziom ufnosci = 0.95 = amice dla
biad wspdlczynnika kierunkowego prostej regresji ab=| (3.18) ‘ (3.16) bl h‘:"“d““!_ifb“:“
btad wyrazu wolnego prostej regresji Aa = (3.16) ‘ e _:nrlnvm“df:r;::ht\‘;u
wybdr réwnania prostej regresji przy pomocy testu F dla wariancji F=| 2.9) 05 ——cyvnanie regresji
wartoé¢ krytyczna testu F F(P,vy,v,) =| -Rozas0roow(ent 00 £
decyzja 0 ‘ 1 0.00 005 [3{/] 015 020 025 Dqutai'f
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' Calibration is a set of operations that, under specified conditions, establishes the relationship between the values of a measured quantity indicated by a
measuring instrument or measuring system, or the values represented by a measurement standard or reference material, and the corresponding values of
the quantity realised by [33,34,35], measurement standards

2 etalons

3 measurand

4in most cases, it is not possible to carry out the measurement process for the standard and the measurand simultaneously, so the interfering factors in both
processes may also be slightly different

5 Thermal Conductivity Detector TCD

8 confidence levels are specified by relevant standards and regulations

7 worst-case scenario method

8 deviations from Lambert-Beer's law

9 e.g.: carrier gas flow rates, carrier gas type, measurement temperature, length, diameter and type of column filling, etc.

0 e.g. Supelco SA, Machery-Nagel GmbH

" e.g. J.Chrom.; J.Chrom.Sci.; Gas Chrom.; Chromatographia

12 as a rule, these are concentrated solutions of various coloured salts

'3 colour

"4 through an appropriate number of suctions

15 reaction substrate

'8 in this case, the outer tube is divided and sealed with elastic tape

7 enforcement, explanatory variables

'8 system response, explanatory variable

%in short: we cannot measure anything accurately

20 linear regression parameters

21 The probability density function of the normal distribution N with mean u and standard deviation o, or variance a2, is given by the formula: fuo(x) =
_(;—;’2‘)2 . The fact that the random variable X has a normal distribution with expected value i and variance o2 is often written as X~N(u, a2),
although the notation X~N(y, o) is also encountered. If u = 0 and o = 1, then the distribution is called the standard normal distribution,

1
ovam OXP

and its density function simplifies to the form: ¢, =1 (x) = Z=exp —x?z
22 regression (in biology) — a decrease in the diversity and abundance of a group of animals or plants
2 studies of changes in the average diameter of peas in intergenerational parentsoffspring relationships
2 decrease in the average diameter of peas in offspring
% defined by Galton as "regression towards the mean"
2 formulation of a judgement
27 linear regression is of great practical importance due to its broad theoretical basis — for example, in linear programming
28 mathematical hope
2 the symbol E comes from the French word espérance , meaning hope
30 for (1.8): D2(c-X) = E(c- X)? — [E(c- X)]* =E(c? - X?) — (c-EX)? = c? - EX? — ¢ - (EX)* =

=c? [EX? — (EX)?] = c?-D?X
for (1.9): Vex=y DX =E(X —EX)*=E(X —w)?=EX?>—2-p-X+u?) =

=EX?—2-pu-EX+u? E() =EX?—2-p?+p? = EX? — (EX)?

31In addition to the symbol D2X, variance is also denoted as: o2 or varX
32 The variance for N of Bernoulli trials can also be calculated in another way. According to the properties of the expected value, we can write: ESZ =
E(SI X7 +2- SN SN X X) = SV EXE +

+2- 3N T ECX - X)). The random variable X? has the same distribution as the random variable
X :{(1;p),(0;1 - p)}, and it follows that: EX? = EX; = p; . The random variable X; - X; takes the value 1 only when: X; = X; = 1, i.e. it is determined by the
product of independent events: {w: X; (@) =1} n

n {a: X;(») = 1}. These events are independent, thus: P(X; -X; = 1) = P(X; = 1) - P(X; = 1). Hence: X; - X; has the distribution:{(1; p2), (0;1 — p?)}, so
P(Xi - X = 1) =1-p2+0-(1-p) = p?. There arewz;m different products of X; - X;, therefore the above equation takes the form: ES:=YNp,+2 %ﬂ) -
SVpE=N-p+N-(N-1)-p%

33 As can be seen from the figure, for a single point in the field, the sums do not add up (y; — 7)? # (¢ — ¥)? + (y¢ — P¢)?. Only the sums for all points for
which the regression was calculated can be globalised according to the relationship (1.24) discussed below

. . . . . . cov(X,Y
34 for linear regression, the covariance is correlated with the slope of the line: Vy_q,px a = :(X))
va

35 residual

3 variance

37 the part of the whole, most often measured by a fractional share or percentage content

38 removed by correlation

3% sometimes used to denote proportionality the tilde symbo I~, which is used here to express "has a distribution”

40 deterministic

41 stochastic — random,; this term is used to distinguish it from the term statistical, which also has a meaning outside mathematical statistics

42 the tilde ~ is used here to express "has a distribution”

43 when the sum S(4;) is equal to some constant value C, a scale shift can be applied where the systematic factor 4,, ; from equation (2) will take the
form: A;LJ- = A, ; — C, and hence the sum S(4;) will still be equal to zero

44 the values of the difference estimator A2 do not depend on the number of repetitions N for the sample, hence summing n gives N the values A% : S(4) =

n- A2 = B3 G- 9)?

45 squares of the distances of the measurement points from the line drawn

46 proof can be found, for example, in [26]

47 often a different set of values is used based on a different system of equations (2.4), but this is not significant, as the calculations are usually performed

using various types of software, e.g. Excel

48 after logarithming both sides of the exponential function: ¥ = a - 107X

49 after taking the logarithm of both sides of the power function: ¥ = a - X”

5 o = 1 — P, whereP represents the confidence level
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51 of total variability
52 formulation of the adjudicating judgement
532 close to 1 indicates that almost all of the variability of the dependent variable can be explained by the independent variables included in the model
54 sum of squares of deviations of the model from the mean value
55 total sum of squares of deviations of experimental values from the mean value
% pecause, based on equation (2.10) s, = (1 —1%) s
57 the corrected coefficient of determination #2 is always smaller than the coefficient of determination r? : #2 < r
% it is biased
59 a scientific method of inference used to predict how the values of important parameters of a process or event will develop in the future
% for the regression equation y = b - x, which is a calibration curve, a zero concentration corresponds to a zero response from the measuring device
62 a blind test is used to exclude the expectation effect, for example, during a clinical trial, it consists in keeping the subjects unaware of whether they are
taking the drug or a neutral substance (placebo)
83y = n — 1 for the simplified equation y = b - x and v = n — 2 for the equationy = @ +b - x
54 by multiplying the terms of the sum in sequence, we obtain: cov{[Y; v;, X[y - (; — )1} = Sil(x; — %) - cov (v, ¥:)] + + Zil(x; — %) - cov(yy, ¥:)] +
Yl — %) - cov(yy, y)] +.. + il (x; — %) * cov(vp, ¥;)], for mixed terms cov(yi,y]-) & 0|i=j,because the values of the variable Y « y are independent
(there is no covariance), we can write: cov{[Y; y;, Xi[yi - (¢; — ©)1} = Xi[(x; — %) - cov(yi, y:)]
2

2

% cov(y,b) = o Y —%) = L 1) B e . Wi (% — ) = 0; of course, the sum of deviations ¥;(x; — X) is by definition equal to zero
nSxx Sxx n Sxx n Sxx

2l —x) €0

% the derivation will be shown only for the sum, because for the difference the argument is analogous:

D2XX+Y)=E[X+Y —EX +Y)? = E[(X +Y — EX —EY)?] = E{[(X — EX) + (Y — EY)]?} =

=E[X—EX)?+2-(X—EX)- (Y —EY) + (Y —EY)? = D2X + D?Y + 2 - cov(X,Y)

57 Here, the measurement population

68 as in the case of physicochemical analysis of gases using the chromatographic method

5 regressor

0 in equation (3.10), the factor € representing random error was not taken into account, as the considerations concern a regression curve without

deviations.

" Hence, the value of the "uncertainty corridor" is narrowed down to the mean value

2 characterising, for example, the TCD detector

3 The question must be answered as to whether the obtained value can still be included in the set that has been used so far to determine the regression

line, or whether it should be rejected. It is therefore interesting to consider the average deviation for a single measurement y; from the mean representing

the value Ey. That is, the tolerance limits must be found when the variance of the difference sought A;= |y; — Ey|. Hence, the variance will be the sum of

(x;—x)z] =o?-[1+ % + %]. It can be seen from this that the derivation presented in the text can be obtained more

quickly by this alternative method of reasoning Okreslono nieprawidtowe zrédto. .

74 for mixed derivatives, the values are zero due to the independence of the parameters: y, y and b

5y = n — 1 for the simplified equation y = b - x and v = n — 2 for the equation y = @ +b - x

76 Using T-Student distribution

7y = n — 1 for the simplified equationy = b-x andv = n — 2 for the equationy = a +b - x

8 idem

79 errors in determining the intercept Aa and the slope coefficient Ab

80 constituting, for example, the characteristics of the TCD detector

) 1
the variances: o7 = 62 + 02 - [> +
n






