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Abstract: This article explores how the Laplace Transform can be applied to the analysis of building
motion and behavior under earthquake action. The main steps of this analysis are presented, including
the application of the Laplace Transform to the differential equations, obtaining the transfer function,
and interpreting the building response in the Laplace domain. Special attention is given to identifying
and analyzing the pole and zero points of the system, which provide critical insights into the stability
and resonance characteristics of the structure. Key advantages and limitations of this approach are
discussed, highlighting its utility in predicting and enhancing structural safety, as well as its potential
for optimizing design parameters in earthquake engineering. Through practical examples, the
effectiveness of using the Laplace Transform in seismic response analysis is demonstrated, providing
valuable insights for engineers and researchers in the field of structural dynamics.
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1. Introduction

Earthquakes pose a significant threat to the safety and stability of buildings and structures
worldwide. Understanding the dynamic behavior of buildings under seismic loads [1] is crucial
for designing resilient structures and ensuring the safety of occupants [2-4]. Structural engineers
employ various analytical techniques to assess the response of buildings to seismic forces, among
which the application of Laplace transform stands out as a powerful and versatile tool.[5-9]

In the field of earthquake engineering, Laplace transform serves as a fundamental mathematical
method for analyzing the dynamic response of structures subjected to time-varying loads, such as
those induced by seismic activity[10]. This mathematical technique facilitates the transformation
of differential equations governing structural motion from the time domain to the Laplace domain
[11], where solutions can be obtained more efficiently and effectively.

The Laplace transform's ability to convert complex time-domain differential equations into simpler
algebraic equations in the s-domain (Laplace domain) offers significant advantages in seismic
response analysis. By transforming these equations, the process of solving them becomes more
straightforward, enabling engineers to gain insights into the behavior of structures under various
seismic scenarios [12]. This approach is particularly useful for analyzing linear systems, where the
superposition principle applies, making it easier to understand the contribution of different
frequency components to the overall response.[13,14]

One of the key aspects of using the Laplace transform in seismic analysis is the identification and
analysis of pole and zero points in the s-domain. Poles and zeros provide critical information about
the stability and resonance characteristics of a structural system. Poles, which correspond to the
natural frequencies of the system, are directly related to the modes of vibration and the damping
properties of the structure. Zeros, on the other hand, influence the amplitude and phase of the
system's response. Understanding the distribution of poles and zeros in the complex plane allows
engineers to predict how a building will respond to seismic excitations, including potential
resonance effects that could amplify the motion and lead to structural damage. [15-18]

Moreover, the Laplace transform facilitates the incorporation of various boundary conditions and
initial conditions into the analysis, providing a comprehensive framework for evaluating the
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seismic response of buildings. This capability is crucial for simulating real-world scenarios where
buildings may experience different initial states, such as pre-existing stresses or deformations, and
varying boundary conditions depending on their foundation and surrounding environment. [19-24]

In this paper, we will explore the methodology of using the Laplace transform for seismic response
analysis, delving into the mathematical formulation, the interpretation of pole and zero points, and
the practical applications of this approach in the context of earthquake engineering. [25, 26]
Through detailed case studies and theoretical analysis, we will highlight the strengths and
limitations of this method, providing insights into its effectiveness in designing earthquake-
resilient structures. By understanding the dynamic response of buildings through the lens of the
Laplace transform, we aim to contribute to the ongoing efforts in advancing seismic design
practices and enhancing the safety and resilience of our built environment.

2. Theoretical Fundamentals

Analyzing the pole points and zeros of a transfer function in the Laplace domain is a crucial step
in understanding the behavior of a system. The poles and zeros provide insights into the stability,
frequency response, and transient characteristics of the system.

1.Understand the Transfer Function

The transfer function is represented in the Laplace domain as a ratio of polynomials in s (Laplace
variable).

General form  H(s)= N (S) (s—z)fs—25)-{s—2p)

D(s) (s—pi)s—p2){s—pn)’
2.1dentify Zeros and Poles

Zeros: The values of s that make the numerator N(s) equal to zero. We denote these values by
21,292y

Poles: The values of s that make the denominator D(s) equal to zero. We denote these values by
P2 P21 Pm

3.Plot Pole-Zero Diagram

Use a complex plane to plot the locations of zeros and poles.

Represent zeros with "blue" and poles with "red" on the plane.

4.Analyze Pole-Zero Locations

Stability: For a system to be stable, all poles must have negative real parts.

Frequency Response: Zeros and poles affect the system's response to different frequencies. Zeros
influence amplification, while poles influence attenuation.

5.Stability Analysis:

If all poles have negative real parts, the system is stable.

If some poles have positive real parts, the system is unstable.

If poles lie on the imaginary axis, the system may exhibit oscillatory behavior.
6.Natural Frequency and Damping Factor:

Poles with real negative and imaginary non-zero sides can represent the natural modes of vibration
of the system.
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The distance between poles and zeros, as well as the angles between them, can provide information
about the damping factor and natural frequency of the system.

7.Impact of Zeros:

Zeros indicate frequencies where the system responds strongly. They can affect the system's
behavior in terms of amplification or attenuation.

8.Impact of Poles:

Identify the dominant poles, which have the most significant influence on the system's behavior.
Poles determine the system's time response characteristics, such as decay rate and oscillatory
behavior.

9.0ptimization:

Engineers may optimize system performance by adjusting the locations of poles and zeros.

3. Mathematical Model and Examples

Suppose we have a building with a certain stiffness and structural characteristics, and an earthquake is
modeled as a force or input motion acting on the building. The motion and behaviour of buildings
under earthquake action can be described by a system of differential equations that model the dynamics
of structures during an earthquake. These equations can be quite complex and depend on the specific
characteristics of the building as well as the characteristics of the earthquake. A simplification of this
model can be represented by a system of differential equations for motion in the vertical plane. We
will consider the vertical movement of one floor of the building.

The equation of motion of the floor under the action of seismic forces can be expressed as a second
order differential equation:

2
mIdX e P o F(t)
di>  dt

where

2
The first term is the inertial force [m %]
t

The second term is the damping force (C %]

The third term is the restoring force due to structural stiffness (kx)
F(t) is the seismic force function of time.

This differential equation describes the motion and behaviour of the floor during an earthquake. It can
be used to analyse the response of the building to earthquake action by solving the differential equation
as a function of time.

To apply the Laplace transform to the differential equation describing the motion and behaviour of the
building under earthquake action, we can follow the usual steps in the Laplace transform of each term
of the equation.

Laplace transform steps:

1) Apply Laplace transform on each term

2
L md—2X
dt



o]
dt

L(kx)
L(F(1)

2) Use the Laplace transform and noting the terms depending on the variables from Laplace domain
ms2 X (s)—msx(0)—mx (0)
csX (s)—cx(0)
kX (s)
F(s)

where X (s) is the Laplace transform of the movement depending on time

F(t) is the Laplace transform of the seismic force

s is the complex variable from the Laplace domain.

3) Replace those expressions in the original differential equation

ms2X (s)—msx(0)—mx (0)+csX (s)—cx(0)+ kX (s)= F(s)
4) Simplify and solve for X (s)

(ms2 X(s)+cs+ k)X (s)=F(s)+msx(0)+mx (0)+cx(0)

X(s)= F(s)+msx(0)+mx (0)+cx(0) '

ms2 +cs +k

This transfer function can be used to analyse the response of the building in the frequency domain and
to obtain useful information about vibration, resonance and stability modes under seismic conditions.

Example of analyzing the pole points and zeros of the transfer function in the Laplace domain

Transfer Function: H(s)= #523) .
+1)s+

1.1dentify Zeros and Poles
Zeros (s, ): The zero occurs where the numerator s +2 is equal to zero, s, = 2.

Poles (S D ): The poles occur where the denominator (s +1)(s + 3) is equal to zero, s pl =—1,8pp=-3

2.Write Transfer Function in Factored Form

S+2
H(S):(s+1)(s+3)



3.Plot Pole-Zero Diagram
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Fig. 1 - Pole-Zero Diagram
Plot zeros with “blue”. Plot poles with “red”
4.Analyze Pole-Zero Locations

Stability: All poles (sp; =—1,5p, = —3) have negative real parts, so the system is stable.

Frequency Response: Zeros at S, = —2 may influence the system’s response.

5.Pole-Zero Ratio

The system has two poles and one zero, making it a first-order system.

6.Region of convergence (ROC)

The ROC is to the right of the rightmost, which is s =-3.

7. Stability Analysis

The system is stable as all poles have negative real parts.

8. Dominant poles

In this case, the dominant poles are the ones with the most negative real parts which iss = -3 .
9.Transfer function properties

Evaluate properties like damping ratio, natural frequency and setting time based on pole locations.
10.Impact of zeros

The zero at s =—2 indicates a frequency where the system may respond strongly.

11.Impact of poles

The poles at s=—1, s = -3 determine the system’s time response characteristics.
12.Optimization

Engineers may optimize system performance by adjusting the locations of poles and zeros.
13.Simulation and Validation

Simulate the system’s response using software tools and validate the analysis against experimental
data.

Example of analyzing the pole points and zeros of the transfer function in the Laplace domain



Let us consider the transfer function H(s)= 23;5 .
ST +3s+2
1.1dentify Zeros

Zeros are the solutions for s such that s+5=0.
2.1dentify Poles

Poles are the solutions for s such that s> +3s+2=0. Solving this quadratic equation we find the
solutions s; =—1 and s, =-2.

3.Plot Pole-Zero Diagram
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Fig. 2 - Pole-Zero Diagram
Represent zeros with “blue” and poles with “red” on the complex plane
4.Interpretation of the diagram
Poles with real negative part (-1 and -2) indicate a stable system
Zero in -5 might affect the way reacts to certain frequencies.
5.Stability of the system
The system is stable because all poles have real negative parts.
6.Natural frequency and the damping factor

The poles s; = -1 and S, = -2 indicate the natural frequency and the damping factor.

7.The impact of the zero

The zero at -5 may amplify or soften the system around this frequency

8. The response of the system to the input of the impulse

The answer to an impulse may be obtain by applying the inverse of the Laplace transform.

In this example, the analysis of the poles and zeros provides important informations about the stability,
behaviour in frequency and stabilization time of the system represented by the transfer function. In real
examples, the transfer functions may be more complex and the analysis might require computational
tools to plot the PZ diagram and to evaluate their impact towards the system response.

Example for the Study of Amplification and Attenuation in the Frequency Domain at the transfer
function in the Laplace domain
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To illustrate the study of amplification and attenuation in the frequency domain at the transfer function
in Laplace domain, let us take this example

s+1

52+2s+2'

1.Computation of amplification and attenuation

H(s)=

We can write the transfer function in the standard form with poles p and zeros z

HE)- (s- pl)_(s_ p2)

In our example, z=—1, p; =—1+i and p, =—-1-i.
2.Study in the Frequency Domain

The amplification is given by the absolute value of the transfer function |H (jco] , where o is the

frequency in radians per second. The higher the absolute value is, there is a higher amplification at that
frequency.

The attenuation is the inverse of the absolute value of the transfer function . The smaller the

1
[H(jo)
module is, there is a higher attenuation of that frequency.

3.Computation of the module and attenuation

Using the formulas for the module and attenuation, we can evaluate the behavior of the system at
different frequencies.

. 1
The attenuation ———

H(joo)

4.Graphycal representation. There can be plotted a diagram of the module and the attenuation as a
function of the frequency o to view how the system responds to different frequencies.

The module |H (jco] =

5.The interpretation of the results

High amplification: The frequencies where the module is big indicate amplification.
High attenuation: The frequencies where the attenuation is high indicate attenuation.
6.Impact of zeros and poles

Zero at s =—1 will influence the module and attenuation at its frequency.

7. Practical relevance

Systems with frequencies where there is a significant amplification can be sensitive at those
frequencies.

Systems with a significant atenuation at certain frequencies can filtrate or reduce those components of
frequency in the answer of the system

8.Performance optimization

Changing the position of the zeros and poles can influence the amplification and attenuation at certain
frequencies, allowing the engineers to optimize the performance of the system
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This example illustrates how the amplification and attenuation can be evaluated in the domain of
frequencies using the transfer function and how the position of of zeros and poles affects the answer
of the system at different frequencies.

Example of plotting and interpretation of Poles and Zeros Diagram (PZ) of transfer function in Laplace
domain

Let us consider the transfer function: H(s)= #524_3) .
1.1dentify zeros and poles

Zeros are the solutions of the equation s+2 =0, whichis s=-2.

Poles are the solutions of the equation (s+1)s+3)=0. Those are s=—1 and s = -3.

2.Constuction of the PZ Diagram is made in the complex plan with the real axis and the imaginary
axis. For the given transfer function there is a zero at S =—2 and two poles S=—1 and s=-3.

Plot zeros with “blue”. Plot poles with “red”
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Fig.3 - Pole-Zero Diagram
3.Analyze the place of zeros and poles
Stability. The system is stable since all poles have negative real parts.

Attenuation and amplification. The amplification and attenuation depends on the place in the complex
plane of the poles and zeros.

4.The effect of zeros and poles.

Zero at s = -2 can influence the amplification and the attenuation of the system around that frequency
Poles at s=—1 and s = -3 determine the way the system evolves in time.

5.The impact the frequency domain.

The distances between zeros and poles give information about the vibration modes and the natural
frequencies of the system.

6.Graphycal interpretation.

The area where there are the poles and the zeros indicate how the system responds to inputs and
disturbances.



7.Performance optimization.

Change of the position of the zeros and poles can influence the amplification and the attenuation at
certain frequencies, allowing engineers to optimize the performance of the system.

8.Study of the damping factor.

The complex poles s =—1 and s = -3 indicates an oscillating damping factor and behaviour.
9.Computation of the natural frequency.

The natural frequency can be estimated from the imaginary part of the complex poles.

Example for how the building response to earthquake action can be interpreted from the transfer
function

To show how the answer of the building response to the earthquake action can be interpreted from the
transfer function, let us consider a simplified transfer function for a building under earthquake action

1

sz+23+1_

This transfer function represents a simple system with one degree of freedom and can be obtained by
mathematical modelling of the movement of the building under the action of the earthquake.

H(s)=

1.Analysis of poles and zeros.

Poles are the solutions of the equation s2 +25+1=0. We have a double pole ats =—1.
2.Interpretation of poles.

The double pole indicates a critical or resonance regime, because we have a natural frequency identical
to the excitation frequency given by the earthquake.

3.PZ Diagram

Poles diagram for this transfer function will contain a double pole ats =—1.

4.Study in the frequency domain.

Amplification and attenuation depends on the module of the transfer function |H (joo) , where o is the
frequency in radians per second.

5.The module and attenuation

1

The module of the transfer function |H (jm)| for this transfer function is |H (jco) = >
(0-1)° +1

The attenuation is the inverse of the module

1
H(jo)
6.Graphycal interpretation.
The frequency where the module is maxim indicates the natural frequency of resonance of the building.
The area around the double pole indicates the resonance regime.
7. Study of the damping factor.

For a double pole, the damping factor is 2wy, where ®, is the natural frequency. As much as this
factor is smaller, the answer of the system will be more persistent in time.



8.Impact in time.

The answer in time can be obtained by applying the inverse of the Laplace transformation. A double
pole might lead to more persistent oscillations or stabilization time longer compared to a simple pole.

9.Performance optimization.

Engineers may consider the change of the damping factor or adding dumping devices to reduce the
resonance and improve the stability of the building during eathquakes.

By interpreting the analysis of the poles and PZ diagram, the engineers can understand better the way
the building will respond to earthquake action and can take measures to improve the performance and
the structural safety of the building.

4. Conclusions

The article highlights the importance of applying the Laplace transform in the analysis of the
seismic response of buildings. It is important to consider the advantages and limitations of the
method in anticipating and improving structural stability.

Advantages of the Laplace Transform in Anticipating and Improving Structural Safety:

The Laplace Transform is particularly effective for linear system analysis. Many structural systems
can be adequately modeled as linear under certain conditions, making the Laplace Transform a
valuable tool for their analysis.

It allows engineers to analyze structural behavior in both the time and frequency domains. This
versatility aids in understanding the response of structures to dynamic loads, such as earthquakes,
by examining their behavior at different frequencies.

The Laplace Transform simplifies the solution of linear ordinary differential equations (ODEs)
and partial differential equations (PDEs). The transformed equations often become algebraic,
making it easier to analyze and solve.

Engineers can assess the stability of structural systems by analyzing the locations of poles in the
Laplace domain. Stable systems are essential for ensuring the safety of structures under various
conditions.

Limitations of the Laplace Transform in Anticipating and Improving Structural Safety:

The Laplace Transform is most applicable to linear systems. Many real-world structures exhibit
nonlinear behavior under extreme conditions, and the assumption of linearity may not hold in all
cases.

Nonlinear structural systems pose challenges when using Laplace Transforms. The transformation
of nonlinear differential equations may lead to complicated expressions, limiting the ease of
analysis.

While Laplace Transforms provide valuable insights, experimental validation is often necessary
to confirm the accuracy of predictions. Real-world complexities, material properties, and
construction variations may impact results.

In summary, while the Laplace Transform is a powerful tool for structural analysis, its application
should be done with careful consideration of system linearity, model assumptions, and the specific
challenges posed by nonlinear and dynamic structural behavior. Integrating Laplace Transform
analysis with experimental data and other analytical methods provides a more comprehensive
approach to ensuring structural safety.

Collaboration between structural engineers, mathematicians, and computer scientists is essential
for further refining the use of the Laplace transform in seismic analysis. Such interdisciplinary
efforts could lead to the development of novel analytical frameworks that enhance our
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understanding of structural behavior under seismic loading, ultimately contributing to safer and
more resilient building designs.

In conclusion, while the Laplace transform offers significant benefits for seismic response
analysis, its effective application requires a deep understanding of both its capabilities and
limitations. By addressing these limitations through continued research, enhanced computational
tools, and interdisciplinary collaboration, engineers can more effectively utilize the Laplace
transform to ensure the safety and stability of buildings in seismic-prone areas.
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