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On some generalization of order cancellation law for subsets
of topological vector space

HuBERT PrzYBYCIE!

ABSTRACT. In this paper we generalize a result of R. Urbanski from paper [7] which states that for subsets
A, B, C of topological vector space X the following implication holds

A+BCB+C=ACC

provided that B is bounded and C is closed and convex. The generalization is given in Theorem 5 where
we prove this result for k- convex subsets of a topological vector space. Also we introduce a notion of some
abstract like-closure operation for subsets of linear space and we study its connections to order cancellation
law.
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1. Introduction

Cancellation law plays an important role in many areas of mathematics and was studied by
many authors ( see for example [1] ,[2] , [3], [5] , [6],[7] ). Namely if we had a commutative
structure with one binary operation say (S,+) and not every element in S is invertible then
the cancellation law guarantees that the equation x 4+ b = b + c has exactly one solution x = c.
This observation is crucial and allows us to introduce an equivalence relation in the cartesian
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product S x S in the following way
(a,b) ~ (c,d) ©a+d=b+c.

The quotient set S x S/ ~ with a suitable defined operation has a structure of group and S
can be embedded into it. This kind of constructions of embedding of a structure into a richer
structure was used by many authors in many areas of mathematics even the well known con-
struction of integers is made in this way.

2. Basic notations and Definitions

Let X be a vector space and let A,B C X, A € R then we define
A+B={a+b:ac Abe B},
M ={Aa:a e A}.
It is clear that generally 2A # A + A, thus the symbol Z;-‘Zl A denotes the following sum
A+A+ ... +A

where the number of summands is equal k and it is generally not equal to the set kA.
We say that set A is convex if AA+ (1 —A)A=Aforall0 <A < 1.

If X is a topological vector space and let A C X, then the symbol A denotes the topological
closure of this set and the symbol Int(A) denotes its topological interior.

3. Main result

We start with the definition of the operation “like-closure” of a set.
Definition 1. Let X be a vector space and let A, B C X. A like-closure of the set A with respect to
set B and point b € B is defined by

—B 1
Ay = —(B —
b= ) (n (B—b)+ A>

neN
Generally for fixed B the set ZE depends of the choice of the point b as shows the following
example. Take X =R and A = (0,1),B=[0,1] then 0 € Zf for0 <b<1butO¢ ij.

But is easy to observe that in the case of normed space and B bounded set we have

Ab1 - Ab2 — A
for all by, by € Int(B).
Observe that for a convex set C the inclusion A + B C B + C implies

Ac ) Cy.
beB

To see this notice that if C is convex and A + B C B + C then for all n € IN we have

nA+B C B+nC
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hence for any b € B and n € IN we get

Ac %(B _b)+C
but this implies that

1 =B
neN
for any b € B, hence

Ac ) C,.
beB
The above consideration shows that if ,cp EE C C then we can cancel the set B from the
inclusion A + B C B + C in other words for such sets B, C the cancellation law holds.

Definition 2 Let X be a vector space and let A C X. W say that a set A is k-convex (k > 0) if
for every n € IN the inclusion } i ; A C knA holds true.

Lemma 3 Let X be a vector and let A, B, C C X. If the set C is k-convex then the inclusion A+ B C
B + C implies that
A+%(B—z) c %(B—z)+kc,
forany z € X and n € N.
Proof. Since A+ (B —z) C (B—2z) + C we get
2A+(B—z)CA+A+(B—z)CA+(B—z)+CC(B—z)+C+C C (B—2z)+2kC,
and analogously
n
nA+(B—z)C(B—z)+ ) AC (B-z)+knC,
j=1

dividing the last inclusion by n we get thesis of this lemma.
Lemma 4. Let X be a topological vector and let A, B,C C X. If the set B is bounded then

clcc
X
forall x € X.

Proof. Take any neigbourhood U of 0 then since B is bounded therefore for some 1y we have
1 (B —x) C U and hence

no
51
cfcn—(B—x)+cCc+u
0

thus
C,c(Cc+u)=C.
u

Theorem 5 (Cancellation law for k- convex sets) Let X be a topological vector space and let
A,B,C C X. Assume that B is bounded and C is k— convex then the implication

A+BCB+C=ACkC
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holds true.
Proof. By lemma 3 we get that

1 1
A+ —(B— —(B — k
+(B—2z) C —(B—z)+kC,
for any z € X and n € IN. If we take any b € B then
1 1
AcA+E(B—b)CE(B—b)+kC,
for n € IN. Hence

1 —B
nelN

but since B is bounded by lemma 4 we have EE C kC = kC.

Since every convex set is 1-convex we obtain a cancellation law in version which was first
proved by Urbarnski in [7] as following corollary

Corollary 6 Let X be a topological vector space and let A, B,C C X. Assume that B is bounded and C
is closed and convex then the implication

A+BCB+C=ACC

holds true..
Remark 7. The class of k- convex sets is wider than the class of convex sets for example if
A C Ris bounded and 0 € Int(A) then A is k-convex for some k € IN.

Below in the Example 8 we give a construction of sets in arbitrary topological vector space,
which are not convex nor p-convex (0 < p < 1), but they are k - convex for some k € IN.
Example 8. Let X be a topological vector space and A, B C X be a bounded convex sets such
that ANB =®,0 € Band A C kB for some k € N. Then the set D = A U B is of course not
p— convex nor convex. But

conv(AUB) C kB
hence for any n € IN we have
1 n
- Y D C conv(D) = conv(AUB) C kB C kD
j=1
hence

i D C knD
j=1

therefore the set D is k - convex.
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