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ABSTRACT. In this paper, we study the solvability to the left of the positive infimum of all eigenvalues for
some non-resonant quasilinear elliptic problems involving variable exponents. We first prove the existence
of at least a weak solution for some non-variational systems by using a surjectivity result for pseudomono-
tone operators. Furthermore, under additional conditions, we show that the solution is unique and provide
examples. Second, we deal with non-resonant gradient-type systems and obtain existence by using a varia-
tional approach.

Mathematics Subject Classification (2020). 35A15, 35B38, 35]62
Key words and phrases. p(x)-Laplacian, positive infimum, weak solution, existence and uniqueness.

1. Introduction

In recent years, the p(x)-Laplacian has gained increasing attention in various fields of science
and engineering. This operator, defined as A,,(,yu = div (]Vu]r’(x)_2Vu>, is a generalization of

the standard Laplacian operator and is commonly used in mathematics, physics, and engineer-
ing to describe physical phenomena such as heat flow, fluid dynamics, and electrostatics. One
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of the main advantages of the p(x)-Laplacian is its ability to provide a more flexible descrip-
tion of nonlinear diffusion processes, which are often encountered in real-world applications.
In addition, the p(x)-Laplacian can also model non-Newtonian fluids, which exhibit nonlinear
behavior due to the dependence of viscosity on the applied stress.

Furthermore, it's worth noting that there are other applications of the p(x)-Laplacian, such
as its use in electrorheological fluids (studied by Acerbi and Mingione [1] and RuZzi¢ka [21]),
image restoration (employed by Chen et al. [7]), and thermorheological fluids (explored by
Antontsev et al. [3, 4]).

Given a bounded smooth domain Q C RN with Lipschitz boundary 9Q, this paper is con-

cerned with the existence of a solution (u1,up) € Wol’p 1(x)(Q) X W&’p 2(x)(Q) for the following
elliptic system

—Apl(x)ul — ylAql(x)ul = f1 (x, uy, up, Vuy, Vuz) +h(x) inQ),
=Dy, (U2 — P2y 0tz = fa (x,u1,u2, Vg, Vug) + ha(x) in Q, (PS)

where for i € {1,2}, 1 < g;(x) < pi(x) < N are variable exponents of class C!(Q), f; :
O xR xR — R are Carathéodory functions, corresponding essentially to some perturbation
below the positive infimum of all eigenvalues of a related eigenvalue problem defined in (1.3)
below and satisfying some structure conditions, (see hypotheses (Hy) and (Hs) in Section 2),

u; are positive constants and ; € W17i(¥) (Q)) with ﬁ + ﬁ =1, forall x € Q.

Many works have been dedicated to existence results for such quasilinear elliptic systems
with constant or variable exponents. We quote for example Alves and Moussaoui [2], Boccardo
and De Figueiredo [5], El Hachimi and De Thélin [10], Felmer et al. [15], Faria et al. [14], Hsu
[16], Motreanu et al. [18], Nabab and Vélin [20] and the references therein. Recall that there
are few works dealing with eigenvalue problems for elliptic systems. One can see De Thélin
[8], El Khalil et al. [11], Kandilakis et al. [17], Moussaoui and Vélin [19], Zographopoulos
[22] and the references therein. We refer especially to the paper of Moussaoui and Vélin [24],
where the authors are concerned with the positive infimum A.(p), with p = (p1, p2), of all
eigenvalues for a nonlinear gradient-type elliptic system with weight and involving variable
exponents such as

_Apl(x)u = )Lc(x)txl(x) |u1’0¢1(x)—2 ul |u2|a2(x) ln Q,
—A, (10 = Ac(x)aa (x) 1] 1z |1p]*2 7% in O, (VP,)
up =up =0 on 0Q).
Let be associated to (PS) the eigenvalue problem

=4, (001 = Ay (x) |711|D‘1(x)72 () \vzlaz(x) in Q,
~Bpy (02 = Aa(x) 02| 2 05 |01 in (VPy)
v =02=0 on 90},

where for i € {1,2}, a; verify
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a(x) | a(x)
b n
1(x), a2(x) > 0 and o1 (x) + =
On one hand, we were motivated by the paper of Motreanu et al. [18] where the authors stud-
ied quasilinear parametric elliptic systems, and proved existence and uniqueness of solutions
to the following elliptic system with constant exponents p;, g;

=1, forall x € Q.

—Ap g — Ay ur = f1 (x,u1,u2, Vuy, Vup) in Q),
—Ap,uy — taAgy iz = fo (x,u1,uz, Vuy, Vug) in (), (CPS)
up=1uy=20 on d(),
Their results are obtained for functions
F*: (uy,up) — f1(x,uq,up, Vg, Vup) uy + fo (x, u1, up, Vug, Vuy) up,

that are, in some sense, below the first eigenvalues of the related p;-Laplacian operators. Their
principal condition reads

f1(x,51,52,81,82) 51+ fa (x,51,52,81,82) 52 < w(x) + ¢ (1|1 + [s2]P?) +d (|E1]7* + |€2|p221r1

for a.e x € Q, all (s1,5) € R? and all ¢ = (¢1,&) € R?N, with w € LY(Q) and positive
constants ¢ and d such that
1-c

d 7
where Ay, denotes the first eigenvalue of the p;-Laplacian operator for i € {1,2}. This con-
dition ensures the coerciveness of the operator associated with the problem as defined in
Motreanu et al. [18]. On the other hand, the motivation of the present work was to extend
to the case of a non-gradient-type system with variable exponents, the earlier results by El
Hachimi and De Thélin [10] for the existence of solutions to the problem

min (Ayp,, A1p,) <

oF
—Apu; = a—ui(x,u) + hi(x) in Q,

u; =20 on d(),
obtained when the function F satisfies a non-resonance condition near the first eigenvalue of
an associated eigenvalue system. Unlike the variational case used in Section 5, where solutions
are obtained as critical points of C!-functionals, we shall use in Section 3, a topological method
based on a fixed point theorem for bounded, pseudomonotone and coercive operators.

Our aim is to establish the existence of a solution for (PS) based on the findings of Moussaoui
and Vélin [19]. Broadly speaking, if the condition

Ve > 0,30 > 0,IM, € L}(Q),Vs = (s1,52) € R? with [s|eo > ¢, VE = (&1,&) € R¥,Vx € O,
f1(x,51,52,81,82) 51+ f2(x,51,52,81,82) 52 < (M (p) +€) <\S1\“1(x) \Sz\az(x)>
e (1610 + (8]0 + Me(x),

(GS)

(1.2)
is satisfied, where c is a positive constant and A1 (p) is the positive infimum of all eigenvalues
of (VP1), then we prove the existence of at least one weak solution for problem (PS). Note that
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(1.2) is verified if one has for example

f1(x,81,82,81,62) 51+ f2 (x,51,52,81,82) 52
31 I

foo(x) = limsup < M(p), (1.3)

|S|oo—>—|—oo
uniformly with respect to ¢ = ({1, &2). Moreover, under additional conditions on the functions
f1 and f, and the variable exponents, we show that the solution is unique.

It should be noted that, even in the case of constant exponents and functions f; that are not
depending on the gradients of the unknown functions, little is known about resonance and
nonresonance issues, when considering the interaction with the variational spectrum of the
(p1, p2)-Laplacians eigenvalue system (VP;) of the function

Cf1(x,81,82) 51+ f2(x,81,82) 2

|51/ [s2]*
The same remark is also valid in the case of gradient-type systems and functions f; not de-
pending on Vu; for the function

(s1,52)

F (x,51,52)
s1|™ [s2]*

(S]J 52) ’

where g—SF (x,51,52) = fi(x,51,52) fori € {1,2}. Let us recall that the positive infimum A;(p)
1

of all eigenvalues can be defined by the expression

. A (ulluQ)
A — f e A Ay 1.4
1P) = I o) By (i, 02) a4
where
1 1
Ay (1, u2) = /Q (pl(x) |wlyr’1<">+p2(x) \wzv’z(")) dx and B, (u,up) =

/ |u1|o¢1(x) |u2|ﬂéz(x) dx.
Q
It is worth noting that condition (1.1) implies (1.2) which clearly implies
Ve > 0,30 > 0,IM, € L1(Q),Vs = (51,50) € R%,VE = (&,&) € RN, Vx € Q,

f1(x,81,82,81,82) 51+ f2(x,81,82,81,82) 52 < (M1 (p) +€) (|51|M(x) |52|a2(x)> (1.5)
+c (’Cl‘pl(x) + |€2|P2(x)> _|_M€(x).

Now, according to a recent result by Bozorgnia et al. [6, Theorem 3.3] obtained in the case of
constant exponents, the following situation may occur

min ()Lllpl, Al,Pz) <M (p)
Therefore, in the case of constant exponents, condition (1.3) is weaker than condition (1.1).
The remainder of this paper is organized as follows. In Section 2, we present preliminary
results and state some assumptions. In Section 3, we present and prove our main existence
result for the problem (PS) and, in Section 4, we provide conditions to obtain the uniqueness
of the solution. We conclude this section by giving examples of applications. In Section 5, we
treat the case of a gradient-type system and demonstrate an existence result using a variational



PARAMETRIC ELLIPTIC SYSTEMS 315

approach, similar to that employed in El Hachimi and de Thélin [10]. Finally, in Section 6, we
provide some concluding remarks.

2. Functional framework

2.1. Notations. For s = (s,5,) and B = (B1, B2) in R? with B; > 0, for i € {1,2}, denote
sl = max{[s1], [s21} and [s|f = [s]"" |52
For g € |1, 400/, let

Ng
7 =1 andg" = { N %fN>q,
qg—1 +oo if N <qg.

Let p be a log-Holder function in the class C!(Q)), such that

1<p =inf p(x) < p(x) <p' =supp(x) < 0.
xeQ) xeQ

We define LP(¥)(Q)) as the generalized Lebesgue space that consists of all measurable real-
valued functions u satisfying

oo (0) = [ ()P < oo,

and is endowed with the Luxemburg norm
[ull pxy = inf{r >0 pp(x) (%) < 1}.
Throughout this paper, and to simplify, we use the notation |[ul|,(,) instead of [|u|| 1r(x)(q)- The
variable exponent Sobolev space W7(*)(Q) is defined by
WP (Q) = {u e LPM(Q) : |[Vul € L”(x)(Q)},

with its associated norm

il ey = Il o) + 170
Wé’p (x)(Q) is the closure of Ci°(Q) with respect to the norm of WLP()(Q)) and its norm is
denoted by ||u||Wé,p(x) Q) that is

||u||W3,p<x>(Q) = [ Vull (-

The variable exponent Sobolev space Wg P ) (Q)) becomes a Banach space because of its associ-

ated norm, and the following embedding Wé’p ) (Q) — L'™)(Q) is compact when 1 < r(x) <
p*(x), for all x € Q). In the following, we shall use the simplified notation || - l1,p(x) instead of

Proposition 2.1. (see Diening et al. [9]) For any u € LPFO)(Q) and v € LV (Q), the following
inequality holds
/ uv dx
Q

1 1
<\ =+ — | lullpwllollye) < 20ullpelloly -
(p (p)') p(x) p'(x) p(x) p'(x)
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Moreover, if r1, 1,73 : Q) — |1, 00[ are Lipschitz continuous functions such that

1 1 1
+ + =1, VxeQ,
ri(x) * ra(x)  r3(x)

then, for all u; € L") (Q)), for i € {1,2,3}, we have

1 1 1
/ up (x)ua(x)uz(x)dx| < ( +—=+—= ) 1]y 12l ) 113111 )
(@) 1"1 7"2 7"3

Proposition 2.2. (see Fan and Zhao [13, Theorems 1.2 and 1.3]) For any u € LP¥)(Q}), we have
(a) llullpcy > 1= Nlullh ) < ppry () < HMHP
<wnwm)<1=>wwc>pmx>>nw;y
(c) [,y =a>0<=py (a) ~ 1.

@) ullpy <U=1L>1) <= pp(u) <1U(=1;>1).

Remark 2.1. From Proposition 2.2, we have

.
oy (1) < max { P, lall? b <l + falf

2.2. General hypotheses.
(Hp) Qis a bounded open of RV, with boundary 9Q) of class C??, for some 0 < 6 < 1.
(Hy) p1 and py are two positive constants and p; and g;, for i € {1,2}, are two functions in
Cl(Q) satisfying p;(x) < pi(x) and g;(x) < g} (x), respectively, for all x € Q, with
L<p; = inf pi(x) < pi(x) < p;” = suppi(x) < oo,

x€Q)
1 <g; = inf gi(x) < gi(x) < g =supgi(x) < c.
xeQ) xeQ
(Hs) Fori € {1,2}, a; : O — |0, +o0[ are two continuous functions satisfying
0 <a; = inf a;(x) < wj(x) <af =supa;(x) < oo,
x€Q) xeQ)
with
a(x) | wa(x)
p(x)  pa(x) 7
Hy) Fori € {1,2}, fi : O xR xR — R are Carathéodory functions such that there exist three
y
7 (%)
positive continuous functions &}, g7 and ¢;, and a nonnegative function ¢; € L7i)~1(Q))
with 1 < 7;(x) < p}(x), satisfying the following conditions

for all x € Q.

P P 1G9 B LG R
(77 (x)) nE  nk) T n)

and nonnegative constants a;, b;, such that for a.e. x € (2 and all 51,5, € R, we have

g (x )fh( )

f1 (%5152, €1, E)| < an [s1]1) [sp] ™) 4 1y (|‘§1|51 + 62| nt > +e1(x), (2.1)

0 < af(x) < pi(x) - 1,
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and
(x)
f2 (x,51,52, 81, 82)] < az 51|11 [s5]"2) + by (\Cll Tal 4 52| )+62(x)- (22)
(Hs) Ve > 0,36 > 0,3IM. € LY(Q),Vs = (s1,8) € R? with [s|ec > 6, V& = ({1,82) €
R2N Vx € O

f1(x,51,82, &1, &) 81+ fa (%,51,80, &1, &2) 52 < (M1 (p) +€) [s]¥)

2.3
+c <‘§1|q1(X) + |Cz|q2(x)> + Mc(x). 23)

/

2.3. Preliminary results. Let us denote V = W1 pilx )(Q) X Wé’pZ(x)(Q), V= wln Q) x
W172(0(Q0) and for u = (uy,u2) € V and ¢ = ((pl, p2) € V'

(u, @) = (u1, ¢1) W) () w1 ) T (u2, @2) W) () W) )
The norm considered on V is given by
[u]ly = max { 2l ygrmeo ) ||“2||w§*’2<")(o)} , Vu=(u,up) € V.

For u = (uy,u2) € V, define the functionals A, and B, on V by

1 1
A :/ ( Vuq 1) 4 v Pz(x)) dx,
P(u) Q pl( )| M1| pz(x)| u2|
By(w) = [ fa|® fup| 21

For fixed R > 0, set Qg = {u € V, B, (u) = R}. It is clear that O is not empty, see Moussaoui
and Vélin [19]. Define the Rayleigh quotients as follows

ww(p) = i, 5
A(p) = inf Ap (1)

ueV\{0} By(u)’
Now, we recall the following result by Moussaoui and Vélin.

Theorem 2.1. (see Moussaoui and Vélin [19, Theorem 2.2]) Assume that (Hy) — (H3) hold. Then,
system (VP1) has a one-parameter family of nontrivial solutions ((il1,r, fia,r) ,A}) for all R € |0, +oo|.
Moreover, if one of the following conditions holds
(Py) There are two vectors Iy, € RN\{0} such that for all x € Q,01 (t;) = p1 (x +t1]1) and
02 (t2) = p2 (x + talp) are monotone for t; € I; = {t;, x + t;l; € Q}, fori € {1,2}.
(Py) There are x1 and x, ¢ Q such that for all wy,w, € R\{0} with ||w1|,||w2| = 1, the
functions 61 (t1) = p1 (xo + tiwy) and 6y (f2) = pa (x2 + tawy) are monotone for t; € Iy, . =
{ti e R, x; + tyw; € O}, fori € {1,2}.
Subsequently, A (p) = I%r;% Ar(p) > 0 is the positive infimum eigenvalue of problem (VP7).

Definition 2.1. A couple (uy,uz) € V is called a weak solution of problem (PS) if
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/Q <'F 1(x) (Vuy) +}41]: 1(x) (Vul)) -V + (JT (x) (Vup) + “l/lzf »(x) (Vu1)> -Vodx =
/Q f(x,u,Vuy, Vuy) - dx + (h, @),

for any couple ¢ = (@1, p2) € V, where F,(,)(t) = 7 )=2¢, for t € RN and (h, ) = (h1, 1) +
(ha, o) is the duality pairing between V and its dual space, where we denote

f(x,5,81,62) .5 = f1(x,51,52,81,82) 51+ f2 (x,51,52,C1,G2) 52.

Definition 2.2. Let X be a reflexive Banach space, X* its dual space and denote by (-,-) its duality
pairing. Let T : X — X*, then 1L is called
(a) to satisfy the (Sy)-property if u, — u in X and imsup (Zuy,, u, — u) < 0 imply u, — u in

n—oo
X,

(b) pseudomonotone if u, — u in X and limsup (Zu,, u, —u) < 0 imply Tu, — u and

n—oo
(Zup, un) — (Zu,u),
(¢) coercive if
im L0 _
Jullx—eo  [ullx

Theorem 2.2. (see Motreanu et al. [18]) Let X be a real, reflexive Banach space, T : X — X* be a
bounded, pseudomonotone, and coercive operator, and h € X*. Then, a solution to the equation Tu = h
exists.

For all u = (u1,up) € V, define

A(u) = (_Apl(x)ul — Mg (U1, =By ()1 — ‘uquZ(x)uz) (2.4)
= flp(u) + Aq(u)/

where
Ap(u) = (=B~ Bpiz) - and () = (=p1y, e, ~paBgyi2).
The following result summarizes the properties of the operator A.

Lemma 2.1. The operator AV =V, defined in (2.4), is bounded, continuous, monotone (hence
maximal monotone), and of type (S+).

Proof. The proof is similar to that obtained by Fan and Zhang [12, Theorem 3.1] for a single
equation and y; = 0 for i € {1,2}, and is omitted here.

3. Existence result

In this section, we provide and prove our first main result.

Theorem 3.1. Suppose that the hypotheses (Py) or (P,) and (Hy) — (Hs) are verified. Moreover,

suppose that ¢ < 9 , where 0, := max {q% q—,} < 1and pp = min{py, uo}. Then, forall h € V',
1 2
problem (PS) admzts at least one solution, u = (u1,up) € V.
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Proof. In order to apply Theorem 2.2, we need to show that the operator 7 associated with (PS)
, which is defined on V by

T(u) := A(u) — N(u) — h,

where N(u) = (Ny(u), N2(u)), and for i € {1,2}, N; : V — V' denotes the Nemytskii operator
associated with f;, that is, N;(u) = f; (x, uy, up, Vuy, Vuyp).

e 7 is bounded:
From (Hy,), it is easy to see that the Nemytskii operators N; and N, are well-defined, continu-
ous and bounded. Because A : V — V' is bounded, we conclude that Z is bounded.

o 7 is pseudomonotone:
Let {un = (Uy,1,un2)},en C V be a sequence such that

up —uinlV and limsup (Z (u,), (u, —u)) <O0. (3.1)

n—00
Taking the compact embedding W&’Pi(x) (Q) < L%()(Q) into consideration gives
Upq1 — U in L“T(x)(ﬂ) and U, — uy in L"‘ﬁ(x)(ﬂ), (3.2)

since & (x) < pi(x) and aj(x) < p3(x), respectively. We need to show that

Bim [ fi (1,102, Vi1, Vitn2) (10— 1) dix = 0 (3.3)
and
lim /sz (%, U1, Un2, Vg1, Vi) (2 — ) dx = 0. (3.4)

We proceed as described in Motreanu et al. [18]. In order to establish (3.3), we use hypothesis
(Hy4), Holder’s inequality and compactness embedding relation (3.2). We have

‘/Qfl (x, Up 1, tn2, Vg1, Vi) (g1 —up) dx| < Ky 1+ Kyp + Kz + Ky g,

. Caf(x) | a(x) , (af)”  (a3) | 1
where, by using the relation —: + -2 + =1withp= 1422 and
yusing @) " 00 ) P Ty T

applying Remark 2.1, we have
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af(x al(x
Ky1 = /Oal |14, 1] 1) 12| 2(%) |ty 1 — uq| dx

+ +
< pan (Il + Tna I3 ) (B g + Tl 520 ) tna =l

— 0,

Kna = [ 0192 iy = | dr < 2| Vina " oo Ntng =l g 0,
0 LA™ () L= ()
)
Kn,3:/ b1|Vun2| ‘71 ) |un1—u1|dx<2H|Vu 2|q2 q1.(x) Hunll—ulH g1 (x) — 0,
L1 () L= ()

K4 = /Qel(x) |y — ug|dx <2 ||€1||ng<x>(0) |tn1 — M1||ml(x)(g) — 0.

Therefore, (3.3) is fulfilled. Applying similar calculations yields (3.4). Taking the weak formu-
lation in Definition 2.1, replacing uy by u,, 1, u by v,,2, 91 by u,1 — uq and ¢ by u, > — up and
using (3.1) as well as (3.3) and (3.4) lead to

limsup (A (uy), (uy —u)) = limsup (Z (uy), (un —u)) < 0. (3.5)

n—o0 n—00

Since A satisfies the (S, )-property, we deduce from (3.1) and (3.5) that u,, — u in V. Lastly,
because Z is continuous, we conclude that Z (u,,) — Z(u) in V', which proves that Z is pseu-
domonotone.

e T is coercive:
For u = (uq,uz) € V, we have

(A(u),uy = </ Vg |15 4 g | Vg |1 dx_|_/0|vu2|r’2(x) + pia [V 2 dx)

> (il 020 il 2 ]l
0 0

1,
Opl )(

> [Jully =+ mollully,

w2 () Q) Q)

where for i € {1,2}, we have
T =p;, if /Q Vi |P ) dx > 1,
T =p], if /Q |Vui|p"(x) dx <1,
and
v =q;, if /Q V|75 dx > 1,

v =q, if /Q V|75 dx < 1,
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with T =min {7, o} > 1 and v = min {vy,v»} > 1. Using (Hy) and (Hs), for any € > 0, there
exists M € L1(Q) such that for all s = (s1,s;) € R?> and & = (¢,&) € R?N for ae. x € Q), we
have

f(x,s,é).s < ()\1(P)+€) <|Sl|0¢1(x) |SZ|0¢2(X)> +c <|€1|‘71(x)_|_ |é‘2|‘72(x)> +M€(X)

Consequently, we obtain

(Z(u),u) = (A(u),u) — /Qf(x, u,Vu) - udx — (h,u)
> (Ap(), ) = () +€) [ 90 g2 dx + (g () )
_ g1 (%) q2(x) _ _ ,
[ (IVm "0 4 V2= ) = [ M) = [yl
On the other hand, we have
Ag(u) <0, (Ag(u),u)y and  Aq(p)Bp(u) < Ay(u) <0, (Ay(u),u),
with

6, := max 1,1_ <1 and 6;:=max i_,i_ < 1.
P1 P2 91 492

Hence, it follows

(Z(u),u) > (1 — GP%) (Ap(u),u)y + (1 —cpoby) (Ag(u),u)

X
~ 1Mel3 0y = "2l = 5 I,
where 0 < ag < 7, with T/ = %1 Therefore, we get
T, (Aw,u) M) _ao ea 1 Il
fully = " flully [[lly W et flully
. ( ) ull5t — Mellpiey 1 |IIS
- [y aoT [y’
. 1(p) +e€ .
where ¥y = min< 1 — 9,7/\—(;7), 1 —cpopbty ¢. Now, by choosing c, € and ag such that
1
( 1
c< ——
1oy’
—0,) A
O0<e< ( p) 1(P)’
QP
L0 <ap <17,
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A
then, we obtain lim M
lufly—eo  [ully

Thus, all the assumptions of Theorem 2.2 are satisfied. Therefore, there exists 1y € X such
that Z(ug) = 0. This completes the proof.

= oo. Therefore, 7 is coercive.

4. Uniqueness result

Next, we consider the uniqueness of the solutions of system (PS). We consider the following
hypotheses

(Fl) For all s = (81,52) and t = (i’l,fz) € ]Rz, and for all ¢ = ((;‘1, 62) and N = (171, 172) € ]RN,
(f(x,5,81,62) —f(x,t,m,m2)) - (s — 1) <
1151 — t1] [s2 — t2| + p2 (\Cl —m+ & - ’72\2>,

fora.e x € (),

(Fz) 02 < 1 and 01 < 2 (1 — p2) )Ll(2,2),

(F3) For all ¢ = (&,&) € RN and for ae x € Q, sj — fi (x,51,52,81,G2) is decreasing, for
i,je{1,2},

(Fy) Fori,j € {1,2}, for all s = (s1,s7) € R? and for a.e x € ), we have fi(x,81,82,81,82) =
fi (x,51,82,[C1],182|) and n; — f; (x,51,52,11,72) is decreasing.

(Fs) Fori € {1,2}, we have q; = p;.

Theorem 4.1. Suppose that the hypotheses of Theorem 3.1 alongside (Fy) and (F,) are verified. In
addition, if p;(x) = 2 and a;(x) = 1, for all x € Q) and for i € {1,2}, then problem (PS) has a unique
solution.

Proof. Let u = (uy,uz) and v = (v1,v2) be two weak solutions to (PS). Considering the weak
formulation of (u1, 1) and (vq,v2), by choosing ¢ = uq — v1 and P = uy — v, as test functions,
and adding the obtained equations to each other, we get

/Q IV (w1 (x) — v1(x)) P dx + g /Q (‘Fql(x) (Vi) = Fo ) (VU1)> -(Vuy — Vop) dx
+ /Q |V (uz(x) — vz(x))]zdx + 12 /Q (fqz(x) (Vua) — Fo () (sz)> - (Vuy — Vuy) dx
= /Q(f(x, u,Vu) —f(x,v,Vo)) - (u—v)dx.
Moreover, for r(x) > 1 for all x € Q) and wy, w, € Wé’r(x)(ﬂ), we have
0 < (Fr) (Van) = Fyyy (V) ) - V (w1 — w3) dx.
Therefore, using assumption (F;) leads to
S IV () = 010+ |V (2(x) — 02(x)) P dx < pu [ s = o [z — 0o

+ 02 (|V (11 (x) — 01(x))]* + |V (u2(x) — vz(x))|2> dx.
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Hence, we have

(1=p2) (/Q |V (u1(x) _vl(x))|2dx+/0 |V (u2(x) —Uz(x))|2dx> <
Pl/Q |y — 1| |uy — vo| dx.

Thus, we obtain
2(1=p2) Ap)(u —0) <
On the other hand, by using the def1n1t1on of A1(2,

1
By (u—1v) < mA(z,z)(” —0).

p1B(22) (1 — ). (4.1)
2), we get

By using (4.1), we obtain
Apay(u—1v) < P1 Aoy (u—v).
If Aoy (u —v) # 0, we obtain p; > 2 (1 — p2) A1(2,2), which contradicts hypothesis (F).
Therefore, we have A(,,) (4 —v) = 0, which means that u = v, since (1,0) € V. This
completes the proof.

Theorem 4.2. Suppose that the hypotheses of Theorem 3.1 and (Fs) — (Fs) are verified, then problem
(PS) has a unique solution.

Proof. Let u = (uq,uy) and v = (v1,v2) be two weak solutions to problem (PS). Considering the
weak formulation of (u1,u2) and (v1,v2), by choosing ¢ = (u1 —v1)_ and ¢ = (u2 —v2), as
test functions, and adding the obtained equations to each other, we have as in the proof of
Theorem 4.1

(x)>02
= /Q Fpu(x) (Vur) — ) (Vo ) (ug — 1), dx
+/Q (fpz( ) (Vug) — ) (Vo) > (u2 —vp)  dx
:/ (f1(x,u, Vu) — £1(x,0,V0)) - (u1 —v1) . d

o)
-+ /Q (f2(x, u, Vu) — f(x,v,Vv)) - (uz — v2) , dx.
Then,
/Q (f1.(x,u, Viu) — £1(x,0,V0)) - (1 — 01, dx = Ty + T + I3 + I,

where
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1 = /Q (£ (x, w1, up, |Vur|, |[Vuz|) — £ (x,01,up, [Vus|, |[Vuz|)) - (ug —v1), dx,
I, = /Q (f (x, 01, u2, | Vus|, |Vuz|) — £ (x,01,02,|Via |, |[Vual)) - (w1 —v1), dx,
I3 = /Q (f (x, 01,02, | Vg |, |Vuz|) = £(x,01,02, | V1], [Vug|)) - (w3 —v1), dx,
1y = /Q (f (x, 01,02, |Vo1|, |Vua|) — £(x, 01,02, | V01|, [Vo2])) - (01 —v1), dx.

According to the hypothesis (F3), we have Z; < 0. Similarly, we have
—(u1 _ Ul)erx,
(u2 —v2),

where () = {x, (up —v2) (x) # 0}. Using hypothesis (F3), we have Z, < 0. On the other
hand, we get

I, = /Q (f (x,v1,u, |Vuy|, |[Vua|) — £ (x, 01,02, |Vus|, |Vual)) - (uz —v2) ,
2

Iz = /Q (f(x,v1,v2, |Vuq|, |Vuy|) — £ (x,v1,02, |Vv1|,|Vuzl|)) -
3

(w1 —o1)
dx,
(V| = [Vor]) 4

where Q3 = {x, (|Vu| — [Vov1]), (x) # 0}. According to the hypothesis (F3), we have Z3 < 0.
On the other hand, we get

(IVuq| — |VZ)1|)+

1y = /Q (£ (x, 01,02, [Vor|, [Vug|) — £(x, 01,02, [Vou [, [Vr])) -
4

(w1 —ov1)
dx,
(|Vua| = [Voo) 4

where Q4 = {x, (|Vuy| — [Vvy|), (x) # 0}. According to the hypothesis (F3), we have 7 < 0.
Therefore, we get

(|Vua| = |Voal) |

/Q (f1(x,u, Vu) — f1(x,0, Vo)) - (ug —v1)  dx <0.
Using the same arguments, we obtain
/Q (f2(x,u, Vu) — £2(x,v, Vo)) - (up — 02)+ dx <0,
which implies that
/{u1(x)>v1(x)} <]:p1(x) (Vi) = Fpiw) (VU1)> V(i —vy)dx =0,

and

/{ (x)>v2(x)} <}—P2(x) (Vuy) — Fpa(x) (VU2)> -V (ug —v)dx = 0.
Uz (x)>0v2(x
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respectively. From this, it follows Vuq(x) = Voy(x) fora.e x onU; = {x € Q : uy(x) > v1(x)}
and Vuy(x) = Vouy(x) for a.e x on Uy = {x € Q:uy(x) > v1(x)}. Now, for x € Uy, we
have (u; —v1), (x) = (41 — 1) (x) and V (ug —v1), (x) = Vuy(x) — Voi(x) = 0, while for
x € Q\Uy, we have (1 —v1), (x) =0and V (11 —v1) (x) = 0.

Consequently, we have V (u; — 1), (x) = 0, a.e in Q) and then (u; —v1), = 0 because
(g —v1), € Wé’pl(x)(ﬂ). Then, we get u; < v; = 0, for a.e x in ). Similarly, we obtain
upy < vy = 0 for a.e x in (). Similarly, we obtain #; > v; =0, for a.e x in QY and uy > v, =0,
for a.e x in (). Therefore, u = v and the solution is unique.

Now, we provide some examples that verify the hypotheses of the existence and uniqueness
theorems.
Example 1. Let the function f = (f1, f2) be defined by

_ dq
fi (251,82, 81, E2) = [s2|2) [s|10) 2 sy (m(X) 1 |(|,3 & | )
and
_ dy
f2(x,51,52,81,C2) = !ﬁ!al(x) lszlal(x) %5y (ﬂz(x) + # &2 ‘qz )

where the functions a7 (x) and ay(x) are defined in the first Section and a4, a3, dq, and d; are in
L= (Q)) where they satisfy the condition ||a; + a3]|, < A1(p). We have

£(x,s,,€) s = (ay( w4 B n 4 g ()
/50,8) 5 = (@) +a(0)) s + T (1) &7 + da(x) &),

Then, f satisfies all hypotheses of Theorem 3.1.
Example 2. Let the function f = (f1, f2) be defined by
f1(x,81,52,81,82) = a1(x) sinsy + d1 (x)C1.
and
f2(x,81,82,81,82) = az(x) sinsy + da(x)¢a,

where the functions a1(x) and a,(x) are defined in the first Section and a1, a,d; and d, are in
L*(Q)) where they satisfy the condition ||a1]|,, + ||22]|c < A1(p). We have

f(x,s,,¢) - s = ay(x)sysinsy + ax(x)sp sinsy + di(x)s181 + do(x)s280.

Then, f satisfies all hypotheses of Theorem 4.1.
Example 3. Let the function f = (f1, f2) be defined by

2 S 2
f1 (x,Sl,Sz, 51,62) = —lll(x)Sz — ; (arctansz + 1+2 2) (1 +d1(x)|L|2),

1+ 62

and

59 1+ |¢1]

where a1,a;,d; and d are positive functions in L*(Q)) that satisfy the condition ||a;]|,, +
llaz2|l. < A1(p). Then, f satisfies all hypotheses of Theorem 4.2.

2 s 2
f2 (x,81,52,81,82) = —ax(x)sy — g (arctan51 + 1_: 2) <1 +d2(x)L|2),
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5. Case of a gradient-type system

In this section, we focus on gradient-type systems. Hence, we assume that f;(x,u) =

ng (x,u) for i € {1,2}. The system (PS) becomes
oF L .
—Ap Ui — Hilg () Ui = a—ui(x,u) +hi(x) inQ, GS)
u; =0 on dQ).
For u = (uy,up) € V, define AO (uq,up) and B (ul,uz) as in Section 2 by
Ao (1) =/ |Vul|p1 dx-l—/ |Vuz|p2 dx,
a pi(x)
A(u) = Ao(u +/ L\Vuﬂ‘“ dx+/ ﬁ\Vuz\‘”(x)
o q1(x) a q2(x)
w) = [ | oV dx = [ u@ax,
Q Q
and denote

F
Foo(x) = limsup (x,s)'
15]oo—s4o0 |5
Suppose that function F satisfies the following hypotheses

oF oF
(hy) Fy. and 3 : (O xR xR — R are Carathéodory functions such that there exist positive

1 2
continuous functions &}, nonnegative functions ¢; € L'(Q)) with 1 < af(x) < p¥(x), and
nonnegative constants a; for i € {1,2}, such that for a.e. x € ) and all (sq1,s2) € R?, we

have
oF ot
a—ﬁ(x,sl,sz) < ayaq(x) |sq] i |sz| +61( ),
and
oF o (x) ay(x)—1
a—sz(x,sl,sz) < apap(x) |51 1 |52 + ex(x).

(h2) There exist a nonnegative constant A; and a nonnegative function A, € L'(Q) such
that, for all x € () we have

F(x,5)] < Aq]s|*™) + Ap(x).
(h3) Feo(x) < Aq uniformly for a.e x € Q).
In this section, we state and prove a nonresonance result below the positive infimum A;. Define

T(u) = A(u) — / F(x,u(x))dx — (h,u),
0
where (u, ) = (1, ¢)y ) denotes the duality pairing between V and V'.

Theorem 5.1. Under hypotheses (Py) or (P2) and (hy) — (h3), problem (GS) admits at least one
solution v € V, for any h € V'. Moreover, suppose that (Fy) and (F,) are verified and p;(x) > 2, for
all x € Qand i € {1,2}, then the solution is unique.
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Proof. We want to minimize the following energy functional Z associated with problem (GS)
zw)zAwy—/FwM@»m—«hmwueV
Q

To this end, we show that 7 is weakly lower semicontinuous and coercive.
o 7 is weakly lower semicontinuous:
Let (#n)nen C V be a sequence such that

Uy, — uin V. (5.1)
Then, taking the compact embedding Wol’p i) (Q) — LPi®)(Q) into consideration gives
Uiy — win L (Q). (5.2)
Moreover, there exist 6 € LFi(¥)(Q) such that
|t n(x)] < 0;(x), for a.e x € Q.

Therefore, by hypothesis (h;), we have
F (%1 (%)) < Ay [un|*) + Ag(x)
< A8(x) ) + Ay (x).

Using the fact that F (x, u,(x)) — F(x,u(x)), for a.e x € Q) and applying Fatou’s lemma, we
obtain

lim sup F(x,un(x))dxg/ F(x,u(x))dx.
n—s oo /O Q

Hence
T(u) = Au) — /QF(x,u(x))dx— (u, h)

< liminf A (u,,) — limsup | F(x,un(x))dx — lim (h, uy,)

n—+oo n—s+too JQ n—r—o00

< liminf {A(un) — /QP (x, un(x)) dx — <h,un>}

n—r+00

<liminfZ (uy,).

n—-+oo

Consequently, Z is weakly lower semicontinuous.
e 7 is coercive:
Using Remark 2.1 for u = (uj,uy), we have

A(w) > Ao(u) = ([l 5, + 253 )
> nulf§,
11

+— — ¢,and for i € {1,2}, we have
P1 P2

where # = min {
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o, =p

if/ Vi [P dx > 1,
(@)

i
ci=p if /Q|vui|Pf<X> dx <1,

where ¢ = min (0q,02) > 1. By (h3), for any € > 0 there exist 6 > 0 and M. € L}(Q) such
that
F(x,5) < (Foolx) +€) [s|*¥) 4+ Mc(x), Vs:|s| > &, for a.e x € Q.

By the embedding theorem, there exist g, y; > 0 such that

qu( )|Vul|‘71 dx+/ 2 |Vuz|’72 Vdx > yodo(u) — 71.

Now, using hypothesis (h1), we have
F(x,5) < (Fao(x) 4+ €) |s|*™) + M(x), Vs € R?, for a.e x € Q.
Let € > 0 be fixed. We then have

Z(u) = A(u) —/ F(x,u)dx — (u,h)
0
> (1+70) Ao() = (M1 +€) [ [u*dx = [ Me(x) = Bl llully = 7.
On the other hand, we have

/\u|“ dx<—A0()

Hence,
M+e v p- 1 (r)
70 > (1470~ 50 ) Aot) = Mol = el = ) =,
where 0 <y < p~ and (p7) = p_p—:1 Now, we have Ag(u) > n|u||?, , then
lim Ao(u) = +oo,
lully oo [lully
and
€ 1 /
T(u) > <%—E—a7)M(%WMJmm—%pW%/

By choosing <y and € such that vy > — + 17%, we obtain

)\1
Z(u)

m
ully—eo [[u][v
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Hence the coerciveness of Z. Now, Z being lower semicontinuous and coercive, there exists
u € Vsuch that Z(u) = in]f) Z(v). Owing to hypothesis (h1), Z is a C!-functional and u € V is
ve

a weak solution of problem (GS) if and only if it is a critical point of V.
The proof of uniqueness of the solution is similar to that of Theorem 4.1. This completes the
proof.

6. Conclusions and perspectives

In this paper, we proved the existence result for the problem (PS) and, under some condi-
tions specified in the paper, we established the uniqueness of the solution. In addition, we
provided some examples that verify both results. We also dealt with a system of gradient-type
and presented a proof of existence using a variational method. Our plan for future research
involves investigating resonance and nonresonance issues when considering the interaction of
some terms in the equations with the variational spectrum of some associated eigenvalue sys-
tems when it can be defined. Positive solutions and multiplicity questions are also included in
our research plan.
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