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ABSTRACT. For a Bloch function f in the unit ball in C", we study the maximal locus of the Bloch norm of f;
namely, the set L; where the Bergman length of the gradient vector field of f attains its maximum. We prove
that for n > 2, the set L consists of a finite union of real analytic sets with dimensions at most 2n — 2. This is
not the case for n = 1 as was proved earlier by Cima and Wogen. We also give some rigidity properties of the
set L. In particular, we give some sufficient criteria for constructing extreme functions in the Little Bloch ball.
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1. Introduction and statement of the main results

Bloch functions play an important role in the interaction between geometric function and
operator theory. They are often viewed as symbols of bounded Hankel opertaors. See [7] and
the references therein. Therefore, it is always interesting to study subclasses of Boch functions
and understand the spectral properties they reflect on their relevant Hankel operators. In [2], J.
Cima and W. Wogen proved that if f is a holomorphic function in the little Bloch closed unit ball
of the unit disc A := {z € C: |z| < 1}, then the set L; := {z € A : (1 — |2]?)|f'(2)| = 1} consists
of finitely many points and closed simple curves. Subsequent proofs of this result were given
in [1] and [5]. In this note we shall consider the higher dimensional setting of this problem.
In this case there are several equivalent functional quantities which define the Bloch space. We
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shall consider herein the quantity given by the length of the Bergman gradient vector field of f
with respect to the Bergman metric. Therefore, we start by recalling the basic elements of the
Bergman geometry [4].

Let 2 be a bounded domain in C". We denote by Aut(f2) the group of all holomorphic auto-
morphisms of ) and let b, be the (differential) Bergman metric. It is given by

wa (2)G¢j, for (2,¢) € Q x C™,

2,7=1

where )
0?log K(z, z)
bii(2) = ——2 %)
j(Z) 821»823»
and K is the Bergman kernel of (2. This metric is automorphism invariant. Namely, for each
(z,() e QxC”
ba(p(2), ¢'(2)¢) = ba(z, (), for all p € Aut(Q2),

where ¢’ denotes the complex Jacobian matrix of ¢. If f is holomprphic function in €2, then the
Bergman gradient vector field of f is given by

af o
— ij
V=2 Z b 0%, 0z

i,j=1
where (b (z)) is the inverse of the matrix (b;;(z)). The square of the length with respect to the
Bergman metric of V f is given by

of of
2 _ O i
=23 595

2,7=1

We set

@1 =TT fIP)

This quantity is invariant under Aut({2), due to the invariant property of the Bergman metric bg,.
Namely,

Q(fop)=Q(f) oy forall p € Aut(fQ2).
We shall say that the holomorphic function on {2 is a Bloch function, if

1% = Sgg(@f)(Z) < 00

We denote by B((2) the space of all holomorphic Bloch functions f on 2. An element f € B(Q2)
for which lim, 50 (Qf)(2) = 0, is called a little Bloch function. The little Bloch space 2B(2) is the
subspace of B(£2) which consists of all little Bloch functions. The pair (B, || ||») is a Banach space
which contains 9,(€2) as a closed subspace. We denote by B'(2) the unit ball in (B(Q), || ||»)
and B} () the unit ball in (By, || ||s().

We set
Ly = {2 €Q:(Qf)(2) = Ifll}
and call L; the Bloch maximum locus of f.
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If B is the unit ball in C", it is known that for a holomorphic function on B we have
(QN)(2) = (1= |2) [[VfI*(2) = IRfI*(2)]

where Vf = (g—i, o %) and (Rf)(2) :== > 1, zj%(z) is the radial derivative of f.

Finally, we fix some notations. For z = (21, ,2,),w = (wy, -+ ,w,) € C", and r > 0, we set
zow:= )" zjw;, (z,w) = zewand B(z,r) :={weB: |w— 2 <r}.

Throughout the paper we shall assume that n > 2. Our main results are the following.

Theorem A Suppose that f € B}(B). Then there are finitely many real analytic sets E,--- , Ey
in C*~! and for each j = 1,--- , N, there is a real analytic injective mapping ; : 2; — C" defined
on a neighborhood §; of E; in C"~! such that

Ly = UL 4;(Ey).

In particular, the d-dimensional Hausdorff measure Hq(Ly) of Ly is zero for any d > 2n — 2.
Theorem B Let Q) be a bounded domain in C" and let f € B}(Q).

(1) Suppose that for some a € Ly there are real analytic curves v, -+ ,7v, :] — 1, 1[— B such
that

71(0) =+ =m(0) =a
a€ LyNy;(l =1 1) \{a}, forj=1,---,n
C" = spanc(71(0), -+ ,7,,(0))-
Then f is an extreme point of B} (B).

(2) Suppose that f € B}(B) and the dimension of the real analytic set Ly is dimgL; = 2n — 2.
Then one of the of the following holds.

(i) f is an extreme point of B}(B).
(it) Ly contains an (n — 1)-dimensional complex submanifold of C".
Remark Let f € B(B) and L a complex line in C". Then the following are equivalent.
(1) Ly contains BN L.
(2) Ly contains B(z,r) N L for some z € L and some r > 0.

2. Rigidity properties of the Bloch maximum locus

For z€ C"and r > 0,let A(z,r) :={ z: A€ A |\ <r}.
In this section we begin with the following result.

Theorem 2.1 Suppose that f € B'(B) satisfies |(Vf)(0)| = 1, and let Vf = > 7, P, where
each P, : B — C" is a holomorphic polynomial mapping with homogeneous components of degree
k. If z € C™, then the following are equivalent.

(1) Ly contains A(z,r) for all r > 0 such that rz € B.
(2) Ly contains A(z,r) for some r > 0.
(3) For each j € N, we have

|Pi(2)]* = 27| Ro* + |z @ Py (2)]*.
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Proof That (1) implies (2) is trivial. To prove that (2) implies (3), suppose that L; contains
A(z,r) for some r > 0. If w € B, then

(R(Q)(w) = Z (G = G+ DIw)(F;(w), Pe(w))
~(G 1= G+ D) (w e Py(w))(w e Pe(w))]
Since (R () f) vanishes identically on L; it follows that

1 2

0=5- | (R@De 20

=Y G =G+ DIz P r2)P = (G + 1= (G +2)lrzP)|rz o Pi(r2)7]
J
By induction we get that for j = 1,2,-- -,

|Bi(2)]” = [2[7| Ro|* + |z @ Pioa(2) %,

showing that (3) holds. Finally, if (3) holds, let » > 0 such that vz € B. Then a little computing
shows that

%/0 W Qf(?“ewz) df = kz:% (1 — |7“Z|2)[Pk(7“z)|2 —|rze Pk—l(TZ)|2]

by (8) = (1 —|rz") Y Ir=l*|Rof* = |Bof* = [(V£)(0)] = 1.
k=0

Since £ is a probability measure and f € B1(B) it follows that

(Qf)(re?z) = 1 for almost all 6,
so that by the continuity of @) f we see that
(2.1) (Qf)(re?z) =1, for all 6 € [0,2n].

Hence (1) follows. O

Corollary 2.2 Suppose that f € B}(B) satisfies |(Vf)(0)] = 1, and let = € C". Then A(z,r) is
not contained in L for any r > 0.

Proof Suppose that L; contains A(z,r), for some r > 0, and let r,, be an increasing sequence
of positive real numbers such that |z|lim,, . 7, = 1. By Theorem 2.1 we see that L; contains
A(z,r,) for any n. By virtue of (2.1) we have that (Qf)(r,z) = 1 for all n, which contradicts that
f is a little Bloch function. O

3. Extreme points of the unit ball of the little Bloch space
We begin this section with the following

Proposition 3.1 Let 2 be a bounded domain in C" and f, fi, f» € B*(Q) with f = (fi1 + f2).
Then

(VI)(2) = (VA)(z) = (Vf)(2), forall z € L;.
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If, in addition, Ly is a uniqueness set, then f = f; = f5, and thus f is an extreme point in the Bloch
ball.

Proof First, it is easy to see that the hypothesis f, fi, fo € B'(2) and f = (f1 + f») implies
that

(QF)(2) = (Qf)(2) = (Qf:2)(2), forall z € Ly.
This equality implies that [V f|2 = |V f1|? = |V fo|* and hence

~ o0 0
—)P=a S b — ) (fi — fo) =
V(fi = £) 221 (g (h = Pl (fi = f2) =0,
for z € L;. Since (b (%)) is positive definite, the proposition follows. O

The following result is a real analytic version of the Weierstrass Preparation Theorem. It can
be found in [3].

Lemma 3.2 Suppose that g(x,y,w) is a convergent power series where the variables (z,y,w) are
in a neighborhood of the origin in R x R x C"~. Suppose that ¢(0,0,0) = 0 and

[e.9]

(31) g(oay70) = Zakyk7 [ > L, a 7é 0.
k=l

Then there are power series v(z,y, w) with v(0,0,0) # 0, and ui(x,w),0 < k <1 — 1, such that

g(z,y,w) = (v + wei(z,w)y ™+ -+ ug(z,w)) v(2, y, w).

Lemma 3.3 Let g(z,y,w) be a real valued function of the form
3.2 g(m,y,w) =y2+u1(x,w)y+u0(x,w),

where the variables (z,y,w) are in a neighbohood of the origin in R x R x C"™1, and u,(x, w)
uo(z, w) are real analytic functions in some neighborhood of the origin. Suppose that ¢(0,0,0)
and there is ¢ > 0 such that

and
=0

(3.3) gz, y,w) >0 for 0 < [z]* + [y + v <e.
Then there are positive integer m and 6 > 0 such that
(34) (Jl + [y* + Jw)™ < g(z,y,w) for 0 < |z +[y[* +|w]* <.

Proof Since ¢(0,0,0) = 0 we see that u,(0,0) = 0. Also, by (3.3) we see that u,(0,0) = 0. Hence
u1 has a power series expansion of the form
u1($7w) :pj(l‘7w) + Z pk(xaw)7 Wlth] > L
k=j+1

where each p, is a homogeneous polynomial of degree k.
Writing ¢ in the form

9(z,y, w) = (y + ul(z,w)>2 + (UO(%w) - M) :
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yields that for 0 < |z|? + |y|? + |w|* < e, we have

(3.5) g(z, —ul(:;’ w),w) > 0.
Therefore, for some positive integer m and some ¢ > 0 we have
2 o0
uy(z,w
gl w) — LA 3 o), foraf + ol <,

where m > 1 and ¢, are homogeneous polynomials of degree k such that ¢y, (z,w) > 0 for
0 < |z|? 4+ |w|? < 6. By taking § smaller if necessary we may assume that for some ¢ > 0

%qgm(a},w) < ug(z,w) — M

(ur(z,w)* < 4(p;(z,w))* < de(|z]* + w]?)

(3.6)

Set
A= {(z,y,w) : y* <de(|z]* + [wf*), 0 < |z|* + |w|* < §}.
From (3.6) we see that

(. w))?

(3.7) g(z,y,w) > up(z,w) — 1 %qgm(x,w).

For for (z,y,w) € A we have
(el + [yl* + Jwl*)™ < (1+ 4e?) (2] + |w]?).
Thus for some a > 0,
Gom (2, w) > 2(J2f* + [y[* + [w[*)™, for all (z,y,w) € A,
so that by (3.7) we obtain that
(3.8) g(x,y,w) > a(|z|* + |y)* + |w*)™, for all (z,y,w) € A.

Next, set
B = {(z,y,w) : y* > de(|z]* + [w]*), 0 < |2* + |w|* < 5} .
By (3.6) thereis b > 0

2 2
U\, w Y m
(3.9) o) 2 (4 SEDY 5 s a4 o)

for all (z,y,w) € B. From (3.8) and (3.9) we obtain that for constant constant C'

(3.10) g(z,y,w) > C(|z|* + |y* + |w*)™, for 0 < |z]* + |y|* + |w|* < 0.

By choosing § smaller and m larger if necessary, we may assume that C' = 1. This completes the
pr(;.(::fnma 3.4 Let f € B'(B) such that [V f(0)| = 1. Then there is a unit vector ¢ € C" such thaDt
if z € C™ has the orthogonal decomposition below

(3.11) z=(zx+iy)+w, z,y € R,w e C", with (w,&) = 0.

and
g(z,y,w) =1 —(Qf)((x +iy)§ + w),
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then there are power series v(x,y,w),u(x,w) with v(0,0,0) # 0 and u(0,0) # 0, vso(z,w) and
vp(w), k = 0,1, such that for some § > 0

vz, w) v1(w)

(3.12) g(x,y,w) = ((y + T’)Q + (z + 5 )2+ vo(w)u(:r;,w)) v(z,y,w)

and vy(w) > 0,u(z,w) > 0, and v(z,y,w) > 0 for |z| < 4.

Proof As before, we write V f = ", P, where each P, : B — C" is a holomorphic polynomial
mapping with homogeneous components of degree k. After a unitary change of coordinates, we may
assume that Py = e; = (1,0,---,0), and write

P (z)
Pi(z) = ( : ),forj>1.

Pin(2)

Thus

82’1 =1+ Z Pml
(3.13)

P,i(z) for j > 2.
azj mzl J f j

Moreover, for z € B we have

o

Q=)= (1 —121) ) [<PJ(Z), Bi(2)) = (2 0 P(2))(z @ Pi(2))

5,k=0
= (1—|2]*) [1 4+ 2Re Pi1(2) + O(|z]*)] -
If P11(C) # 0 for some ¢ € S then we choose such ( so that Py1(¢) = |P11(¢)|, and thus for 0 < r < 1
(QN)(rQ) = (1 —r*) [1+2rPu(¢) + O(r*)]
=1+ 2rP;(¢) + O(r*) > 1 for r close to 0.
This contradicts the fact that f € B'(B). Therefore, P\, vanishes identically on C", and thus
0 f
0210%;

(O)ZOforjzly , 1

from which it follows that
(3.14) Pi(e;) =0.

Setting
H(z) = |Pi(2)* — |z1]> + 2Re Pa(2), for z = (21, ,2,) € C,
we see from (3.13) that

(@F)(2) = (1= [2]*) [T+ H(2) + O(|2*)] -
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If |[H(C)| > 1 for some ¢ € S then we choose such ( so that H(¢) = |H({)|, and thus for 0 <r < 1

(QA¢) = (1 —7r*) [L+72H(O) + O(r)]
=1+7*H() - 1)+ O(*) > 1 for r close to 0.

This contradicts the fact that f € B'(B), and hence |H(z)| < |2|?, for all z € C™.
Next we set

P21(61) = |P21(61)|6i0, with 0 € [0,271']
(3.15) 1-

€ =¢€(t) = e ey, fort e [0,2n].
Thus
(316) Pgl(f) = ]Pgl(el)]eit, fOT' all ¢ c [0, 271']

Now every z € C" has a unique orthogonal decomposition of the form (3.11), namely,
z=(zx+iy)§+w, z,y € R,w e C", with (w,&) = 0.
Using this we define
9(z,y,w) =1 (Qf)((z + iy){ + w).
Then we have g(0,0,0) =1 — |V f(0)|?> = 0. We shall show that for some o > 0 we
9(0,y,0) = ay® + O(y).
Indeed we have that,
9(0,y,0) =1 = (Qf)(iy¢)
{ =1-(1—9) [1+y°H(@&) +O0@y")] .
By (3.14) and (3.15) we see that P;(£) = 0. Therefore
H(i§) = —1 — 2| Py (e1)| cost

so that

(3.17) 9(0,9,0) = 2(1 + [Par(er)| cos t)y* + O(y*) = ay® + O(y°).
where

(3.18) a=a(t) == 2(1 4 |Py(er)|cost) > 0, fort # .

Applying Lemma 3.2 to g we can find real analytic functions v(z,y,w) with v(0,0,0) # 0, and
ug(z, w), k = 0,1, such that

g(l', Y, IU) = <y2 + Ul(ﬂf, w)y + u0<x7 U))) U(l’, Y, w)
It follows that,

0,y,0
0(0,0,0) = Tim 20420 _

y—0 y2
(a (2, w))?

(3.19)

up(z,w) — > 0 and u(0,0) = uy(0,0) = 0.
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Choose ¢’ small enough so that

Jua (z, w)?

1 < 8, for2® + Jw|* < ¢

2+ |w]? +
For x? + |w|? < &', set

uy (2, w)

)= (ol ) - LD o, B0 )

g1(z,w) = g(x, —

From (3.19) we see that ¢,(0,0) = 0 and g, (z,w) > 0 for 2 + |w|* < §'. Since u(0,0) = 0, one can
write uy(z,0) = 28z + O(x?), for some 3 € R. Thus,

uy(z,0)

91(x,0) = g(z, — 9 ,0)
—1—(Q)|(z — %ul(w, 0))¢]

—1- (1— 2% — B2?) {1 + H( — Sz, 0)€] + 0(&)} .

On the other hand,

Hl(x ~ Sun(r,0)¢

__ (x " @) 2|y (er) Re ¢ (x ~ tur, 0>)2

(4 lkn 0P

42| Po(er)] [Cost ((gﬁ _ }L(ul(a:, o>>2) + a(sint)(us (x, 0)}
= —2®|Pai(e)] [1+ 8% — 2(1 — B) cost + 4Bsint] + O(z?).
Therefore,
91(z,0) =22 [1 — | Py (e1)| cost + B*(1 + | Par(e1)] cost) + 23| Pai(e1)] sint]
+ O(2%)
If we choose t > 0 so that 3*(1 + | Py (ey)| cost) + 26| Pay(e1)| sint > 0, then
g1(z,0) = va® + O(2?),

where
v=u(t) :=1—cost+ B*(1 +cost) + Bsint > 0,

so that by Lemma 3.2 there are real analytic functions v;(w), vs(w), v4(z, w) such that

g1(z,w) = (2% + vy (w)z + v3(w))vy(x, w), for x> + |w|* < §'.
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Hence for x* + y* + |w|? < &', we have

9z, y,w)
1 1 2 2

=+ qulew)?+ (o4 put)) i) - 20| ),

If we set
’UQ(fE,UJ) = ul(x,w), u(:v,w) = U4(uxlzxui,>)
v(x, =15, w)
2
wofuw) 1= e3a) — 1

then the lemma follows. O

If , is the biholomorphic involution of B which exchanges 0 and a, we denote by o : BxB — [0, 1]
the pseudo-hyperbolic distance in B. It is defined by

0(z,a) = [¢a(2)], for z,a € B.

It is known [6] that o is distance in B which defines the topology of B. We denote E(a,r) the o-ball
centered at a with radius r.
Proposition 3.5 Let f € B(B) such that || f|ls = 1.

(1) If a is an isolated point in Ly, then there are a positive integer m, and 6 > 0 such that
(3.20) (Qh)(2) + (0(z,a))*™ < 1 for 0 < o(z,a) <.
(2) If L; is finite, then f is not an extreme point in B.
Proof First we prove part (1). First, we assume a = 0. Then the hypothesis of (1) means that
|V f(0)] =1 and for some ¢ > 0
(Qf)(2) <1, forall0 < |z| <e.

Using the same notations as in Lemma 3.4, we see that the hypothesis in part (1) means that 0 is
an isolated point in L. Thus, if ¢ is chosen sufficiently small, then for 0 < z* + y* + |w|* < ¢, we
have g(x,y,w) > 0. This fact, combined with Lemmas 3.3 and 3.4, implies that there are a positive
integer m and a real number § > 0 such that for z = (x + iy)( + w we have

(3.21) 2P < g(z,y,w) =1 — (Qf)(2) for 0 < |z]| < 6.

Now if a is an isolated point in Ly, and if ¢, is the biholomorphic involution of B which exchanges
0 and a then 0 is an isolated point in Lo, By (3.21), one can find § > 0 and a positive integer m
such that

(Qh)(2) + (0(z,a))*™ < 1 for 0 < o(z,a) < é.

This proves part (1).
To prove part (2), suppose that L; = {a,,--- ,a,}. Applying (3.20) to each a;, we see that there
are a positive integer m; and 0; > 0 such that

(3.22) (Q)(2) + (o(z, 7)™ <1 for 0< o(z,a;) < ;.
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Let m = max{m; : 1 < j < p} and for N > 2m set
n(z) = ZlNH hi(2) = (0 @a,)(2)

h(z) := th(z), for z € B.

Then for z€ Band j =1,--- ,p,
(@)(2) = N + 1)1 *M (1 = [/ (1 = |z1]?) < 2N + 1) [
(Qny))(2) < (2N +1)(1 — |pa; (2)1*)(0(2,a5))*" < (2N + 1)(0(2, a5))*"
from which it follows that n € Bj(B), and h; € B}(B) for j = 1,---,p. On the other hand, for

z € B,
V(Qh)(z Z\/ Qhy)(2) [ ] 1 (2)

k#j

< /—Z oz, aj) NH 2, @) )P

k#j

<pv2N +1

This implies that if A\ € A and z € E(a], 9;), then
Q(f + Ah)(z) < 2) + 2\ (Qh)(2) + [AX(QR)(2)

< (Qf)(=) + 2pNVEN +1 H e m]

p 2N
) Tote

+p?AF(2N + 1

<@NE)+ I (2p¢7 + PN + 1)) [o(z. ;)]

This proves that if = € U;E(a;, §;), then by (3.22) we see that

1
2pV2N + 1+ p2(2N +1)

(3.23) QU +Ah)(2) < 1 for [N <

On the other hand if we set
{ M = sup{\/(Q[)(2) : z € B\ U;E(a;, ;) }
M’ = sup{\/(Qh)(2) : = € U; E(a;,6;)}
then M < 1 and M’ < p*(2N + 1). Thus for z € B\ U;E(a;,d;), we have
(3.24) VQU +M)(2) < VIQN(Z) + MV(@Qh)(2) < M+ [Ap*(2N +1).
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Combining (3.23) and (3.24) yields that

1-M 1
su + Ah)(z2) <1, for |A| < min ,
zeg(Q(f Jz) < 1, for |l P*(2N +1)" 2pv/2N + 1+ p2(2N + 1)
which shows that f is not an extreme point. O

4. Proof of Theorems A and B

We shall need the following
Lemma 4.1 Let f € B'(B). If a € Ly, then there is § > 0 and a real analytic injective mapping
Y =1, : 0B, 1 — B, and a real analytic function u : B, _; — R such that

(4.1) Lin{zeB:o(z,a) <} ={¢Y(w): |w| <dand u(w) = 0}.

Proof If a = 0, then the lemma is an immediate consequence of Lemma 3.4. If a is an arbitrary
element of Ly, then 0 € L(y.,,), and thus there exists § > 0 and a real analytic function n : 0B, —
B,, and a real analytic function u : 6B,,_; — R such that

Lifopy N{z €B: |2| <0} = {(n(w),w) : w € 6B,_1 and u(w) = 0} .
Defining 1 : 6B,_1 — B, by
¢(w) = ‘Pa(ﬁ(w)7w)7 fOT’ w e 5Bn—1-

then it is easy to check that (4.1) holds. O
Proof of Theorem A If f € B}(B) then L; is compact. By Lemma 4.1 there is a finite number
of points ay,--- ,a, in Ly, positive real numbers 64,--- ,9,, real analytic injective mappings ; :
9;B,_1 — B,, and real analytic functions u; : §;B,,_1 = R, for j =1,--- ,p, such that such that
Ly = U_ {¢j(w) : |w| < §; and uj(w) = 0} .
This completes the proof of Theorem A. O
Proof of Theorem B First we prove part (1). Since Ly is a real analytic set the hypothesis (1.1)
implies that for some ¢ > 0 we have that v;(t) € Ly for |t| < eforall j = 1,--- ,n. We shall prove

that Ly is a uniqueness set and by Proposition 3.1 part (1) of Theorem B will follow. The condition

implies that dimension of any analytic set which contains Ly is greater than or equal to n, and so
Ly is a uniqueness set.

Next, we will prove part (2). In view of Lemma 4.1 there are § > 0, and a real analytic injective
mapping 1 = ¢, : 0B,,_1 — B,, and a real analytic function u : §B,_; — R such that ¢(0) = a and

Lin{zeB:o(z,a) <0} ={¢(w) : |w| <§and u(w) =0} .

Since dimLy = 2n — 2 and a is a regular point of Ly it follows that u must vanish identically on
0B,,_1. Hence ¢(w) € Ly NE(a,d) for any w € dB,,_;. If f is not an extreme point in the little Bloch
ball then there must exist an analytic set A C C" with codimension 1 that contains L;. The mapping
¢ : 6B,_; — A has maximum rank near 0. Therefore 1)(6B,,_;) a neighborhood of a, and thus L;
contains an open subset of the set A" of regular points of A. This completes the proof of part (2). [
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