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1. Introduction. 10th proof of a Haar Lemma

Given a Banach space of complex sequences X, the dilation completeness
problem (DCP) consists in a description of cyclic elements x = (xy)r>1 € X
for the dilation semigroup (D,,),>1, i.e. z € X such that £, = X where

E, =:span, (Dna::n: 1,2,3,...).

Below, we often suppose that the space X is an “ISL” — (Dilation) In-
variant Sequence Lattice, i.e. a Banach space of complex sequences such

that:

() with every x € X it contains all sequences y = (y,,),>1 having |y, | <
||, ¥ € N and [ly|[x < =[x,
(ii) the dilations D,,

Dn (Z l'k(sk) = kaank
k k

are well definedon X,z € X = D,z € X,Vn > 1, and
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(iii) §; := (1,0,0,...) € X and so all standard unit vectors ¢, (and their
linear hull Xy),

Or = (0k,;)j>1 (0k,; being the Kronecker delta),

are contained in X.

We distinguish “normalized” ISL (or N-ISL) by the property ||0x||x = 1,
Vk. In this case,

M(N) C X C (=(N),

with the corresponding inequalities for the norms.

The notation span_(...) means the closed linear span of a set of vectors
(...)in X, closed for the weak topology o (X, X’) induced by the dual lattice
X' with respect to the standard duality

<$7 y) = Z TnYn,

n>1

where X' stands for

X' = {y = (o) © > [Zaynl < 00,V € X} .
n>1

Notice that always X’ ¢ X* (the Banach dual space), and if the set X

of all finitely supported sequences (the linear span of 6, £ = 1,2,...) is

dense in X, then X’ = X*. Clearly, if X’ = X* then span, = spany, the

norm closed linear hull in X. In any case, the dual norm on X' is defined

by [[yllx- = sup{[{z, )| : [lz]lx <1}.

As examples of N-ISL, we can mention the rearrangement invariant se-
quence spaces, RIS (see details below, as well as [31]), and in particu-
lar, /7(N) spaces (1 < p < o), Orlicz, Lorentz, Marcinkiewicz sequence
spaces X. As ISL’s, one can consider some weighted lattices X, (x € X,
iff (x,w,) € X), see below. Quite recently, there were discovered many
interesting facts on the DCP related to Dirichlet series and the analytic
number theory, mostly on the Hilbert space X = (*(N), see for example
[19, 50, 41, 45, 11], as well as the references in Sections 4.4, 5.4, 6.8,
6.10 and 9 below.

Acknowledgements. The author is mostly grateful to several colleagues
who kindly regarded preliminary versions of the manuscript and made
very valuable remarks: Evgueny Abakumov (Marne-la-Vallée), Alexander
Borichev (Aix-Marseille), Hervé Queffélec (Lille), and Rachid Zarouf (Aix-
Marseille). In particular, A. Borichev suggested a “generalized Vander-
mond’s identity” for the proof of Lemma 8.2, and H. Queffélec helped with
an attribution of A. Haar’s Lemma.
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Later on, we return to the general setting described above, but just now,
consider the DCP in the space X = ¢*(N) of all bounded complex se-
quences, with the usual sup norm. The following statement is our depar-
ture point for this paper.

1.1. Haar’s Lemma. Ifa, € C, >, |ax] < coand >, o an = 0
(Vn > 1), then a; = 0, Vj > 1. - -

It seems that the lemma first appeared in G. Polya and G. Szeg6 problem
book [49], Part I, N°129 with a (rather involved) proof attributed to Alfred
Haar (without detailed references). Much later, in [50], p. 294, the propo-
sition is refered to as just “a simple classical lemma” and is proved making
use some specific procedures (related to the sieve of Eratosthenes and the
classical Mobius inversion formula — see below). In [50], the lemma is
then used for the proof of a A. Wintner result quoted in Remark 3.2 below.

Clearly, by the duality, Lemma 1.1 means that the constant sequence

1=(1,1,...)

is a (D,,)-cyclic vector in £°°(N) for the weak-* topology o ({>°, () = o (£, (£>°)').
In fact, historically, similar cyclicity properties in the space ¢? for more
general totally (or, completely) multiplicative sequences .,

Tk = Tpx, (Vn, k € N)

were (re)discovered many times, under various hypotheses and forms,
and usually with different proofs. I found 9 such proofs in the litera-
ture, starting from the inicial Haar’s lemma, and then in A. Wintner [60],
N. P. Romanov [53], N. I. Ahiezer [1], P. Hartman [18] (the most com-
plete treatment), V. Ya. Kozlov [27], H. Hedenmalm-P. Lindquist-K. Seip
[19], N. Nikolski [41] (with [43]), H. Queffélec [50]. Below, a tenth proof
of that fact is given in much more general framework, surely the shortest
one and completely elementary. In subsequent sections, we similarly prove
some more general statements.

Note that a lattice X always contains the set X, of finitely supported
sequences x = ), 0y, i.e. finite linear combinations of the standard unit
vectors d;. The set Xy is dense in X for o(X, X’) topology.

1.2. Extended Haar’s Lemma. Let x = (z4)r>1, 1 = 1, be a bounded
(complex) totally multiplicative sequence. If >, -, |ax| < oo and

Zxkank =0 (VYn>1), thena; =0, Vj > 1.
k>1

Proof Let py = 2, po = 3, ..., ps, ... be all integer primes. Setting
z(0) = x, define z(s), s = 1,2, ..., recurrently as

z(s) = (id — xp, Dy, )x(s — 1), s=1,...
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Obviously, z(s) € E, for every s = 0, 1,... By multiplicativity, all coordi-
nates of z(1) with indices in 2N are zero, whereas all others are the same
as for x(0), and next, all coordinates of x(2) with indices in 3N are zero,
whereas all others are the same as for x(1), etc.

Since (clearly) ||z(s)||oo < ||z(s — 1)|| and all coordinates of z(s) with
indices between 2 and p, are zero, we obtain (¢*) lim,_,, z(s) = d;, where
51 = (1,0,0,...) and o* = o (¢, (') stands for the x-weak topology.

It follows that ¢, € F,, and then §,, = D(n)d; € E,, Vn. Since E, 1 a (in
the sense of the introduced duality), a = 0. O

Below, we extend Lemma 1.2 to general ISLs and to (partially) multi-
plicative sequences, and list some more observations on the DCP in the
D,,-invariant lattices (ISL).

2. Invariant sequence lattices (ISL)

As it was mentioned, in this paper, the spaces where the semigroup
(Dy)nen acts, are the D,,-invariant sequence lattices (ISL) defined in points
(i)—(iii) of Section 1 above. If in addition, the norm in X is permutation
invariant,

|(zn)|| = [(o@m))|| (for every bijection o : N — N),

we speak on a rearrangement invariant space X (RIS). The classical exam-
ples of RIS are X = ¢? = (?(N), as well as the Orlicz and Lorentz sequence
spaces X (see [31]).

Clearly, a RIS is a N-ISL, a normalized ISL as it is defined in Section 1.
As further examples of ISL, one can consider the corresponding weighted
spaces: given a N-ISL X, let

X = {(xn) : (wnwn) € X}7
where (w,,) is a positive weight satisfying

sup% < oo, VneN.

k>1 Wk
Besides its own norm topology, we consider on X a “weakened topology”
o(X,X'); it can be different from the standard weak topology (X, X*),
especially in the case where X' is rather a predual space than the dual one
X* (as for X = ¢(*(N)). Notice that the subspace Xy, is always (X, X")
dense in X (indeed, if y € X’ and (0,,,y) = 0, ¥n then y = 0).

We are using the following obvious coordinate-wise meaning of the X'-

weak convergence.
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2.1. Lemma. Let X be an ISL, and 0 = o (X, X").

(1) (Coordinate dominated convergence) If z,#™ € X and if |x§")| < |z,
Vn, j and lim,, $§»n) =0, Vj, then (o) lim, (™ = 0.

(2) Assume that the finitely supported sequences X, are norm dense in X’
(for example, X is dense in X and X is reflexive), and let (™), be a
sequence in X. Then, (o)lim, 2™ = x if and only if sup,, ||[z™]||x < co and

lim,, x§") =ux;, Vj > 1

Proof. In fact, the proofs of the both claims are classical exercises, the first
one with a use of the Lebesgue dominated convergence: lim,, Zj xg.n)yj =

Zj LjYj-

Notice that without any hypothesis, the coordinatewise convergence and
norm boundedness are not sufficient for the weak o(X, X’) convergence
(for instance, for X = /).

3. Totally multiplicative sequences are always cyclic

A sequence of complex numbers x = (xj)ren iS totally multiplicative if
Tk = Tpry for all nyk € N (so, xr; = 1, if z # 0); x is called also a
semicharacter of N.

3.1. Proposition. Any nongero semicharacter x, x # 0, lying in an ISL
X, is (X, X')-cyclic for the dilation semigroup (D,,), i.e. E, = X, where

E, =span,(D,z : n € N).

(So, in the case when X' = X*, it is norm cyclic).
In particular (an extended form of the above Haar’s Lemma), if such a
sequence x is in an ISL X and a € X', and

Zankxk =0 (Vn>1), thena; =0, Vj > 1.
k>1

Proof. We use the sequences z(s) € E, considered in the proof of “Ex-
tended Haar’s Lemma” (1.2 of Section 1),

x(s) =: (id — zp, D, )x(s — 1), s=1,...,2(0) =z.

Then, |z(s),| < |z;| for every s and j, so that — by Lemma 2.1 — (o) lim, z(s) =
01 € E,, and hence §,, € E, (Vn > 1). But as it was mentioned, Lin(J, :
n >1)is o(X, X’)-dense in X. O

3.2. Remark. Notice, that for X = /7, 1 < p < oo and for every reflex-
ive ISL, Proposition 3.1 gives D,,-cyclicity also for the norm convergence.
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Moreover, if 2 € X is o(X, X’)-cyclic in a ISL X, it is o(Y, Y”)-cyclic in any
larger ISLY D X.

As an example to 3.1, a sequence (k~?);>; is dilation-cyclic in any ISL
X where it is contained. In particular, forestalling a short discussion in
Section 9 below, it follows that a function sequence p(nz), n = 1,2,... is

complete in L*(0,1) if p = 37, -, S‘nkﬁ”), > 1/2 (A. Wintner [60]; later
on, this fact was repeated in many other sources).
Now, we extend our language introducing the standard additive writing

for the semigroup N, and recalling the Fourier—Bohr transform.

4. The Fourier-Bohr transform in complex domain

First, we recall the language of the dilation semigroup. Consider the set
of positive integers N as a subsemigroup of a (multiplicative) group of pos-
itive rationals Q, endowed with the discrete topology. The latter is canon-
ically isomorphic to the (additively written) group Z(oo) — a subgroup of
7> =7 x 7 % ... consisting of finitely supported sequences: « € Z(o0) if
and only if o = (a;);>1, a; € Z and supp(a) = {j € N : a;; # 0} is finite.
The isomorphism is given by the Euclid prime decompositions:

r— a(r) (reQ.), where r = p*") .= Hp?j,

p = (p1,pe,-..) stands for the sequence of the consecutive primes (p; =
2, pp = 3, etc.) and a(r) = (a1, a9,...), a; € Z. The a-range of the
subsemigroup N C Q. is a(N) = Z (c0) =: Z(co) N Z.
The (compact) dual group of Z(oc) (and so of Q;) is T = T x T x
. (with the infinite product topology), where the duality is written in a
natural way:

fa.cy=¢=]]¢" a;) € Z(oo) and ¢ = ((j);=1 € T,
and respectively,
{r,(} =¢: H ;) € Z(oco),r = p*") and ¢ € T*.

The corresponding Fourier (Laplace) transformation is called the Bohr trans-
form (or the Bohr lift, [8]). For a finitely supported function » on Q, (or,
respectively, h on Z(00)), it is defined as

=) h(r)¢""); resp., BA(Q) = > h(a)(®, (€T

reQ4 a€Z(o0)
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The shift operations for functions on Q. and Z(oo) are defined, respec-
tively, as

D.h(r) =h(rs™") (r,s €Qy); Ssh(a)=h(a—p8) (a,B € Z(x)).

The Bohr transformation transforms both shifts into the multiplication M«
by the corresponding character, M. f = (“f({), so that the following
lemma holds.

4.1. Lemma.

BDy= McB (o= a(s)) and BSz = M B.0J

4.2. Domain where the Bohr transform exists. For functions having
support in N C Q,, the Bohr transform of z € X (N) is naturally defined
on the corresponding X'-circular domain DS,

DY = {A = (A\)sz1 : (A*™),51 € X(N)'},
or, in an additive writing, for z € X (Z,(c0)),

DY = {A = (Aot : (A)aezs o) € X(Z4(00))'}.

Precisely,

Bx(A\) = Y X%, AeDY, Ve X(Zi()).

Q€Z4 (00)

Since the above series are absolutely convergent, they represent functions
holomorphic on the interior part of the corresponding domain. In fact,
since X and X' are lattices, A = (As)s>1 € DY and |us| < [N (Vs >
1) entail 4 € DS, so that — following the standard complex analysis
terminology — D%, is a complete Reinhardt domain in C*.

We often identify a lattice X = X (N) on N with its transplantation to
Z.(o0) = a(N), always with the help of the above defined map n — a(n) =
(a1,...as,0,...). So, given a sequence space X, we formally should write
X o ! for its transplanted image on Z, (0),

Xoa ' ={(2,): 74 = 2y, if @ = a(n) and (z,,) € X}.

For short, omitting !, we hope that the writings like X (Z, (0c0)) = X (N)
(formally, = X (N) o o) would not lead to confusions.
For a power series realization, we speak on

X 4, the space of power series f = Z f(n)z",

n>1
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~

with (f(n)),>1 € X = X(N), (A stands for ’analytic’). Respectively,
X4(D%,) denotes the space of power series f = Z Fl@)A?,

a€Z4 (00)

~

defined (with the absolute convergence) for A € DS, and (f(«)) € X(Z,(c0)) =
X o a~!'. In fact, the latter one is the Bohr transform of the former,
Xa(DY¥) = BX(Zi(0)) = BX(N). The spaces X4(D<,) are equipped
with the standard X-norm.

Example. For X = /7, 1 < p < oo, it is easy to see that the corresponding
domains are multidiscs:

Dg{o/ = {)\ = ()\s>521 : ‘)\s‘ < 1,)\ € gp/} for 1 <p < o0,

(since, by the Euler product/summation formula, A € ' (N) & (A%) ez (c0) €
(7 (Z4(00))), where ; + L =1, and for X = (!

DY =D = {A = (A)e1: [N < 1}

For short,
D(()sz)/ - ]D)O?

p

(For p = 2, D$° is the Hilbert multidisc considered already in 1909 in [21]).
Bohr transforms of X = ¢? are power series with ¢? coefficients

B =(DF) = f:fA) = D @\ :a€P(Zy(c0)); A €Dy
Q€Z (o)

o

Clearly, D = D> N (N) and DX =D
More general, for an N-ISL X the following inclusions hold

.0
DI c D% C D,

so that DS, is in between of two above multidiscs.
The following is an immediate consequence of Lemma 4.1.

4.3. Lemma. Let X be an ISL. A subspace E C X is (D,,),en invariant if
and only if its Bohr image BE is M; =: {M¢ : a € Z(o0) }-invariant.

In particular, * € X is (D,)nen-cyclic if and only if Bx is M-cyclic in
BX(D%), ie.

BX (DY) = clos (pBz : p runs over all polynomials)

(clos with respect to the corresponding topology).
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4.4. Comments. (1) M,-cyclic functions are also called weakly invert-
ible.

(2) In the above notation, a semicharacter (totally multiplicative se-
quence) = = (2, )n>1, T, = w*™, lying in ¢%(N), has as its Bohr transform
a reproducing kernel k; = Bx of the Hardy space (4 (DS°) = H?(Dy°) at the
point W = (@;),>1 € D3° of the Hilbert multidisc D5°,

k(= Y =[] CeDf

1—Ciw,;’
Q€Z (c0) jeN G

In this case, Proposition 3.1 is classical, and at least 7 independent proofs
are known, as in the first 7 references quoted in Section 1. In fact, the
matter is on the cyclicity of some (various from paper to paper) totally
multiplicative sequences in the space ¢%; paper [50] deals with the space
¢>. All these proofs, excepting [41], essentially use certain number theo-
retic identities and inequalities, in particular the following Mo6bius inver-
sion formula which holds for every complex sequences ¢ = (a;);> and

b= (bj)j>1:

an:Zbd (nzl,Q,...)@bn:Zp<%>ad (n=1,2,...),

dn dn

where p stands for the Mobius function: u(p) = —1, u( F) =0 for k > 2
and every prime p, and pu(pi*...p%s) = u(pft).. M( p%s) for any integer
n = pi*...p%. In fact, the mentioned Mobius inversion formula has a very
simple form in terms of the Bohr transforms:

1
Ba=B1-Bb< Bb=—-B
a <~ B]_ a,

where 1 = (1,1,...), B1(¢) =[5, t=¢ for 32, |¢| < 00, [G] <1 (k> D).
The tenth proof of the cyclicity given in Sections 1 and 3 is the simplest
one — it uses nothing special but the definition of the cyclicity itself and
the basic remarks on the duality.
(3) In the Hilbert space case of ¢*(N), the Parseval theorem says that

el = [ 1BoOP dmalc), ¥ € £

Moreover, at least for functions f continuous on T (for instance, for f =
Bz, z € (*(N)), the following Bohr’s formula holds

F(C) dma(€ hm—/fKt

Too T—o0 2T
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where t — K' := (K;" K;",...) € T, t € R, stands for an arbitrary
Kronecker solenoid on T; the latter means the following property: the
numbers log K;, j = 1,2,... are rationally independent (K are real and
positive). In particular, for K; = p; (consecutive primes) and for = € (*(N),

we deal with Dirichlet series
Br(K') =" % teR.
neN
Multiplication in BX (D<) (in particular, multiplication of Dirichlet series)
corresponds to the so called “Dirichlet convolution” in X (N). The choice
x, =n~7,v > 1/2 (a completely multiplicative sequence!), gives the Euler-
Riemann (-function on a vertical line, Bz(K*) =Y« =, t € R.

(4) Finite dimensional sections DY, = D, N C’ (J is a set of indices).
Given a (finite) set of indices J C N, let C’ = {¢ € C* : ¢ = (¢;), supp(¢) C
J}. Obviously,

U (Z4(00)) C X C L, (Z4(00)),

and hence

A e
A= (\)): Z [X°] < 0 C]D}O,C{)\:()\j):sup %] <oo}.
Q€Z4 (00) HéaHX

+
In particular, if X is an N-ISL (as any ¢” space), we simply have

IAel |\ <1} DY C{r: |\ <1,
and so .,

D’ c DY, c D’ for every finite set J C N.
In general, we can only claim A € D%, = sup,cy [A}]/||0ke, [ x < oo, where
e; = (6j,k>k21 € Z+(OO), so that

Aol < lim 0y, [ =5 R < 00 (V).

Sometimes, the latter necessary condition for A € D, is not far from be-
ing sufficient, as for example for X = /%, (N) with a totally multiplicative
weight w, = n”, n > 1 (in this case, R; = pj, p; being the j-th consecutive
prime). For some other examples this is not the case. For example, for an
important space X = (2, (Z,(oc0)) with
2_&!_ oqlas! .. ay!
o |Oé" N (0614—0(24‘...045)!’
R; = 1 for every j, but DY, are rather far from the polydiscs D”’; in fact, D,
are the open unit balls B/ = {\ = (\j)jes : 3, |A\;j]> < 1} (see Lemma 8.1).
The Bohr transform of X is known as the Drury-Arveson space, important

w a € 74 (00),
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for several variables interpolation theory and several operators theory (the
row contractions), see for example [3, 51], and references therein. We
return to this space in Sections 6 and 8.

4.5. Multipliers. Given an ISL X = X(N), a (formal) power series

F=3% en. (o F(a)¢* in D, is called multiplier (or X-multiplier) if
feXaD3) = Ff e Xa(DX),

where X4(D¥) = BX(D$). The set of multipliers, denoted Mult(X4) =
Mult(X 4(D%,)) and endowed with the multiplier norm and pointwise mul-
tiplication, is a Banach algebra containing polynomials and such that
Mult(X4(DS))) € Xa(DS) N H*(DS)). It is clear that

Z |F(a)| N pue < 00 = F € Mult(Xa),

a€Z4 (00)

and F € Mult(X 1) = sup,, |F(@)| - ||¢*||sur < oco. Indeed, the latter prop-
erty follows from the rotation invariance of Mult(X4): if Fi(¢) = F(t(),
where t( = (t;(;)i>1, ti € T, then Fif = (Ff;); and hence ||Fi| yur =
[ vut

< NE | aue-
Mult

1B ()¢t = \

/ PR dmoo(t)’

It follows, in particular, that

(4(DX) € Mult(X4(D))  sup [[C*||asu = sup || Dn[| x—x < oo.

The following lemma is obvious.
4.6. Lemma. Let X be an ISL, and suppose f,g € X4 are cyclic and at
least one of them is in Mult(X 4). Then F' = fg is cyclic.

Proof. Suppose g € Mult(X 4), and let (p,) be polynomials such that
lim, |p,f — 1||x = 0. Then lim, p,F' = g € Er, and since g is cyclic,
Er = Xa. O

5. Cyclicity of (relatively) multiplicative sequences

A sequence = = (xy)ken (of complex numbers) is called (relatively) mul-
tiplicative if x,;, = x,x; for coprime n and k: GCD(n, k) = 1. For example,
the Mobius function p is multiplicative (but not totally multiplicative). A
long list of arithmetic multiplicative functions can be found in [34].
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5.1. Lemma. (1) A sequence x = (xy)ren is multiplicative if and only if,
for every N € N, its Bohr transform Bx is of the form

Bx(¢) = fi(G1) .- fn(Cn)EN(C), ¢ =(Cry---),

where f; are functions (formal power series) in one variable and Fy depends
on (yi1,CNyo,... only. The representation is unique.

(2) A sequence x = (1, )ren With finite support is multiplicative if and only
if, for a certain N and some polynomials f;,

Bz (€) = fi(G1) - [n(Cn), ¢ = (Cis o)
Any function of this Lemma, say f, satisfies f(0) =1, 0 = (0,0,...).

Proof. (1) If x is multiplicative and n = pi* ... pSs, then z, = a1 () . . . as(ay)
where a, = (as(j))j>1, as(j) = T Making the Euler partial summation

Bzx(() = Z ar(aq)¢rt Z az(az)Gy® -+ Z ant1(an)Cy s

a1 >0 a2>0 QN +1

we obtain the claimed expression. The converse is also obvious.
(2) This is an automatic consequence of (1) since Bz depends on a finite
family of variables only. O

Below, we make use the following restriction operation (and the corre-
sponding notation): given a set of indices ¢ C N, an ISL X, and z € X,
define R,z by

B(R,x) = Z Bax(a)Ce,

a,supp(a)Co

or equivalently, (R,x), = z, if supp(a(n)) C o, and (R,z), = 0 for any
other n € N. We also are using the notation

R,F = B(R,z) for F' = Bx.

Clearly, R,x € X and ||R,z| < ||z|. If a sequence { = ((;);en is considered
as a function on N and y,, stands for the indicator (characteristic) function
of o, then R, F({) = F(x,() where ' = Bx.

The norm || - ||x is called (relatively) multiplicative norm if ||fg|lx =
Ifllxllgllx for f € R, X, g € Ry X with 0 N ¢’ = 0 (for sequences, the
product means a convolution on Z, (c0)). One can easily check the follow-
ing lemma.

5.2. Lemma. Let X be an ISL. (1) If x € X is a multiplicative sequence,
then the functions f; (j € N) and Fy from Lemma 5.1 satisfy f; = B(Ry;x)
and Fy = B(R,x), wherec = {N +1,N +2,... }.
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(2) For X = (P, 1 < p < oo, the norm || - ||x is multiplicative; the same
property holds for the weighted space X = (©, where w = (w,),>1 is a (rela-
tively) multiplicative weight.

The following Proposition partially reduces the cyclicity of a multiplica-
tive sequence to the cyclicity of its one-variable factors f; (in the sense of
Lemma 5.1).

5.3. Proposition. Let X be an ISL. (1) If x € X is D,-cyclic then R,x is
D, -cycticin R,X for every o C N, o # (.

In particular, if = is cyclic and multiplicative, the functions f; of Lemma
5.1 are z-cyclic in

X;(D) = BR(jX = {f =) aar=ypye X} ,

k>0

X is equipped with the norm induced from X.

(2) Assume the norm || - ||x is multiplicative. Then the converse to (1)
holds: if v € X is multiplicative and every f; of Lemma 5.1 is z-cyclic in X
then x is D,-cyclic in X.

(3) If x € X is multiplicative and all f; and Fx of Lemma 5.1 are in
Mult(X) (see 4.5 above), then the converse to (1) holds: z-cyclicity of f; in
X; implies the D,-cyclicity of x in X.

Proof. (1) The restriction map R,, is multiplicative, R,(F'Q) = R,(F)R,(Q),
and if () is a polynomial in ¢, R, is a polynomial in ¢;, j € o. If polynomi-
als ),, are such that lim,, || F'Q,—1||x = 0, F' = Bz, then lim,, | R, (F)Ry(Qn)—
1||x = 0, and the principal claim follows.

Since f; = RypF', F' = Bu, the stated cyclicity of f; is also proved.

(2) In the notation of Lemma 5.1, F(¢) = fi1(¢1) ... fn(Cy)FNn(C), F =
Bz, let (p;,) be a sequence of polynomials in ¢; satisfying lim,, ||p1 ., fi —

1/|x = 0. Then
N N

Pk’ — (H fj) Fn (H fj) Fy
2 2

and so ([[) f;)Fv € BE,. Repeating with other variables, we obtain

(I1Y f;)Fy € BE, for all m < N, and hence Fy € BE, for all N.
Moreover, since Fiy = BR,x, 0 ={N +1,N +2,...} and X is a lattice,

we have ||F||x > ||Fy|/x. But all Fourier-Taylor coefficients Fyy(«) of Fl,

excepting Fiy(0) = 1, become zero starting from a ceratin NN, so, by Lemma
2.1(1), (0)limy Fy = 1 € BE,. This implies the cyclicity of z: BE, = BX.

lim =0,

X

= liqgn lp1nfi — 1| x
X
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(3) The same reasoning as in (2), but with a use of the multiplier norm,

gives
N N
praF — (H fj> Fy (H fj> Fy
2 2 Mult(X)

This implies Fy € Er. The weak convergence (o) limy Fy = 1 follows by
the same reason as in (2) above. O

=0.

lim
n

< tim|lprofi — 1x
X

5.4. Comments. (1) Historically, the case X = (2 was considered ear-
lier at least twice. In this case X;(D) = H*(D) (the standard Hardy space
in the disc D) for every j, the norm of X is multiplicative in the sense of
above definition, and Mult(¢*) = H>(D) (the algebra of bounded holo-
morphic functions in D). The main result of [18] shows the equivalence of
D, -cyclicity of multiplicative sequences to the cyclicity of functions f; in
H?(D), but in a slightly weaker form than in points (2)-(3) above, assum-
ing additionally the Wiener algebra condition f;, Fy € (4. Our proof of
Proposition 5.3 is much less involved than the Hartman’s one. Paper [27]
claims the discussed equivalence for X = /2 in full generality (as it follows
from 5.3(2)), but the paper contains no proofs (and since then, they never
appeared elsewhere; the paper also contains a number of misprints).

(2) Proposition 5.3 gives yet another proof to 3.1, the eleventh one. . . (but
under the hypotheses of 5.3(2) on the space X, or the hypotheses of 5.3(3)
on the sequence x): indeed, for completely multiplicative = € X, the func-
tions f; are just rational fractions f;(z) = = whose cyclicity in any ISL
is immediate: (1 — \z)f; = 1.

(3) On the cyclicity property of functions of one variable in D, such as
functions f; above. In general, the property is still not yet well studied for
many lattices X. The classical lattice cases are the following:

— the Hardy space X = H? (f is cyclic if and only if it is (Beurling)
outer);

— the Wiener algebra X = (4 (D) (where f is cyclic if and only if it is
invertible, i.e. f(z) # 0, Vz € D). Of course, the latter description is
still true for any function Banach algebra for which D is the space of its
maximal ideals.

In principle, it is not known whether there exists a lattice (or just a
Banach space) X of holomorphic functions such that

)feX=z2feclkX,

ii) the disc D is its natural definition domain, i.e.,

D={XeC: f+ f()\)is bounded on X},

and
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iii) a function f € X is z-cyclic in X if and only if f(2) # 0 (Vz € D).
The problem was discussed, for example, already in [39].

For some particular lattices X 4(ID), there exists quite extensive literature
on the cyclicity problem. Without any attempt to give an account on the
known facts, let us mention a line of research started from A. Beurling
paper [7]. Namely, following Beurling’s ideas, the following problem is
considered in [38]: given a class of holomorphic functions in D, to find a
“minimal” Banach space X 4(ID) where they are cyclic (weakly invertible).
It is shown that given two “regular” (log-convex, and more) weights 0 <
w, < W,, n > 0, a necessary and sufficient condition for the cyclicity in
%y (wy) of every f € (4(W,), f(2) #0 (V2 € D) is Y-, o, n*?log = = oo.
For more recent results see [9]. B

Many deep bi-cyclicity results for “Bergman-type” and “Dirichlet-type”
spaces (?(Z,w,) with power-like weights are classical (A. Beurling, L. Car-
leson, R. Salem, D. Newman, L. Brown, A. Shields,...), many others are
obtained quite recently. They deal with the size of the boundary zero
sets of functions measured with capacities, Hausdorff dimensions and h-
Hausdorff measures. Just for giving some sample examples and sources for
further references, we mention [10, 15, 9, 30, 29] (the latter text contains
also a comprehensive description of a large part of previous results).

Some additional information on (simple) cyclicity of polynomials (and
not only) and a general approach to the question can be found in Subsec-
tion 6.10(2) below.

6. Beurling’s necessary condition, and a few cases where it is suffi-
cient

Let X be an ISL. Following the definition of D%, the functional = —
Bz(\) is linear and continuous on X for every A € DS, so that the follow-
ing lemma is obvious. For the case X = ¢2, the lemma is usually called
‘Beurling’s lemma’, [6]; in fact, it was known in the 1940s independently
to many: to A. Wintner, A. Beurling, Ph. Hartman, D. Bourgin, V. Ya. Ko-
zlov. ..

6.1. Lemma. Ifx € X is a D,-cyclic element, then Bx(\) # 0 for every
A e DY

Even if the converse to the property of Lemma 6.1 is probably never
true in the Banach space setting (see a remark in 5.4(3)), for some special
elements = € X, it however can be valid. Below, we show a few examples
of such 2’s in case of some ISLs X of interest.
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6.2. D,-cyclicity in ¢*(N) = ¢}(Z, (00)). It is well-known and easy to
check that ¢, (D™) = B/'(N) is a Banach algebra (with the usual pointwise
multiplication, which corresponds to the convolution of sequences on the
additive semigroup Z, (c0)). Its maximal ideals are defined by the point
evaluation functionals on the closed infinite dimensional polydisc: [ +—
fA), A eD” = D¢+ This implies the following fact.

6.3. Lemma. An element z € (*(N) is D,-cyclic if and only if Bz(\) # 0,
vAe D™
Proof The necessity is already menioned above. For the sufficiency, as-
sume f := Bxz()\) # 0, VA € D”. Then 1/f € ¢4(D"), and so 1/f is the
norm limit in ¢,(D”) of a sequence of polynomials (p,). Since p,f € Ep,,
we have 1 = lim, (p,f) € Ep,, and so Eg, = (}(D™). O

6.4. Free term dominating functions are cyclic. Lemma 6.3 implies
that_a function f € ¢4 (D) having |f(0)| > D €T, (00) a0 | f(a)] is cyclic in
¢, (D™), and so in any ISL containing this algebra. Considering cyclicity
for the weakened topology o (¢!, cy), where ¢y = c¢4(Z, (0)) stands for the
predual space of sequences tending to zero at infinity, (cy)* = ¢', or the
cyclicity in larger ISL X D ¢! satisfying the conditions of Lemma 2.1(2),
we can include the equality case in the domination condition.

6.5. Proposition. The following “free term domination condition”

fO1= > If@l, f#0,
Q€Z4 (00),a#0

implies the D,-o(X, X')-cyclicity of f # 0 in any ISL X from Lemma 2.1(2)
containing (*(Z(>0)) (and the D,-o (¢, cp)-cyclicity in ¢* itself).

In particular, the conclusion holds for any polynomial f with a dominating
free term.

Proof Multiplying by a constant, we can always think that f(0) = 1. Let
0O<r<land f,=1+7r(f—1),0<r<1. Then1/f, € /}((D”), and

i_ f_fr
fT B 1+ fr .
Moreover, ||f — fylli = (1 =) Cocz, (x)ar0 [F(@)] <1—7, and
fr=1+7r(f—1), where ||[r(f —D|. <r < 1.

Hence,

1
11/ fll < -

fr

<2 (0<r<l).

1
,and’

I

< 1+H(f—fr>

1 1
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Moreover, f/f, € Efil C E¥, and by Lemma 2.1 1 = (o) lim,_,; fi € Ef
(and the same for o(¢*, ¢y) convergence in ¢!), and so E;( = X, and f is
o(X, X')-cyclic. O

6.6. Comments. (1) As we will see, for a special class of polynomials
in CV (factorable polynomials of theorem 6.9 below), the cyclicity holds
under the only condition f(¢) # 0, ¢ € DV in any ISL X, containing
¢l and satisfying conditions of Lemma 2.1(2). Since every polynomial in
one variable is linearly factorable, we keep that claim for z-cyclicity of any
polynomial in this kind ISL’s in D.

As to generic polynomials in several variables, the situation is more in-
volved; we dicuss it briefly in Comments 6.10 below.

(2) Proposition 6.5 is applied to ¢/}, 1 < p < oo, and to any reflexive ISL
X4 D (Y where Xy is dense. For p = oo and p = 1, it concerns the cyclicity
for weak* topologies o (¢, ('), resp. (¢!, cy) (but not o(¢*,¢>); look on
f=1-2).

6.7. Linearly factorable polynomials are cyclic if DY, = D¥. What-
ever is an ISL X, it contains the linear subset X, consisting of all finitely
supported sequences, and its Bohr transform B Xy is the set of all polyno-
mials in C*>. Every polynomial p = Bz, x € Xg, p(¢) = p((1,(,...) =
ij:l 2,(*™, depends on a finite number of variables (;, and one can con-
sider the minimal set of such essential variables

J(z) = U supp(a(n)).
n,Tn7#0
Given a subset of indices J C N, consider the restriction BX" of the ISL
BX to the variables (;, j € J, namely,

BX' =3 feBX:f=) [f(a)¢®supp(f(a)) C (a € Zy(c0) : supp(ar) C J)

Q€Z4 (00)

It was observed in [41], that for X = (2, a polynomial Bz is cyclic in
B? (which is the Hardy space on D°) if and only if it is (already) cyclic
in (B¢*)’, where J is any (finite) subset of N, J(x) C J; if J = [1, N],
(B#?)! = H*DY). The same reasoning as in [41] shows the following
lemma.

6.8. Lemma. A polynomial Bx is M, cyclic in BX if and only if it is
(already) cyclic in (BX)’, where J is any (finite) subset of N, J(z) C J.

Applying Lemma 6.8 with Lemma 6.1, we see that if a polynomial p =
Bz is cyclic in (BX)”7, then p(¢) # 0 for ¢ € D%,, where

DY, =D NC’.
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If X is an N-ISL, for every finite set J, D/ C D, C D’ (but for a weighted
X, these finite dimensional sections can be different from the polydiscs).

A “polynomial converse” to above Beurling’s necessary condition 6.1
claims that, given a polynomial p = Bz, (Bz(\) # 0, VA € D%,) = (x is
D,,-cyclic). Historically, this property was first claimed for the Hilbert space
X = (*(N) (for which ]D)[}(’,N] = DY) by V. Ya. Kozlov in [26]; however, the
first published proof appeared only 20 years later, in [35] of J. Neuwirth,
J. Ginsberg, and D. Newman. For a simplified proof and generalizations,
see [41], [45] (also, [44] for details of Kozlov’s personal story).

It follows (of course) that the condition p(\) # 0, VA € D7 is still neces-
sary and sufficient for cyclicity in every larger ISL X4 D /4.

In the next Proposition, we consider ISL’s X containing ¢', so that

DM DY, YN >1,

and will restrict ourselves to ISL’s X = X(Z%) on ZY. The Bohr trans-
forms Bx of finitely supported sequences © € Xy (i.e., polynomials), in
principle, are defined on the whole C¥; as above we use the notation

XA(DY) := BX(ZY).

A polynomial f in CV is said linearly factorable if
=11
j=1

where f; are affine linear functions, f;(() = f;(C,...,(y) :=a+ Zfil a;G;
(a,a; € C). If f is linearly factorable then the zero set of f in CV is a
finite union of (complex) hyperplanes. For N = 1, every polynomial is
linearly factorable, but for NV > 2 this is already not the case (for example,
f(C) = h((y, ... Cy—1) + A(nis not factorable, if A # 0, h a polynomial of
degree > 2).

6.9. Proposition. Let X(Z%) be an ISL containing (*(ZY), and f a
linearly factorable polynomial in CV, such that f(¢) # 0 for ( € DV. Then f
is cyclic in X 4(DV) (for weak o(X, X') topology).

In particular, for N = 1, every polynomial with f({) # 0, ( € D is cyclic
in any ISL of the above type (for example, it is norm cyclic in any (", (D),
1 < p < oo, and, generally, in any reflexive ISL containing ¢* (think on
X = (P(¢7) type spaces)).

Proof. Let f = []}_, f;, where f; are affine linear in C». With Lemma 4.6,
it suffices to show that every f; is cyclic in X 4. Since f; is an affine linear
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polynomial, f;({) = a + Zfil a;(;, and f;(¢) # 0 for ¢ € DV, it follows
la| > ZiNzl la;|. So f; is (0)-cyclic in X by Proposition 6.5. O

Remark. We return later on (Section 8) to the cyclicity of factorable poly-
nomials in some ISL’s X (Z%) with DY, = B (the unit ball in CV).

6.10. Comments. (1) By the same reason as in the last lines, one can
see that a sequence = = () € X supported by the set of prime integers and
such that Bz(¢) # 0 for ¢ € DV, VN > 1 satifies |z1] > Y, -, |zx|, and hence
x is D,-cyclic in X, an ISL from Proposition 6.5. -

(2) Cyclicity of polynomials in a single variable. This elementary case
plays a special role due to Proposition 5.3. Here, some (folklore) details
are presented since it appears impossible to find written references.

Let X be a shift invariant sequence Banach space,

Xa = {f = f()2", (f(n)nzo € X} »
n>0

where the set of all polynomials is contained and dense in X,. Keeping

the above notation, denote

Dy, ={A € C:¢y: f— f(A)is bounded on polynomials in X 4}

the domain of definition of X 4.

Claim. Under the above hypothesis, a polynomial f is z-cyclic in X 4 if
and only if f(A\) #0, A € Dx.

Indeed, if f(\) = 0 for some A € Dy, f is clearly non cyclic. Conversely,
if f(z) #0, z € Dy, f is afinite product f = c¢[[(2—A), ¢ # 0 of factors z —
M A€ C\ Dy (or f =const =c #0). Since ¢, A € C\ Dy is unbounded
on polynomials, the kernel Ker(y,) = {p : p is a polynomial, p(\) = 0} is
dense in X 4. The z-cyclicity of z — A follows. Since f = (2 — A)¢(z) and the
polynomial ¢ is (obviously) a multiplier of X4, ¢ € E; (see Lemma 4.6).
Repeating the reasoning with the resting zeroes of f, we get ¢ € E; and so
Ey = X4. This means that f is cyclic. O

Example. Let X be a shift invariant sequence lattice on Z,. Then there
exists R, 0 < R < oo, such that Dxs = {A € C: (\"),>o € X'} is either
Dr={AcC: |\ <R}orDg={\cC: |\ <R} If R = oo, the only
cyclic polynomial is f = const # 0. If R = 0, every polynomial f with
f(0) # 0 is cyclic.

If X = (*(Zy,w,), w, > 0, we have R = Iim, (wy") (and Dy, = Dy <
(R"/w,) € ¢, 1/p + 1/p' = 1). In particular, for Dirichlet-type weights
w, = (1+n)7, Dy, = D for v < 1/p/, and Dy = D for v > 1/p’. By the
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way, in the latter case, X, is a Banach algebra having D as the space of
maximal ideals (see [16]), and so the cyclicity criterion is f(A\) # 0, A € D
for any function f € X, not only for polynomials.

(3) z-cyclicity problem for generic functions in one variable. It is far from
to be trivial and still mostly not solved, even for the Dirichlet-type lat-
tices X = (P(Zy,w,), w, = (1 + n)?, despite many known deep results.
For these spaces, the question is in the size of the boundary zero set
Z(f) ={x € T : f(\) = 0} measured with the corresponding capacity
(as it is the case for bi-cyclic sequences on Z), see Comments 5.4(3). The
use of the potential theory forces to work mostly with the Hilbert space
cases (*(Z,,w,). See for example, a recent paper [22] where many other
researches are quoted. Notice that usually the z-cyclicity questions in the
framework of holomorphic spaces X4 are more involved than the “real-
analysis” problems for bi-cyclicity on Z, but not always — for example, a
deep construction of N. Lev—A. Olevskii (2011) of two ¢!(Z)-functions f
and g with the same zero sets on T, Z(f) = Z(g), one of which is (?(Z)-
bicyclic (1 < p < 2), and the second is not, contrasts with a rather obvi-
ous such example for analytic z-cyclicity: f = (1 — 2)V is z-cyclic in all
P(Zi)a (1 < p < 00), and g = (1 — 2)Vexp 2 is not in any (P(Z, )4
(1 < p < o) (known already from an “abstract Keldysh approach” of
[38]), but Z(f) = Z(g) = {1}.

(4) Polynomials in several variables. The matter is about the (*-cyclicity
in spaces X (Z%) in DY, where X is a lattice. Usually, X is a “Dirichlet-
type” space X = (£ (Z%). The “Beurling necessary condition” for (-
cyclicity (if £ is cyclic then F({) # 0 for ¢ € DY) is still the departure
point. For the moment, all known results are either for the case DY, = DV
or DY, = BY, the unit ball of CV: BN = {¢ € CV : 3V |¢;]* < 1}.

The case when DY, = DV. As is mentioned above, for the Hardy space
X4 = (*(ZY) 4 in the polydisc D¥, the sufficiency of Beurling’s condition
for polynomials (/' does not vanish in DY = F is cyclic) was claimed
by V. Ya. Kozlov [26] and proved in [35] (then independently, in [19] and
[41], where two proofs are given, including the one based on a Lojasiewicz
inequality).

A power-like weighted Dirichlet-type space X = 2, (ZY),

Wo == (1+a1)"...(1+an)™, acZ¥,

is a Banach algebra with D" as the maximal ideal space if and (for p > 1)
only if s; > 1/p’ for every j, 1 < j < N (for p = 1, it is an algebra for
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s; > 0), see 7.1 below. Therefore, in this case, the cyclicity criterion for
FeXaX=06 (ZV)is F(()#0,¢ e D" (not only for polynomials).

For Dirichlet-type spaces which are not algebras, the question is prac-
tically settled for the case of bidisc D* (N = 2) and always for p = 2 by
G. Knese, L. Kosinski, T. Ransford, A. Sola, see [24] and references therein.
The answer depends on the set of boundary zeroes Z(F)()T? and says,
roughly speaking, the following: a polynomial F, F(¢) # 0 (V¢ € DY)
is cyclic if Z(F) N T? is finite , and non cyclic if it is infinite (with some
restrictions on the exponents s;). For the case of tridisc D? (N = 3), for
the moment, the answers are already partial and depend on the dimen-
sion of Z(F) N'T? and its “orientation”, see [5] where some observations
on the general case of DV, N > 2 are also given (see also 7.2, 7.3 below).
In particular, some results (with rather technical statements) depend on
geometric characteristics as non-vanishing Gaussian curvature of certain
submanifolds of Z(F) NTY.

The case when DY, = BY. Here, a series of weighted Hilbert spaces
X =9 = E?Ua(s)(ZJr(oo)), s € R is considered, all around the famous
Drury-Arveson space,

ol \ 172
Ds = {2 = (Ta)acz, (00) : (TaWa) € 2w, = ( ) (el + 1)%,

Jaf!

where o! = ajlag! ..., |a| = a1+ e+ ... (@ € Z,(x)), s € R. The
Drury-Arveson space X = @ is the subject of numerous deep studies due
to its role in multidimensional Nevanlinna—Pick theory, the multi-operator
theory (the so called row contractions), and more; it is recognized as the
most genuine multivariable analogue of the Hardy space of the disc. See
[51, 56, 17] for outlines of the theory. The reproducing kernel formula for
Bohr transforms F' € BD,,

B 1
1= (w, ey

shows that DY, = B” for every N € N, and these equalities still hold for
all ©,. It is known [51] that in two and three variables (N = 2, 3), the
Beurling condition Z(F) NBY = {) is sufficient for a polynomial F to be
cyclic in B®, but for N > 4 this is already not the case. In particular,
F(¢)=1—NN?2((,...Cy, N > 4 are not cyclic in BD,.

On the other hand, it is shown, [52], that ' € B®, and 1/F € B®,
imply the cyclicity of F' in B®D, (in contrast to the Bergman-type spaces
B®,, s = —1). This result contains, for example, that if ' € Mult(BD,)

F(¢) = (F, k¢)o, where k¢ (w)
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and F' depends on a finitely many variables (in particular, if F' is a poly-
nomial) and is separated from zero |F(¢)| > ¢ > 0 for ¢ € BY, then F
is cyclic in B®, (proved early in 2011 by S. Cortea, E. Sawyer, B. Wick).
Below, we show (Section 8) that, for every N > 1, factorable polynomials
non-vanishing on B are cyclic in @, for s < 1/2), and for s > 1/2 the

cyclicity criterion for every function F' is F/({) # 0 for all ¢ € B

In [25], the case of polynomials in two variables in BD,(B?) is consid-
ered. It is shown that for s < 1/4, a polynomial F' is cyclic if and only if
F(¢) # 0 for ¢ € B? and for 1/4 < s < 1/2 — if and only if Z(F) N 0B? is
finite. For s > 1/2, the cyclicity criterion is F'(¢) # 0 for all ¢ € B

7. Factorable functions in Dirichlet-type spaces and algebras in poly-
discs

A kind of power-like weighted ¢? spaces are known as “Dirichlet-type
spaces”, refering to the classical Dirichlet space (2 (7, )4, w, = (1 + n)'/2
Here and in the next Section, we give an elementary treatment to the
problem of cyclicity, first, for factorable polynomials, and then to more
general factorable functions in the framework of the Dirichlet-type spaces
P (Zy(00))a. It is already treated, in particular, in [5, 24], even for any
polynomials but only for the Hilbert space case p = 2 and the Dirichlet-
type weights (as it is the case, in general, for the most part of the existing
DCP literature). Speaking on polynomials, we can restrict ourselves on
the sequence spaces over a finite dimensional subsemigroup Z%. A special
situation occurs when the space (2 (Z, (o)) 4 is an algebra with the point-
wise multiplication and a well identified space of maximal ideals. In this
Section we consider the weights w,, factored by variables (and so, oriented
to the polydisc case DY), and in Section 8 — the ball oriented weights of
Drury-Arveson type.

Let s € R, and let w(s) be a power-like weight function on Z%’ defined
by

Wo(s) = (L+a1)™...(1+an)™, aecZl.
For short, the notation o® := w,(s) is used as well. Consider a lattice
XN =7, 0%) = {x = (24) : (zaws) € P(Z)}, 1<p< oo,
and its Bohr transform BX}' = (?(ZY, a*) 4 defined on the domain DY x,.
It is easy to show that for X = (P(ZY, a*),
p—1

1
D%:ID)Nif1<p§oo,sj§—/:—(Vj); orp=1ands; <0 (Vj),
p p
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and

— 1 -1
]D)%:]D)Nif1<p§oo,sj> :p—(‘v’j); orp=1ands; >0 (Vj);
D

vy
mixed products of I’s and D’s are also can be easily identified (but we will
not enter in these details). In the generic infinite variable case

Xy = (Z4(00),0%) = {& = (2a) : (zawa) € P(Z4(00))}, 1<p< o0,
one can similarly show that, for p > 1,

DY, = {A = ()Y [N < OO} , where f;(x) =)

>1 n>1

n

T
(n+1)P'si’

In particular, (1) always, ]])g(o& cD”; (2 if s; < I% (V7)) then ]D)}O{U = Dy
(e, A € DF, & |A;jl <1 (Vj)and X € ¢ (N)); (3) for the case where
1 <c<yps; <C < oo (Vj), one has A € DY, = Al < 1 (¥j) and
A € (N)); and finally, (4) in order to have simply D% = D, it is
sufficient that p's; > clog(j + 1), ¢ > 1/log 2.

For p = 1, we always have DY, = D~.

The Hilbert space case p = 2 in the bidisc D? (N = 2) of theorem 7.2
below is contained in [24], and already for arbitrary polynomials (not only
for the factorable ones) but with more involved proofs. See also comments
in7.3.

We start with the following known (at least for sequences on the ad-
ditive semigroup Z, related to holomorphic spaces in D) general lemma
on weighted ¢? spaces which are convolution algebras. In fact, the ques-
tion has quite a long history: it started with J. Wermer’s result [59] for
the continuous case of convolution algebras L”(R,w). It could be a sam-
ple theorem for repeating evrywhere, but was overlooked and rediscov-
ered independently, and in a different language, for the sequence spaces
¢?(Z, ,w,) much later in [36, 37, 23, 57]. It is also known that the suffi-
cient condition of Lemma 7.1 for a weighted ¢” space to be a convolution
algebra is also necessary under some natural regularity conditions on the
weight (a kind of log concavity, but not in the full generality [23]; see for
example, comments in [16]). It is clear that a similar to 7.1 claim can be
shown for weighted L? norms on any locally compact abelian group (or
semigroup). For completeness, we give a short proof to Lemma 7.1.

7.1. Lemma. Let X = (?(Z,(o0),w,). If

o\ VP
C,=: sup W7<oo,whereWV:<Z (w7)> ,
WaWp

'YEZ+ (OO) a+[3:,y
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% + 1% = 1, then X4 is an algebra with pointwise multiplication, and the
complex homomorphisms of X 4 are of the form ) : F' — F(\), F € X4
where A\ € DS, (in this case, the domain D<,is compact with respect to a

norm bounded coordinate-wise convergence in X' = (* (Z(00),1/w,))-

Proof. Let 1 < p < oo (modifications for p = 1 or p = oo will be obvious)
and v € Z, (o). It suffices to have an estimate | FG|| < C||F|| - ||G]| for the
product of two polynomials F,G € X4. For d = deg(FG)), H = FG and

ﬁ(’Y) = an:w ﬁ(oz)@(ﬁ), one has

p
. N N 1
| H (7)[Pw? = Z Fla)w.G(B)wg - ——| wh <
- WaWp
a+B=y
w o p/p’
<( 3 o) (¥ (5))
a+pf=y atf=y N P
Hence,
P = 3 G rpwp<0p2(z Pla)unl G >wﬁ|p>:
yez¥ yezZy \at+B=y

Y F@ual | | D 1GBws | = CRIFIPIGIP,

N N
a6Z+ ﬁ€Z+

with a constant C' < oo independent of F, GG. It follows that X 4 is a Banach
algebra (with an equivalent norm). If ¢ : X4 — C is a homomorphism of
X4, and \; = p(F;), where F;(¢) = ¢; (V¢ € Dx/), then p((*) = A\ for
every a € Z+( ), where A = A\, =: (A, A2,...), and so p(F) = p\(F)
for every polynomial F. Since ¢ is bounded, A € DS, and vice-versa, every
such \ defines a homomorphism ¢,. Clearly, ¢ — \; is continuous for
o(X’, X) topology, and since the space {¢} is compact, DS, is homeomor-
phic to the space of all {¢} (the Gelfand space of X ,). O

7.2. Proposition. Let X = (P(ZY, a*).

(1) If s; > 1/p’ (V9), then X4 is an algebra with pointwise multiplication,
and the cyclicity criterion for any function F € X4 is F(¢) # 0, V( € D",

@) Ifls| =3V j=18; < 1/p/, and [ is a linearly factorable polynomial, then
fis o(X, X')-¢cyclicin X 4 if and only if f(¢) # 0 for ¢ € DV.

Proof. (1) It suffices to check the condition of Lemma 7.1. Let 1 < p < o0
(modifications for p = 1 or p = oo are obvious) and v € Zf . Then (with
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= 7D,

3 ( Wy )p Y (L) (L )™
W A+ a) (4 By .. =

a+B=y a+B=y

(summationon 1 < «a; <d—1)

dsi?’ dsnp’
= BZ s1p (g _ s1p’ BZ lep snp’ =
o o' (d—ay) —an)

an Ay
d—1 Jm N
< | B - P
- < ka(d_k)m) ¢ ’
k=1

where m = min;(s;p’) > 1 and B = B(s) < oo is a constant, and
N

d—1 g N /2
S < |2 <
(; k:m(d—k:)m> - ka d—k)m -

IN

d/2 N x N
< | B < | B — =
<[ <(ox5)
k=1
It follows that X 4 is a Banach algebra (with an equivalent norm), and its

maximal ideal space is D" (Lemma 7.1). The cyclicity claim also follows.
(2) Let f = H?:l fj» where f; are affine linear in C™. As in Proposition

6.9, it suffices to show that every f; is cyclic in X4. For that, we repeat

the reasoning of 6.5, with a different estimate. Since f; is an affine linear

polynomial, f;(¢) = a — .~ ai; = a —1(¢), and f;(¢) # 0 for ¢ € DV, it
follows |a| > 32N |ai.
Simplifying the notation, let « = 1, f(¢) = 1 — I({), I({) = Zf\il a; G,
1>37, |a;] and
fr=1="7I(C).
Then (pointwise in DY),

%:Z By aca|a|

k>0 k>0 |al=k

where a = (a1, ...,ay), « € ZY, a! = oy!...ay!, and hence

p

=y | el
o!

k>0 la|=k

p

1

f
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where

Sl = S (I

|| =F || =F
Since M), =: max, w?, = max, (vazl(l + ;)%?) over all 1 + o; > 0 having
Y i(l+a;)=N+kis

N S$5p
Mk:H((k+N)| |> = O(k"P) as k — oo,
j=1
and
8%
Z|a|‘ ’ (Zm%) <1,
|a|=F
we get
p
‘ i < C’Zrkpk|s‘p, O0<r<l.
Ir =
Hence
1? 1 1 1
£l =0 (=) ’E =0 () @7 b

and so ||1/ /|| = O(:X). Getting f/f, € E;and ||f/ /.|| = O(1) (asr — 1),
we finish the proof with the same argument as in 6.5 above. O

7.3. Comments. If a weighted ISL X = (?(ZY, w,) satisfies
max{w, : |a| =k} = O(k%), S >0 (as k — 00)

and S < 1/p/, the same reasoning as in 7.2(2) shows that a factorable
polynomial f is cyclic in X 4 if f(¢) # 0, ¢ € DV.

It is also of interests to compare Proposition 7.2 with some results in
[5], where it is shown (Theorem 1 of that paper) that if p = 2 and the
zero set Z(f) of a polynomial f is contained in the union of coordinate
hyperplanes (; = c¢;, then the cyclicity holds under the weaker condition
0 < s; < 1/2 (Vj). However, for a similar assumptions but with non-
coordinate hyperplanes, this is already not the case, and the cyclicity is
guaranteed only for the tridisc case D3, N = 3 and under condition |s| <
1/2 (coinciding with condition 7.2(2) for this case), see Theorem 5 of the
paper cited.

In fact, under certain convergence assumptions, part 7.2(2) of the above
Proposition can be done in the infinite variables setting of X = (?(Z, (c0), w,),
as follows.
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7.4. Proposition. Let X = (?(Z,(0),w(s)), s = (s1,...) € R, and

o0

wa(s) = [+ )Y, o € Z(c0).

j=1

Then,

(1) X = (P(Zy(00),wa(s)) is an ISL, and an elementary dilation D.,,
ej = (0;x)k>1 has the norm ||D,,|| < 2%. The finite dimensional sections of
the domain DS, are the polydiscs (DY, are either DV or EN, see the beginning
of Section 7).

(2) If a linear affine function

f(Q)=a+ Zaka
k>1
is nonvanishing on every DY,, N = 1,2,..., then |a| > Y, |al.
(3) Assume |s| := 3., s; < ooand f € XaN L' (Z1(0))a be a factorable
function in the sense that f =[] j>1 1> [; being linear affine functions, and

0 <[] IIfille < oo.
Jj=1
If |s| <1/p/ = 2% and f(¢) # 0 for all ¢ € Dy, then f is o(X, X')-cyclic in
X4 (o(L, co)-cyclic, if p=1).

Proof. Let 1 < p < oo (modifications for p = 1 or p = oo are standard).
(1) Since || D, || = sup{wg—:i : B € Z4(00)}, we have for o = ¢;:

We;+8
1D = 1M | =sup {452 s € 2, (00)}

B (1+8;+1)%
= sup {_ (1 + 5j)sj

The claim on the domain DY, is also easy.

(2) 1t is clear (and is already noticed).

(3) Without loss of generality, f;(0) = 1 for every j > 1 (indeed, 0 <
[I;5: 1f;(0)] < o). Observe first, that f; =: >, a;xCe € Mult(X,) for
every j:

1B € Z+(oo)} < 2%,

1+ Z @k Ck

k>1

<1+ agel - 1M || < 1+2°)1f5 = 1o,
Mult k>1

1 fill tute =
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where 5 = maxy>1(sg). Since [[;(1+ [|f; — 1[ln) < oo, it follows that the
product f, as well as all products [] j>n Ij, are also multipliers. Hence, for
the cyclicity of f, it suffices to prove that every f; is cyclic.

Simplifying the notation, let f; = F(¢) = 1 —1[(¢) and F, = 1 — rl((),
0 < r < 1. As in Proposition 7.2(2), we show that ||1/F,|x = O(:=)
for r — 1, which implies the result. Indeed, we have pointwise 1/F, =

> k=0 TM1(¢)* and

%:zm I

T k>0 k>0 \a| k

Z aga |a| :Zrkp Z oy (%)pwg

kp
lc>0 |ov| =k k>0 loo|=k

Maximazing log(w,(s)) over all & € Z, (co) with a given (finite) support
o C Nand ) «a; = k, we can restrict ourselves to the case #0 < k, and
then as in the proof of 7.2(2), see that max(w,(s)) over all such « is

max{wa() supp(« CaZa]—k’} H( %)

sl

jEU Zjea 8.7

Using Yy, [a® (1) < 1, we obtain [|1/F, || < C 3, "k, and so

/51 =0 (= )

where 1/p + |s| < 1. This proves the claim. O

8. Factorable functions in Dirichlet-Drury-Arveson spaces and alge-
bras in /P-unit ball

Here we briefly consider an ¢” version of weighted Drury-Arveson space

Dy = (2 (ZY) (see 6.10(4) above) and its infinite variables versions, in
the form ©F = (7 (Z1(0)), s € Ry,

al \ ¥ .
@Zs) = {ZL‘ = (xa)ozel_g.(oo) : (xawa) € fp}fwa = (W) (|a| + 1) ,
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where, as above, o! = aqlas! ..., o] =a1 +as + ... (@ € Z,(0)), 1/p+
1/p’ = 1. The Drury-Arveson spaces are the Bohr transforms B®? (defined
in the unit balls BY, see 8.1 below). Since the answers to the cyclicity
question are different for the algebra- and non-algebra-cases of ©?, we
state preliminary results separately (Lemmas 8.1 and 8.2). The following
lemma identifies the domain of the definition for the holomorphic space
BD? = (D).

8.1. Lemma. Let X = DP as defined above. Then, X = ©PF is an ISL,
and an elementary dilation D, e; = (;1)r>1 has the norm || D, || < 2°.

For sp’ < 1, the domain DS, is the open unit “o¢’ _pall” IB%;?,

D% =B = {)\ = (A= €C: ) N < 1},

Jj=21

and for sp’ > 1 it is the closed “¢*'-ball”

DS :E;? = {)\ =()\j)j>1 € C~: Z |)\j|p, < 1}
Jjz1
(for p) = ocoand s = 0, X = @} = (1(Z,(c0)) and DY, = D, =: {\ =
(A\j)j>1 € C> : |\;| < 1}). The finite dimensional sections of DS, are the
7' -balls B}y = DY, NCY (open or closed).

Proof. Let 1 < p < oo (modifications for p = 1 or p = oo are standard).
Since || D, || = sup {w;—gﬁ : 8 € Zy(o0) }, we have for o = ¢;:

1D, ]| = 1Mz, ]| = sup {wj;*ﬂ Be Z+<oo>} =
B
_ <ﬁ+ej>!wr!>”p’ (w +2)S .
‘S“p{(umu)wm! EESV R

< sup{(l%ii) 1B € Z+(oo)} = 2°.

The do.main DY, consists of all A = ()\;);>1 such that (\*), € & S () (L+(00)).
Summing up,

ST el )7 = ) S e -

n>0 |o|=n
=> (n+1 (Z I\ yp)
n>0 7>1
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which is finite if and only if either }_ ., AP < 1or > isi |Aj|P < 1 and
sp’ > 1. ]

In the next Lemma, we consider a slightly larger scale of spaces ©%, =
o (s)(Z+(00)) introducing one more parameter as follows

t
Wo = We(s,t) := <|Z_i') (Jo| + 1), t,s€R,.
Previously introduced weights are w,, = w,(s, 1/p).

The key point for checking the condition of Lemma 7.1 for the D7,
spaces is the use of a binomial coefficient identity, namely a “generalised
Vandermond identity” for binomial coefficients (coming from the famous
“Pascal’s triangle/simplex”). This point was suggested to me by A. Borichev
(Aix-Marseille University) after reading a preliminary version of that pa-
per. See also comments 8.3 below.

8.2. Lemma. D}, is a convolution algebra (a Banach algebra after an
equivalent renorming) for

s>1/p, t>1/p (forp>1;,ands>0,t>0forp=1).

Proof. It suffices to verify the sufficient condition of Lemma 7.1. Let p > 1
(modifications for p = 1 will be obvious), v € Z, (c0), and

/

Wp/ . Z W~ P
T wawg )

a+f=y

where w, = w,(s,t). We employ the following identity for binomial
(or multinomial) coefficients, sometimes called “generalised Vandermond
identity” (see comments, references and a proof below): for 0 < k& < |v|,

D (M)
131 ’
NPy N A

where (li) stands for the binomial coefficients. Using this we obtain

/

Wg’—i > (J—;,)w c(k),

k=0 a-+B=7,|al=k

o= (37 (et )

where
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and hence

Wi < i (|Z|>tplc(k> -3 (Fri=ws 1>)5p/ <

k=0

Iv1/2 sp’ [vl/2 sp’
[y +1 ) ( 2 )

<2 <2 —_— <
= Z((k+1)(!7]—k+1) = kz:: it

k=0

: 2\
<(C? =:2 —_—
() <
k=0
So, sup, W, < oo, and by Lemma 7.1, ©%, is an algebra. O

8.3. Comments. The algebra property for the Hilbert space ©2 (B")
in finite number of variables is proved for t = 1/p’ = 1/2 and s > 1/2 in
[47], Theorem 4.1, and then — with a very short proof — in [2], Lemma
14.2 (in both cases, using the reproducing kernel techniques and certain
integration expressions for the norm coming from the Hilbert space struc-
ture).

A binomial identity used in the proof of 8.2 (“generalised Vandermond’s
identity”) rose from the classical “Pascal/Tartaglia’s triangle/simplex”, and
so goes back as early as to X-XIII centuries, see for this history, for example,
[32] or [48, 58]. For completeness, we give a short proof.

Proof Letn; € Z,, m =Y.~  n;. Using the Newton binomial,

m N N n;
Z<k)x — (=04 ) _H(Z (k)x )_
k=0 i=0 i=0 \k;=0
Nk T
ST ED SN | (]
k=0 ki+-+kn=k,k;<n;
Comparing the coefficients, we see that
m n;
RPN (5] :
ki+-+kn=kk;<n;
Below, in Proposition 8.5 (an ¢” -unit ball analogue of Proposition 7.4),
an extra property f € (% of a function from X = D? is required. The

following lemma, in a sense, justifies this requirement.
8.4. Lemma. If a linear affine function f,

fQ) =a+) art

k>1



270 NIKOLAI NIKOLSKI

is nonvanishing on every B}, N = 1,2,..., then |a| > (3, |ak|p)1/p.

Proof. 1t is clear that the upper bound of the linear form

1(¢) = Z%Ck
k>1
over the ball B) =: {¢ = (¢j)j=1 € CV : Y |Gl < 1} is R =
(S, |ak|p)1/p, and the range /(B))) is the disc {z € C : |z| < R}. Since
1£(¢)] = la+1(¢)] > 0 onBY, we have |a| > (31, \ak|p)1/p forany N > 1,
and so the claimed inequality. O

8.5. Proposition. (1) Let X = ©P be as above, and let f € X, N
(*(Z4(00))a be a factorable function in the sense that f = [, f;, f; being
linear affine functions, and

0 <[] IIfille < oo.
j>1
Then if s < 1/p’ and f(C) # 0 for all ¢ € B, then f is o(X, X')-cyclic in
X 4.

(2) Let X = @Zt be as above, and either p > 1 and s > 1/p/, t > 1/p/,
orp=1lands > 0,t>0. Then, Xy = BD?%, is a function algebra on its
maximal ideal space DS, (for t = 1/p/, DY, = E;O), and so a function f € X4
is cyclic if and only if f(¢) # 0, V¢ € D, (for t = 1/p/, V(¢ € E;?).

Proof (1) Let 1 < p < oo (modifications for p = 1 or p = oo are standard).
Here, the computations similar to these of 7.2, 7.4 are applied. Without
loss of generality, f;(0) = 1 for every j > 1. Also, all f; and f are mul-
tipliers of Xa: |[fillsur < 1+ 11l < 14 30550 lagl - 1De, [l < 270151
(see Lemma 8.1). So, to prove point (1) it suffices to show that every f; is
cyclic.

Simplifying the notation, let f; = F(¢) = 1 —1{(¢) and F, = 1 — rl((),
0 < r < 1. As in Proposition 7.4(3), we show that ||1/F,||x = O(%)

for r — 1, which implies the result. Indeed, we have pointwise 1/F, =
> k=0 7"1(¢)* and

FLT _ ZT’kl(Qk _ Zrk Z aaga%j

k>0 k>0 o=k

p
p
P S Y W B
al al “

k>0 la|=k k>0 |a|=k

p

1
F
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Since w?, = (i’)p/p/(\&\ + 1)*7, we have

|af!

1 P kpi.sp ap‘Oé“
| = 2R D et =
" k>0 || =k '
k
kpi.s kpi.s 1
-y (S} < e -o (b))
k>0 k>1 k>0 (1=7)

and so ||1/F,||x = O(m) as r — 1. This proves the claim.

(2) It is immediate from Lemmas 8.1 and 8.2. O

Remark. One can show that B, n CD% C B, foranyt > 1/p'.

9. Brief notes on the history of the periodic Dilation Completeness
Problem (DCP).

Initially, the Dilation Completeness Problem consists in a search of func-
tions f € LV [0, 00) such that

loc
Ey:::spaanmJ)(f(nx)KO,l):71::1,2,3,”.) = LP(0,1).

The famous Riemann Hypothesis (RH) on zeros of the {-function is closely
related to the DCP for p = 2 and f(z) = 1 — [1], > 0: (RH) is equivalent
to the inclusion 1 € Ey, and/or to the equality span;z 1) (f(sz)[(0,1) : s >
1) = L?(0,1) (see [46, 4], or Chapter 6 of [45]).

According to A. Wintner [60] and A. Beurling [6], the following partial
case of the DCP (2-periodic DCP for p = 2) is also related to some number
theoretic questions (in Diophantine analysis): to determine odd 2-periodic
functions f € L?,,(—1,1) on R such that £, = L?*(0,1). Since the functions

Sin%“"”), k=1,2,... form an orthonormal basis in L2 ,(—1, 1) and the
dilations f — f(nz) act as ex — ey (n,k = 1,2,...), one can unitarily
change the basis (e;) for (2*) (k = 1,2,...) on the Hardy space HZ(D) on

the unit disc D = {z € C: |z| < 1},

H3(D) = {f =Y FR NP =D If k)P < oo} ,

k>1 k>1

€ —

and get the following equivalent form of the periodic DCP: to describe f €
HZ(D) such that the dilations T;, f

Tnf - f(zn)
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generate the whole space,
E; = spaan(Tnf n=12,...)=Hpj;

such a function f is called “dilation cyclic”. As we saw above, the problems
of cyclic (polynomially cyclic, or weakly invertible) functions in one or
several complex variables are often partial cases of the DCP in sequence
spaces on N. These partial cases are treated in a lot of papers and books;
quoting just a few, [54, 55, 40, 61, 14] Ch. 9. The most facts and references
known on the periodic DCP are gathered in [19, 20, 33, 41, 43, 44, 45, 11,
12] (and other Dan-Guo arXiv papers), [13], as well as in references of
Section 6.10 above. B. Mityagin pointed out (see for example [33]) to an
applied interest of the dilation cyclicity of binomials f = z(A — 2)" (A € C,
N =1,2,...) related to the Cohn-Lehmer—Schur algorithm (localization
of zeros of polynomials). This special choice of f was already partially
treated in [45] and [42].
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