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Using the direct method, we prove the Hyers-Ulam stability of the functional inequalities (0.1) in Banach
spaces and (0.2) in non-Archimedian Banach spaces.
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1. Introduction

The theory of functional equations is an ancient subject that has taken about fifty years of
relevant research and a large number of mathematicians have invested in this field by publish-
ing a large number of articles and books leaving open questions. The study of the problem of
the stability of functional equations was initiated by a problem posed by Ulam [33] in a high-
profile conference at the university of Wisconsin, to share a number of important unresolved
problems, one of the mysterious questions and that of the stability of group homomorphisms.
The relevant question asked is: Under which conditions a group homomorphism could exist
being close to an approximate group homomorphism?
In other words:

Ulam’s Problem 1940: Let (G1, ∗) be a group and let (G2, �, d) be a metric group with a metric
d(., .).
Given ε > 0, does there exist a δ(ε) > 0 such that if a mapping h : G1 → G2 satisfies the inequality

d
(
h(x ∗ y), h(x) � h(y)

)
< δ f or all x, y ∈ G1,

then there exists a homomorphism H : G1 → G2 with d
(
h(x), H(x)

)
< ε for all x ∈ G1?

The concept of the stability of functional equations can be summed up by the fact that if we
replace the functional equation by an inequality, the inequality will play the role of a pertur-
bation of the equation, so the question of the stability of functional equations and that despite
the perturbation caused is it that we will have the same solutions? If the answer is affirmative,
then the equation is said to be stable.
In 1980, several results were proven on stability in the sense of Hyers-Ulam-Rassias on many
equations and this by a large number of researchers for more details refer for example to
[11, 15, 16, 27].

In 1941, Hyers [14] partially solved the Ulam’s problem for the case of approximately addi-
tive functions of Cauchy under of assumptions, (the context of Banach spaces with δ = ε)
In fact, Hyers proved the following theorem:

Theorem 1.1 ([14], D. H. Hyers (1941)). Let f : X → Y be a function where X and Y are Banach
spaces, such that

|| f (x + y)− f (x)− f (y)|| ≤ ε,
for all x, y ∈ X. Then there exists a unique additive function A satisfying inequality

|| f (x)− A(x)|| ≤ ε

for all x ∈ X.

Moreover, if f (tx) is continuous in t for each fixed x ∈ X, then the function A is Linear.

The generalization of Hyers’ theorem has been established by Aoki [3] for the additive func-
tions, these last results have been improved by Rassias [26] he provided a remarkable general-
ization of Hyers’ theorem for linear mappings by assuming the unbounded Cauchy difference.
The approach taken by Rassias in his paper [26] above has greatly influenced the evolution of
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Hyers-Ulam stability. Using a general control of the function inspired by Rassias instead of the
unbounded Cauchy difference method, in 1994 Găvruta [12] has established the generalized
Hyers-Ulam-Rassias stability. In the last few years, various problems concerning the stability
of functional equations have been studied and developed by a large number of mathemati-
cians.
Among the functional equations very well known in the literature we find Cauchy’s one, this
equation verifies

A(x + y) = A(x) + A(y).

In particular any solution of the Cauchy equation is called an additive function.
In [34] A. L. Cauchy solved this equation for the first time, to honor Cauchy the equation bears
this name. The main foundations of the theory of additive functional equations are the basis
for the development of the theories of the rest of the functional equations.

In 2015, Park [25] obtained the solutions of the additive functional inequality

‖F(x + y)− F(x)− F(y)‖ ≤
∥∥∥∥F
(x + y

2

)
− 1

2
F(x)− 1

2
F(y)

∥∥∥∥
and proved the Hyers-Ulam stability of this additive functional inequality in Banach spaces.

Also, Park gave the solutions of the additive functional inequality∥∥∥∥F
(x + y

2

)
− 1

2
F(x)− 1

2
F(y)

∥∥∥∥ ≤ ‖F(x + y)− F(x)− F(y)‖

and proved the Hyers-Ulam stability of this additive functional inequality in non-Archimedean
Banach spaces.
The above equations are the main motivation for our work.

In 1908, K. Hensel [13] discovered a new concept of numbers called p-adics to solve prob-
lems related to algebra and number theory. More precisely his idea was to make an extension
the analogies between the ring of integers Z and the field of rational numbers Q to the field of
rational functions and power series in complex analysis and in 1897, he gave birth to a normed
space not satisfying the Archimedean property called non-Archimedean space. This one was
able to give birth to a new example on non-Archimedian numbers called p-adic numbers:
Given that p a prime number. For every nonzero rational number a = pk m

n such that m and
n are coprime to the prime number p, define the p-adic absolute value |a|p = p−k. Thus |.| is
a non-Archimedean norm on Q. Respecting |.| the completion of Q is denoted by Qp and is
called the p-adic number field.

During the last decades, the theory of non-Archimedian spaces has attracted the attention of
physicists in their research on problems related to quantum physics, p-adic strings and super-
strings [19]. Even if many results in classical normalized space theory have a non-Archimedean
counterpart, their different demonstrations are and require a new intuition [23, 24].
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The stability of functional equations in non-Archimedean Banach spaces have been studied
and developed by Moslehian and Rassias [20], Moslehian and Sadeghi [21, 22], Mirmostafaee
[23] and Najati and Moradlou [24].

In this paper the main motivation for our work is the idea of Park [25], we prove the Hyers-
Ulam stability of generalized additive functional inequalities and functional equations using
the direct method.

This work is organized as follows: In Section 2, we introduce the definitions and terminolo-
gies that will be used throughout our paper.
In Section 3, first we determine solutions of the additive functional inequality (0.1) and second
we prove the Hyers-Ulam stability of the additive functional inequality (0.1) in Banach spaces.
In Section 4, first we present the solution of the additive functional inequality (0.2) and sec-
ond we prove the Hyers-Ulam stability of the additive functional inequality (0.2) in non-
Archimedean Banach spaces.

2. Preliminaries

In this section, we will introduce some notions and notations.

Definition 2.1 ([13]). A non-Archimedean field is a field K equipped with a function (valuation) |.|
from K into [0, ∞) such that |x| = 0 if and only if x = 0, |xy| = |x||y|, and |x + y| ≤ max{|x|, |y|}
for all x, y ∈ K.

Example 2.1 ([13]). An example of a non-Archimedean valuation is the mapping |.| taking everything
but 0 into 1 and |0| = 0. This valuation is called trivial.

The p-adic number field is one of the most important examples of non-Archimedean fields
([13]), which have gained the interest of physicists for their research in some problems coming
from quantum physics, p-adic strings and superstrings.

Throughout this work, we assume that the base field is a non-Archimedean field and hence
call it simply a field.

Definition 2.2 ([20]). Let X be a vector space over a field K with a non-Archimedean non-trivial
valuation |.|. A function ||.|| : X → [0, ∞) is said to be a non-Archimedean norm (valuation) if it
satisfies the following conditions:

(i) ||x|| = 0 if and only if x = 0; f or all x ∈ X;
(ii) ||kx|| = |k|||x|| (k ∈ K, x ∈ X);

(iii) the strong triangle inequality; namely,
||x1 + x2|| ≤ max{||x1||, ||x2||}, ∀x1, x2 ∈ X.

Then (X, ||.||) is called a non-Archimedean normed space.

Definition 2.3 ([20]). Let {xn} be a sequence in a non-Archimedean normed space X.
(i) A sequence {xn}∞

n=1 in a non-Archimedean space is a Cauchy sequence if for a given ε > 0 there
is a positive integer N such that

||xn − xm|| ≤ ε,
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for all n, m ≥ N.
(ii) Let {xn} be a sequence in a non-Archimedean normed space X. Then the sequence {xn} is called

convergent if for a given ε > 0 there are a positive integer N and an x ∈ X such that

||xn − x|| ≤ ε,

for all n ≥ N. Then we call x ∈ X a limit of the sequence {xn}, and denote by lim
n→∞

xn = x.
(iii) If every Cauchy sequence in X converges, then the non-Archimedean normed space X is called a

non-Archimedean Banach space.

3. Additive functional inequalities in Banach spaces

In this section, we will assume that X1 is a Banach space with norm ‖.‖ and that X2 is a
Banach space with norm ‖.‖ .

The following lemma is an ingredient to prove the results of this section.

Lemma 3.1. A mapping F : X1 → X2 satisfies∣∣∣∣∣∣F( n
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for all x1, · · · , xn ∈ X1 if and only if F : X1 → X2 is additive.

Proof. Assume that F : X1 → X2 satisfies (3.1).
Putting xi = 0 for all i ∈ [1, n], in (3.1), we obtain

||F(0)|| ≤ 0.

Thus F(0) = 0.
Putting x2 = −x1 and x3 = x4 = x5 = · · · = xn = 0 in (3.1), we obtain

||F(x1) + F(−x1)|| ≤
1
n
||F(x1) + F(−x1)|| (3.2)

for all x1 ∈ X1.
Hence, F(x1) = −F(−x1) for all x1 ∈ X1.
Putting x1 = x2 = x3 = · · · = xn = x in (3.1), we obtain

||F(nx)− nF(x)|| ≤ 0

and thus F(nx) = nF(x) for all x ∈ X1. Then F
(

x
n

)
= 1

n F(x) for all x ∈ X1.
It follows from (3.1) that∣∣∣∣∣∣F( n
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F
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F(xi)

for all xi ∈ X1.
The converse is certainly true.
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Now we demonstrate the Hyers-Ulam stability of additive functional inequality (3.1) in Ba-
nach spaces.

Theorem 3.1. Let φ : Xn
1 → [0, ∞) be a function and let F : X1 → X2 be a mapping satisfying:

Ψ(x1, x2, x3, · · · , xn) :=
∞

∑
j=1

njφ
(x1

nj ,
x2

nj ,
x3

nj , · · · ,
xn

nj

)
< ∞ (3.3)
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for all x1, x2, x3, · · · , xn ∈ X1.
Then there exists a unique additive mapping H : X1 → X2 such that

||F(x)− H(x)|| ≤ 1
n

Ψ(x, x, x, · · · , x
)

f or all x ∈ X1. (3.5)

Proof. Putting x = x1 = x2 = x3 = · · · = xn in (3.4), we obtain

||F(nx)− nF(x)|| ≤ φ
(
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)
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for all nonnegative integers m and l with m > l and all x ∈ X1.

It follows from (3.7) that the sequence
{

nmF
(

x
nm

)}
is a Cauchy sequence for all x ∈ X1.

Since X2 is complete, the sequence
{

nmF
(

x
nm

)}
converges. We can define the function H :

X1 → X2 by

H(x) := lim
m→∞

nmF
( x

nm

)
for all x ∈ X1.
Furthermore, letting l = 0 and passing the limit m→ ∞ in (3.7), we get (3.5).
It follows from (3.3) and (3.4) that∣∣∣∣∣∣H( n

∑
i=1

xi
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n
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+ lim
m→∞
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for all x1, x2, · · · , xn ∈ X1. The mapping H : X1 → X2 is additive, By Lemma 3.1.
Now, let T : X1 → X2 be another additive mapping fulfilling (3.5), then we obtain∣∣∣∣∣∣H(x)− T(x)
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x
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which tends to zero as m→ ∞ for all x ∈ X1.
Thus we can conclude that H(x) = T(x) for all x ∈ X1. This demonstrates the uniqueness of
H. Thus the mapping H : X1 → X2 is a unique additive mapping fulfilling (3.5).

Corollary 3.1. Let k > 1 and Θ be nonnegative real numbers, and let F : X1 → X2 be a mapping
satisfying: ∣∣∣∣∣∣F( n

∑
i=1

xi

)
−

n
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i=1

F(xi)
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xi

)
− 1
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F
(

xi
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( n

∑
i=1
||xi||k

)
(3.8)

for all x1, · · · , xn ∈ X1. Then there exists a unique additive mapping H : X1 → X2 satisfying

||F(x)− H(x)|| ≤ nΘ
nk − n

||x||k

for all x ∈ X1.

Theorem 3.2. Let φ : Xn
1 → [0, ∞) be a function and let F : X1 → X2 be a mapping satisfying (3.4)

and

Ψ(x1, x2, · · · , xn) :=
n

∑
j=0

1
nj φ(njx1, njx2, · · · , njxn) < ∞

for all x1, · · · , xn ∈ X. Then there exists a unique additive mapping H : X1 → X2 such that

||F(x)− H(x)|| ≤ 1
n

Ψ(x, x, · · · , x) (3.9)

for all x ∈ X1.
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Proof. It results from (3.6) that∣∣∣∣∣∣F(x)− 1
n

F(nx)
∣∣∣∣∣∣ ≤ 1

n
φ(x, x, · · · , x)

for all x ∈ X1.
Thus ∣∣∣∣∣∣ 1

nl F(nlx)− 1
nm F(nmx)

∣∣∣∣∣∣ ≤ m−1

∑
j=l

∣∣∣∣∣∣ 1
nj F(njx)− 1

nj+1 F(nj+1x)
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≤
m−1

∑
j=l

1
nj+1 φ(njx, njx, · · · , njx) (3.10)

for all nonnegative integers m and l with m > l and all x ∈ X1. It follows (3.10) that the

sequence
{

1
nm F

(
nmx

)}
is a Cauchy sequence for all x ∈ X1. Since X2 is complete, the sequence{

1
nm F

(
nmx

)}
converges. So one can define the mapping H : X1 → X2 by

H(x) := lim
m→∞

1
nm F

(
nmx

)
for all x ∈ X1.
Furthermore, putting l = 0 and passing the limit m→ ∞ in (3.10), we obtain mapping satisfy-
ing (3.9).
We use the similar manner to the proof of Theorem 3.1 for the rest of the proof.

Corollary 3.2. Let k < 1 and Θ be positive real numbers and let F : X1 → X2 be a mapping satisfying
(3.8). Then there exists a unique additive mapping H : X1 → X2 such that

||F(x)− H(x)|| ≤ nΘ
n− nk ||x||

k

for all x ∈ X1.

4. Generalized additive functional inequalities in non-Archimedian Banach spaces

In this section, consider that X1 is a non-Archimedean normed space and that X2 is a non-
Archimedean Banach space. Assume that |n| 6= 1.

Lemma 4.1. A mapping F : X1 → X2 satisfies F(0) = 0 and∣∣∣∣∣∣F( 1
n

n
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xi
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for all x1, x2, · · · , xn ∈ X1 if and only if F is additive.

Proof. Putting xn = xn−1 = · · · = x2 = 0 in (4.1), we obtain

||F
(x1

n

)
− 1

n
F(x1)|| ≤ 0



GENERALIZED FUNCTIONAL INEQUALITIES IN BANACH SPACES 345

and thus F
(

x1
n

)
= 1

n F(x1) and putting x1 = x, we obtain F( x
n ) =

1
n F(x) for all x ∈ X1.

Thus
1
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Since |n| < 1,
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for all x1, x2, · · · , xn ∈ X1.
On the other hand the converse is obviously true.

Now we prove the Hyers-Ulam stability of the additive functional inequality (4.1) in non-
Archimedean Banach spaces.

Theorem 4.1. Let φ : Xn
1 → [0, ∞) be a function and let F : X1 → X2 be a mapping with F(0) = 0

satisfying

Ψ(x1, x2, · · · , xn) :=
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for all x1, x2, · · · , xn ∈ X1. Then there exists a unique additive mapping A : X1 → X2 such that
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for all x ∈ X1.
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∣∣∣∣∣∣ ≤ φ(x, 0, 0, · · · 0) (4.5)

for all x ∈ X1.
Then ∣∣∣∣∣∣F(x)− nF

( x
n

)∣∣∣∣∣∣ ≤ |n|φ(x, 0, 0, · · · , 0)

for all x ∈ X1.
Thus ∣∣∣∣∣∣nl F

( x
nm

)
− nl F

( x
nm

)∣∣∣∣∣∣ ≤ max
{∣∣∣∣∣∣nl F

( x
nl

)
− nl+1F

( x
nl+1

)∣∣∣∣∣∣, · · · ,
∣∣∣∣∣∣nm−1F

( x
nm−1

)
− nmF

( x
nm

)∣∣∣∣∣∣}
≤ max

{
|n|l
∣∣∣∣∣∣F( x

nl

)
− nF

( x
nl+1

)∣∣∣∣∣∣, · · · , |n|m−1
∣∣∣∣∣∣F( x

nm−1

)
− nF

( x
nm

)∣∣∣∣∣∣}
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≤
∞

∑
j=l
|n|j+1φ

( x
nl , 0, 0, · · · , 0

)
(4.6)

for all nonnegative integers m and l with m > l and all x ∈ X1. It follows from (4.6) that the

sequence
{

nkF
(

x
nk

)}
is Cauchy for all x ∈ X1. Since X2 is a non-Archimedean Banach space,

the sequence
{

nkF
(

x
nk

)}
converges. So we can define the mapping A : X1 → X2 by

A(x) := lim
k→∞

nkF
( x

nk

)
for all x ∈ X1.
Futhermore, putting l = 0 and passing the limit m→ ∞ in (4.6), we obtain (4.4).

Now, let T : X1 → X2 be another additive mapping fulfilliyng (4.4).
Thus we have∣∣∣∣∣∣A(x)− T(x)

∣∣∣∣∣∣ =
∣∣∣∣∣∣nq A

( x
nq

)
− nqT

( x
nq

)∣∣∣∣∣∣
≤ max

{∣∣∣∣∣∣nq A
( x

nq

)
− nqF

( x
nq

)∣∣∣∣∣∣, ∣∣∣∣∣∣nqT
( x

nq

)
− nqF

( x
nq

)∣∣∣∣∣∣}
≤ 1
|n| |n|

qΨ
( x

nq , 0, 0, · · · , 0
)

,

which tends to zero as q → ∞ for all x ∈ X1. Then we can conclude that A(x) = T(x) for all
x ∈ X1. This proves the uniqueness of A.

It follows from (4.2) and (4.3) that

∥∥∥∥∥∥∥∥A


n
∑

i=1
xi

n

− 1
n

n

∑
i=1

A(xi)

∥∥∥∥∥∥∥∥ = lim
m→∞

∥∥∥∥∥∥∥∥nm
(

F


n
∑

i=1
xi

nm+1

− 1
n

n

∑
i=1

F
( xi

nm

))∥∥∥∥∥∥∥∥
≤ lim

m→∞

∥∥∥∥∥∥∥∥nm
(

F


n
∑

i=1
xi

nm

− n

∑
i=1

F
( xi

nm

))∥∥∥∥∥∥∥∥
+ lim

m→∞
|n|mφ

( x1

nm ,
x2

nm , · · · ,
xn

nm

)
=

∣∣∣∣∣∣A( n

∑
i=1

xi

)
−

n

∑
i=1

A(xi)
∣∣∣∣∣∣

for all x1, x2, · · · , xn ∈ X1.∥∥∥∥∥∥∥∥A


n
∑

i=1
xi

n

− 1
n

n

∑
i=1

A(xi)

∥∥∥∥∥∥∥∥ ≤
∣∣∣∣∣∣A( n

∑
i=1

xi

)
−

n

∑
i=1

A(xi)
∣∣∣∣∣∣
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for all x1, x2, · · · , xn ∈ X1.
The mapping A : X1 → X2 is additive by Lemma 4.1.

Corollary 4.1. Let k < 1 and Θ be nonegative real numbers, and let F : X1 → X2 be a mapping with
F(0) = 0 satisfying :∣∣∣∣∣∣F( 1

n

n

∑
i=1

xi

)
− 1

n

n

∑
i=1

F(xi)
∣∣∣∣∣∣ ≤ ∣∣∣∣∣∣F( n

∑
i=1

xi

)
−

n

∑
i=1

F(xi)
∣∣∣∣∣∣+ Θ

( n

∑
i=1
||xi||k

)
(4.7)

for all x1, x2, · · · , xn ∈ X1. Then there exists a unique additive mapping A : X1 → X2 such that

||F(x)− A(x)|| ≤ |n|
k+1Θ

|n|k − |n|
||x||k

for all x1 ∈ X1.

Theorem 4.2. Let φ : Xn
1 → [0, ∞) be a function and let F : X1 → X2 be a mapping fulfilliyng

F(0) = 0, (4.3) and

Ψ(x1, x2, · · · , xn) :=
∞

∑
j=1

1
|n|j

φ(njx1, njx2, · · · , njxn) < ∞

for all x1, x2, · · · , xn ∈ X1.
Then there exists a unique additive mapping A : X1 → X2 such that

||F(x)− A(x)|| ≤ |n|Ψ(x, 0, 0, · · · , 0)

for all x ∈ X1.

Proof. It follows from (4.5) that∣∣∣∣∣∣F(x)− 1
n

F(nx)
∣∣∣∣∣∣ ≤ φ(nx, 0, 0, · · · , 0)

for all x ∈ X1.
We use the similar manner to the proof of Theorem 4.1 for the rest of the proof.

Corollary 4.2. Let k > 1 and Θ be nonnegative real numbers, and let F : X1 → X2 be a mapping
fulfilliyng F(0) = 0 and (4.7). Then there exists a unique additive mapping A : X1 → X2 such that

||F(x)− A(x)|| ≤ |n|
r+1Θ

|n| − |n|k
||x||k

for all x ∈ X1.
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